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1 INTRODUCTION

At present, aerospace and ship building industries progressively replace conventional materials by new
ones that provide essential advantages from the point of view of mechanical properties of the final products,
but at the same time introduce some complexity in the manufacturing process. In particular, machining of
modern high-performance materials requires revision of some approaches in design and programming of
manufacturing cells that must provide high accuracy and high productivity simultaneously.

In machining of such materials, currently there are two main trends. The first of these is based on
conventional CNC-machines that are provided by dedicated cutting tools, which are able to achieve desired
quality and productivity. However, this classical approach has essential limitations and can be hardly applied
when a workpiece geometry is complicated and its dimensions are rather large. In this case, the second trend,
which is based on industrial robotic manipulators, looks very attractive. This type of machining cells can be
implemented using either serial or parallel manipulators. Both approaches have their advantages and
disadvantages. In particular, serial robots provide large workspace but usually are quite heavy and the
influence of gravity forces is significant. In contrast, in parallel manipulators the gravity influence is essentially
smaller (but not negligible), while the work envelop is limited by particularities of this architecture. Aside
these, in both cases the cutting forces produce essential compliance errors that influence the quality of the
final product. For this reason, stiffness analysis of robotic manipulators under essential external forces
becomes a critical issue in design of robotic-based manufacturing cells for machining of modern high-
performance materials.

In literature, the main results in manipulator stiffness analysis are obtained assuming that the
compliance errors are small enough and may be evaluated by linear models. However, for the considered
application area this assumption should be revised, which requires development of relevant non-linear
stiffness modeling techniques that are able to evaluate the compliance errors caused by different types of
external and internal loadings (cutting and gravity forces, internal preloading in joints introduced in order to
eliminate backlash, forces generated by gravity compensators, internal stresses caused by assembling of non-
perfect over-constrained closed-loops in parallel manipulators, etc.). Another difficulty is related to taking into
account the influence of passive joints that are numerous in parallel manipulators. Hence, the manipulator
stiffness modeling for these industry-motivated conditions is a challenge in robotic science.

In this work, to develop the desired stiffness model and corresponding compliance error compensation
technique, the Virtual Joint Modeling (VJM) concept is used. This choice is motivated by its essential
advantages for the considered application areas, such as high computational efficiency and acceptable
accuracy. Compared to other alternative approaches (Finite Element Analysis, Matrix Structural Analysis), the
VIM technique is more suitable for both on-line and off-line modes, but it should be essentially enhanced to
ensure stiffness modeling in the cases of significant external/internal forces for manipulators with passive
joints. In addition, the models to be developed should be able to detect some certain non-linear effects in the
stiffness behavior of the manipulator under high loading (buckling for instance). In addition, existing
approaches implicitly assume that all robot components are perfect and there are no internal stresses caused
by assembling of over-constrained structure. So, in spite of the fact that the problem of stiffness modeling of
serial and parallel manipulators was in the focus of numerous researches, the main results are in the area of
linear stiffness analysis and there are still a number of open theoretical questions, some of which will be
considered in this report.
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This report focuses on enhancement of stiffness modeling techniques for serial and parallel
manipulators in order to increase the accuracy and efficiency of robotic-based machining of high performance
materials by means of compensation of the compliance errors (in on-line or/and off-line mode). To achieve
this goal, several problems have to be solved:

Problem 1:

Enhancement of VIM-based stiffness modeling technique for serial and parallel manipulators with
arbitrary location of passive joints in the case of small deflections (unloaded mode).

Problem 2:

Extension of the proposed VIM-based technique for the case of large deflections caused by
internal and external loadings, taking into account related changes in Jacobians and equilibrium
coordinates.

To address the above defined problems, the thesis is organized as follows:

Chapter 2 is devoted to the state of art and literature review on the robotic based processing of high
performance materials. It includes a review of robot applications for machining of high performance materials,
determination of potential demands, limitations and advantages.

Chapter 3 focuses on stiffness matrix computation for manipulators with passive joints, compliant
actuators and flexible links. It proposes both explicit analytical expressions and an efficient recursive
procedure that are applicable in general case and allow obtaining the desired matrix either in analytical or
numerical form. Advantages of the developed technique and its ability to produce both singular and non-
singular stiffness matrices are illustrated by application examples that deal with stiffness modeling of two
Stewart-Gough platforms.

Chapter 4 focuses on the extension of the virtual-joint-based stiffness modeling technique for the case
of different types of loadings applied both to the robot end-effector and to manipulator intermediate points
(auxiliary loading). It is assumed that the manipulator can be presented as a set of compliant links separated
by passive or active joints. It proposes a computationally efficient procedure that is able to obtain a non-linear
force-deflection relation taking into account the internal and external loadings. It also produces the Cartesian
stiffness matrix. This allows to extend the classical stiffness mapping equation for the case of manipulators
with auxiliary loading. The results are illustrated by numerical examples.

Chapter 5 is devoted to the analysis of robotic manipulator behavior under internal and external
loadings. The main contributions are in the area of stability analysis of manipulator configurations
corresponding to the loaded static equilibrium. In contrast to other works, in addition to usually studied the
end-platform behavior with respect to the disturbance forces, the problem of configuration stability for each
kinematic chain is considered. The proposed approach extends the classical notion of the stability for the static
equilibrium configuration that is completely defined the properties of the Cartesian stiffness matrix only. The
advantages and practical significance of the proposed approach are illustrated by several examples that deal
with serial kinematic chains and parallel manipulators. It is shown that under the loading the manipulator
workspace may include some specific points that are referred to as elastostatic singularities where the chain
configurations become unstable.
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Chapter 6 focuses on the stiffness modeling of parallel manipulators composed of non-perfect serial
chains, whose geometrical parameters differ from the nominal ones. In these manipulators, there usually exist
essential internal forces/torques that considerably affect the stiffness properties and also change end-effector
location. These internal loadings are caused by elastic deformations of the manipulator elements during
assembling, while the geometrical errors in the chains are compensated by applying appropriate forces. For
this type of manipulators, a non-linear stiffness modeling technique is proposed that allows us to take into
account inaccuracy in the chains and to aggregate their stiffness models for the case of both small and large
deflections. Advantages of the developed technique and its ability to compute the compliance errors caused
by different factors are illustrated by an example that deals with parallel manipulator of the Orthoglide family.

Chapter 7 presents the compliance errors compensation technique for over-constrained parallel
manipulators under external and internal loadings. This technique is based on the non-linear stiffness
modeling which is able to take into account influence of non-perfect geometry of serial chains caused by
manufacturing errors. Within the developed technique, the deviation compensation reduces to a proper
adjusting of a target trajectory that is modified in the off-line mode. The advantages and practical significance
of the proposed technique are illustrated by an example that deals with groove milling with Orthoglide
manipulator that considers different locations of the workpiece. It is also demonstrated that the impact of the
compliance errors and the errors caused by inaccuracy in serial chains cannot be taken into account using the
superposition principle.

Finally, Chapter 8 summarise the main contribution of this report
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2 ROBOT-BASED PROCESSING OF HIGH-PERFORMANCE
MATERIALS

2.1 Modern trends in machining

General trends in machining. Generally, modern trends in machining are aimed at improving machining
efficiency while reducing the product price. These trends are contradictive, so all related research focus on a
compromise that ensures high manufacturing accuracy and acceptable cost. In the frame of formal models
used in this area, most of the design objectives are usually converted into the constrains that define
acceptable (but obviously not strictly optimal) values of corresponding performance measures. This approach
allows us to reduce complexity of the related optimization problem, but does not eliminate the need for
development of specific mathematical models for assessing of each particular performance.

The most useful ways of reducing the price and improving the product quality are related to the
enhancement of cutting technology and optimization of tool path. In particular, reducing the total amount of
material removal and using optimal cutting parameters for the maximization of metal removal rate yield an
essential reduction of the manufacturing time. While the first improvement can be achieved rather easily (by
proper dimensioning of raw primary part), the second one requires optimization of the machining process by
increasing of the depth of cut and feed rate as well as the spindle speed to the maximum allowed levels. The
later is obviously accompanied by an increase of cutting forces that still are not very essential for the
conventional CNC-machines with rather rigid mechanical structure. However, in robotic-based processing,
these forces may cause essential deformations of the manipulator and consequent impact on the processing
accuracy. Therefore, this issue needs detailed analysis which will be in the focus of this work.

The tool path optimization is aimed at the reduction of non-cutting time as well as the minimisation of
efforts in actuator drives by proper selection of the tool moving direction. The first of them is also called
‘airtime' [5]in order to distinguish from the machining time when the tool is actually cutting material. As it
follows from related research [32][48], the airtime can be quite significant when multiple tools are used or a
number of small regions are being machined. Mathematically, this problem is formulated as a specific version
of the traveling salesman problem with rather hard precedence constraints [33]. The second issue,
minimisation of actuator efforts, is equivalent to optimization of tool path in the manipulator workspace. It
was previously studied mainly using kinematic criterion [27], but machining application (especially for hard
materials) requires direct computing of forces/torques in actuated joints that are also considered in this work.

Other issues that are important for manufacturing but are beyond of the scope of this work are related
to minimization of setup time, using multi-operation machine tools and quick-change systems for tooling,
automation of loading/unloading operations, improving accuracy of traditional roughing process, reduction of
manufacturing lead time, applying of just-in-time production strategy, minimization of inventory cost, etc.
[22]. Besides, on the product development stage, the concurrent engineering methodology is also attractive.
Integration of all these approaches yields maximal utilization of expensive equipment and significantly reduces
the product price.
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Figure 2.1 General limits for High Speed Machining [12]

It is worth mentioning that, in spite of obviously positive impact, some advances in modern machining
technology adversely affect the processing accuracy. For instance, increasing depth of cut generates high
forces/torques which may cause significant (and inadmissible) compliance deformations of the machining tool
or robot. To reduce related machining errors there exist two main approaches. The first these is aimed at
increasing of the machine tool or robot stiffness as well as optimal part placement in the workspace. However,
increasing of the mechanism stiffness obviously leads to decreasing of the dynamic properties (due to higher
mass and inertia of the links). The second approach is based on compliance errors compensation via proper
off-line modification of control program describing desired tool trajectory or by using the force feedback in the
online mode. To implement this approach, a suitable stiffness model of the CNC-machine or manipulator is
required, which is proposed in the following chapters.

High Speed Machining (HSM). The most essential current trends in machining of high performance
materials are integrated in HSM-concept, which has been already successfully implemented in several projects
for the aerospace and ship building industries [43] that are known by their strong requirements for accuracy
and high demands for efficiency. But simultaneously with obvious advantages, these applications
demonstrated rather strong constrains on the specifications of the manufacturing equipment. This is caused
by high spindle speed, high feed rate and by other factors. Typically, HSM-based manufacturing conditions are
associated with the following parameters [12]:

e spindle speed N from 8000-10000 revolutions per minute (rpm) for widely used wares and up to
40000 rpm and higher for aerospace and medical industry, high accuracy wares and machining with
small tools;

e cutting speed v, from 700 m/min for milling with small tools;

o feed rate f, has to be at least 2-2.5 m/min and amount up to 40 m/min and more for high velocity
machining;

e spindle power P, from 10-15 kW for tools with low feed rate and traverse 50 kW for high velocity
machining of stiff materials.

It should be stressed that all these specifications of the machining process are not strict and can vary,
but they essentially differ from the conventional ones. Approximate manufacturing conditions limits for HSM
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are summarized in Figure 2.1. Main advantages of HSM are summarized in Figure 2.2, which shows the
influence of cutting speed on cutting forces, surface quality, time-cutting volume, thermal workpiece load and

tool life travel [12].

Time cutting
volume

Surface quality

Process evaluation

Tool life trevel

Cutting force

Thermal
workpiece load

Cutting s;eed

2.2 Machining of high performance materials

Figure 2.2 Influence of cutting speed on the process evaluation [12]

Machining of high performance materials generates significant loading on the processing mechanism
caused by interaction of machining tool and workpiece (Figure 2.3). It is evident that, this loading is essentially
higher compared to conventional materials and it leads to the compliance errors which can be significant and
deteriorate surface property. Generally, the compliant errors depend on two independent factors: the loading
value and the resistance of the machining mechanism to the loading. Let us concentrate first on the
computation of the force/torque associated with the machining process, while the issue of the machining
mechanism resistance to the loading will be considered further.

8 Workpiece

Figure 2.3 Cutting forces in machining process
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In general, cutting forces depend on a number of factors. Among the most important ones are the
materials of the machining tool and workpiece, the feed rate and the spindle rotation speed, the degree of
tool wear, the tool temperature, the cutting geometry, the cutting width and thickness and other factors
[47][20][55][49]. Moreover, the cutting forces are not constant and vary with the feed rate. Since in practice it
is difficult to find the exact value of the cutting force, it is reasonable to estimate it for the worst case. For this
reason, in engineering practice, usually simplified expressions are used where the impact of each factor is
taken into account via a relevant correction coefficient [12][15][2]:

F=b-hk Ko Ky K, -Key Kpy -Kep Ky (2.1)

Here b, h are the chip width and thickness respectively, k_ is 'the specific cutting force', K, is a correction
factor for the manufacturing process, K, is the cutting speed correction factor, K, is the rake angle
correction factor, K,, is the cutting material correction factor, K, is the tool wear correction factor, K, is
the cutting fluid correction factors, K, is the workpiece shape correction factor. Typical values of the

correction factors are presented in Table 2.1.

Table 2.1 Correction factors for the cutting force computing [15]
Correction factor Notation Value
Kpro =1.2-1.4
Manufacturing process Kero (the factor takes into account that the machining
indices obtained from turning tests)
2.023
Ky == for v, <100 m/ min
v
Cutting speed K ¢
B0 v 1.380
K, = v for v, >100 m/min

c

K =1.09-0.012/° (steel)

Rake angle K, g
K, =1.03-0.012£° (castiron)

Koy =1.05 (HSS)

Cutting material Kem Koy =1.0 (cemented carbide)
Koy =0.9-0.95 (ceramic)
Tool K Kyw =1.3-15
cotwear ™ K;w =1.0 for sharp cutting edge
Ko =1 (dry)
Cutting fluid KeL K. =0.85 (non-water soluble coolant)

K. =0.9 (emulsion-type coolant)

Kuws =1.0 (outer diameter turning)

Workpi h K
OFRPIEEE SHAPE ws Kws =1.2 (inner diameter turning)
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Table 2.2 Mechanical properties of typical high performance materials [12]
Main value of specific Rise of the
Material cutting power tangent Typical use
Ky, , [N/ mm?] m,
Aerospace material with favourable
Monel 400 mechanical and chemical-corrosion properties,
) 2600 0.19 . . .
(NiCu30Fe) pressure tank construction, centrifuges, ship's
valves

Aerospace material, excellent properties in the
Inconell 718 2088 0.29 extremely low temperature range, very good
(NiCr19NbMo) ) corrosion resistance, rocket propulsion units,

gas turbines, pumps

Aircraft and spacecraft construction, fittings,

TiAl6V4 1370 0.21 . . .
mechanical engineering

Vehicle construction, shipbuilding,

Al Mg 4.5 Mn 780 0.23
pressure tanks

The remaining coefficient k. (so called 'the specific cutting force') that is not included in the above
table, depends on the chip thickness h nonlinearly and is usually computed as [12]:
kcll
L = (2.2)
h™
where k;, , is the main value of the specific cutting force (which depends on the material properties), m, is its
exponent. Table 2.2 contains typical values of k_, and m, for several high performance materials.

k

There also exist nonlinear expressions for the cutting force which take into account some other specific
factors. For instance, [34]has proposed the fractal model for cutting force

F_ah+ a,*h?

2.3
1+a,h (2:3)

where h is the cut depth and a,, a,, a, are the model coefficients that depend on material properties, specific
chip thickness and cutting stiffness.

For the worst-case analysis, expressions (2.1) and (2.3) can be reduced to the linear relation
Fmaxzz'kc'b'h (2.4)

which includes only factor k. depending on the cutting tool and material properties as well as the cutting
cross-section bxh. Numerical values of the maximum cutting forces computed using this expression are
presented in (2.4) which includes results for two high performance materials with different cutting settings.
They allow us to compare F_,, for two materials with essentially different cutting stiffness. In particular, for
the same cutting depth h=0.2 mm, cutting width b =8 mm and cutting speed from 1000 to 2000 m/min, the
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cutting force is about 2 kN for the aluminum alloy (Al Mg 4.5 Mn) and close to 7 kN for Monel 400. It is evident
that both of these values are high enough to cause significant deformations of the CNC-machine or robotic
manipulator. For instance, for robot manipulator KUKA-240 [10]such loading may generate linear deflections
0.1..5.0 mm and angular deflections 0.1..0.2° depending on the cutting force direction.

It is worth mentioning that, for the constant feed rate, the cutting force reduces with increasing of the
spindle speed. This effect is in good agreement with equation (2.4): increasing of the spindle speed for the
same feed rate does not change the cutting speed, while the chip thickness h reduces. This effect is widely
used in practice. But to save the processing time, usually the feed rate increases with the spindle speed. This
does not allow us to reduce relevant compliance errors.

Another issue that should be taken into account while evaluating reactions associated with machining of
high performance materials is related to the spindle axial torque. Usually this value is obtained from
experiments [17], but it is also possible to estimate its range from nominal values of spindle power and
rotation rate. For instance, the values 20 kW and 10000 rpm correspond to the torque of about 10 N-m (for
the efficiency factor 50%). For typical industrial application based on robot KUKA-240, this torque may cause
linear/angular deflections of 0.001..0.008 mm and 0.1..1.6° respectively (depending on the feed direction).
Besides, the cutting forces may exert essential lateral torque with respect to the robot-mounting flange. For
example, for the tool reference point offset of 100 mm, the cutting force 2-7 kN (see Table 2.3) produces the
torque 20-140 N-m that makes non-negligible linear and angular deflections.

Table 2.3 Cutting forces for high performance materials
Material Depth of Width of Cutting speed v, m/min
ateria cutting h, mm  cutting b, mm 1000 1500 2000
02 8 6.97 kN 6.77 kN 6.64 kN
Monel 400 . 16 13.94 kN 13.54 kN 13.28 kN
(NiCu30Fe) 1 8 25.65 kN 24.93 kN 24.44 kN
16 51.30 kN 49.86 kN 48.88 kN
02 8 2.23 kN 2.17 kN 2.12 kN
' 16 4.46 kN 4.34 kN 4.24 kN
Al Mg 4.5 Mn
1 8 7.70 kN 7.48 kN 7.33 kN
16 15.40 kN 14.96 kN 14.66 kN

Hence, the cutting forces and torques associated with milling of high performance materials are
essentially higher compared to conventional ones. They may cause significant linear and angular deflections of
the machining tool that lead to essential reduction of the accuracy and quality of the final product. This issue
justifies the goal of this research work.
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2.3 Machining with robots versus traditional machining tools

At present, there are two main approaches in designing of machining workcells: (i) utilization of classical
CNC-machines with Cartesian architecture and (ii) using industrial robots of either serial or parallel
architecture. Both of them have their own advantages and disadvantages that are briefly discussed below
from the point of view of applicability to machining of high performance materials.

CNC-machines. Computer Numerical Control (CNC) machines refer to the automatic machine tools,
which use abstractly programmed commands to specify the tool path and relative location of the workpiece
while machining [23]. The earliest CNC equipment was based on existing traditional machine tools that were
supplemented by motors that control the cutter feed rate. Further, all control execution functions were given
to computers and the control program preparation was carried out in CAD/CAM environment [30][54][52]. The
latter advances have essentially changed the machining process and provided fundamental benefits, which can
be summarized as follows:

(i) full automation of the machining and programming processes, which requires the final
dimensions of the product only; this reduces human errors to minimum;

(ii)  ability to produce both simple trajectories and the surfaces of high complexity, which extend their
application from conventional milling to drilling, lathing, laser cutting, etc.;

(iii)  high accuracy and good surface quality that is insured by high rigidity of the tool manipulation
mechanism and accurate control of the tool motions;

(iv)  flexibility of machining which allows us to process different types of products and combine several
operations (milling, drilling, grinding) by changing control program only; this essentially reduces
the manufacturing time and the product cost;

There are also some other benefits that are offered by the CNC machines and promote their wide application
in industry (advanced machine control, more precise production planning due to high reputability of the
machining, etc.) [30]. However, relatively high cost and limited workspace are usually treated as their main
disadvantages [19]. Typical examples of CNC-machines are presented in Figure 2.4.

(a) CNC milling machine (b) CNC grinding machine (c) CNC machining center

Figure 2.4 Examples of CNC-machines
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Variety of existing CNC-machines is usually classified with respect to the type of motion control system,
implemented control algorithm and the number of actuated axes. With respect to the motion control system,
the CNC-machines may be classified as point-to-point and contouring ones. The first of them, also called a
positioning system, moves the tool to the given location without control of the path and speed (they are not
important for some applications, such as drilling). Continuous path systems ensure the path and speed control
of the tool while machining, they implement simultaneous control of all driven axes. Typical application areas
of continuous motion control are milling and turning.

Based on the control algorithm, the CNC-machines are divided into open-loop and closed-loop ones. In
the open-loop systems, the actuator input is entirely defined by the programmed instructions and there is no
feedback to check whether the desired goal (position, velocity) has been achieved. They are obviously rather
sensitive to external disturbances, so their application area is limited by the cases where the accuracy
requirements are not critical. In contrast, closed-loop systems have a feedback, which allows us to compensate
any differences between the desired position/velocity and its actual value. This feedback may be implemented
using both analogous and digital technique, the close-loop systems are usually considered to be very precise
and attractive for accurate machining.

