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Abstract

The proposed method allows to calculate explicitly, using mathematical nations of barycenter and
mixed product, the conduction duration switches of a n-leg 2-level Voltage Source Inverter (VSI)
suppying a n-wireload. This method depends on a new geometrical and vectorial VS| characterization.
Its geometrical feature enables optimization and graphic representation such as the Space Vector
Method (SVM) for a 3-leg VSI. Its vectorial feature enables to generalize to n phase systems the
properties found aut with threephase systems.

| ntroduction

When a VSl is controlled with a carrier-based PWM, the conduction durations of the switches have to
be calculated to obtain the correct average values of the voltages applied to the load. The more classcal
way is the Suboscill ation Method [9] which determines the intersections between a triangular shape
wave and the desired average values of voltages. For a 3-leg 2-levdl VS| suppying a star conrected
load with isolated neutral, anather method more favorable to optimization [2],[4] is the Space Vector
Method Then, to obtain the conduction durations, projections of the desired vectors must be achieved
(Fig 1). However, this last method can hardly be generalized to the study o n-leg VSI supgying nwire
loads [13], [14] or even a 3-leg VSI suppying a star conrected load with neutral nat isolated [6]. It is
always possgble to use the Suboscill ation Method but in this case we have no more geometrical tods to
analyze and optimize the performances of different control laws. A few works, [1], [5], develop, for 4-
leg VSI a 3-dimensional approach by using vectors that belongto a 3-dimensional space. Other works
[8], [10] use more general methods for n-leg VSI but with nogeometrical approach.

We propose in this paper a general geometrical vectorial characterization d VSI. So, a n-dimensional
vectorial space F, is introduced for studying a n-leg VSI. This characterization enables to use
geometrical tods for optimization d n-leg VSI cortral as the SVM for a 3-leg VSI. Then, we describe
how to determine explicitly, in a such space F,, the conduction durations of the switches. From this
point of view, it is a generalization d the way to achieve, by SVM, the conduction durations for a 3-leg
VSl (Fig 1). At last, we explicit for a 3-leg 2-level VSI the rdations of the methodwith SVYM and with
Suboscill ation method
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Characterization of a n-leg 2-level VS|

Vedorial spaceF, asociated to VSI

The n-leg inverter represented in Fig 2 imposes n vdtages V. So, we asciate to this converter a
vectorial space F, with an orthonamal base of vectors (Xci, Xe,-.., Xcn). We can define then a voltage

Vector:
Vc = Vcl Xcl + Vc2 Xcz ot Vchcn'

This voltage vector characterizes the diff erent voltages that the inverter can impose to the load. Besides,
it is easy to find aut the voltage vy from v.: we have only to achieve the scalar product of the two
vectors v and Xg : X& = Ve . X. From this point of view the vector v, is more convenient than complex
vector vc . For thislast ong, it is nat so easy to obtain vy from vc .
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Fig 1: Characterization by Space Vector Method d a 3-leg 2-levdl VS| conrected to a star load with
isolated reutral.
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Fig 2: Representation d an-leg 2-leve inverter.
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Geometrical characterization of VSI

Each coardinate of v, can acoept two values, +E and —E. Consequently, a family of P = 2" vectors v,
characterizes the inverter. Let us consider, for geometrical representation, the points O and M, such as
OM, =v,. The P points M, are the vertex of a polyhedron B.

For a 3-leg 2-leve VSI (n=3), we obtain thus the 8 following \ectors:

[OMo=-Exc1-Exc2-Exc3 OMg=-Exc1t+Exc2+Exc3
U

Ebl\/l1:+Exc 1-Exc2-Exc3 OMs5=-Exc1-Exc2+Exc3

O
g) Mo =+EXc1+EXxc2—-Exc3 OMg=+Exc1—-Exc2+EXc3

U
[(OM3=-Exc1t+Exc2-Exc3 OM7=+Exc1+Exc2+Exc3
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In Fig 3 the payhedron B is represented. It is smply a abe. We can padnt out that this
charaderizaion d VS| is more complete, even for n=3, than this one obtained with the SVM becaise
no hypdhesis onthe mnreding kind d the VSI load is putting forward. The two dfferent points M,
and M, represent two dfferent VSI states which correspond ory to the nul vedor in VSM
representation (Fig 1).

For a3-level VSI, thiskind d charaderizaion can be useful for studying the groundcurrent escaping
throughstray cgpadtors [6] but also the beaing current and shaft voltage [7] or the mean to reduce
common mode amisgons [3]. Elimination d common mode voltage in three phase mnwverters by use
of 4-leg VSI ([10], [11]) could aso take alvantage of this charaderization.

M5 xc3

M6

XC2

xcl M2

Fig 3: Characterization d a 3-leg 2-level Voltage Source Inverter (VSI)

Average ontrol and barycenter notion

We consider a carrier-based PWM with a period carrier T. At the KT instant, <v.>, the mean value of
the vector v(t) can be expressed by the formula:

1 kT it O b i _
{vc) (KT) _?J’(k—l)T ve(t)dt= rZO ?Vcr = rZO ?OM r =OM (@)
In this expresgon, t, is the activation curation d the vector vg,.

r=pP-1 r=pP-1

Since T= Eotr , we have 20 t?rzl. Consequently, the point M, define as OM =(v¢)(kT), can be
= =

considered as the barycenter of the P points M,, with barycentric coordinatest,/T.