With respect to the third classification factor, the number of axes, the CNC-machines with 2, 3, 4 and 5
axes are distinguished. The first of these usually have only two translational driven axes that ensure control of
the tool in the plane. The 3-axis machines are able to process more complex 3-dimentional surfaces, they
usually employ three translational drives with mutually orthogonal axes. The more sophisticated are 4- and 5-
axis CNC machines that are able to change the tool orientation, in addition to translational motions. This
allows to produce more complex tool path movements and to process very complicated products. In general,
increasing of the number of axes provides numerous advantages such as better surface quality, reduction of
the machining time, improved access to under cuts and deep pockets, etc. It is worth also mentioning that the
axes may be actuated either sequentially or simultaneously, but present systems usually implement the
simultaneous control.

In modern CNC systems, the machining trajectory design is highly automated and is performed in a
CAD/CAM environment. It is used for creating spatial representation of a part; planning and optimization of
the tool paths and cutting parameters in creating CNC code; loading, initialization, and operating the CNC-
machine; etc. So, CAD/CAM technologies introduce essential benefits to machining such as higher productivity,
reduced design time, more accurate designs, less time required for modifications, repeatability.

Hence, the CNC-machines ensure a number of benefits for machining of high performance materials.
However, for some aeronautic applications that are closely related to this research, they have rather limited
workspace and are not applicable for machining of large dimensional parts. In this case, industrial robots are
more attractive, so their suitability for the milling of high performance materials is considered below.

Industrial robots. For the considered application area, robots could gain all functionalities of the CNC-
machines and are reasonable alternative for them. Also, they provide larger workspace and more flexibility
[11][4][21]. Besides, emerging technologies allow robots to perform diverse manufacturing processes such as
complex cutting and material removal, tapping and drilling, surface finishing and others. All these functions
can be realized by the same robot, that makes it universal, while CNC-machines can execute only one or a
group of similar operations. In addition, robot-based machining cells are applicable for secondary operations
and have a relatively large working envelope, which is extremely important for large components. Such
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machining cells are more flexible and allow us to produce different products at the same time, they can be also
easily adopted to manufacturing of other products. They usually provide two alternative solutions to modify
the tool path: (i) to change it in the CAD/CAM system, or (ii) to teach a robot in some key points. Robots are
more intelligent and ensure more sophisticated motion control, and users can map their inaccuracies and
compensate for them off-line using a dedicated model (the stiffness model for instance, as in this work) [40].

In machining applications, robots often use force and torque sensors that allow online estimation of the
deflections in the tool locations with respect to the desired ones. The force and torque sensors are usually
integrated into a robot's wrist, and the robot controller are able to compensate these deflections via relevant
calculations. However, to achieve good quality of machining process and to eliminate robots errors caused by
different factors, some additional research is required [42]. This is the main issue that resists to robot
applications in some areas.

With respect to their architecture, all industrial robots can be classified into two groups. First group
includes robots with strictly serial architecture, which are currently the most common industrial ones. The
second group put together manipulators with strictly parallel architecture and cross-linkages [25][26]. Typical
examples of robots from both groups are presented in Figure 2.5. In order to indicate advantages of both
architectures let us focus on their principal features.

(a) serial industrial robot (b) parallel industrial robot

Figure 2.5 A serial Kuka robot (a) and an Adept parallel robots (b)

Serial robots. This type of robots is based on serial kinematic chains composed of rather rigid links
connected by actuated joints. The joints may be either rotational or translational. The main advantage of serial
robots is large workspace with respect to their own volume and occupied floor space. But, since serial
manipulators have open kinematic structure, all errors are accumulated and amplified from link to link.
Besides, it is impossible (or rather difficult) to get high stiffness and high dynamic properties simultaneously.
For instance, robots with high stiffness usually are heavy and cannot provide high speed. Moreover, their own
weight induces undesirable significant stresses in actuated joints that reduces allowed payload. On the other
hand, serial robots with small link mass have low stiffness and cannot provide high payload because of
significant compliance errors. These issues essentially decrease efficiency and application areas of such
manipulators. However, some limitations related to manufacturing errors can be withdrawn by advanced
control.

According to its kinematic architecture, serial manipulators can be classified into three main groups: (a)
SCARA robots, (b) Articulated robots and (c) Cartesian/Gantry robots [57]. It is worth mentioning that
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sometimes the robot classification includes some other types of manipulators (cylindrical, spherical, etc.) but
here they are included in articulated ones.

The SCARA acronym stands for "Selective Compliant Assembly Robot", it is also often referred to as:
"Selective Compliant Articulated Robot Arm". This type of robots is based on a 4-axis manipulator (Figure 2.6a)
[9] that ensures motion to any point within its workspace (X-Y-Z translation) and the end-effector rotation
around the vertical axis (theta-Z). For this architecture, the vertical Z-motion is independent and is provided
by a dedicated linear actuator, while three remaining rotational joints (with parallel axes) ensure full range of
translations and rotations in XY-plane. Because of this specific architecture (with three parallel rotational
joints), SCARA is slightly compliant in the XY-plane but is rather rigid in the Z-direction (so called selective
compliance). The selective compliant feature makes this robot highly suitable for many types of assembly
operations. Due to low mass in moving parts, it provides very good dynamic properties. This promote SCARA
to be ideal for pick-and-place, palletizing and de-palletizing, machine loading/unloading and packaging
applications, which require fast, repeatable and articulate point-to-point movements.

(a) SCARA robot (b) articulated robot (c) Cartesian/Gantry robot
Figure 2.6 Typical architectures of serial robots

The second group includes articulated robots (Figure 2.6b) [24][3], which are also called
"anthropomorphic arms". Their mechanical structure is based on rotational joints and the links are arranged in
a chain. Usually the articulated robots have five or six controlled axes, while robots with seven and more
actuated joints also exist. This structure provides very good kinematic dexterity, so the robots have an ability
to reach the target location over obstacles and ensure almost any position and orientation of the tool within
the workspace. Essential advantage of the articulated robots is that they are very compact and provide the
largest workspace relative to their size. However, because of complexity of direct/inverse kinematics, their
control is not trivial: when driving an articulated robot in its natural coordinate system (joint space), it is
difficult to obtain a straight-line-motion of the end-effector in Cartesian space. So, intensive computations are
required to transform the Cartesian location into the actuated joint angles (and vice versa), but this problem is
not already significant because of essential computing capacity of modern microprocessors. The capabilities of
the articulated robots make them well suit for a wide variety of industrial application, including machining
[31][1].

The third group includes Cartesian robots (Figure 2.6c) [8], which have almost the same kinematic
architecture as conventional CNC-machines. The main differences are in the areas of control principle,
programming language and mechanical design of the end-effector connector, which for the robots is rather
universal. The mechanical structure of such robots is based on three translational actuated joints whose axes
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are mutually orthogonal. Such arrangement ensures very simple control when any motion in X-Y-Z space is
achieved by straightforward actuation of relevant joints. Cartesian robots have a rectangular workspace whose
volume can be increased easily. Extremely large work envelope is ensured by Gantry robots (also belonging to
the Cartesian family), where one of the horizontal translational axes is supported at both ends. Due to their
mechanical structure, Cartesian robots provide high rigidity and good accuracy but their kinematic dexterity is
rather limited; sometimes they cannot reach around objects. Besides, to satisfy the large workspace
requirement, they need large volumes to operate and occupy essential floor space. Because of its rigidity, such
robots are very attractive for machining applications, but only if the tool orientation may remain the same
during processing.

Parallel module

(a) HexaM 5-axis milling (b) Hexapod OKUMA machine (c) Machine Verne
machine

(d) Hexapod-Machine
Mikromat 6X

(e) Urane SX

Figure 2.7 Examples of parallel robots integrated in the machining cells

Parallel robots. This type of robots, which are also often referred to as parallel kinematic machines
(PKM), is a closed-loop mechanism whose end-effector is linked to the base by several independent kinematic
chains [25]. The kinematic chains are composed of several links that are connected to each other by both
passive joints and actuated joints (rotational or translational). Such kinematics claim to offer several essential
advantages, like high structural rigidity, high dynamic capacities and high accuracy [44][50][51]. Another
important advantage of parallel robots is better accuracy, because here the position and orientation errors of
separate kinematic chains are averaged by the end-platform (instead of straightforward accumulation, as in
serial robots). Besides, using special arrangement of kinematic chains, it is possible to ensure high stiffness and
high dynamic properties simultaneously. These capabilities make the parallel robots well suitable for high-
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speed machining and they are often used in the manufacturing cells (Figure 2.7), for instance in HexaM 5-axis
milling machine, Hexapod OKUMA machine, the VERNE machine, Hexapod-Machine Mikromat 6X, Urane SX,
and others [36][14][16][28][39][41].

However, parallel robots have very complex workspace and highly non-linear relation between natural
coordinates (actuated joints) and Cartesian ones. Consequently, their performances (maximum speeds,
accuracy and rigidity) essentially differ from point to point and also depend on the moving directions. Other
disadvantages of parallel manipulators are their large footprint-to-workspace ratio (except the Tricept robot
which requires less space) and small range of motion because of parallel configuration. These are the main
obstacles for the machine application of parallel robots [18][38][50].

At present, there exists a large variety of parallel manipulators, several examples are presented in Figure
2.8. Depending on the architecture, they may be divided into two groups that differ by the type of connection
between the base-platform and the serial chains [6].

The first group contains manipulators with fixed foot points and variable length struts. Most robots of
this group implement the Stewart-Gough architecture, have 6 degrees of freedom and are called Hexapods
(Figure 2.9) [25]. They provide high precision and accuracy, good stiffness and high load/weight ratio. Due to
these essential advantages, Hexapods are often used in flight simulators, precision machining, surgical robots,
and other areas. By variation of the link lengths, Hexapods may satisfy both small and large workspace, but
increasing of the link length has a direct effects on the accuracy. The main technical problem of Hexapod is
high friction in the ball joints. Typical examples of parallel manipulators belonging to the first group are
presented in (Figure 2.8 a-g), they include VARIAX, HEXA, TRICEPT, TRIPOD, Delta and others
[13][35][371[29][71[46][56].

The second group includes manipulators with foot points gliding on fixed linear joints. Robots of this
group differ by the number of actuated translational axes and their location with respect to each other, as well
as by the type of links connecting the base and moving platforms. Typically, they have 5 or 6 degrees of
freedom (HEXAGLIDE, HexaM) but there are also 3 degrees of freedom translational manipulators of this
family (Orthoglide) that employ parallelogram-based links similar to Delta robots [53][6][45]. The robots of the
second group (see Figure 2.8 h-l) are attractive for machining application because of lower moving mass
compared to the hexapods and tripods. However, to ensure large workspace, such robots require large
volumes to operate and occupy essential floor space.

Hence, parallel robots provide essential benefits compared to the serial ones, which promote them to
high speed and high precision machining applications considered in this work. For this reason, they have
already been employed in commercial machining centers (see Figure 2.7) that progressively replace
conventional CNC machines based on serial Cartesian architecture. A short summary of a dedicated
comparison study is given below.
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(a) TRICEPT (c) High-Speed Parallel
from Neos-Robotics Robot HEXA

(e) Tripod - Parallel

Kinematic Microrobot

(g) ABB IRB 340 (h) Tripteron Parallel

Flexpicker Manipulator (i) HEXAGLIDE (ETH Zurich)

(k) 3-PSP Parallel

(i) Orthoglide manipulator Manipulator

(1) the 'SLOTH' robot

Figure 2.8 Typical architectures of parallel robots
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(a) Fanuc (b) M-840 HexaLight (c) M-850K Ultra-High (d) M-850K Large-Aperture
F-200i Robot 6-Axis Positioning System Load Hexapod High-Load Hexapod

Figure 2.9 Examples of Hexapod parallel kinematic machines

Résumé. Integrated results of the above analysis are summarized in Table 2.4. They show that the CNC-
machines are quite suitable for majority of machining operations provided that a large workspace and high
dynamics are not required. However, for high speed machining of relatively large parts that are widely used in
the aerospace and shipbuilding industries, conventional CNC-machines can be hardly used. In contrast, robotic
manipulators are able to execute such tasks and simultaneously ensure higher flexibility of automated
machining cells. The only problem with robots application is their rather low stiffness that leads to non-
negligible position errors under the forces/torques of the technological process. Thus, the next section focuses
on the robot accuracy issue.

Table 2.4 Comparison of CNC and robotic-based machining
Performance Conventional XYZ Robotic-based machining
factor CNC-machines Serial robots Parallel robots
Workspace Limited Large Limited
P (by foot print) (limited by link lengths) (by parallel architecture)

Limited number of

Flexibili A ionin th k
exibility N — ny operation in the workspace
Dynamics Low Limited High
Accuracy High Depends on the stiffness, link weights and payload
Stiffness High Moderate, compliance |s. I-!lgh, se!:)arate chain
accumulated along the chain stiffness is aggregated
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3 STIFFNESS MATRIX OF ROBOTIC MANIPULATORS WITH
PASSIVE JOINTS

3.1 Introduction

IN many applications, manipulator stiffness becomes one of the most important performance measures
of a robotic system. In particular, for milling, drilling and other types of machining, the stiffness defines the
positioning errors due to interaction between the workpiece and the technological tool. Similarly, in industrial
pick-and-place automation, the manipulator stiffness defines admissible velocity/acceleration while
approaching the target point, in order to avoid undesirable displacements due to inertia forces. Other
examples include medical robots, where elastic deformations of mechanical components under the task load
are the primary source of positioning errors.

Numerically, this property is usually described by the stiffness matrix K., which defines a linear
relation between the translational/rotational displacement in Cartesian space and the static forces/torques
causing this transition (assuming that all of them are small enough). The inverse of K. is usually called the
compliance matrix and is denoted as K. As it follows from related works, for conservative systems, K is
6x6 semi-definite non-negative symmetrical matrix but in general case its structure may be non-diagonal to
represent the coupling between the translation and rotation.

The problem of stiffness matrix computing for different types of manipulators has been in the focus of
robotic experts for several decades [1-18]. The existing approaches may be roughly divided into three main
groups: (i) the Finite Element Analysis (FEA) [19-23], (ii) the Matrix Structural Analysis (SMA) [24-28], and (iii)
the Virtual Joint Method (VJM) [1-2,8,14,29-30]. The most accurate of them is obviously the FEA-based
technique but it requires rather high computational expenses. The SMA is less computationally hard due to
fairly large structural elements employed (3D flexible beams instead of numerous tiny tetrahedrals and
hexahedrals of FEA) but nevertheless it is not convenient for the parametric analysis. And finally, the VIM
method is the most attractive in robotic domain since it operates with an extension of the traditional rigid
model that is completed by a set of compliant virtual joints (localized springs), which describe elastic
properties of the links, joints and actuators. This Chapter contributes to the VIM technique and focuses on
some particularities of the manipulators with passive joints.

For conventional serial manipulators (without passive joints), the VIM approach yields rather simple
analytical presentation of the desired stiffness matrix K . Relevant expression K. =J,"K,J,' can be found
in the work of Salisbury [1] who assumed that the mechanical elasticity is concentrated in actuators and the
deflections are small enough to apply linear approximation of the force-deflection relation. Here the matrix
K, aggregates the stiffness coefficients of all elastic joints, and J, is the corresponding kinematic Jacobian.
Further, this result was extended by Gosselin for case of parallel manipulators taking into account elasticity of
other mechanical elements [2]. More recent publications present VIJM-based stiffness analysis for particular
case studies, such as various variants of the Stewart—Gough platform, manipulators with US/UPS legs,
CaPAMan, Orthoglide, H4 etc. [27-34].
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It should be noted that in the majority of related works, the presence of passive joints' does not cause
any specific computational problems, since these joints are eliminated via geometrical constraints describing
the assembling of the relevant parallel architecture [2]. Besides, in most of publications, it is implicitly assumed
that the Jacobian J, describing influence of the elastic joints on the end-location is non-singular?, i.e.
rank(J,)=6, to ensure inversion of the related matrix in the modified expression K =(\]6,K5T9J(T9 )71 that
always produce non-singular K . It is obvious that the assumption concerning J, is completely realistic if the
VJM model includes at least a single 6-dimensional virtual spring of a general type (see [38] for details), while it
is not realistic that the manipulator stiffness matrix is always non-singular. Hence, common stiffness modelling
techniques must be revised with respect to influence of passive joints, which in certain cases can not be
straightforwardly eliminated from the kinetostatic equations and, consequently, may cause singularity of K. 3,

In this Chapter, another approach is applied that originates from our publication [30] where the desired
stiffness matrix K. of size 6x6 is extracted from the inverse of a larger matrix, of size (6+ nq)x(6+ nq),
which additionally includes the passive joint Jacobian J, (nq is the passive joint number). Advantages of this
approach and its ability to produce singular stiffness matrices were confirmed by a number of examples, but
explicit analytical solution was not presented. Hence, this work concentrates on analytical computations of the
stiffness matrix and also on influence of the passive joints on particular elements of K. .

It is also worth mentioning that some previous works [30] propose (or at least discuss) a trivial solution
of the considered problem, which deals with a straightforward modification of the matrix K,, in accordance
with the passive joint type and geometry (corresponding rows and columns are set to zero). However, as it will
be shown below, this straightforward approach gives true results if (and only if) the matrix K, is diagonal, but
it is not valid in general case where there is a coupling between different types of the elementary virtual
springs presented by non-diagonal coefficients.

The remainder of this Chapter is organised as follows. Section 4.2 presents a simple motivation example
that confirms the problem non-triviality. Then, Sections 4.3 and 4.4 propose relevant analytical solutions for a
serial kinematic chain and a parallel manipulator respectively. Section 4.5 focuses on computational issues and
proposes recursive procedure and a set of corresponding analytical rules. Section 4.6 contains application

' It should be mentioned that here passive joints have stiffness equal to zero and they should be distinguished from
passive compliant joints studied by other authors, whose stiffness is nonzero.

2t is important to distinguish the conventional kinematic Jacobian J, which is computed with respect to actuated
coordinates and may be both singular and non-singular, and the Jacobian Jg that is computed with respect to the virtual
springs coordinates and is always non-singular. Besides, they differ in sizes, which for a standard serial 6-d.o.f.
manipulator are respectively 6x6 and 6x 36 .

* The main problem with straightforward application of the classical expression K¢ = (JgKglJ;)"l to the manipulators
with passive joints is related to the invertibility of the matrix Kg, which becomes singular if stiffness of some virtual
springs is assign to zero (to describe the passive joint properties). In fact, there are two sequential inversions here applied
to singular matrices that may be treated similarly to an indeterminate form "1/(1/0)" in calculus that finally produces 0,
but cannot be obtained numerically. So, finally, double inversion of singular matrix should produce another singular
matrix, but numerical computations obviously fails. To overcome this difficulty and to solve the problem in a rigorous
way, our previous publication [30] proposes a dedicated technique that deals with inversion of non-singular matrices of
higher dimension and extraction from them relevant 6x6 sub-matrix.
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examples that demonstrate the developed technique advantages. And finally, Section 4.7 summarizes the
main results and gives prospective for future work.

3.2 Motivation example

Let us present first a simple example that demonstrates non-trivial transformation of the stiffness
matrix due to the presence of passive joints. For the purpose of simplicity, let us limit our study to 2D
Cartesian space and consider a single manipulator link, which is assumed to be fixed at the one end. It is also
assumed that the external loading (the forces F,, F, and the torque M, ) is applied to another end; either
directly or through a passive joint.

Under these assumptions, the elastostatic properties of the link can be described by a symmetrical
stiffness matrix K = [K”} of size 3x3 and its potential energy due to elastic deformations (linear deflections
JdX, 0y and angular deflection d¢ ) may be expressed as

1 Ky Kp Kyl ox
E(6X,6Y,00)=={6x 5y dp[{ K,; K,, Ky |{ Sy (3.1)
2 Ky Ky Kyl o9

If the link is equipped with a passive joint, the energy of this mechanical system (link with passive joint)
must be minimized with respect to the joint variable®. For instance, in the case of the rotational passive joint
R, allowing free rotation around the z-axis at the reference point, the potential energy should be rewritten as

Ep(éx,éy)zn;(in E(5x,8Y,5¢) (3.2)

and the passive joint variable Jp may be expressed via the remaining coordinates as
o9 =—(K,;0x+K,;0y)/ K,;. Then, after relevant transformations and computations of the second-order
derivatives (i.e. the Hessian of E, with respect to x, y and Q)

K =0E,/0x*, K =0"E, | oxdy,..K}, =0°E, [ 9¢’ (33)

the desired stiffness matrix of links with passive joint may be expressed as

K,.-K K,-K. |
Kll_ 1I3< 31 Klz_ 3IZ< 13i 0
ke Kk |
K, =| Ky ——223 K, ——282% | 0 (3.4)
Ky K < I
0 0 i 0
L | _

This expression clearly shows that, if the matrix K is non-diagonal, a trivial transformation that was
proposed in some previous works (i.e., simple setting to zero of the third row and column) does not produce a
truthful result. Moreover, the elements of the upper-left 2x2 block must be modified taking into account the

* It is worth mentioning that in novel compliant robotics systems it may be required to maximise the potential energy
storage in order to exploit/recycle it to improve energy efficiency [40] [41]
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elements of K that are located outside of this block. Similar results corresponding to other types of passive
joints are summarized in Table 3.1, where they are also applied to classical 2D beam (in this case, some

elements of the Kp

general methodology of the stiffness matrix transformation, which is presented below.

Table 3.1

Transformation of the link stiffness matrix due to passive joints (2D case)

Physical model

Stiffness matrix

Physical model

Stiffness matrix

Original link (no passive joint)

b/ i 0 0
R I =
K, K, K. Z £lo 121, 61,
- - - L M I’ I*
KS] K.;z K
61, 41,
0 —-—z =z
r L
Link with translational passive joint along x-axis
Passive jojnt 0 0 0 v Passive joint 0 0 0
Ty
2
0 K,\—K’-’K-’l K“_K,_,K_., T Elo 1_{Z _6!}2
B K, - K, L M L r
KK, KK, _8, AL
0 K“ _ kb 4 K” _ 13731 Ll L
L Kll Kll .
Link with translational passive joint along y-axis
— [ KK, KK,
Passive joint Ki==g 7 0 K== 1, Passivejoint % 0 0
n Tv
0 0 0 X . Ef0 0 o0
K, K K,.K " !
_K“ B ;:3” ! Kﬁ B ;3:-‘_ ’ ’ Tz
Link with rotational passive joint around z-axis
o K“_KUK_H Kl‘_KuK.s_-‘ 0 ﬂ 0 0
Passive l?_'__”t K. - K., y, Passive joint Ji
> R, ’
K.’l _ K.’JKSI. K:_. _ K.'a'Ks.’ 0 ;_.. El o L 0
K.!.; K.is L M r
0 0 0 0O 0 0
E is Young’s module . 1s quadratic movement
L is length of link A is link cross-section

are four times lower compared to K ). This conclusion motivates development of a
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3.3 Passive joints in a serial chain

In contrast to conventional serial manipulators, whose kinematics does not include passive joints and
assures full controllability of the end-effector, parallel manipulators include a number of under-actuated serial
chains that are mutually constrained by special connection to the base and to the end-platform. Let us derive
an analytical expression for the stiffness matrix of such kinematic chain taking into account influence of the
passive joints.

6-d.o.f.
spring
Base
platform ) @ Mobile
S ‘. 6-d.o.f. platform
\’\{\ - R

spring

M

Figure 3.1 The VIM model of a general serial chain (Ps — passive joint, Ac — actuated joint)

The kinematic chain under study (Figure 3.1) consists of a fixed base, a series of flexible links, a moving
platform, and a number of actuated or passive joints separating these elements. Following the methodology
proposed in our previous publications [30], a relevant VIM model may be presented as a sequence of rigid
links separated by passive joints and six-dimensional virtual springs describing elasticity of the links and
actuators. For this VIJM representation, the direct kinematics is defined by a product of homogeneous
transformations that after extraction of end-platform position and orientation is transformed into the vector
function

t=g(q, 0) (3.5)

T . e T . . T

where the vector t=(p, @) includes the position p=(X, y,z) and orientation ¢ =(¢,, ¢,, ¢,) of the

platform in Cartesian space (Euler angles), the vector q=(q,, 0,, ..., Oy, contains passive joint coordinates,

the vector 9=(91, 0,,.., 0 ) collects coordinates of all virtual springs; n, and n, are the sizes of g and 0
9

respectively.

It can be proven [30] that the static equilibrium equations of this mechanical system may be written as
J, F=Ky0; J'F=0 (3.6)

where J, =02g(q, 0)/0q, J, =0g(q, 8)/00 are kinematic Jacobians with respect to the passive and virtual
joint coordinates respectively, Fis the external loading (force and torque), and K, the aggregated stiffness
matrix of the virtual springs. Using these equations simultaneously with (3.5) and applying the first-order
linear approximation under assumption that corresponding values of the external force F and the coordinate
variations 0(, 0, ot are small enough, one can derive the matrix expression5

> Relevant technique is explained in details in [30] and is based on linearization of equation (5) and solving it together
with expressions (6) with respect to external loading F and passive joint coordinates q.
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JIK T 3T
[F}: 0 eT 0 q .|:5t} 37)
oq Jq 0 0

that allows obtaining the desired Cartesian stiffness matrix K. numerically [30]. Corresponding procedure
includes inversion of (6+ nq)x(6+ nq) matrix in the right-hand side of (3.7) and extracting from it the upper-
left sub-matrix of the size 6x 6 that defines a liner force-deflection relation in Cartesian space:

F=K.ot (3.8)

In spite of computational simplicity, the above procedure is not convenient for the parametric stiffness
analysis that usually relies on analytical expressions. To derive such expression for the matrix K., let us apply
the blockwise inversion based on the Frobenius formula [42]

1 -1 1
(K2) " 3| _ K -KeJ, (IKRI,) JiKe * (3.9)
J; 0 * *

where K = (JHK;J; )71, that allows to present the desired stiffness matrix as (see Appendix B for details, Eq.
B.6)

-1
Ko =K -KeJ, (ITKEI,) JiK2 (3.10)

where the first term Kg is the stiffness matrix of the corresponding serial chain without passive joints and the
second term defines the stiffness decrease due to the passive joints. It worth mentioning that this result is in
good agreement with other relevant works [14, 43, 44] where K. was presented as the difference of two
similar components but the second one was computed in a different way.

Analyzing the latter expression (see Appendix A : Properties of stiffness matrix K ), one can get to the
following conclusion concerning computational singularities:

Remark 1. The first term of the expression (3.10) is non-singular if and only if rank(Je):G, i.e. if the
VJM model of the chain includes at least 6 independent virtual springs.

Remark 2. The second term of the expression (3.10) is non-singular if and only if rank(Jq): n,, i.e.if
the VIM model of the chain does not include redundant passive joints (i.e. all passive joints are kinematically
independent).

Remark 3. If both terms of (3.10) are non-singular, their difference produces a symmetrical stiffness
matrix, which always singular and rank (K;)=6-n,.

Remark 4. If the matrix Kg of the chain without passive joints is symmetrical and positive-definite, the
stiffness matrix of the chain with passive joints K, is also symmetrical but positive-semidefinite.

Hence, in practice, expression (10) does not cause any computational difficulties and always produce a
singular stiffness matrix of rank 6—nq. In analytical computations, it can be also useful the following
proposition (see Appendix B: Recursive computation of the stiffness matrix K_) that allows sequential
modification of the original stiffness matrix Kg in accordance with the following proposition:
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Proposition. If the chain does not include redundant passive joints, expression (10) allows recursive
presentation

i+l _ i i (1iTed 1 YT .
KE=Kg -Kedy (I7KL,) 0K i=0,12.. (3.11)

-1 .
where K :(JgKglJz) and the sub-Jacobians J, < J, are extracted from J, =[JE,J§,...] in arbitrary
order (column-by-column, or by groups of columns), the superscripts 'i' and 'i+1' define the iteration number.

Corollary. The desired stiffness matrix K. can be computed in n, steps, by sequential application of
expression (11) for each column of the Jacobian J, (i.e. for each passive joint separately). If for the i-th
iteration, the second term in expression (11) is singular, this step should be skipped (this case corresponds to
the so-called redundant passive joint whose influence on the stiffness matrix has been already taken into
account at the previous steps).

These results give convenient analytical and numerical computational techniques that are presented in
details in Section 4.6.

3.4 Passive joints in a parallel manipulator

Let us consider now a parallel manipulator, which may be presented as a strictly parallel system of the
actuated serial legs connecting the base and the end-platform (Figure 3.2) [45]. Using the methodology
described in previous section and applying it to each leg, there can be computed a set of m Cartesian stiffness
matrices Kg) expressed with respect to the same coordinate system but corresponding to different platform
points (here, the superscript '(i)' denotes the kinematic chain number and it differs from the superscript 'i' in
Section Ill which denotes the iteration number, m is the number of serial kinematic chains in the manipulator
architecture). If initially the chain stiffness matrices were computed in local coordinate systems, their
transformation is performed in standard way [46], as

;
Kglob=|:R O]K'C‘”-B F\?T} (3.12)

where R is a 3x3 rotation matrix describing orientation of the local coordinate system with respect to the
global one.

Figure 3.2 Typical parallel manipulator (a) and transformation of its VIM models (b, c)

To aggregate these matrices Kg), they must be also re-computed with respect to same reference point
of the platform. Assuming that the platform is rigid enough (compared to the legs), this conversion can be
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performed by extending the legs by a virtual rigid link connecting the end-point of the leg and the reference
point of the platform (see Fig. 2 where these extensions are defined by the vectors v, ).

After such extension, an equivalent stiffness matrix of the leg may be expressed using relevant
expression for a usual serial chain, i.e. as 39" K®J®" where the Jacobian J® defines differential relation
between the coordinates of the i-th virtual spring and the reference frame of the end-platform. Hence, using
the superposition principle, the final expression for the stiffness matrix of the considered parallel manipulator
can be written as

m
T : -1
KM =% 30 KOO (3.13)
i=1
Besides, it is implicitly assumed here that all stiffness matrices (both for the legs and for the whole
manipulator) are expressed in the same global coordinate system. Hence, the axes of all virtual springs are
parallel to the axes x, y, z of this system and corresponding Jacobians and their inverses can be easily
computed analytically as

J(i) :|:|3 (Vix):| , J(i)*l :|:|3 _(Vix):| (314)
! 0 |3 6x6 ! 0 |3 6x6
where 1, is a identity matrix of size 3x3, and (v><) is a skew-symmetric matrix corresponding to the vector v :
0 -v, v,
(W=lv, 0 -v (3.15)
-v, v, O

Therefore, expression (3.13) allows explicit aggregation of the leg stiffness matrices with respect to any
given reference point of the platform. It is worth mentioning that in practice, the matrices Kg) are always
singular while there aggregation usually produce non-singular singular matrix. Relevant examples are
presented in following sections.

3.5 Computational techniques

Explicit expressions (3.10), (13) derived in previous sections allow obtaining the Cartesian stiffness
matrix instantly, for any Jacobian J, describing special location of the passive joints. However, recursive
equation (3.11) allows essentially simplify the computational procedure by sequential modification of the
original stiffness matrix K?: for each passive joint independently, using separate columns of J, =[Jq1' qu,...] .
Moreover, for some typical cases, relevant computations may be easily performed analytically. This section
presents some useful techniques related to this approach.

3.5.1 Recursive computations: single-joint decomposition

Let us assume that a current recursion deals with a single passive joint corresponding to the i-th column
of the Jacobian Jq , Which is denoted as qu and has size 6x1.. In this case, the matrix expression (JiqTKiCJiq)’l is
reduced to the size of 1x1 and the matrix inversion is replaced by a simple scalar division. Besides, the term
Kichq has size 6x1, so the recursion (3.11) is simplified to
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ke =K =, or (K2 ]=[KP]- i[”?)uﬁi)] (3.16)
H u

where U, = KiCJiq isa 6xlvector and u= JiqTKiCJiq is a scalar. Using methodology presented in Appendix A, it
can be also proved that each recursions reduces the rank of the stiffness matrix by 1

rank (K{¢*) = rank (K¢ ) -1 (3.17)

provided that the current Jacobian J' is independent of the previous ones J1 J2 (i.e. the i-th passive joints
is not redundant relatively to thejomts 1,..,i-1).

Since in practice any combination of passive joints can be decomposed into elementary translational
and rotational ones, it is enough to consider only two types of the Jacobian columns J

Jyan =[€,6,,85,0,0,0]'; 3., =[d,,d,,dy .6, 8,,6] (3.18)

tran

where the unit vector e:[e1 g, ea], e'e=1 defines orientation of the passive joint axis (both for
translational and rotational ones) and the vector d=[d, d, d,] defines influence of the rotational passive
joints on the linear velocity at the reference point, i.e. d=exr where r is a vector from the joint centre
point to the reference point. After relevant substitutions, one can obtain the following expression for the
translational joint

3 3 . 3 )
”ZZZKEL)ejek; uj ZZKEL)eK (3.19)

j=1 k=1 . j=1 k=4 j=4 k=4 (320)
_ (i) (i)
uj _ZKJLdk JrZ:KJlLek 3
k=1 k=4

Hence, in general case, the recursion (3.11) involves rather intricate matrix transformation, different
from simple setting to zero a row and/or a column. Let us consider now several specific (but rather typical)
cases where the transformation rules are more simple and elegant.

3.5.2 Analytical computations: chains with trivial passive joints

In practice, many parallel robots include kinematic chains for which the passive joint axes are collinear
to the axes x, y or z of the Cartesian coordinate system. For such architectures, the vector-columns of the
Jacobian Jq include a number of zero elements, so the expressions (13) can be essentially simplified. Let us
consider a set of trivial cases where J; are created from the columns of the identity matrix I :
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JO = (3.21)

O OOOoOOo

Fe)
OO OO oP
a
OO ook o
re)

Corresponding passive joints will be further referred to as the ‘trivial’ ones. It can be easily proved that
they cover the following range of the joint geometry:

° translational passive joint with arbitrary spatial position (but with the joint axis directed
along x, y or 2);

° rotational passive joints positioned at the reference point (and with the joint axis directed
along x, y or z).

Besides, it is worth to consider additional case-study corresponding to

° rotational passive joints shifted by a distance L with respect to the reference point in the
direction either x, y or z (and with the joint axis directed along x, y or z),

which will be further referred to as the ‘quasi-trivial’ and gives the Jacobian columns of the following
structure:

0 d d,
d, (;) d,
@ _|d, G+ _|d, 6) _| 0
JW = L B=l gl 7= 0 (3.22)
0 1 0
| 0| | 0| 1]

where d,, dy, d, denote the elements of the vector d, which are equal here either L or 0.

For the trivial passive joints, assuming that Jgp) denotes the vector-column with a single non-zero
element in the p-th position, a straightforward substitution yields u; = KJ%); U= K,()'p) So, the recursive
expression (16) for the Cartesian stiffness matrix is simplified to

CUNCIER oz
pp

that is very similar to those presented in the motivation example (see Section Il). Also, here the p—th row and
column of the matrix KZ* become equal to zero

K =0, K =0; vp=1,..6 (3.24)
and the recursive computations are easily performed analytically.

For practical convenience, the above considered case-studies are summarized in Table 3.2 where the
original stiffness matrix

N
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Table 3.2 Stiffness matrix transformations caused by trivial passive joints
Type of joint Jacobian Modified Stiffness matrix
Translational T, 1 o 0 0 0 0 0
0 0 K, 0 0 0 K,
Jo |0 0 0 K, 0 K, 0
“ o 0 0 0 K, 0 0
0 0 0 K, 0 K, 0
0] |0 K, 0 0 0 K|
o] (K, 0 0 0 0 0]
1 0 0 0 0 0 0
0 0 0 K, 0 K, 0
3= 0 0 0 0 K, 0 0
0 0 0 K, 0 K. 0
K
0 0 0 o0 o0 ==
-0_ L 4 J
o (K, 0 0 0 0 0]
0 0 K, 0 0 0 K,
1 0 0 0 0 0 0
I = 0 0 0 0 K, 0 0
K
0 0 0 0 500
ﬁ 2
LY |0 K, 0 0 0 K|
0] kK, 0 0 0 0 0]
0 0 K, 0 0 0 K,
JU = 0 0 0 K 0 K 0
‘ 1 0O 0 0 0 0 0
0 0 0 K, 0 K, 0
0] L0 K, O 0 0 K]
o K, 0 0 0 0 0]
K, 0 0 0 K,
0 C o .
0 0 0 =2 0 0 0
I = 4
0 0 0 0 K, 0 0
! 0o 0 0 0 0 0
0] [0 K, 0 0 0 K|
o1 (K, 0 0 0 0 0]
Rotational R, K
0 0 Z 0 0 0 0
2 0 4
4 ] J:.h', = 0 0 Ky 0 Ky 0
0 0 0 0 K, 0 0
L M 0 44
0 0 K, 0 K, 0
L1 0o 0o 0 o0 o0 0|
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K, 0 010 0 0
0 K, 0!0 0 K,
0| 0 0 Kyi 0 Ky 0
Ke=l"0"0 "0 Ik, 0 0 (3.25)
0 0 K,l0 Kg, O
0 K, 0.0 0 Ky

is assumed to be sparse in accordance with the structure corresponding to a beam-type link whose cross-
section are symmetrical with respect to y- and z-axis, and its elements are expressed via the physical
parameters as

Ky =EA/L; K, =12El, /1% K, =12El /L%
K, =GJ/L; Ky =4El,/L; K =4El,/L; (3.26)
Ky =K =6El, /L% Ky =K, =—6El, /L°

where L is the link length, A is its cross-section area, /,, I,, and J are the quadratic and polar moments of inertia
of the cross-section, and E and G are the Young’s and Coulomb’s modules respectively.

As follows from these results, trivial passive joints can be easily taken into account by using simple analytical
expressions (3.23) but relevant modifications of the stiffness matrix are more serious than simple zeroing of
relevant rows and columns (in addition, some elements must be reduced in half or fourfold, see Table 3.2).
Moreover, for the quasi-trivial passive joints, the stiffness matrix may be singular but does not include purely
zero rows and columns (see Table 3.3). Hence, the developed technique is essential for VIM-based stiffness
modeling of mechanisms with passive joints.

Table 3.3 Examples of stiffness matrix transformations for quasi-trivial passive joints
Type of joint Jacobian Modified Stiffness matrix
- [ K, 0 0 0 0 0
Rotational R, g 0 Ky 0 0 0 K
L 0 0 Ky 0 ﬁ 0
J1.‘A| = 4 2
a 0 0 0 0 K, 0 0
I K K
o o Koo 2o
| 0] 2 4
L0 K, 0 0 0 Ky |
o [ K, 0 0 0 0 0 ]
) 0
Rotational R, . 0 K, 0 0 0 Ky
4 2
Z -,
. Y F J;r‘-r= 0 0 0 Ky 0 Ky 0
0 0 0 0 K, 0 0
L M 0 0 0 K., 0 K. 0
L o %o 0 o e
L 2 4 |
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3.6 Application examples

Let apply now the developed technique to computing of the stiffness matrix for two versions of a
general Stewart-Gough platform presented in Figure 3.3 [43, 47-49]. It is assumed that in both cases the
manipulator base and the moving plate (platform) are connected by six similar extensible legs (Figure 3.4) but
their spatial arrangements are different:

Case A: the legs are regularly connected to the base and platform, with the same angular distance 60°
(it is obviously degenerate design, where the stiffness matrix should be singular)

Case B: the legs are connected to the base and platform in three pairs, with the angular distance of
120° between the mounting points (it is classical design of Stewart-Gough where the stiffness matrix should be
non-singular).

T
SRS

Figure 3.3 Geometry of the Stewart-Gough platforms under study

R 2 T3 RIR}RY
R}

U-joint P-joint S-joint
(passive) (actuated) (passive)
6-d.o.f.
co spring ,,,,,,,,,
| — - | |
REFEE @REE)
|
. U-joint! L____P-joint|

Figure 3.4 Geometry of the manipulator leg and its VIM model

For both designs, the original leg stiffness (i.e. without the passive joints) can be described by the sparse
matrix (3.25) corresponding to the symmetric beam. Further, to take into account influence the passive joints,
it should be recursively applied the procedure (3.11) with the elementary Jacobians
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where L is the leg length. It is obvious that, due to trivial structure of qu , the recursive computations can be
easily performed analytically (see subsection V.B.). They sequentially produce the following results:

K, 0 0 ¢ 0 0 0 K, 0 0 0 0 0

0 K, 0 i 0 0 K, 0 K, 0 0 0 K,

‘ 0 0 0 : K, 0 0 ¢ 0 0 0 : 0 0 0
0 0 K, | 0 K 0 0 0 Ko i 0 K, 0

L0 K, 0 10 0 Ky | L0 K, 0 0 0 K,
K, 0 0 0 0 0 (K, 0 0 ! 0 0 0

0 K, 0 | 0 0 K, 0 K,/4 0 0 0 0

ko 00 K 00 0 o| o0 0 Kei0 00
¢ 0 0 0 i 0 0 0 ‘ 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
L0 K, 0 0 0 Ky | L0 0 0 0 0 0 |
K, 0 0 0 0 0 K, 0 0 0 0 0

0 K,/4 0 0 0 0 0 0 0 0 0 0

K= U T R Ko = o o6 0.0 o0 0O
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
L0 0 0 i 0 0 0 L0 0 0 ' 0 0 0 |

Hence, in final form, the derived matrix includes only the traction/compression term (and not bending,
torsion, etc.) what perfectly agrees with other results on Stewart-Gough platforms.

Further, to be applied to each leg, the obtained matrix must be transformed from the local to the global
coordinate system. In this specific case, due to the special structure of KEC’ , relevant transformation [24, 46]

|
|
| T
KCA{R‘ ° :|'K11' ° OEOM -{Ri 0} (3.28)
R i

expressed via the orthogonal rotation matrix R, describing orientation of the i-th local coordinate system with
respect to the global one, is easily reduced to

ul-udm
KCi = Kll {——ng—:s——i——o—g;} . (329)

where uiO is the unit vector directed along the leg axis U, (see Figure 3.2). Besides, before aggregation, the
stiffness matrices of separate legs K. must be re-computed with respect to same reference point in
accordance with expressions (3.13), (3.14) which yields

"
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sla, Lol[uw-umio L, 1 (viX)T
K =K. 3|2 a2 | |4 LU L Yaa || s LAV) 3.30
¢ 1 i_1|:(vix) i IJ[ 05,5 i_03><3 0 4:- I ( )

where v, is the vector from the leg end-point to the platform reference point (see Figure 3.2). So, after
relevant transformations, one can get the final expression of the manipulator stiffness matrix

ki) o uuT) (v
Ke=Ku’ [ (V56) - U0y (wx)-(u?u?T)-(vix)T} (331)
or
S uio oT 0\T
Ke =R i-1 {(\Z;_U_?S][ui : (vxu;) ] (3.32)

where the vector u;, v, describing spatial locations of the legs and computed via the direct kinematics, and
vxu’ denotes the vector product (in contrast to the above notation (Vv,x) which is referred to the
corresponding skew-symmetric matrix).