Moreover, ast, is positive, M is inside the polyhedron B. So, when an average control is adopted, it is
the entire volume of the polyhedron B that characterizes the inverter and nd only its vertex.

How to find the barycentric coordinates

Let us suppose that we have founda M point which all ows to obtain the desired vdtages for the load.
We know that M bedongs to the polyhedron B and can be considered as the barycenter of P vertex of
the polyhedron B. The problem is to find the barycentric coordinates. In fact, it is posgble to find less
than P vertex whase M is the barycenter.

The most practical interesting case corsists in taking nt1 vertex which generate the vectorial space F,.
First, because it will be always possble to find such n+1 vertex of the polyhedron B whose M will be
the barycenter. Thereasonisthat the dimension d the vectorial space F,, associated to then-leg VSl is
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n. Second in this case there will be a unique solution for the barycentric coordinates. For a threeleg
VSl for example, the common sequences use eff ectively only four vertex (Fig 4 and Fig 5).

/\\ /A

V4

nstantaneous valtage vci(t)

desired average

] voltages
instantaneous|vo|tage vc2(t)
instantaneous|valtage vc3(t) i
busy points

MOM1 M2 M7 M2 |[M1IMO <

02 112 | 212 |4 e 1212 t0/2 of polyhedron

Fig 4. example of points (Mg, M1, M, M7) used in a symetric Intersective Pulse Width Modulation
(Suboscill ation method).

M5 xc3
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xc2 ,O
een | J e M |
xcl ™~
)

M M

N7 A, M,
Fig 5: Representation d busy My points (Mo, M1, M», M>) in the sequence of symetric Intersective
Pulse Width Modulation chasen in Fig 4.

Themost common case: (n + 1) vertex and barycentric coordinates.

We consider a M point inside the polyhedron B. Then, we find nt1l vertex which creaste a By
polyhedron whose M belongs. For the 3-leg inverter on Fig 4 we have chasen, to obtain the desired
voltages, the points My, M1, M, and M;. We can find these n+1 vertex for example by taking, by
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successve tests of euclidian dstances, the n+1 nearest vertex of M which generate the vectorial space
F.. Let us nate these n+1 vertex Ny, k(K1,...n+1} . So we can adapt the formula (1) to our particular
caseto obtain:

k:n+1tk
OM= Zi —ONk 2
= T
k=n+1 k=n+1y) _
As T= thk , we have % ?ON1=ON1.The expresson (2) is then equivalent to:
k= k=
k:n+1tk
NiM = % —N1Nk . 3
K2 T

On the basis of this formula we will find, by use of classc vectorial properties, the barycentric
coordinates t,/T.

1. A freefamily

Asthe n+1 points N generate the vectorial space F,, the family of n vectors { NNy, 1<k<n+2} is free
Consequently the determinant, det(NIN2,N1N3,...NINn+1), is different from zero:

det(NIN2 N1N3,... NINn+1)£0 4
2. Mixed product

In an-dimensional vectorial space F,, the mixed product of n vectors wy is simply the determinant of a
matrix, elaborated by concatenation d the n vectors w;:

(wiw2]..|wn)=detfv1,w2,... wn) .
Thefollowing property will beused : if exist k andr, k #r, aswy = w, than (w1w2|..jwn)=0 (5)
3. Barycentric coordinates

Ok,k0{2,...n+1}, we can expresst, with the n vectors N;N; :

tk=T(N1N2|N1N3|...|N1N|<—1|N1M ININk+1|...|NINn+1) ©
(NIN2|NIN3|...|N1Nn+1)
Then t; is found by the following expresson: t;= T—t,— t3— ...—tp1.

Proof:
To obtain this formula we have only to consider each term of the equation (3) and apply to them the
following appli cation ¢ defined by: @ (W) = (NIN2ININ3|..[N1Nk-1] w [N1Nk+1|..]NINn+1).
The property (5) implies the nullity of nterms of the equation (3) since:
(NIN2JNIN3|..JN2INk-1] NiNr |[NiNk+1]..J]NINn+1)=0 if rzk
The equation (3) becomes then:

t
(NIN2|NIN3|..NINn+1) ?k=(N1N2|N1N3|..1N1Nk—1|N1M ININK +1|..[NINn+1)
The property (4) allows usto divideby (N 1N 2|N 1N 3]...[N 1N n +1)to give the annaunced result.