The derived equation was applied to both case studies, assuming that the manipulators are in their
“home” configurations when the platform is parallel to the base and it is symmetrical with respect to the
vertical axis. Corresponding expressions for the leg vectors are

rcos(y,) —Rcos(¢) —rcos(y,)
u, =| rsin(y;)—Rsin(g) |, v, =| -rsin(y,;) (3.33)
h 0

where Rand r denote the circle radius which comprise the leg connection point at the base and moving
platform respectively, ¢, =y, {0, 60°,120°,180°, 240°, 300°} for the case A, and
¢ € {0,1200,1200, 240°, 240°, 3600}; v, € {60, 60, 180°,180°, 300°, 3000} for the case B. Substitution of these
vectors to the expression (3.32) leads to the following stiffness matrices

d> 0 0! 0 rhd, O |
0 d> 0 i-rhd, 0 O
3Kyl 0 0 2h*] 0 0 0
KW=My Yo M AL g 2 Y 3.34
0 —rhd, 0 0 0 (334
rhd, 0 0, 0 r’h® 0
0 0 0, O 0 0 |
and
[d2+Rr 0 01 0 rhd, 0 |
0 d?+Rr 0 !-rhd, O 0
3K 0 0 2h*i 0 0 0
(B) _ 11
K= |70 B R R A R B 0 (3.35)
rhd, 0 01 0 rih 0
.0 0 0! 0o 0 15rR?|
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where d,=R-r; d,=R/2-r; L is the leg length, h is the vertical distance between the base and the
platform, and the superscripts ‘A’ and ‘B’ define the relevant case study. As follows from these expressions, in
‘zero’ location the matrix K(CA) is singular and allows “free” rotation of the end-platform around the vertical
axis. In contrast, for the same location the matrix K(CB) is non-singular and the manipulator resists to all
external forces/torques applied to the platform. These results are in good agreement with previous research
on the Stewart-Gough platforms and confirm efficiency of the developed computational technique for
manipulator stiffness modeling [9, 47].

3.7 Conclusion

For robotic manipulators with passive joints, the stiffness matrices of separate kinematic chains are
singular. So, the most of existing stiffness analysis methods can not be applied directly and this problem is
usually overcome by elimination the passive joint coordinates via geometrical constraints describing the
manipulator assembly. However, such techniques degenerate if the number of passive joints is redundant
and/or the resulting matrix is inherently singular.

To deal with such architectures in more efficient way, this Chapter proposes an analytical approach that
allows obtaining both singular and non-singular stiffness matrices and which is appropriate for a general case,
independent of the type and spatial location of the passive joints. The developed approach is based on the
extension of the virtual-joint modelling technique and includes two basic steps which sequentially produce
stiffness matrices of separate chains and then aggregate them in a common matrix.

In contrast to previous works, the desired stiffness matrix is presented in an explicit analytical form, as a
sum of two terms. The first of them has traditional structure and describes manipulator elasticity due to the
link/joint flexibility, while the second one directly takes into account influence of the passive joints. It is proved
that, for each chain, the rank-deficiency of the resulting matrix is equal to the number of independent passive
joints. To simplify analytical computations, it is proposed a recursive procedure that sequentially modifies the
original matrix in accordance with the geometry of each passive joint. For the trivial cases, for which the
passive joint axes are collinear to the axes of the base coordinate system, this modification is presented in the
form of simple analytical rules.

Advantages of the developed technique are illustrated by application examples that deal with stiffness
modeling of two Stewart-Gough platforms. They demonstrate its ability to produce both singular and non-
singular stiffness matrices, and also show its feasibility for analytical computations. These examples give also
some prospective for future work that include development of the dedicated techniques for the stiffness
matrix aggregation in the case of non-rigid platform and an extension of these results for the case of
manipulators with external loading.

3.8 Appendix A : Properties of stiffness matrix K¢

Let us analyze in details expression (3.10) that allows computing the stiffness matrix of a serial chain
with passive joints K. from corresponding matrix of the chain without passive joints K(C’. Assuming that
rank(Kg) =6, this matrix can be factorised into the product of two non-singular square matrices Kg =S'S.
This yields a compact presentation of the desired matrix in the form

K.=S"-M-S Al
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where
M=1-(83,)-(3]8"sJ,) (s A

and the inverse (J;STS Jq)‘1 exists due to the assumption rank(J,)=n,. Further, the product SJ, can be
also factorised using the SVD-technique [50] as

ooy L. [5]_bi. .
6xn

q

where U, V are the orthogonal matrices and the matrix X, =diag(o,, 0,,...) is composed of n, non-zero
singular values o, (provided that rank(Jq) =n, ). The latter gives the following presentation of M

M=U- ( (ETZ)'lzT)-UT. A4
where the product X (ZTZ)_l X" may be computed in a straightforward way:

z(sz)lzT:B‘*M[zq 0]-[20@_1-[2(] 0]:['3 SL. A5

So, the inner part of M may be presented as

M!_I T -1 T_anlo
=1-X(z'z) £’ = U A6
| ¢ Jox6
This leads to the final expression
K.=S"-UM'U" .S A7
that allows to evaluate the rank of the stiffness matrix K.
rank(K;) =rank(M')=6-n, A8

and to justify Remarks presented in Section III.

For computational convenience, the orthogonal matrix Umay be split into six vector columns
[ul, ey ue] and the matrix product UM’ U" is expressed as a subsume of u,u] corresponding to the non-
zero elements of M'. This gives another presentation of the desired Cartesian stiffness matrix

6
=ST-{ZuiuIJ-S A9
i:nq+l

where the middle term includes only those unit vectors u; that are not “compensated” by the passive joints
(for this notation, the directions u,,...u, correspond to the end-effector motion due to the passive joints,
which do not produce elastostatic reactions). It should be noted that in the case of n, =0, i.e. without passive
joints, the total sum of u,u; produces a unit matrix |, and the latter expression is reduced to K¢ =S'S..
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3.9 Appendix B: Recursive computation of the stiffness matrix Kc

Let us assume that the Jacobian J, of size 6xn, is decomposed into two sub-matrices [J,,J,] of sizes
6xn,, and 6xn , corresponding to non-intersected subsets of passive joints and the derived expression for the
stiffness matrix is applied recursively, using sequentially the Jacobians J,,J, :

KL =K ~K2J, (KL, ) ILK? N
K(Z: = K%: - KlC‘]qZ (ngKthz )_1 ngch

To evaluate the obtained matrix, let us substitute the first expression to the second one and perform
some equivalent transformations using notations

A=J1KJ,; B=JI KW, C=J KW, D=J,KJ, b
H=D-CA'B=J,K.J ,-J;,K2J, .(ngKngl)’1 K,
This allows converting the original bulky expression
-1 -1
K2 = {Kg ~K2,, (31K, J;Kg} —{Kg ~K2J,(ILK2I,,) JjﬂKg} <
B3

-1 -1 -1
%Jo, (ng {KE-K23,, (7K, J;Kg}qu) T {KE - K23, (I7K23,.) ITKe
into a more compact form
Ke =Kg -Kg - (J,A I +J,H, +J,H'CA™ I, - J ,ABH I, +J A BH'CA™)-KE B4

that allows a matrix presentation

A'+A'BH'CA' |-A'BH™| | Jq
KZ=K2-K2:{J  J [ . o 4K B5
C C C |: ql q2:| _H 1CA 1 | H 1 J;z C
Further, using Frobenius formula for the blockwise matrix inverse
A B]'_[AT+A”BHICA™ | -ATBH |
C D] -H™CA™ o HTY ] B6

H=D-CA™'B

the derived expression can be presented in the form

JLKLI, | ILKLI T
K2=K°_K°[J.3J ql” "C¥al ql” "C¥ g2 a Ko ) B7
© ¢ C[ " qz]{];ngJql |J;2K0c‘]q2 ‘ng ¢

or

N
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-1
J J
Ké=K2—K2[Jq1qu][{ng}Kg[Jql JqZJJ Lgl}Kg B8
q2

that exactly coincide with the expression for the stiffness matrix K. corresponding to the aggregated Jacobian
J, :[Jql,qu]. Hence, the desired stiffness matrix of the kinematic chain with passive joints can be computed
recursively, using arbitrary partitioning of the Jacobian J, . Obviously, it is more convenient to apply column-
wise petitioning that allow sequential modification of the matrix K(C’ taking into account geometry of each
passive joint separately (and sequentially reducing the rang of the Cartesian stiffness matrix).
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4 STIFFNESS MODELING OF ROBOTIC-MANIPULATORS
UNDER AUXILIARY LOADINGS

4.1 Introduction

Manipulator stiffness modeling under internal and external loading is a relatively new research area that
is important both for serial and parallel robots. In general case, these loadings may be of different nature and
applied to different points/surfaces. For the stiffness modeling of robotic manipulator, it is reasonable to
distinguish three main types of loading such as external loading applied to end-point, preloading in the joints
and auxiliary loading applied to the intermediate points.

The external loading is caused mainly by an interaction between the robot end-effector and the
workpiece, which is processed or transported in the considered technological process [1]. In most of robotic
research works this loading is considered as a unique one [2] [3], however existence and effect of other types
have not been discussed yet.

The internal loading in some joints may be introduced by the designer. For instance, to eliminate
backlash, the joints may include preloaded springs, which generate the force or torque even in standard
"mechanical zero" configuration [4]. Though the internal forces/torques do not influence on the global
equilibrium equations, they may change the equilibrium configuration and also influence on the manipulator
stiffness properties. For this reason, internal preloading is used sometimes for the purpose of improving the
manipulator elasto-static properties, especially in the vicinity of kinematic singularities. Another case where
the internal loading exists by default, is related over-constrained manipulators that are subject of the so-called
antagonistic actuating [5]. Here, redundant actuators generate internal forces and torques that are
equilibrated in the frame of closed loops.

The term auxiliary loading, in this Chapter, is used to denote external loading applied to any
intermediate point (surface, etc.) of the manipulator different from the end-effector. Typical example of such
type of loading is the gravity that is non-negligible for heavy manipulators employed in machining applications
[6]. Besides, to compensate in certain degree the gravity influence, some manipulators include special
mechanisms generating external forces/torques in the opposite direction (gravity compensators). In addition,
some additional forces/torques may be generated by other sources (geometrical constrains, for instance). It
should be noted that the external loading caused by gravity have obvious distributed nature, but usually it can
be approximated by lumped forces that applied to one or several intermediate points.

From point of view of stiffness analysis, the external and internal forces/torques directly influence on
the manipulator equilibrium configuration and, accordingly, may modify the stiffness properties. So, they must
be undoubtedly be taken into account while developing the stiffness model. However, in most of the related
works the Cartesian stiffness matrix has been computed for the nominal configuration, which does not take
into account influence of external/internal loading. Such approach is suitable for the case of small deflections
only. For the opposite case, the most important results have been obtained in [7-10], which deal with the
stiffness analysis of serial and parallel manipulators under the end-point loading. Besides, some types of the
internal preloading have been in the focus of [11], [12]. However, influence of the auxiliary loading has not
been studied in details yet.
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To our knowledge, the most advanced stiffness model for robotic manipulator has been proposed in [6],
where numerous factors have been taken into account (conventional external loading, gravity forces,
antagonistic redundant actuation, etc.). However, proposed approach is rather hard from computational point
of view. Besides, in this work the Jacobians and all their derivatives were computed not in a "true" equilibrium
configuration. For this reason, since the equilibrium obviously depends on the loading magnitude, some
essential issues have been omitted.

The goal of this work is to generalize the non-linear stiffness modeling technique for the case of three
types of loadings: (i) the external loading applied to the end-effector, (ii) preloading in the joints and (iii)
auxiliary loading applied to the intermediate node-points. The developed model is based on the VIM-
technique proposed in [13], which is able to obtain the force-deflection relation and the manipulator Cartesian
stiffness matrix assuming that the external loading is applied to the end-effector only.

4.2 Problem statement

For stiffness modeling of serial kinematic chain with the loading applied to end-point, preloading in the
joints and auxiliary loading applied to intermediate points let us use the VIM model that is presented in Figure
4.1. The serial chain under study consists of flexible links separated by passive and/or actuated joints. Its
geometry (end-point location) is described by the vector function

t=g(q,0) (4.1)

where the vector t defines the end-point location (position and orientation (Euler angles)); the vectors
g=1(0,, G, s U, ) and 0=(4, 6,, .., O, )" collect all passive and virtual joints coordinates respectively; n_, n,
are the sizes of g and 0, respectively.

ql

Base _pl_atform Moabile platform
(rigid) (rigid)',

Gy G, G Gn
a) kinematic model

6-d.o.f. 6-d.o.f. 6-d.o.f.
spring spring spring
, r |

-l

b) VJM model
Figure 4.1 General structure of kinematic chain with auxiliary loading and its VJM model

Stiffness modeling for the manipulators with end-point loading and preloading in the joints have been
already published in [13], However other types of loadings (here they are aggregated in the auxiliary loading)
applied to intermediate points did not receive adequate attention in robotics. In practice, these loadings can
be caused by gravity forces (generally they are distributed, but in practice they can be approximated by
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localized ones) and/or gravity compensators. These forces will be denoted as G,, where j=1..,n is the node
number in the serial chain starting from the fix base (here, j=n corresponds to the end-point). It should be
noted that for computational convenience, it is assumed that the end point loading consists of two
components G, and F of different nature.

It is evident that in general the auxiliary forces G, depend on the manipulator configuration. So, let us
assume that they are described by the functions

G, =G,(q.0), (4.2)

In contrast, for the external force F, it is assumed that there is no direct relation with manipulator
configuration.

For the serial chains with auxiliary loadings it is also required to extend the geometrical model. In
particular, in addition to equation (4.1) defining the end-point location, it is necessary to introduce additional
functions

t;=0,(0.0), j=1..n (4.3)

defining locations of the nodes. It worth mentioning that for the serial chain, the position t; depends on a
sub-set of the joint coordinates (corresponding to the passive and virtual joints located between the base and
the j-th node), but for the purpose of analytical simplicity let us use the whole set of the joint coordinates
(9, 8) as the arguments of the functions g;(...).

Using these assumptions and using results from our previous works [13][14], the problem of the
manipulator stiffness modeling with auxiliary loadings can be split into several steps that are sequentially
considered in the following sections.

4.3 Static equilibrium equations

To obtain a desired stiffness model, it is required to derive the static equilibrium equations that differ
from the one used for the end-point loaded manipulator only due to influence of auxiliary loadings G, . Let us
apply the principle of the virtual work and assume that the kinematic chain under external loadings F and
G =[G,..G, ] has the configuration (q, 8) and the locations of the end-point and the nodes are t=g(q,0) and
t; =9,(9,0), j=1n respectively.

Following the principle of virtual work, the work of external forces G, F is equal to the work of internal
forces 1, caused by displacement of the virtual springs &0

> (G;T-8t)+F -ot=1,"-50 (4.4)

j=1

where the virtual displacements &t; can be computed from the linearized geometrical model derived from
(4.3)

5t, =30 50+ 5q, j=1.n, (4.5)

which includes the Jacobian matrices
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y 0 ) )
30 :%91'(‘3119)' Ji(ll) :agj(q,ﬂ) (4.6)
with respect to the virtual and passive joint coordinates respectively.
Substituting (4.5) to (4.4) we can get the equation

2 (G731 80+G,T 3D 5q)+ (FT- 950+ FT-J(V -3q) =1, -50 (4.7)

=1

which has to be satisfied for any variation of 80, 6q. It means that the terms regrouping the variables 50, 5q
have the coefficients equal to zero, hence the force-balance equations can be written as
T, =) JTG+ITF, 0= J0T.G;+JT-F (4.8)

j=1 j=1
These equations can be re-written in block-matrix form as
1, =3P G+IPT-F, 0=39T.G+JPT.F (4.9)

where

F _ 7). (F) — g(m. 16 _ | 1OT mT]".
IP =3 3P =05 IO =[IPT.I0T]

30 :[J;I)T___J(H)TJT; G:[GlT...GnTJT

q

(4.10)

Finally, taking into account the virtual spring reaction 1, =K, -(0—00) , where K, =diag (Kel,..., K, ), the
desired static equilibrium equations can be presented as

IPT-G+IPT-F=K,-(0-0°)

JOT G4 10T E—0 (4.11)
q q

Further, these equations will be used for computing the static equilibrium configuration and
corresponding Cartesian stiffness matrix.

4.4 Static equilibrium configuration

To obtain a relation between the external loading F and internal coordinates of the kinematic chain
(g,0) corresponding to the static equilibrium, equations (4.11) should be solved either for different given
values of F or for different given values of t. In [13] these problems were referred to as the original and the
dual ones respectively, but the dual problem was discovered to be the most convenient from computational
point of view. Hence, let us solve static equilibrium equations with respect to manipulator configuration (q,B)
and external loading F for given end-effector position t= g(q,e) and function of auxiliary-loadings G (q,ﬁ)
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K,-(0-0°)=J0"-G+I0"-F;
JOT.G+IPT-F=0
q q

t=9(q.,0);
G=G(q,0)

(4.12)

where the unknown variables are (q,0,F).

Since usually this system has no analytical solution, iterative numerical technique can be applied. So, the
kinematic equations may be linearized in the neighborhood of the current configuration (q;,0,)

t,= g(qi’ei)"‘JéF) (qi’ei )'(Bm —9i)+J§F) (Qilei)'(qm _qi); (4.13)

where the subscript 'i' indicates the iteration number and the changes in Jacobians J§, J{”, J®, J® and the
auxiliary loadings G(q,8) are assumed to be negligible from one iteration to another. Correspondingly, the
static equilibrium equations in the neighborhood of (g;,0,) may be rewritten as

‘]«(aG)T -G +‘J£)F)T Fa =Ky '(0i+1 _90)
JOT.G+IPT.F, =0 '
q q

i+l

(4.14)

Thus, combining (4.13) and (4.14), the iterative algorithm for computing of static equilibrium
configuration for given end-effector location can be presented as

F. 0 ‘]g:) JSE) N G _g(Qi 0, )+J£)F) -0, +JE1F) q;
Qi |=[IPT 0 0 |- -J9T.G, (4.15)
0..] (307 0 K, -JOT.G, -K, -6°

where G,; =G(q;,;,0..,) -

To reduce the size of a matrix to be inverted, the above system can be slightly simplified. In particular,
based on analytical expression for 8 =K, (J®" -G +JP" -F)+0°, the unknown variables can be separated in
two groups (F, q) and 0. This yields the iterative scheme

F,1 [39 K, *-907 9© N t,..-9(q,,0,)+300, + I, —IOK, " IOTG,
Ui - J(F)T 0 _‘];G)T Gi (4-16)

0, =K ’1(J(G)T .G, +JOT.F,

i+1

)+0°

that requires matrix inversion of essentially lower order (for example, for 3-link manipulator with two passive
joints and two actuated joints, the size of matrix inversion reduces from 34 to 14). It should be mentioned that
K,' is computed only once, outside of the iterative loop. The proposed algorithm allows us to compute static
equilibrium configuration for the serial chains with passive joints and all types of loadings (internal preloading,
external loadings applied to any point of the manipulator and loading from the technological process).

4.5 Stiffness matrix

Previous Section allows us to obtain the non-linear relation between elastic deflections At and external
loading F. In order to obtain the Cartesian stiffness matrix, let us linearize the force-deflection relation in the
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neighborhood of the equilibrium. Following this approach, two equilibriums that correspond to the
manipulator state variables (F, g, 0, t) and (F+3F, q+3q, 0+30, t+3t) should be considered simultaneously.
Here SF, &t define small increments in the external loading and relevant displacement of the-end-point.
Using this notation, the static equilibrium equations may be written as

t=9(q,0)
K,-(0-0°)=3"-G+JT-F (4.17)
JOT.G+IPT.F=0

q q

and
t+38t=g(q+39,0+30)
K, -(0+30-0°)=(J9 +839) (G +3G)+(IP +835) -(F +5F) (4.18)
(39 4839) (G +3G)+ (30 +839) - (F+8F) =0

where t, F, G, K, q, 0, 8° are assumed to be known.

After linearization of the function g(qg,0) in the neighborhood of loaded equilibrium, the system (4.17),
(4.18) is reduced to three equations

5t=J39-50+J0 -5q
K, 80=38J -G+J® .5G+3J" .-F+JP .6F (4.19)
6‘];0) -G +Jff’ -8G +6Jff) ~F+J§f’ SF=0

which define the desired linear relations between &t and 8F, 8q, 80 that are expressed via the stiffness

matrices K., K¢,, K¢,. In this system, small variations of Jacobians may be expressed via the second order
derivatives

80 =HD .50+ HO 5q; 80 =HO .50+ HO -5q;

33 =HP .50 +HY -5q; 5 =HE -50+HY -5q; (4.20)
where
HO Skl *) 0* (T . ©) o’
=2 o779 @0G,): HY =—(9"@0F); qu—z (9, (@.0)G)):
7= 00 00 q
=D (g @or)  HO=-C (¢/@oG,) HI=C (T@OF) @2
“og? ’ M So0oq o o0 0q
© _\ o T ) o’
H. = 2 (9,0G . ); HY = 0)F
o ;aqae(g, @.0)G;) G f}q@e(g (@,0)F)
Also, the auxiliary loading G may be computed via the first order derivatives as
3G =0G/00-50 +0G/oq - 5q (4.22)

Further, let us introduce additional notations
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Hyy = HE +HE + 37 '%G; Hy, = H((a? + Hé? +J0OT ‘%G;
5 0 (4.23)
_HO® g 0T . _H©® 4P, jOr
Hy, =Hg +Hg +J, ~%G, H, =Hy tHyg +J, .EG
which allows us to present system (4.19) in the form
st] | 0 37 P SF
0= ‘]gF)T Hyg Hao /1 89 (4.24)
0 ‘]éF)T Heq _Ke + Hee 00

that has the same structure as for end-point loaded manipulator [13]. Hence, similarly the desired Cartesian
stiffness matrices K and stiffness matrices K, and K, defining linear mappings of end-point displacement
3t to internal coordinates deflections 80 and &q:

50 =K., -5t; 5q =K, -t (4.25)

can be computed via either high order matrix inversion

Kol = | * 0 Jff’ JP
f(_ca_[_”_‘__i__"_‘_ =307 H, Heo (4.26)
Keo i * i * JS:)T Heq -K, +Hg,
or lower order inversion
Ko | IOKEIET 3O L 3OKEH, T
{R_C"i";_}: (F)Te ’ eF — ! eF " (4.27)
cq | Jo +H kg g H,, +HokeHy,

where k{ = (K, —H,,)" denotes the modified joint compliance matrix. It is obvious that, using these notations,
the matrices K., K, K, can be also computed analytically using the block matrix inversion [14]

Ko =KgP =K (3, +3, ki -Hi, K, (4.28)
where KX = (J, k{ -3])™" defines stiffness of the kinematic chain without passive joints [2], [3] and
1
K = —(qu + Hyy Kf Ho, = (37 +H o k§ 37 ) KGO (3, +3, K] -Heq)) (37 +Hy, kG -37)- KX (4.29)
Similarly, the matrix K, can be expressed analytically as
Koo =KE-I7 Ko +kE-H, Ko, (4.30)

Hence, the technique presented in this Section allows us to compute Cartesian stiffness matrix K. and
stiffness matrices K, and K, defining linear mappings of end-point displacement &t to internal coordinates
deflections 60 and 8q for manipulators with external and internal loading applied to the intermediate nod-
points (auxiliary loading). Presented approach deals with serial chains, however obtained results can be easily
transferred to a parallel manipulators using aggregation technique from [13].
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4.6 Hlustrative examples

Let us now focus on the non-linear stiffness analysis of a serial chains under auxiliary loadings applied to
an intermediate node. It is assumed that the considered chain consists of two links (either rigid or flexible)
separated by a flexible joint. Relevant analysis includes evaluating stiffness variation due to the loading,
detecting of buckling and computing corresponding critical forces, as well as analysis of the auxiliary spring
influence on the chain stiffness.

4.6.1 Serial chain with torsional springs

Let us consider first a 2-link manipulator with a compliant actuator between the links and two passive
joints at both ends. It is assumed that the left passive joint is fixed, while the right one can be moved along x
direction (Figure 4.2a). Besides, here both rigid links have the same length L and the actuator stiffness is K,.

(a) serial chain with rigid links (b) serial chain with compliant links

Figure 4.2 Kinematic chains with compliant actuator between two rigid links (a) and compliant actuator
between two compliant links (b)

Let us assume that the initial configuration (i.e. for M, =0) of the manipulator corresponds to
6, =-n16, where 8=-2-« is the coordinate of the actuated joint. It is also assumed that the external loading
G is applied to the intermediate node (Figure 4.2a) and it is required to apply the external loading (F,,F,) at

the end-point to compensate the auxiliary loading G . Since this example is quite simple, it is possible to obtain
the force-deflection relation and the stiffness coefficient both analytically and numerically.

For this manipulator the force-displacement relation can be expressed in a parametric form as

_G cosa ) Ke a—a, ., E :_E; (431)

F = - —;
2 sina L sina y 2

X

and stiffness of the manipulator can be presented as

—a, )-cos a —Ssin
K -G 1 _K(a=a)cosasina (4.32)
4L sina L sin” o

where a e (-7/2; z/2) is treated as a parameter and K, =0.

As follows from expression (4.32), the stiffness coefficient K, essentially depends on the auxiliary
loading G. In particular, for the initial configuration, the coefficient K, can be both positive and negative or
even equal to zero when the auxiliary loading is equal to its critical value G = 4K, / L'sing, . It is evident that
the case G >G” is very dangerous from practical point of view, since the chain configuration is unstable.

Summarized results for this case study are presented in Figure 4.3 that contain the force-deflection
relations and values of translational stiffness K, respectively. They show that the auxiliary loading G
significantly reduces the stiffness of the serial chain. For example, in initial configuration (Ax=0), for G=0
the stiffness is 14.9-K, /L*, while for G=0.5G" it reduces down to 8.67-K,/L*. Further increasing of the
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auxiliary loading up to G=15G" leads to the unstable configuration with negative stiffness —7.46-K, /L>.
Moreover, in the neighborhood of the critical value of G ~G”, the force-deflection curves have extremum

points which may provoke buckling.

v L
"'K_ﬂ K=107p G=0
S K =149 C =53, R
0 A =35 G-05G
K =4.10 i Y
K208 K =867
" =0.06 : K =058 -
S s °G=10G
-3 CUURETTAG \
4 | K=-52T%G=15G"
-0.1L -0.05L 0 0.05L
Ax

Figure 4.3 Force-deflections relations for different values of auxiliary loading G : chain with torsional spring
(G"=4K,/Lsing,, K,=KK,/L?)

Table 4.1

Functions and matrices used in numerical stiffness analysis of two-link manipulator with

auxiliary loading (case of rigid links and compliant intermediate joint)

Intermediate point p,

End-effector p,

L, cosq, X, L, cosq, + L, cos(q, +0)
9, =| Lisinq, Ye | = LLSinQ1+L25in(q1+9)
0 ®, G +0+0,
0 -L,sin(q, +6)
219 -|0 2 =] L, cos(q,+0)
1 1
-L;sing, 0 -L,sing, —L,sin(q, +6) 0
I =| Lcosg 0 I =| Lcosq, +L,cos(q,+6) 0
1 1 1 1
H =0 A =[h]
Hi =[0 0] Hi =[h, 0]
HE =[0 o] HO) <[h, O]

HO =8 o)

0 0

h, 0
Hg?z[os o}

h =-LsingG,, h,=-L,cos(q,+0)F, —L,sin(q +0)F,,

h, = (L, cosq, +L, cos(q, +6))F, -
—(Lsing, +L,sin(q, + 0))F,
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For this case study, similar analysis has been also performed using the developed numerical technique
presented in section IV and V. It worth mentioning that the numerical technique yielded the same results as
the analytical one, which confirms validity of the developed approach. Some details concerning functions and
matrices used in relevant expressions are presented in Table 4.1, where L, and L, denote the manipulator link
lengths, g, and g, are the passive joint coordinates, ¢ is the virtual spring coordinate and 6, is the actuator
coordinate. It is worth mentioning that the numerical technique yielded the same results as the analytical one,
which confirms validity of the developed approach.

Hence, the presented case study demonstrates rather interesting features of stiffness behavior for
kinematic chains under auxiliary loading that where not studied before (negative stiffness, non-monotonic
force-deflection curves, etc.). This motivates considering more sophisticated examples, with more complicated
compliant elements.

4.6.2 Serial chains with torsional and translational springs

In the second example, it is assumed that there are three compliant elements: an actuated joint with
torsional stiffness parameter K, and two non-rigid links with translational stiffness K, (Fig.2b). Intuitively, it is
expected that such system should demonstrate more complicated stiffness behavior under the loadings
compared to the previous one.

The force-deflection relations corresponding to serial chain with compliant links are presented in Fig.4.
These curves have been obtained using functions and matrices presented in Table 4.2. Compared to the
previous case, here for G=0..G" there is only quantitative difference (i.e. the shape of the examined curves
remains almost the same). However, for G >G" the chain may be not only unstable with respect to end-
effector loading F,, but also the chain configuration may become unstable. Geometrically, the latter
qualitative difference is observed similar to buckling in vertically loaded arch. Summary of different chain
configurations and their stiffness behavior is presented in Figure 4.5.

Summarizing Section 5.6, it should be concluded that auxiliary loading essentially influences on the
stiffness behavior of robotic manipulators, may reduce the stiffness coefficient and also provoke undesirable
phenomena (such as buckling) that must be taken into account by designers. This justifies results of this
Chapter and gives perspectives for practical applications.

/K =10°
K =10°
k=510
TNk 2100

G=1.0G" 4
G=15G"

Figure 4.4 Force-deflections relations for different values of auxiliary loading G : chain with torsional and
translational springs (G = 4K, / L'sing,, K, =KK, /L?)
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Table 4.2 Functions and matrices used in numerical stiffness analysis of two-link manipulator with
auxiliary loading (case of rigid links and compliant intermediate joint)

Intermediate point p, End-effector p,
(L, +6;)cosq (L, +6,)cosq, +(L, +6,)cos(q, +6,)
g, =| (L +86,)sinq, (L +6,)sing, +(L, +6,)sin(q, +6,)
q, 0,+6,+0q,

o [0 I R S
IJP=1j, 0 IV =0, o s
0 01 0

0
o (b0
I =1j 0
11
000 00 0
H® =0 0 0 HP =10 h h,
000 0 h O
h 0 h, 0
HS =0 o Ho = h, 0
00 h, 0
©) _ h1 00 (F) hs h3 h4
Hq@‘[o 0 o} qu‘[o 0 0
h, 0 h, O
Hfg):[oz o} HSS)Z[S o}

ji=cosq,, j,=sinq,, j,=—(L+86)sing,, j, =(L,+6)cosq,, js=—(L,+6,)sin(q,+6,),
jo = (L, +6,)cos(q, +86,), j, =cos(q,+6,), j, =sin(q,+6,) h =-G,sing, +G, cosq,,
h,=-G, (L, +86,)cosq, -G, (L, +6,)sing,, h, =—F (L, +6,)cos(q, +6,)-F, (L, +6,)sin(q, +6),
h, =—F,sin(q, +6,)+F,cos(q,+0), hy=—Fsing, +F, cosq,, h, =h, —F, (L +6,)cosq, - F, (L, +6,)sing,

4.7 Conclusion

The Chapter presents generalization of the non-linear stiffness modeling technique for manipulators
under internal and external loadings. The developed technique includes computing of the static equilibrium
configuration corresponding to the loadings. It is able to obtain the non-linear force-deflection relation, the
Cartesian stiffness matrix for the loaded mode as well as the matrices defining linear mappings from the end-
point displacement into the deflections in passive and virtual joints. The obtained results allow us to extend
the classical notion of "conservative congruence transformation" for the case of manipulators with auxiliary
loading.

The advantages and use of the developed technique are illustrated by numerical examples that deal
with a stiffness analysis of serial chains with different assumptions on the link flexibility. For the considered
cases, functions and matrices that are used in numerical stiffness analyses are given. The presented results
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also illustrate the ability of this technique to detect some nonlinear effects in the manipulator stiffness
behavior (such as buckling).

In future, it is reasonable to develop an extension of the proposed technique that can be applied to the

parallel manipulators with internal loops. Besides, it is useful to consider the manipulators with several end-
points (or end-effectors). The main difficulty for both cases is related to the introducing of additional
geometrical constraints that are defined by another compliant mechanism.

Ax=-0.1-L Ax=0 Ax=0.05L

g/r\i 0.7:G" F=0 $ F=11G"
G=0 K:4,22.KTU }(:13,1.'%U G=0 K:34.9-K—;’
L L L

G=0
F=13G" F=09G" e F=0
G=05G" s Ky K, _ | oK
K= 2.32-? G=05G" K= 8.56-? G=05G L K= 35.5?"

Q/T\F‘—l_g.e* F=19G" : F=17G
G=G O % —C)——

= K K K
K =010 G=G" K =0.26-73 G-G" K =55.6-7
unstable unstable
F=25G" F=33G" — T F=0.15G"
G=15G" ~ oea K . _ona ke —— i
K772.54F G-15G K7728.8? buckling

Figure 4.5 Configuration of kinematic chain with auxiliary loading: case of torsional and translational springs
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5 STABILITY OF MANIPULATOR CONFIGURATION UNDER
EXTERNAL LOADING

5.1 Introduction

Manipulator stiffness modeling under loading is a relatively new research area that is important both for
serial and parallel robots. In general case, loadings may be of different nature and applied to different
points/surfaces. To evaluate stiffness properties, several methods can be applied such as Finite Element
Analysis, Matrix Structural Analysis and Virtual Joint Modeling (VJM) [1-16], where the last one is the most
attractive in robotic domain since it operates with an extension of the traditional rigid model that is completed
by a set of virtual joints (localized springs), which describe elastic properties of the links, joints and actuators.

For serial manipulators the VIM approach has been used in the number of works [1-8]. The obtained
results allows us to compute stiffness matrices both for serial manipulators without passive joints [1-5] and for
serial chains of parallel manipulators with passive joints [8]. However, most of them addressed to the case of
small deflections (unloaded mode) [5-6], only limited number of authors consider the case of large deflections
(loaded mode) [2-3,7-8].

For parallel manipulators, the stiffness modeling is usually performed for all kinematic chains
simultaneously [6][11], using the aggregated elastostatic equilibrium equations [12][13]. In contrast to these
works, our approach is based on two-step procedure, which includes stiffness modeling of all kinematic chains
separately and then aggregates them in a unique model. This approach has been already used by several
authors [8][14], but related aggregation technique was reduced to simple summations of the Cartesian
stiffness matrices for the kinematic chains and the external loadings applied to their end-points. This
corresponds to “pure” parallel architectures where the end-point location of all kinematic chains are aligned
and matched at the end-platform reference point. However, in practice, the parallel manipulator architecture
is usually quite complex. In particular, the kinematic chains may be attached to different points of the end-
platform.

It is obvious that the both external and internal loadings influence on the manipulator equilibrium
configuration and, consequently, may modify the stiffness properties. So, they must be undoubtedly taken
into account while developing the stiffness model. However, in most of related works the stiffness is evaluated
in a quasi-static configuration without external or internal loading. There are very limited number of
publications that directly address the case of “large deflections”, where in addition to the conventional “elastic
stiffness” in the joints it is necessary to take into account the “geometrical stiffness” arising due to the change
in the manipulator configuration under the load. The most essential results in this area were obtained in [7-
10,14] where there are presented both some theoretical issues and several case studies for serial and parallel
manipulators under end-point loading. Several authors [9,13] addressed the problem of stiffness analysis for
the manipulators with internal preloading or antagonistic actuating, but in relevant equations some of the
second order kinematic derivates were neglected. However, no one of them considered auxiliary loading.

This Chapter contributes to the VJM-based technique and focuses on the stability analysis of serial and
parallel manipulators under external loading. It addressed both stability of end-platform location and stability
of serial chain configuration. To address these issues, it is proposed a revision of the existing VIJM-based
stiffness modeling technique that includes development a non-linear stiffness model of the robotic
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manipulator under essential loading that takes into account the external loading applied to end-effector,
preloading in the joints and auxiliary loading applied to intermediate node-points.

5.2 Problem statement

5.2.1 Motivation

Traditionally, the stability of compliant mechanical systems (including manipulators) is defined as
resistance of the end-point location t with respect to the “disturbing” effects of an external force F applied at
this point. In such formulation, the stability is completely defined by the stiffness matrix K. that describes the
linear relations between the force and deflection deviations 8F, 5t with respect to the values F, t.

oF =K -6t (5.1)
It is obvious that for the stable location t the matrix K. should be positive definite.

However, in the compliant manipulators with the passive joints, the equilibrium configuration (q,0)
corresponding to the same end-point location t cannot be unique (here the vector g contains passive joint
coordinates; the vector 0 collects coordinates of all virtual joints). Moreover, these configurations may be
both “stable” and “unstable” and may correspond to different values of potential energy stored in the virtual
springs. From this point of view, it is worth to distinguish stability of the end-point location t and stability of
the corresponding equilibrium configuration of the kinematic chain (g,0), which may be defined as a
resistance of the chain shape with respect to disturbances in redundant kinematic variables. This issue
becomes extremely important for the loaded mode, when due to the kinematic redundancy caused by the
passive joints and excessive number of virtual springs, small disturbances in (q,0) may provoke essential
change of current equilibrium configuration leading to the reduction of the potential energy and transition to
another equilibrium state, while keeping the same end-point location. Hence, it is necessary to evaluate
internal properties of the kinematic chain in the state of the loaded equilibrium that may correspond either to
minimum or maximum of the potential energy for a fixed value of t.

Let us illustrate this notion by the example of three-link chain (Figure 5.1a), which includes passive joints
at both ends and two virtual torsional springs between the links, which insure the "straight" configuration for
the unloaded mode. It is assumed that both ends of the chain are fixed by the external geometrical constrains
while the internal configuration may change without shifting of the end-points, in accordance with redundant
parameter value. It is evident that this chain is loaded, but corresponding value of the force F depends on
particular configuration. Besides, among variety of possible configurations (corresponding to given end-point
locations), only equilibrium ones are in the focus of interest.

For this case study, it is convenient to give an energy-based interpretation. The considered kinematic
chain has one redundant parameter (rotation angle of any passive joint) and under geometrical constrains may
occupy configurations with the different shapes. Relevant relation between the energy stored in the virtual
springs and the redundant parameter value is presented in Figure 5.1b. Due to the physical nature of this
chain, for each given end-point displacement A, the examined plot presents a continuous closed criss-cross
curve that has exactly two minimum and maximum points, that correspond to the stable and unstable
equilibriums respectively. Hence, numerical solution of static equilibrium equations may yield both stable and
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unstable configurations, while in practice only stable ones should be considered. Thus, the criterion that allows
to distinguish stable and unstable configurations of the kinematic chain is required.

F=0 G—f F F F
A lA lB lc Fo Energy  ynstable  Unstable

. ’ G A3
B C
® Al Stable Stable
OO

775777 A =0
Stable Stable Unstable Unstable Stable -— !
Unloaded Loaded Redundant parameter
(a) equilibrium configurations (b) energy diagram

Figure 5.1 Stable and non-stable configurations of 3-link serial chain and their energy-based interpretation

Physical meaning of this stability notion (related to the kinematic chain shape) is illustrated in Figure 5.2,
which contains several postures of the same parallel manipulator with exactly the same end-platform location.
These postures differ in the shapes of serial kinematic chains that may be treated as internal configuration of
the parallel manipulator, which is not "visible" from the end-platform side whose static stability is completely
defined by the Cartesian stiffness matrix. In particular, Figure 5.2a,b present parallel manipulators that include
at least one kinematic chain in unstable configuration that cannot be observed in practice but satisfy the
general static equilibrium equation. In contrast, Figure 5.2c shows physically realizable posture of the same
manipulator (with exactly the same location of the chain end-points) where for all kinematic chains the shapes

(a) PM with stable and b) PM with unstable c) PM with stable
unstable configurations conflguratlons conflgurat|ons

Figure 5.2 2D parallel manipulators with serial chains in stable and unstable configurations

Hence, full-scale investigation of the stiffness properties of the loaded parallel manipulator must include
the stability analysis of the internal kinematic chain configurations that is presented in this Chapter.
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5.2.2 Basic assumptions and research problems

In order to address the stability of both end-point location and kinematic chain configuration, it is
assumed that parallel manipulator has a strictly parallel structure. In this case, first, it is required to address to
the stiffness modeling of serial kinematic chain and then, applying stiffness model aggregation technique, to
obtain the stiffness matrix of the parallel manipulator.

6-d.o.f. 6-d.o.f. 6-d.o.f.
spring spring spring

Rigid Link(&)Ps) . .. =

Link G, Gy,

i

i\\\\\\\\\\\\

Figure 5.3 VIM model of kinematic chain with end-point and auxiliary loading

For stiffness modeling of serial kinematic chain let us use VIM model that is presented in Figure 5.3. It is
assumed that, in addition to the end-point loading F the serial chain has an additional external loadings
applied to the internal node points (auxiliary loading). These forces will be denoted as G, where j=1,...,n is
the node number in the serial chain starting from the fix base. For such kinematic chains it is necessary to
introduce the functions defining locations of the nodes

t;=9,(,0), j=1..,n (5.2)

where the vector t; includes the position and orientation of the i"™ node; the vector q contains passive joint
coordinates; the vector 0 collects coordinates of all virtual joints.

Using these assumptions and the methodology of VIM method proposed in [8][13], the problem of
stability analysis of serial and parallel manipulators under external/internal loading can be split in the following
sub-problems: (i) stability analysis of serial chain configuration that includes computing of the loaded
equilibrium configuration, and (ii) stability of the end-okatform location of serial and parallel manipulators.

5.3 Stability of kinematic chain configuration under loading

Usually external and internal loadings have affects both end-point location and configuration of serial
chain. Therefore, in order to address to the stability of the kinematic chain configuration; firstly; it is required
to compute the loaded equilibrium configuration.