4. Analysis of results

The expresgon of ty is easy to implement because, for each ty, thereis only ore vector, N;M, whase n
coordinates change. The others vectors N;N, are constant and have to be calculated orly oretime.
Therdation (6) shows that to dotain t, we have, in general, to solve an algebraic system of n equations
with nunknowns:

() = A (<ve>) + (b),
with (b) a constant vector, (t)=(t2 t3 ... tn+1)! and (<vc>)=(<va> <ve2> ... <vens)l. The
matrix A characterizes the polyhedron By..,.
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Taking acoount the properties of the polyhedron B,..; can lead to reductions. For example, in a few
particular cases the matrix A is triangular. Then it is possble to dotain simply the solution t, because
A, the inverse matrix of A, is also triangular. We explicit this last case for a 3-leg inverter in a next
paragraph. An explicit research o the durationty is then nomore useful because they can be considered
as the intersection between a triangular shape wave and 3 horizontal lines (we find ait the
Suboscill ation Methodwhich is one way to implement the results).

Other cases

1. More than n+1 vertex

When the number k of vertex is higher than nt+1, the decomposition d OM isnat singe. This will lead
to more commutations and is nat used for this reason.

2. Lessthan n+1 vertex

When the number k of vertex is less than n+1, the barycentric resolution is nat always possble. It
depends on the position d M in the polyhedron B. M must belongto a polyhedron generated by the k
vertex considered. For example, for a 3-leg inverter M must be inside a triange defined by threevertex,
or inside the line segment defined by two vertex. These cases are used to optimize the number of
commutations [2],[12].

Study of a 3-level VS|

We consider a carrier-based PWM with a period carrier T.
Comparison with Suboscillation M ethod

Let us prove that the Suboscill ation Method is one way to determine the instants of commutation
without calculate them explicitly.

We suppose that the desired average voltages at KT instant are thase represented on Fig 4. The busy
points of the polyhedron are then My, M4, M», M7, We have also defined a correspondng point M by
OM =(vc)(KT) =<Vg> Xo1 + Vo> X + <Ves™ Xea.

Let usidentify (N1, No, N3, Ng) to (M7, Mg, M4, My). Then, our method gves us the durations to, ty, t,
correspondngto Mo, M;and M, vertex:

ol M;My MM )

ol M;M, M7M2)

M (M7M0 M_M M7M2) (
\ it =T+ \ o, =T+
M, |v|7|v|1|v|7|\/|2) MM, |v|7|v|1|v|7|v|2) \

t7 = T'to‘tl'tz

7

t,=T

M
M

7

— —

The development of these expressons gives:

4E?(<va>-E) . tl_T4E2(<vC2>—<ch>) . t2_T4E2(<vC3>—<vC2>)
-8E3 -8g3 -8E3
We can rewrite these expressons:

+ t, +t, +1,)/2
—4E—t°_|{2+E=vCl :—4E—(tO _I_tl)/2+E:vC2;—4E(O lT 2) tE=vg -

to=T

Wefind aut the intersections of threeharizontal lines <v>, <v> and <v> with atriangular shape

varyingbetween—E and E: E - 4E%for0<t<T/2et -3E+ 4E%forT/2<t<T.
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Comparison with SYM M ethod

For a symetric threephase load which is gar conrected with neutral isolated (Fig 6) we have the classc
relations between vdtages:

1
*  Ux =Vcl_VcN=§(2Vcl'V02'Vc3);
_ _1 .
* U2 =Vo—Va = 5('Vc1+2V02'Vc3)a

1
* Uz =Vg—Vwn = 5('Vcl'vc:2 +2Vg);

Theimage of the vector Vv, = Vg X1 + Vo X2 + Vs X 1S then the vector Ue = Uy Xe1 + U X2 + Ues Xcs-
As Ui+ Uet U = 0, this vector belongs always to a plane which can be considered as a complex plane.
If we consider u. as a complex vector uc, we find the foll owing expresson:

2T

2 2 ) J?
uc= § +vcll +vc2a+ve3d a“ | with a=e .

This vector is eff ectively proportionral to the classc phasor% [+ vell +ve2a+ves a2 |.

It is possble to characterize the inverter for this kind d load by the image of the cube. We find that the
image of the vextex of the cube are the vertex My, of the well known hexagon in complex plane
represented Fig 7.

Consequently, the SVM formulationis eff ectively a particular case of our formulation.

@

\ \ \ vcN
\ N\ >
vel All: ucl
0 > )
Ni vc2 > O~ N
A2 » A3
vc3

0 N

Fig 6: Representation d a 3-leg 2-leve VS

Conclusion

We prove that, even with a characterization d VSI in a n-dimensional vector space F,, it is posgble to
calculate eplicitly, as the SVM allows it in the complex plane, the conduction durations of the VS
switches. The method that we propose relies on a geometrical vectorial VS| characterization which
enables, asthe SVM, optimization, because of using geometrical tods as Euclidian dstance, barycenter
and scalar or vectorial products. But, cortrary to the SVM, the desired vector v, does nat have to
belong to a 2-dimensionrel vectorial space. We have explicited a few aspects of this approach in the
well kwown case of 3-leg 2-level VSI. So we have showed the relations with the SVM method and with
the Suboscill ation method The vectorial feature of the method allows to use it also for multilevel VS
or instaneous cortrol as the Direct Torque Cortrol of eectrical machines.
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Fig 7: Images of the cube for athreephaseload whichis gar conrected without neutral isolated.
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