5.3.1 Static equilibrium

The static equilibrium equations for the manipulators with internal and external loadings (that are
applied to both end-effector and intermediate nodes) differ from those used for the end-point loaded
manipulator. Using the principle of virtual work it has been proved that the desired static equilibrium
equations can be presented as

IPT-G+IPT-F=K,-(0-0°)

(5.3)
JPT.G+IPT-F=0
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where

T

F — q). (F) — 9. 1@ _| 1OT (mT
IP=30; IP =305 99 =[P

©) o1 7T T " (5:4)
IO =[3PT.00T] 6=[G.G,]
and Jacobians with respect to the virtual and passive joint coordinates respectively can be computed as
h 0 hy 0
() _ . () _
Jel - e 9; (q,()), Jql = 2 g (q,B) (5.5)

To obtain a relation between the external loading F and internal coordinates of the kinematic chain
(g,0) corresponding to the static equilibrium, Eq. (5.3) should be solved either for given values of F or for
different given values of t. In [13] these problems were referred to as the original and the dual ones
respectively, but the dual problem was discovered to be the most convenient from computational point of
view. Hence, let us solve static equilibrium equations with respect to manipulator configuration (g,08) and
external loading F for given end-effector position t=g(q,8) and function of auxiliary-loadings G(q,0)

Since usually this system has no analytical solution, iterative numerical technique can be applied. For
this purpose, the kinematic equations may be linearized in the neighborhood of the current configuration

(@,6;)
t..=9(q,,0,)+J7 (q,.0,)-(6,, -9, )+Jc(4F) (9:.0)) (9, —q;); (5.6)

where the subscript "i/" denotes the iteration number and the changes in Jacobians J{¥, 3§, 3, J9 and
variation of the auxiliary loadings G(q,8) from iteration to iteration are assumed to be negligible.
Correspondingly, the static equilibrium equations in the neighborhood of (g;,0,) may be rewritten as

i+1

‘]f)G)T -G +J(()F)T Fa=K, '(9
)T MT —
Jq -G+ Jq ‘F,,=0

-9 ) (5.7)

Thus, combining Eq. (4.13) and (4.14), the iterative algorithm for computing the static equilibrium
configuration for given end-effector location can be presented as

F.. 0 JE.F) NI B ti.—9(0;,0,)+ I -6, +J51F)'qi
U, =3P 0 o0 |- -JO7.G; (5.8)
0..] (307 0 K, -JOT.G, -K,-0°

Where Gi+1 = G(qi+1’0i+1) .

The proposed algorithm allows us to compute the static equilibrium configuration for the serial chains
with passive joints and all types of loadings (internal preloading, external loadings applied to any point of the
manipulator and loading from the technological process). The convergence properties of this algorithm are
similar to one presented in [13]. Also, it can be modified to solve the problem of computing the equilibrium
configuration corresponding to given external loading.
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5.3.2 Stability criterion

To evaluate stability of the static equilibrium configuration (g, 0) of a separate kinematic chain, let us
assume that the end-point is fixed at the point t=(p, ¢)" corresponding to the external load F, but the joint
coordinates are given small virtual displacements 5q, 50 satisfying the geometrical constraint (4.3), i.e.

t=9(q,0); t=g(q+3q,0+30) (5.9)

For these assumptions, let us compute the total virtual work in the joints that must be positive for a stable
equilibrium and negative for an unstable one. To achieve the virtual configuration (q+8q,0+60) and restore
the equilibrium conditions, each joint must include a virtual spring that generates the generalized
forces/torques dt,, o1, which satisfies the equations:

JiF=K,-(0-8,); JI-F=0 (5.10)
J,+8J) -F=K,-(0-0, +050)+51
(Jy e)T o (0-0, +750) + 67, (5.11)
(3, +83,)" -F=dt,
After relevant transformations, the virtual torques may be expressed as
dt, =8(J, -F)-K, -50; dt, =5(J, -F) (5.12)

where 3(...) denotes the differential with respect to g, 80 that may be expanded via Hessians of the scalar
function ¥ =g(q, 0)" -F:
3] -F)= H’e:q -3q+H, 50

r ; ‘ (5.13)
337 -F)=HE, -5q+HE, -3

provided that

He, =0°¥ /oq’; Hg = 0°¥ 1 00°;

F FT 2 (5.14)
H, = Hi," = %% /0908

Further, taking into account that the virtual displacement from (g, 8) to (q+8q,0+30) leads to a gradual
change of the torques in the virtual joints from (0, 0) to (37, t,), the virtual work may be computed as a half
of the corresponding scalar products

1
SW = —E(sr; 30 + 7] -3q) (5.15)

where the minus sign takes into account the adopted conventions for the positive directions of the forces and
displacements. Hence, after appropriate substitutions and transformations to the matrix form, the desired
stability condition may be written as

HE —K, HF
oW =-Z[50" 5q" ]| 00 T -[59}0 (5.16)
2 He HE | Lsg

where §q and 60 must satisfy (5.9).
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In order to take into account the relation between 8q and 80 that is imposed by (5.9), let us apply the
first-order expansion of the function g(0, q) that yields the following linear relation

[ JJ[?E’J =0 (5.17)

Then, applying the SVD-factorization of [J,, J,]

S, A
(30 J.]=]Y, uq][ OHVJ (5.18)
and extracting from V,, V, the sub-matrices V;, V, corresponding to zero singular values, a relevant null-
space of the system (5.17) may be presented as
30 =V, -du; dq =V, -op (5.19)

where 3dp is the arbitrary vector of the appropriate dimension (equal to the rank-deficiency of the integrated
Jacobian [J,, J,]). Hence, changing of the potential energy W because of variation of the redundant
variables dp (5.16) may be rewritten as

i
1 V?

W=—Z%p"-| 0| -
2" M

Hf, -K, HF 0
0~ 29}-{V90}-6p>0 (5.20)
Heq qu Vq

that must be satisfied for all arbitrary non-zero du. Hence, the considered static equilibrium configuration
(g, 0) is stable if (and only if) the matrix

;
0 HF _K HF o
S, = V"O Tt Ve l<o (5.21)
\Y Hi, H

o]
q qq q

is negative-definite. It is worth mentioning that the obtained result is in a good agreement with the previous
studies [4], where (for the manipulators without passive joints) the stiffness properties were defined by the
matrix K, —Hg, that evidently must be positive-definite for the stable configurations.

Thus, the proposed stability analysis technique for serial chain with the passive joints and related matrix
stability criterion for the kinematic chain configuration allow us to estimate the stability of the serial chain
configuration under the external loading in the case of single and multiple equilibriums.

5.4 Stability of The end-platform location under external loading

Similar in the structural mechanics stability of the robot end-platform location is defined by the
Cartesian stiffness matrix. However, stiffness matrices of serial and parallel manipulators are computed in a
different manner (here, to compute stiffness matrix of parallel manipulator it is required to have stiffness
matrices of all its serial chains). Let us address them sequentially.
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5.4.1 Cartesian stiffness matrix of a serial kinematic chain

Following the virtual work technique and using static equilibrium equations (5.3), force deflection
relations for the considered serial chain can be expressed as

st] | 037 P SF
0|=[3P" H,  Hy |8 (5.22)
0 ‘JéF)T Heq _Ke + Hee 50

where Hessians can be computed as

H,., =HO, +H®, +397. g, (5.23)
1v2 1v2 1v2 avz
where (v,,v,) €{(9,q), (q,0), (8,9), (6,6)} and
©) N 62 (F) 3 62
HO — G. ) HP = = 5.24
ViVa ;av av (g ) ViVa ;av 8V (g ) ( )

Hence, the desired stiffness matrices can be computed via the matrix inversion

-1

Kep =] [o a0
L e =30 Hy o H (5.25)
* : * : * ‘]éF)T Heq _K9+Hee

Further, using several analytical transformations and applying the block matrix inversion technique of
Frobenius [42], the Cartesian stiffness matrix can be compute as

Ko =KX+ KEP k- KD (5.26)

where the first term KX7 =(J, k] -J])" exactly corresponds to the classical formula defining stiffness of the
kinematic chain without passive joints in the loaded mode, [5], and the second term take into account
influence of passive joints via matrix qu

KE = 35 (Hyy + Hgy K5 Hy, 377 -KEP . 9F) 97 (5.27)

q

here k; denotes the modified joint compliance matrix kg = (K, —H,)™ and matrix J; denotes the modified
Jacobian with respect to passive joints JF (J +J, kF )

Thus, the Cartesian stiffness matrix obtained using Eq. (4.28) allows us to analyze the stability of the
serial manipulator (or kinematic chain) end-point location under external/internal loadings. If this stiffness
matrix is positive definite the end-point location is stable, and if it is rank-deficient (negative definite) it is
possible to move end-point location without additional efforts.

5.4.2 Cartesian stiffness matrix of parallel manipulator

Let us assume that a parallel manipulator may be presented as a strictly parallel system of the actuated
serial legs connecting the base and the end-platform [45]. Using the methodology described in previous
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sections and applying it to each leg, there can be computed a set of m Cartesian stiffness matrices
K expressed with respect to the same coordinate system but corresponding to different platform points
(Figure 5.4). If initially the chain stiffness matrices were computed in local coordinate systems, their
transformation is performed in a standard way [46].

(b) ©

Figure 5.4 Typical parallel manipulator (a) and transformation of its VIM models (b, c)

After such extension, an equivalent stiffness matrix of the leg may be expressed using relevant
expression for a usual serial chain, i.e. as JO"-KL-JY* where the Jacobian J® defines differential relation
between the coordinates of the j-th virtual spring and the reference frame of the end-platform. Hence, the
final expression for the stiffness matrix of the considered parallel manipulator can be written as

K - i(Jng.Kg).Jg)*) (5.28)

i=1

where m is the number of serial kinematic chains in the manipulator architecture.

As a result, Eqg. (5.28) allows us to compute the Cartesian stiffness matrix for the parallel manipulator
based on the stiffness matrices for serial chains and transformation Jacobians J%, which define geometrical
mapping between the end-points of serial chains and the reference point frame (the end-effector). Hence, the
axes of all virtual springs are parallel to the axes x, y, z of this system. This allows us to evaluate Jacobians J%
and their inverses from the geometry of end-platform analytically

i _ |3 (Vix) -1 _ |3 _(Vix)
J\(/) _|:0 |3 :Lxﬁ’ JSI) _[0 |3 :Lxﬁ (5.29)

where 1, is 3x3 identity matrix, and (vx) is a skew-symmetric matrix corresponding to the vector v, that
defines the end-platform location with respect to the end-point of kinematic chain.

It should be mentioned that the proposed approach is also able to take into account geometry of end-
platform and it connection with kinematic chains in an explicit form. Finally, using results of Eq. (5.28) it is
possible to analyze the stability of the end-effector location of the parallel manipulator under external loading.
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5.5 Application examples

5.5.1 Stiffness analysis for serial chain with 1D-springs

Let us illustrate the efficiency of the developed techniques on the example of 3-link kinematic chain with
rigid links and two virtual springs between them. It is assumed that both ends of the chain are fixed with
rotational passive joints, all link length are equal to | and the stiffness coefficient of both springs are equal to
K, . The end-point location of considered serial chain can be expressed using geometrical model as

x =l-cos(q) +1-sin(q+6,) +1-cos(q + 6, + 6,)

. . . (5.30)
y =I-sin(q) +1-sin(q+ &) +1-sin(qg + 6, +6,)

where coordinates x, y define end-point location and angle ¢ defines its orientation, q and 6,6, are passive
and virtual joint coordinates respectively that define serial chain configuration. It is assumed that external
loading is applied along x-direction only and manipulator end-point can move along x-axis only. So external
loading F can be presented as F = [F 0]T where F is applied external loading along x-axis.

Assuming that the initial values of the actuating coordinates (i.e. before the loading) are denoted as &,
0, the potential energy stored in the virtual springs may be expressed as the following function of the

redundant variable
1 02 1 02
E@@) =K (@ -0 ) + 2K {6, (0)-€)) (5.31)

where K, is the stiffness coefficient, and 6,, 6, are computed via the inverse kinematics. Using these
equations, the desired equilibriums may be computed from the extremum of E(q). In particular, stable
equilibriums correspond to minima of this function, and unstable ones correspond to maxima.

8:=0

—_— <0

Coordinate g aﬁ:

Figure 5.5 Energy diagram for 3-link serial chain

To illustrate this approach, Figure 5.5 presents a case study for the initial S-configuration (q° =0,
0 =0" and 0] =0"). It allows comparing 12 different shapes of the deformated chain and selecting the best
/worst cases with respect to the energy. As it follows from these results, here there are two symmetrical
maximum and two minimum, i.e. two stable and two unstable equilibriums. Besides, the stable equilibriums
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correspond to II-shaped deformated postures, and the unstable ones correspond to Z-shaped postures, as it is
shown in Figure 5.6

Stable equilibriums E=Eun
a)\v—/ F>Fo g >22
() L
F=0, K, 0<F<Fs /' ‘.
Straight configuration F< T Straight configuration %
g=0 8,20 — q=0 8;=0 F> T” T Any disturbance
Po—e—e—=a
8,=0 8.=0
8
\ - 0, q 2 E =B K,
% :
% a, F=>Fpn "_F>‘L
Unstable equilibriums

Figure 5.6 Evolution of the S-configuration under loading

If the assumption concerning small values of 0 is released, analytical solutions for the non-trivial
equilibriums may be still derived. In particular, for the stable equilibrium, one can get

—.— (5.32)
L sing

where ¢ =+arccos(l—A/2) . For the unstable equilibrium similar equation may be written as

F(A)= Ky cos(q+49)+2 cosq 0

(5.33)
L siné
where
_ 2 2
g = tarccos 12-6a+4" ). ; @ =7Farccos 1—3—A+A— (5.34)
12-4A 2 4

Corresponding plots with the bifurcation are presented in Figure 5.7. The interpretation of this plot is
similar to the axial compression of a straight column, which is a classical example in the strength of materials.

It should be noted, that the developed numerical algorithm exactly produces the curve corresponding to the
stable equilibrium.

F-L
L Unslable
Unstable equilibrium configurations
(in straight configuration '
Bifurcation point 2 9,
2
q 8
gb—o1—oaLa Bifurcation point 1 E& .6,
- 1‘% T Stable
) Sta!)le eqwllbnuml z. K 148 conflguratlons
(in straight configuration) I 6 T
% 02 04 06 08 &

Figure 5.7 Force-deflection relations for S-configuration
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F=0, 0<F<Fcr % B
Z- configuration Z-configuration Fs T"
N ke W / ] .
9 L q I% q
%2 - T 5 oK /

. 18: . 8: \ T Any disturbance
8y il = -
8, : .8: F>Fs I
?’Av: Q)UQAQ I — 2o
78, 8 F> L

Unstable equilibriums

Figure 5.8 Evolution of the Z-configuration under loading

However, for Z-configuration that corresponds to the unloaded zig-zag shape, the stiffness behavior
demonstrates the buckling that leads to sudden transformation from a symmetrical to a non-symmetrical
posture as shown in Figure 5.8. Here, there exist two stable equilibriums that differ in the values of the
potential energy,

In order to analyze stability of different configurations let us define Jacobians and Hessian matrices. For
the considered serial chain Jacobinas can be expressed as

3= —sin(q+6,)—-sin(q+6,+6,) —sin(q+6,+6,) (5.35)
0 cos(q+6)+cos(q+6,+6,) cos(q+6,+6,) )
and
3 =N —sin(q) —sin(q+6,)—sin(q+6, + 6,) (5.36)
a cos(q) +cos(q +6,) +cos(q+6, +6,)
and Hessians as
_ | cos(@+86,)+cos(q+6,+6,) cos(q+6,+0,)
Hio =-F [ cos(q+6, +6,) cos(q+6, +6,) (5.37)
_ 4l cos(q+6,)+cos(q+6,+6,)
Ho, = FI[ cos(q+6, +6,) (5.38)
_ ] cos(q+6)+cos(q+6,+6,) !
Hay =-F I[ cos(q+6, +6,) (5.39)
H,, = —F1{cos(q)+cos(q+6,) +cos(q+6, +6,)] (5.40)

The eigenvectors for the matrix V that is required in (5.21) can be obtained from the matrix J"-J,
where J=[J,, J,], which for the considered serial chain can be computed from

3 2+cos(d,) 2+cos(b,)
JTJ =-F21%{ 2+cos(6,) 2 1+cos(6,) (5.41)
2+cos(d,) 1+cos(b,) 1

In order to obtain eigenvalues of (5.41), it is required to solve the third order equation
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A% —64% — 2-(6cos(6,) —2) —3cos’(6,) — 4cos’ (6,) +

(5.42)
+2c0s(6,)+1=0

with respectto 4.

Using the above equations, let us investigate stability of 3-link serial chain using the developed matrix
criterion in the S- and Z- configurations (these shapes of the chain correspond to the unloaded configurations).
For the Z-configuration the unloaded configuration is defined by the angles q° =9.90°, ) =-30° and 0} = 30°
that correspond to the end point location x=2.91l; y=0. Modeling results are presented in Table 5.1. This
table includes the external loadings F that are normalized with respect to K, /L, the Cartesian stiffnesses K¢
that are also normalized with respect to K, /L, and the stability of serial chain configuration S, (as it was
mentioned negative value corresponds to stable configuration and positive to unstable configuration) as well
as the shapes of the chains. The results have been obtained for the cases of A=0 and A=0.2, here A is the
normalized the end-point deflection A=6/1, and & is the absolute displacement.

Table 5.1 Stability of 3-link serial chain under loading
S-configuration Z-configuration
stable unstable stable unstable
A=0
=0 6,=0 =0 6,=0 0 9.
Shape 3331;320—6 ﬁm’;ﬁz’—" T\t 3”%6
F 0.5 2 0 -3.05
Kc Inf Inf 16.93 0.53
Se -0.60 0.30 -0.67 1.33
A=0.2
8 8 < ]
Shape ;;.m TN\ ;)A,?., T Nt
F -1.03 -3.11 -1.05 -3.03
Kc 0.18 0.57 0.21 0.81
Se -0.63 1.34 -0.35 1.26

The results show that for the stable configurations the value of S, is always negative and for the
unstable configurations it is positive. Hence, numerical results that have been obtained using the stability
criterion (5.21) are in a good agreement with analytical ones. Moreover, it is shown that for the unstable
configuration the stiffness coefficient K¢ is positive and, consequently, it cannot be used for the stability
analysis of kinematic chain configuration.

5.5.2 Stability of serial chain under auxiliary loading

Let us now focus on the stability analysis of a serial chain under auxiliary loadings applied to an
intermediate node. It is assumes that the considered chain consists of two rigid links separated by a flexible
joint and two passive joints at both ends. It is assumed that the left passive joint is fixed with a physical
constraint, while the right one is balanced by external loading F, and can be moved along x direction (Figure
4.2). Besides, here both rigid links have the same length L and the actuator stiffness is K, .
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Let us assume that the initial configuration (i.e. for M, =0) of the manipulator corresponds to
6,=-n16,where 8 =-2-« is the coordinate of the actuated joint, « is the angle between the first link and x -
direction. It is also assumed that the external loading G is applied to the intermediate nod (Figure 4.2) and it is
required to apply the external loading (F,,F,) at the end-point to compensate the auxiliary loading G . Since
this example is quite simple, it is possible to obtain the force-deflection relation and the stiffness coefficient
analytically. The force-displacement relation and the stiffness can be expressed in a parametric form as

G cosa K, a—q, . G

F = . 2 —2, F=—— (5.43)
2 sina L sina y 2

G 1 K, (a-ay)cosa-sina
T 4Lsinde L2 sin® o

(5.44)
where a € (-7 /2; z12) is treated as a parameter, K =0.

As it follows from expression (4.32), the stiffness coefficient K, essentially depends on the auxiliary
loading G, coefficient K, can be both positive and negative or even equal to zero when the auxiliary loading is
equal to its critical value G” = 4K, / L-sing, . It is evident that the case G >G” is very dangerous from practical
point of view, since the chain configuration is unstable.

The force-deflection relations and values of translational stiffness K, are presented in Figure 4.3. They
show that the auxiliary loading G significantly reduces the stiffness of the serial chain. Further increasing of
the auxiliary loading up to G =1.5G" leads to the unstable configuration with negative stiffness —7.46-K, / L*.

K=107pG=0

K =006 i
2 ; -
-3 ¥ —7.46\

K=-532T% (G =15G"

eTs -0.05L 0 0.05L
Ax

Figure 5.10 Force-deflections relations for different values of auxiliary loading G
(G"=4K,/Lsing,, K, =K-K, /L?)

Table 5.2 Translational stiffness K=K, -L*/K, and stability coefficients S, for different values of
auxiliary loading G and different displacements Ax (G" =4K, /L-sing,)
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G Performance measures Ax =-0.05L Ax=0 Ax =0.05L

0 K 6.69 14.9 107
S, -0.50 -0.66 -1.29
05G" K 3.36 8.67 53.9
S S, -0.28 -0.35 -0.66
10G" K 0.03 0 0.58
- S, -0.06 -0.04 -0.03
e K —3.31 7.46 —52.7
> S, 0.16 0.26 0.60

To investigate the stability of serial chain configuration and the stability of the end-point location
additional, analysis have been performed. Simulation results are summarized in Table 5.2 that contains both
translational stiffness K =K, -L?/K, and stability coefficients W for different values of auxiliary loading G
and displacements Ax . The results confirm that when auxiliary loading G overcomes it critical value G both
configuration and the end-point location of serial chain become unstable. Hence, the presented case study
demonstrates rather interesting features of stiffness behavior for kinematic chains under auxiliary loading that
where not studied before (negative stiffness, non-monotonic force-deflection curves, etc.).

5.5.3 Kinetostatic singularity in the neighborhood of the flat configuration

Let us consider now an example that deals with the stability analysis of Orthoglide manipulator (Figure
5.11a). Detailed specification of this manipulator can be found in [19], some results on the stiffness analysis
have been presented in [8][13]. In this case study let us address the stiffness analysis (which includes stability
analysis of end-point location under external loading) of Orthoglide manipulator in the neighborhood of a flat
configuration. Simulation results for this posture are presented in Figure 5.11b and Table 5.3 where d, denotes
the initial distance from the flat singularity, Kj is the translational stiffness for the unloaded mode, (A, F,)

o
and (A, F,) are respectively the critical deflection and the critical force for the opposite directions of the
displacement. As it follows from these results, in the neighborhood of the flat singularity the stiffness
properties are essentially non-symmetrical with respect to the force direction. In particular, for the inside-
direction of the loading, the force increases non-linearly but monotonically while the deflection augments.
However, for the outside-direction, initially the manipulator reacts to the external loading in the same way:
increasing of the deflection leads to increasing of the resisting elastic force. But after achieving the critical
value, the reacting force begins decrease, the configuration becomes unstable and the manipulator abruptly
changes its posture to the symmetrical ones. After that, the manipulator demonstrates stable behavior with

respect to the loading.
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F, N

d, #11.4mm
30— | I
20 Fcr»11.1 N

V2N /
—107[ l‘)uckling ;

-20

-20 -10 0 A, mm

e ’d1
(a) Orthoglide manipulator (b) force-deflection relation

Figure 5.11 Force-displacement relations for Orthoglide manipulators (distance to the singularity is 11.4 mm)

Table 5.3 Summary of stiffness analysis in the neighborhood of the flat singularity
Configuration Ao , For A s Fos A
[mm] [KN] [mm] [KN] [mm]
Point Q, 91.7 -2.06 -5.7 2.20 4.9
Point Q,° 46.0 -0.70 -17.1 1.45 11
Point Q,° 11.4 -0.01 -4.6 0.92 24

Q, = (-76.35, -76.35, -76.35); Q," = (-100, -100, -100); Q,” = (-120, -120, -120)

The simplest model that explains the above described phenomenon is presented in Figure 5.12. It is
derived via generalization of the “toggle-frame” construction, with relevant modifications motivated by the
Orthoglide architecture and relative stiffness properties of its elements. Here, the elasticity is concentrated at
the basis of the manipulator legs and it is presented by linear springs with the parameter K, . It is assumed
that initial distance between the end-point and the singularity-plane is d, = Lsing,, where ¢, is corresponding
angle between the leg and the plane. The derived expressions

F =3K,L, (1-cosg, / cosg)sin ¢;
Ad = L, (sing, —sing)

perfectly describe the shape of the force-deflection curves obtained from the complete stiffness models.

Besides, more detailed analysis shows extremely fast reduction of the stiffness while approaching this
singularity. Corresponding expressions derived for small value of ¢, yield a linear relation for the critical
deflection A, ~0.42d, and cubic relation for the critical force F, ~ K, /+/3L2-d?. Hence, this simplified model
is in good agreement with the simulation results and justifies conventional kinematic design objectives

(velocity transmission factors, condition number, etc.) that preserve the manipulator from approaching the flat
posture.

(5.45)
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Figure 5.12 Simplified stiffness model of Orthoglide-type manipulators for near-flat configuration

Hence, the considered example illustrates the ability of proposed technique to obtain the full-scale
force-deflection relation for the parallel manipulators that is suitable for the stability analysis of end-point
location under the external loading. It proves that the common notion of the “distance-to-singularity” that is
used in kinematics must be revised in elastostatics taking into account that loading essentially reduces the
margin of the manipulator structural stability.

5.6 Conclusions

The Chapter presents new approach for the stability analysis of parallel manipulators under internal and
external loadings applied to different points. In contrast to other works, it is proposed to address both stability
of the end-effector location and stability of kinematic chain configuration. This approach is based on the non-
linear stiffness analysis that includes computing the static equilibrium configuration corresponding to the
given loadings as well as computing the Cartesian stiffness matrices for serial chains and parallel manipulators.
The advantages of the proposed approach are illustrated by several examples
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6 STIFFNESS MODELING OF NON-PERFECT PARALLEL
MANIPULATORS

6.1 Introduction

IN modern industrial robotics, stiffness becomes one of the most important performance measures that
defines potential accuracy of the manipulator. This problem has been in the focus of numerous works [1-5],
where different solutions for serial and parallel manipulators have been proposed assuming that the
manipulator geometry perfectly corresponds to the nominal one. However in practice, parallel manipulators
usually composed of non-perfect serial chains, whose geometrical parameters differ from the nominal values.
It is evident that these manufacturing errors may generate essential internal forces and have affect on the
manipulator stiffness behavior. However, this problem has attracted very limited attention in robotics.

In general, there exist several stiffness modeling methods, which were analyzed in details in our
previous works [6-8]. For the industrial applications, the most popular technique is based on the Virtual Joint
Modeling (VIJM) approach that was firstly introduced in robotics by Salisbury and Gosselin [10-11] and has
been further developed by a number of authors [7-9]. It extends the conventional rigid-body model of the
robotic manipulator by adding virtual springs that take into account elastostatic properties of links and joints.
In the first works, it was explicitly assumed that the main sources of elasticity are concentrated in actuated
joints. Correspondingly, the links were assumed to be rigid and the VJM model included one-dimensional
springs only. Recent modifications of this approach describes elastostatic properties of links using 6x6 non-
diagonal stiffness matrices [11] that are computed taking into account real shape of complex links [12]. Using
this approach it is possible to obtain a rather general non-linear stiffness model for a serial chain [7] and to
compute the Cartesian stiffness matrix even for singular configurations.

For parallel robots, the VIJM technique can be applied either in a straightforward way (by considering
the static equilibrium equations for all chains simultaneously [13-14] or by decomposing the manipulator into
a set of separate serial chains, obtaining the stiffness models for all of them and further aggregation of these
models in a united one corresponding to the parallel manipulator. It is obvious that the first approach, which
incorporates solution of high order non-linear matrix equations [13, 15], is rather tedious to be applied to real
life industrial problems. In contrast, the second approach relies on relatively simple techniques that are well
developed for serial manipulators. The latter was partially implemented in [6, 16], where the manipulator
structure was assumed to be strictly parallel (i.e. without internal loops) and the kinematic chains where
assembled in the same end-point. Under this assumption, the stiffness matrix of the parallel manipulator can
be computed via simple summation of the chain stiffness matrices. However, in more general (and practically
important) cases where the kinematic chains are connected to different points of the end-platform, this
technique cannot be applied directly.

Another limitation of existing results in this area is related to the assumption that the assembling does
not produce any internal forces/torques. But in practice, numerous errors are accumulated in serial chains [17]
and they cause non-negligible internal forces in manipulator joints (even if the external force applied to the
end-effector is equal to zero). Furthermore, the kinematic chains of the robotic manipulators may include
some additional elastic elements in the actuated or/and passive joints that are intended to increase the robot
positioning accuracy or to improve the stiffness properties in certain workspace areas. For example, to
eliminate the backlash, the gear trains may include spring-loaded scissor elements that generate the internal
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forces, which must be also integrated in the stiffness model [18]. Similar forces may also arise in the parallel
manipulators with antagonistic actuating [14]. Other examples include parallel manipulators with springs
interposed in the passive joints in order to improve stiffness in the singularity neighborhood.

As follows from relevant studies performed by the authors, the internal forces may essentially influence
on the manipulator behavior (modify the stiffness matrix, change the end-effector location, etc.) and should
be obviously taken into account in the stiffness model. However, most of existing works ignore this issue.

Thus, this Chapter focus on the stiffness modeling of parallel manipulators with non-perfect serial
chains. To address this problem the remainder of the Chapter is organized as follows: Section Il proposes
stiffness modeling background, Section Il deals with aggregation of stiffness models without loading, Section
IV extends aggregation technique for the case of loaded mode, Section V illustrates developed technique by
the example of Orthoglide manipulator and, finally, Section VI summarizes the main contributions.

6.2 Stiffness modeling background

The stiffness modeling technique developing in this work is based on our previous results [6-7], that deal
with perfect manipulators. Let us present them briefly.

For the considered manipulators, if the external loading is equal to zero, all kinematic chains can be
aligned and matched in the same target point t,. In the neighborhood of this point, for each ith kinematic
chain the desired stiffness model is defined by the non-linear force-deflection relation

F=fi(tlt,) (6.1)

where t denotes the end-effector location and F, is the corresponding external loading applied to the chain
end-point. To obtain the function f,(.), it can be used the following iterative procedure

F' 0 Ji Ja t—g+J, 9 +J, 6,
q [=|Jdg O 0 0 (6.2)
ei’ JeTi 0 K _Kei em

6i

where the subscript "i" denotes the serial chain number, the prime corresponds to the next iteration, (qg;,9,)
defines the chain configuration that depends on the passive and virtual joint coordinates g, and 6,
respectively, J,(q,0) and J,(q,8) are corresponding Jacobian matrices computed for current configuration, 0,
is preloading in the virtual joints, matrix K, describes the joints stiffness properties, function t=g;(q;,0,)
defines the chain geometry,

After linearization, for each given t, the Cartesian stiffness matrices Kg) of all kinematic chains can be
computed as

Ko = K& —KED (3, +3, k{ -HE K, (6.3)

where the first term KX =(J, k{ J])™ corresponds to the classical formula defining stiffness of the kinematic
chain without passive joints in the loaded mode [19] and the second term takes into account influence of the
passive joints. Besides, the stiffness matrix K, (defining a linear mapping of the end-point displacement 5t
to the deflections in the passive joints &g ) can be computed as
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K =—(HE +HE ko HE (37 +HE K 37 )KE (3, +3, K ng))_l(J; +HE kG I KO (6.4)

Here kg = (K, —Hg)™ and H{, =o (gT F)/avlav2 are the Hessian matrices with respect to combination of the
passive and virtual joint coordinates (q,q), (q,0), (0,q), (0,0).

In addition, linearization provides the matrix K. that defines linear mappings of the end-point
displacement &t to the virtual joint coordinates 60

Ke =Ki Jp Ko +k{§ Hqu Ke (6.5)
that is computed using the same intermediate variables

This approach allows us to obtain the non-linear force-deflection relation for each serial chain as well as
to compute the Cartesian stiffness matrices for any given target point t, and given the end-point location t.
However, it cannot be applied directly for parallel manipulators with non-perfect serial chains because it is
implicitly assumed here that assembling in the point t, does not require any forces applied to the chain end-
point, i.e. f,(t,|t,)=0. Thus a dedicated technique, which is considered in this Chapter, is required.

6.3 Stiffness models aggregation for small loading

In this section it is assumed that the external loading applied to the mobile platform of the parallel
manipulator is small enough and a linearization-based approach is reasonable. It proposes the stiffness model
aggregation technique for both perfect and non-perfect serial chains.

6.3.1 Stiffness model aggregation for perfect chains

In this case, it is assumed that all the chains can be assembled in the target point t, without any
external loading that may be expressed as f,(t,|t,)=0. So, for the parallel manipulator, the desired force-
deflection relation can be written as

F=K(t-t,) (6.6)

where the total Cartesian stiffness matrix K. is computed using the chain aggregation formula
Ko =330 KO g0 (6.7)
i=1

which integrates the Cartesian stiffness matrices K of all m chains taking into account the difference
between the reference point of the end-platform and the end-points of the chains (where the chains are
connected to the mobile platform, Figure 6.1). The latter is expressed via the Jacobians J that are described
in details in [8].
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Figure 6.1 Transformation of VJM models of typical parallel manipulator

Further, linear relations between the end-platform displacement t—t, and variations 3q;, 30, in the
joint coordinates of the chains may be presented as

80, =KQI (t-t,)); 60, =KU-IO - (t-t,) (6.8)

where, the joint sensitivity matrices K&}, K&} are computed from (6.4) and (4.30) assuming that F =0 and by
neglecting all Hessians (here, the matrices Kg; K are expressed with respect to the chain end-points).

6.3.2 Stiffness model aggregation for non-perfect chains

If the kinematic chains are non-perfect, the corresponding force-deflection relation (6.1) is shifted with
respect to the point t,,i.e. f.(t,|t,)#0. So, the manipulator assembling in this point requires application of
some non-zero forces F, that generally do not compensate each other. Correspondingly, the end-platform
location differs from t, if the external force applied to the end-platform is equal to zero. Let us denote this
difference as At and revise the above matrix equations (6.6)-(6.8) assuming that, without the external loading,
the chain end-point is shifted by & with respectto t, (it can be also expressed as f,(t,+g, |t,)=0).

Using these notations, the desired stiffness model can be described by the following expressions
F=K.(t—t, +At) (6.9)

and

5q, = KO.J07 (t—t, +At,);
e 0 (6.10)
50, = KGJP - (t—t, +At;)

where the vectors At, At, should be computed using the assumptions presented above. To find these
additional parameters of the stiffness model, let us apply the energy based approach.

To compute the end-platform deflection At, let us assume that the geometrical errors are small
enough. So, the stiffness matrices of the serial chains K are the same at the points O, B/ and O" (Figure
6.2) and computed for the nominal configurations q;,0, using the above presented technique. This allows us
to apply the energy based approach and to express the potential energy of the parallel manipulator with
geometrical errors in kinematic chains as

3 (e ~A0) K (e, ~ 1)) (6.11)

i=1
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where At = (Ap, Ag) is displacement (position and orientation) of the reference point.

(a) platform before assembling (b) platform after assembling

Figure 6.2 Transformation of characteristic points of serial chains in assembling of non-perfect parallel
manipulator; (A, A’ - end-point locations of serial chain before assembling for perfect and non-perfect
manipulators respectively, A" - end-point location of serial chain after assembling for non-perfect
manipulator)

To compute the end-platform deflection At, let us assume that the geometrical errors are small
enough. So, the stiffness matrices of the serial chains K are the same at the points O, B’ and O" (Figure
6.2) and computed for the nominal configurations q;,0, using the above presented technique. This allows us
to apply the energy based approach and to express the potential energy of the parallel manipulator with
geometrical errors in kinematic chains as

=%Z( (2, —At) KO (e, —At)) (6.12)

where At = (Ap, Ag) is displacement (position and orientation) of the reference point.

It is obvious that after assembling, the considered mechanical system will occupy the most
advantageous configuration with respect to the potential energy, i.e. E— min. It means that the desired
At
vector At can be found from the expression

OE
K (At-¢))=0 6.13
ot~ K ate)= (6.43)
that yields the following linear equation
Y KLAt=Y(KVg) (6.14)
i=1 i=1

which allows us to evaluate the end-platform deflection

At:(izn;Kg)j -Z(K(" ) (6.15)

i=1
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and the end-platform location after assembling
t' =1+ At (6.16)

For each separate kinematic chain, the end-frame deflections due to assembling can be expressed as

m 1o

At, = At—g, :(ZK@} (K2 )-¢, (6.17)
i=1 i=1

This allows us to compute the loading for each kinematic chain applied to the end-point (due to interaction

with other non-perfect chains)

F =KPAt (6.18)
and corresponding loadings in the virtual joints 1!
0 =JOTF = 307K At, (6.19)

It is worth mentioning that here ZLE =0, since there is no external loading applied to the platform
reference point after the assembling. Besides, it is possible to compute relevant deflections of the virtual and
passive joint coordinates of the chains

0, =KU-At,; Aq; =K At (6.20)
caused by the assembling.

Thus, the above expressions allow us to evaluate the end-platform deflection and internal
forces/torques caused by assembling of kinematic chains with geometrical errors. However, the total
manipulator Cartesian stiffness matrix K. is assumed to be the same as in Section Ill.A, since the geometrical
errors are assumed to be small enough.

6.4 Stiffness models aggregation for high loading

In this section it is assumed that the external loading can be high enough to cause non-linear effect in
the manipulator stiffness behavior. It proposes numerical algorithms for computing both direct and inverse
force-deflection relations that are referred below to as non-linear stiffness and compliance models
respectively.

6.4.1 Stiffness model of parallel manipulator

Let us focus on the aggregation of stiffness models of separate serial chains into the stiffness model of
the whole parallel manipulator in the loaded mode. To solve this problem, it is necessary to obtain the non-
linear force-deflection relation, which takes into account elastostatic properties of all kinematic chains, and to
compute corresponding Cartesian stiffness matrix.

Let us assume that the end-points of all kinematic chains are aligned and matched in the same target
point t,, which corresponds to the desired end-platform location. This point is assumed to be known and
allows us to compute, from the inverse kinematic model, the actuator and passive joint coordinates defining
nominal configurations of the chains (q;,0,) . It is also assumed that the stiffness models of all kinematic

> = Auteurs : AK,
m ={csv ‘B nerruz EUNQ@pPe |




AGEMNCE NATIOMALE DE LA RECHERCHE

Projet COROUSSO ANR-10-SEGI-003-LI1.1

Livrable n°1.1
Modeles élastiques et élasto-dynamiques

de robots porteurs 24/02/2012

CoRrousso indice A

Page 83/108

chains have been already obtained using techniques proposed in Sections Il and are presented in the form of
partial non-linear force-deflection relations F, = f,(t|t,) corresponding to the target point t, .

It is evident that the external loading F changes the end-platform location t,, hence it is reasonable to
consider the set of locations t in the neighborhood of target one. Under the above assumptions, for any given
point t from neighborhood of t, it is possible to compute both the partial forces F and corresponding
equilibrium configurations (g;,0,) . Then, in accordance with the superposition principle, the desired non-linear
force-deflection relation for the whole parallel manipulator can be found by straightforward summation of all
partial forces F, i.e.

F=>f(tlt,) (6.21)

i=1

where F denotes the total external loading applied to the end-platform. Corresponding curves can be
obtained by multiple repetition of the above described procedures for different values of the end-platform
location t.

Furthermore, for each given t, the stiffness matrices K of all kinematic chains can be computed using
expression (4.28) This allows us to compute the Cartesian stiffness matrix K. of the whole parallel
manipulator as a sum

Ko=) K? (6.22)
i=1

However, the matrices K¢} and K} defining the "sensitivity" of the chain joint coordinates (q;,0,) to the end-
platform displacement cannot be aggregated in this way, they should be used separately to evaluate stresses
in joints/links and resistance of the chain configurations with respect to external loading F

) = 9K ()

@i (i) (6.23)
80, = K& (t-t,); 30, =K (t—t,)

where J{" is Jacobian matrix of i-th kinematic chain with respect to virtual joint coordinates.

It is worth mentioning that above it was implicitly assumed that the manipulator assembling is
equivalent to the aligning and matching of the chain end-frames. To deal with more general case, when the
chains are connected to the different points of the platform, it is necessary to slightly modify the chain
geometrical models and to re-compute the forces/torques and the stiffness matrices by adding a virtual rigid
link connecting the end-point of the chain and the reference point of the platform. After the relevant
transformations that are described before, the above presented technique can be applied straightforwardly.

Besides, in contrast to Section Ill, here there are no evident differences in stiffness models aggregation
of perfect and non-perfect kinematic chains. However, here the chain geometrical errors are implicitly
included in the functions g;(q;,0,) . In particular for non-perfect chains, it is assumed that the nominal values
of the joint coordinates (q,;,0,,) produce the end-point location vector which differs from t,:

9 (dgi» 05) = t; +8 (6.24)
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where g accumulates influences of all geometrical errors on the end-point location of i-th chain. As a result,
the end-platform cannot be located in the target point t, without external loading, i.e.

dofi(tlt,) =0 (6.25)
i=1 t=t,
Moreover, without external loading, the end-platform location t_ is different from the target one t,. The
vector t_ can be computed from the equation

f.(t, [t,)=0 (6.26)

m
o1

which will be considered in Section IV.B. Corresponding internal forces F° defining the chain loadings due to
the geometrical errors in the chains can be computed by simple substitution t, to the partial force deflection
relations

Fr = fi(tlt)],, (6.27)

It is obvious that the sum of the F° is equal to zero but they produce stresses in the links and joints if the
parallel manipulator is over-constrained.

Hence, the developed aggregation technique allows us to obtain the non-linear force-deflection relation
for a parallel manipulator in the loaded mode as well as to compute Cartesian stiffness matrices for any given
target point t, and given set of the end-point locations {t}. This technique is summarized in Figure 6.3.

t=to . .
2 Serial chains
s Compute static equilibrium F 0
o configuration for i-th chains i dir 9
(8]
: l
.GE) E Compute the stiffness matrices KO KO KO
= = | for i-th chains €0 "rEh e
c T |-
g =
L L
T | § Compute stresses and deflections 0 Sa.. 50
o |uw 2 in joints for i-th chains 0+ Oi> OF
)
o x [
g } Parallel manipulator
& Compute stiffness matrix K. — iKu)
of parallel manipulator =
1 m
Compute external loading F= Z F
i=1
I
v
. . . F=f(t|t
Obtain force-deflection relation (%)

Figure 6.3 Aggregation of serial chains stiffness models technique
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6.4.2 Compliance model of parallel manipulator

The non-linear force-deflection relation (6.21) allows us to evaluate the external force/torque F
required to locate the manipulator in the target point t (assuming that the actuated coordinates are
computed for the end-platform location t, corresponding to the unloaded configuration). However in
practice, it is often necessary to determine the end platform resistance to the external loading, i.e. to compute
the deflection caused by the force F applied to the end-platform. The desired value can be found from the
non-linear compliance model that in general case is expressed as

t=f"(F|t,) (6.28)

and is defined by the inverse f(..) which for parallel manipulators usually exists (due to over-constrained
structure). In contrast, for serial chains with passive joints, the function f(...) cannot be computed since the
corresponding Cartesian stiffness matrix K@ is singular.

It is obvious that in a general case, the function f(...) cannot be expressed analytically. Hence, it is
required that a dedicated iterative procedure, which is able to solve the non-linear equation (6.28) for t
(assuming that F is given). It is proposed here to apply a modification of Newton-Raphson technique which
iteratively updates the desired value t in accordance with the expression

t=t+ K (t]t))-(F-f(t]t,)) (6.29)

where t' corresponds to the next iteration, K. (t | to) is the Cartesian stiffness matrix computed in the point
t, and t, denotes the unloaded location of the end-platform. For this iterative scheme, t, can be also used
as the initial value of t. Similar to Section IV.A, within each iterative loop, corresponding configurations
(9;,8,), the loadings F and stiffness matrices K¢ for each kinematic chain are computed using equations
(6.2), and (4.28) respectively,

F=0, t=t,

]
Compute new location
of end-platform

Aggregation of f (t | to)
serial chains stiffness models K (t]t,)

Stopping criterion
is satisfied?

Yes J

Next iteration

Fe{F)

Repeat for different F

IF—f(tIt,)] <&

Obtain deflection-force relation t=f"(F|t,)

Figure 6.4 Procedure for obtaining deflection-force relation for loaded parallel manipulator

As it follows from the relevant study, convergence of this iterative procedure is good enough if the
function f(...) is smooth and non-singular in the neighborhood of t,. If it is required to improve convergence,
it is possible to modify force F from iteration to iteration in accordance with the expression F'=a-F , where a
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scalar variable « is monotonically increasing from 0 up to 1. The stopping criterion can be expressed in a
straightforward way as

[F=f(tity)|<e. (6.30)

where ¢, is the desired accuracy. More details presentation of the developed iterative routines is given in Figure
6.4.

6.5 Application examples

6.5.1 Aggregation non-perfect serial chains without loading

Let us illustrate the developed stiffness model aggregation technique by examples that deal with
assembling of Orthoglide parallel translational manipulator with geometrical errors in kinematic chains (Fig.
6.5) [20]. Let us assume that the manipulators have geometrical errors in the kinematic chains, which have
effects on the end-point location and provoke internal loadings in the joints.

Taking into account the shape of the dexterous workspace, let us focus on the stiffness analysis of these
manipulators in five characteristic points: isotropic point Qg two limit points Q; and Q,. with symmetrical
configuration and two limit points Qs and Q. with non-symmetrical configuration [5-7]. Let us estimate the
end-effector location and internal deflections/loadings caused by the geometrical errors in the chains. The
stiffness matrices of the chains in the points Qq...Q4 have been computed using the technique proposed in
Section 6.3.1.

(a) Photo (b) CAD-model

Figure 6.5 CAD models of 3-PUU and Orthoglide manipulators

For illustration purposes, let us investigate two types of geometrical errors
Case A: Each actuator of the manipulator has a position error 1 mm in actuator location;
Case B: Each actuator of the manipulator has an angular error 1° in actuator location.

In case A, as it follows from the chains geometry, the deflections of the chain end-points before assembling
g =g . In case B, the values g, should be computed using the geometrical model g;(q;,0,) :
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Table 6.1 Assembling of Orthoglide manipulator with non-perfect chains: loadings and displacements for
the Case A (at=[s, 6,,6,0,0,0]', =0, F,=0, F,=0)
. Displacement Deflections and loadings
Point . L. .
of end-point At in joints and links
Qo 0, =0, =0, =1mm; AQ™ =0.18°
Q; 0, =0,=0,=050mm AQ™ =0.14°
Q, 0, =0, =0, =2.02mm; AQ™ =0.42°
8,=5,=0.73mm; e .
Qs 8,=0.27mm AQ™ =020
8,=5,=0.56mm; e .
Q 6, =1.28mm AQ™ =026
o= =0; =0, ™™ =0, /™ =0
Table 6.2 Assembling of Orthoglide manipulator with non-perfect chains: loadings and displacements for
the case B ( at=[5, 6, 6, 9., @, 0], 20 , F, %20, F,#0 )
. Displacement Deflections and loadings
Point . L .
of end-point At in joints and links

M ™ =2.09N-m;Aq™ =0.31"
6,=0,=0,=0mm; max max -
Qo . g™ =0.05mm; 6, =0.94
o =@, =, =0.03 ax max
¥ =0; ;™ =2.09N-m

M ™ =8.91N-m;Aq™ =0.63"
61 = 52 = 53 = 041mm, max max o
Q; i 6" =0.54mm; o7 =174
o =@, =@, =-0.62"; o C max
" =0; 7, =11.96 N-m

M ™ =1.48 N-m; Aq™ =0.52°
51 = 52 = 53 =-0.96 mm; max max o
Q, . 6" =0.14mm; 7 =0.80
D=0, =P = 0.21% max max
7,0 =0; 7,7 =175N-m

8,=-0.91mm; ¢, = -0.19° M ™ =4.33N-m; AQ™ =0.67"
Qs 8, =1.31mm; p, =049 g™ =0.99mm; 6 =1.49°
5,=0.58mm; @, = 0.44° o =0; 7™ = 4.84N-m
8,=0.93mm; ¢, =0.33° M ™ =2.98N-m; Ag™ = 0.59’
Q 8, =-0.10mm; p, =0.22 g =062mm; 6 =130
0, =—0.25mm; ¢, =-0.31" Tg‘ax =0; qu“ =4.0N-m

Further, substituting deflections ¢, and corresponding chain stiffness matrices K¢ into formulas (6.15)
- (6.20), we can compute the desired assembling-induced values of the end-platform displacement, the
internal forces/torques and the relevant displacements in virtual and passive joints. Main results of this study
are summarized in Tables 6.1-6.2, where AgQ™ is the maximum rotational displacement of passive joints,
6,6, are maximum displacement of translational and rotational virtual springs respectively, 7, 7, are
maximum torques in translational and rotational virtual joints respectively, M™ is the maximum moment in

the chains, caused by assembling of a parallel manipulator with the non-perfect kinematic chains.
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These results show that in the Case A (Table 6.1), the geometrical errors in the kinematic chains do not
cause any internal loading. However, they provoke the shift of the end-platform location up to 2.02 mm (point
Q,). Corresponding changes in passive joint coordinates are about 0.42 (point Q).

In contrast, in the Case B, the geometrical errors in the kinematic chains of Orthoglide (Table 6.2) cause
essential internal loadings. For instance, in point Q; the torque applied to the end-point of the chain can reach
up to 8.91N-m. This loading induces displacements up to 0.41mm and 0.62° for translational and rotational
virtual springs respectively. It should be noted that here the loadings for rotational virtual springs are up to
11.96 N-m, but for translational virtual springs they are equal to zero (in spite of non-zero deflections in them).
Nevertheless, this result is reasonable due to the non-diagonal structure of the matrices K representing
couplings between rotational and translational deflections. Variations in the passive joint coordinates can
reach up to 0.67° (Point Qs). For the end-platform, this case study gives the positional deflection up to
1.31 mm (Point Q) and the rotational deflection up to 0.62° (Point Q). It is obvious that the total sum of all
internal loadings is equal to zero.

6.5.2 Aggregation non-perfect serial chains under loading

Now let us consider aggregation of Orthoglide manipulator under external loading caused by groove
milling.. According to [21], such technological process causes forces F, =215N; F, =-10N; F,=-25N. The
tool length h=100mm leads to torques on the manipulator end-effector M,,=1N-mand M ,=215N-m. It is
assumed that the manipulator has two sources of inaccuracy

(i) the assembling errors in the kinematic chains causing internal forces and relevant deflections in joints
and links due to manipulator over-constrained structure;

(ii) the external loading ||F|| =217N caused by the cutting forces, which generates essential compliance
deflections causing non-desirable end-platform displacement.

Similar to previous example, it is assumed that firs source of inaccuracy can be caused by translational (Case A)
and rotational (Case B) errors in the actuator locations.

X=Xt [mm] z—1z,4[mm]
2.5 2.5
4

2 A 2
15 1.5

1 1 :k
05 2 I 0.5—+2

—— . 1
0 oF— ~
1

-0.5

-50 0 50 100 VY, |_'mmIo'5 -50 0 50 100 Y, [mm]
(a) Errors in x-direction (a) Errors in z-direction

Figure 6.6 Displacements caused different sources of inaccuracy during milling as the crow flies from point Q2
to Q4 using Orthoglide manipulator (Case A): (1) target trajectory, (2) displacements caused by cutting forces,
(3) displacements caused by non-perfect geometry, (4) total compliance error, (5) displacements obtained
using superposition principle.
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Figure 6.7 Displacements caused different sources of inaccuracy during milling as the crow flies from point Q2
to Q4 using Orthoglide manipulator (Case B): (1) target trajectory, (2) displacements caused by cutting forces,
(3) displacements caused by non-perfect geometry, (4) total compliance error, (5) displacements obtained
using superposition principle.

Let us illustrate aggregation technique when Orthoglide perform milling from the point Q, to Qs(-73.65,
126.35, -73.65) following the straight line. Simulation results for two error sources for the Case A and Case B
are presented in Figure 6.6 and Figure 6.7 respectively. They include target trajectories (1), displacements
caused by cutting forces (2) and non-perfect geometry (3) as well as total compliance error (4) and
displacement obtained using superposition principle (5). The results presented for displacements in x- and z-
directions.

The results show changing of different error sources and compliance error while the trajectory that
define by non-linear functions. It should be mentioned, that in Case B superposition of two error sources
cannot is differ from total compliance error, however in Case B both curves are closed enough. The main
factor that causes difference between the trajectories is the changes in the stiffness matrix because of
changing of the end-point location (the order of errors is not important, in both cases when we take into
account the second error it should be computed in the neighborhood of current configuration, however for
the results that have been obtained using superposition principle both errors have been computed for the
original (target) end-point location).

The obtained results illustrate developed aggregation technique, show its advantages are suitable both
for further error compensation and for the optimization workpiece location in the manipulator workspace.

6.6 Conclusion

This Chapter presents non-liner stiffness modeling technique for parallel manipulators composed of
non-perfect serial chains, whose geometry differ from the nominal one and where essential internal
forces/torques are generated. This technique is based on the developed aggregation procedure that combines
the chain stiffness models and produces the relevant force-deflection relation, the aggregated Cartesian
stiffness matrix and also allows us to evaluate changes in the reference point location caused by inaccuracy in
kinematic chains. In addition, expressions for computing of the internal deflections and forces/torques in joints
are proposed. The developed technique can be applied to both over-constrained and under-constrained
manipulators, it is suitable for the cases of both small and large deflections.
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The advantages of the developed technique are illustrated by an example that deals with over-

constrained parallel manipulator of the Orthoglide architecture. It demonstrates the technique ability to
evaluate the end-effector deflections caused by conventional sources (cutting forces/torques applied to the
end-effector that arise while workpiece processing) and also induced by inaccuracy in serial chains of the
parallel manipulator. Relevant plots that illustrate influence of different error sources on the manipulator
position accuracy are presented.

In future, the proposed technique will be integrated in a software toolbox that can be used for parallel

manipulators of complex architecture and applied to the industrial problem of the compliance error
compensation in robotic machining cells.

[1]

(2]

3]

[4]

5]

(6]

(7]

(8]

[9]

[10]

[11]

[12]

[13]

6.7 References

0. Company, S. Krut, F. Pierrot, Modelling and preliminary design issues of a 4-axis parallel machine for
heavy parts handling, Journal of Multibody Dynamics 216 (2002) 1-11.

J. Kovecses, J. Angeles, The stiffness matrix in elastically articulated rigid-body systems, Multibody
System Dynamics 18(2) (2007) 169-184.

T. Bonnemains, H. Chanel, C. Bouzgarrou and P. Ray, Definition of a new static model of parallel
kinematic machines: highlighting of overconstraint influence, in: Proceedings of IEEE Int. Conference on
Intelligent Robots and Systems (IROS), 2008, pp. 2416—2421.

D. Deblaise, X. Hernot, P.Maurine, A systematic analytical method for PKM stiffness matrix calculation,
In: Proceedings of the IEEE International Conference on Robotics and Automation (ICRA), Orlando,
Florida, 2006, pp. 4213-4219.

Y. Li, Q. Xu, Stiffness analysis for a 3-PUU parallel kinematic machine, Mechanism and Machine Theory
43(2) (2008) 186-200.

A. Pashkevich, D. Chablat, P. Wenger, Stiffness analysis of overconstrained parallel manipulators,
Mechanism and Machine Theory 44 (2009) 966-982.

A. Pashkevich, A. Klimchik, D. Chablat, "Enhanced stiffness modeling of manipulators with passive
joints", Mechanism and Machine Theory, vol. 46(5), pp. 662-679, 2011.

A. Pashkevich, A. Klimchik, S. Caro, D. Chablat, Cartesian stiffness matrix of manipulators with passive
joints: analytical approach, In: IEEE/RSJ International Conference on Intelligent Robots and Systems
(IROS 2011), September 25-30, 2011, USA, San Francisco, California, pp. 4034-4041.

J. Salisbury, Active Stiffness Control of a Manipulator in Cartesian Coordinates, in: 19th IEEE Conference
on Decision and Control, 1980, pp. 87-97.

Gosselin, C., 1990, "Stiffness mapping for parallel manipulators,” IEEE Transactions on Robotics and
Automation 6(3) 377-382

I. Tyapin, G. Hovland, Kinematic and elastostatic design optimization of the 3-DOF Gantry-Tau parallel
kinamatic manipulator,Modelling, Identification and Control, 30(2) (2009) 39-56

A. Pashkevich, A. Klimchik, D. Chablat, Ph. Wenger, Accuracy Improvement for Stiffness Modeling of
Parallel Manipulators, In: Proceedings of 42nd CIRP Conference on Manufacturing Systems, Grenoble,
France, 2009.

C. Quennouelle, C. M. Gosselin, Stiffness Matrix of Compliant Parallel Mechanisms, In: Springer
Advances in Robot Kinematics: Analysis and Design, 2008, pp. 331-341.

> = Auteurs : AK,
LZET)\ =S~ O rsisu=Eurepe |

.




AGEMNCE NATIOMALE DE LA RECHERCHE

Projet COROUSSO ANR-10-SEGI-003-LI1.1
Livrable n°1.1

Modeles élastiques et élasto-dynamiques

de robots porteurs 24/02/2012
CoRrousso indice A
Page 91/108

[14] D. Chakarov, "Study of antagonistic stiffness of parallel manipulators with actuation redundancy,"
Mechanism and Machine Theory. Vol. 39(6), pp. 583—601, 2004.

[15] i, B.-J., Freeman, R.A,, 1993, "Geometric analysis antagonistic stiffness redundantly actuated parallel
mechanism," Journal of Robotic Systems 10(5) pp. 581-603.

[16] F. Xi, D. Zhang, Ch. M. Mechefske, Sh. Y. T. Lang, "Global kinetostatic modelling of tripod-based parallel
kinematic machine," Mechanism and Machine Theory 39 (4), pp. 357-377, 2004.

[17] R. Rizk, N. Andreff, J.C. Fauroux, J.M. Lavest and G. Gogu, Precision Study of a Decoupled Four Degrees
of Freedom Parallel Robot Including Manufacturing and Assembling Errors, Advances in Integrated
Design and Manufacturing in Mechanical, S. Tichkiewitch et al. (eds.), Springer 2007, Engineering Il, 111-
127.

[18] W. Wei, N. Simaan, "Design of planar parallel robots with preloaded flexures for guaranteed backlash
prevention," ASME Journal of Mechanisms and Robotics, Vol. 2(1) , 10 pages, 2010

[19] G. Alici, B. Shirinzadeh, Enhanced stiffness modeling, identification and characterization for robot
manipulators, Proceedings of IEEE Transactions on Robotics 21(4) (2005) 554-564.

[20] D. Chablat, P. Wenger, Architecture Optimization of a 3-DOF Parallel Mechanism for Machining
Applications, the Orthoglide, IEEE Transactions On Robotics and Automation 19(3) (2003) 403-410.

[21] F. Majou, C. Gosselin, P. Wenger, D. Chablat, Parametric stiffness analysis of the Orthoglide, Mechanism

and Machine Theory 42 (2007) 296-311.

:
0
§
O

Auteurs: AK,

Eur@pe |

URE TECHNOLOGIE



http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ASMEDL&possible1=Wei%2C+Wei&possible1zone=author&maxdisp=25&smode=strresults&pjournals=AMREAD%2CJAMCAV%2CJBENDY%2CJCNDDM%2CJCISB6%2CJDSMAA%2CJEPAE4%2CJERTD2%2CJETPEZ%2CJEMTA8%2CJFEGA4%2CJFCSAU%2CJHTRAO%2CJMSEFK%2CJMDEDB%2CJMDOA4%2CJMOEEX%2CJPVTAS%2CJSEEDO%2CJOTRE9%2CJOTUEI%2CJVACEK%2CJTSEBV&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ASMEDL&possible1=Simaan%2C+Nabil&possible1zone=author&maxdisp=25&smode=strresults&pjournals=AMREAD%2CJAMCAV%2CJBENDY%2CJCNDDM%2CJCISB6%2CJDSMAA%2CJEPAE4%2CJERTD2%2CJETPEZ%2CJEMTA8%2CJFEGA4%2CJFCSAU%2CJHTRAO%2CJMSEFK%2CJMDEDB%2CJMDOA4%2CJMOEEX%2CJPVTAS%2CJSEEDO%2CJOTRE9%2CJOTUEI%2CJVACEK%2CJTSEBV&aqs=true

MGEMCE NATIOMALE DE LA RECHERCHE

Projet COROUSSO ANR-10-SEGI-003-LI1.1

Livrable n°1.1
Modeles élastiques et élasto-dynamiques

de robots porteurs 24/02/2012

CoRrousso indice A

Page 92/108

7 COMPLIANCE ERROR COMPENSATION TECHNIQUE
FOR PARALLEL ROBOTS COMPOSED OF NON-PERFECT
SERIAL CHAINS

7.1 Introduction

In machining applications, robot accuracy depends on a numbers of factors [1]. The most essential of
them are related to manufacturing tolerances leading to geometrical parameters deviation with respect to
their nominal values (geometrical errors) as well as to the end-effector deflections caused by the cutting forces
and torques (compliance errors). Usually, in applications where the external forces/torques applied to the end-
effector are relatively small, the prime source of manipulator inaccuracy are the geometrical errors [2, 3].
These errors are associated with differences between nominal and actual values of the link/joint parameters.
Typical examples of them are the differences between the nominal and the actual lengths of links, differences
between zero values of actuator coordinates in real robot and mathematical model embedded in controller
(joint offsets); they can also be induced by non-perfect assembling of different elements and arise in shifting
and/or rotation of the frames associated with different components, which normally are assumed to be
matched and aligned. It is clear that the geometrical errors do not depend on the manipulator configuration,
while their effect on the position accuracy depends on it. At present, there exists a number of sophisticated
calibration techniques that are able to identify differences between actual and nominal geometrical
parameters [4-9]. Consequently, this type of errors can be efficiently compensated for either by adjusting the
controller input (i.e. the target point coordinates) or by straightforward modification of geometrical model
parameters used in the robot controller.

In some other cases, the geometrical errors may be dominated by non-geometrical ones that are caused
by influence of a number of factors [10-12]. For instance, the forces/torques associated with the tool-
workpiece interaction in the technological process may cause essential deformations of the manipulator
components (compliance errors) [13]. Also, the environmental conditions (temperature, atmospheric pressure
and others) may affect physical properties of manipulator components and lead to undesirable changes in link
dimensions. It is worth mentioning that, in the regular service conditions, the compliance errors are the most
significant ones. Generally, they depend on two main factors: (i) the stiffness of the robotic manipulator and
(ii) loading applied to it. Similar to the geometrical ones, the compliance errors highly depend on the
manipulator configuration and essentially differ throughout the workspace. Their influence is particularly
important for heavy robots and for manipulators with low stiffness. For example, the cutting forces/torques
from the technological process may induce significant deformations, which are not negligible in the precise
machining. In this case, influence of the compliance errors on the robot position accuracy can be even higher
than the geometrical ones. This issue is very important for the designers of parallel manipulators, who often
are looking for a compromise between the manipulator stiffness and its dynamic capabilities [14].

Thus, this Chapter focuses on the compliance error compensation that is able to take into account both
conventional error sources (compliance errors caused by external and internal forces/torques) and errors
caused by assembling of non-perfect over-constrained parallel mechanisms. To address these problems, the
remainder of the chapter Chapter is organized as follows: Section 8.2 presents review on the compliance error
compensation methods, Section 8.3 provides required background for the stiffness modeling, Section 8.4
proposes the non-linear compliance errors compensation technique, in Section 8.5 the efficiency of the
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developed technique is illustrated by the groove milling using Orthoglide manipulator, and, finally, Section 8.6
summarizes the main results of the chapter Chapter.

7.2 Problem of compliance error compensation

In many robotic applications such as machining, grinding, trimming etc., the interaction between the
workpiece and the end-effector causes essential deflections that significantly decrease the processing accuracy
and quality of the final product. To overcome this difficulty, it is possible to modify either control algorithm or
the prescribed trajectory, which is used as the reference input for a control system [15]. This Chapter focuses
on the second approach that is considered to be more realistic in the practice. In contrast to the previous
works, the proposed compliance error compensation technique is based on the non-linear stiffness model of
the manipulator that is able to take into account significant external loading [16].

Usually, the problem of the robot error compensation can be solved in two ways that differ in degree of
modification of the robot control software:

(a) by modification of the manipulator model (Figure 7.1a) which better suits to the real manipulator
and is used by the robot controller (in simple case, it can be limited by tuning of the nominal
manipulator model, but may also involve essential model enhancement by introducing additional
parameters, if it is allowed by a robot manufacturer);

(b) by maodification of the robot control program (Figure 7.1b) that defines the prescribed trajectory
in Cartesian space (here, using relevant error model, the input trajectory is generated in such way
that under the loading the output trajectory coincides with the desired one).

It is clear that the first approach can be implemented in on-line mode, while the second one requires
preliminary off-line computations. It is worth mentioning that the stiffness models being used in this work are
suitable for both of these approaches. But in practice it is rather unrealistic to include the stiffness model in a
commercial industrial controller where all transformations between the joint and Cartesian coordinates are
based on the manipulator geometrical model. In contrast, the off-line error compensation, based on the
second approach, is attractive for industrial applications.

For the geometrical errors, relevant compensation techniques are already well developed.
Comprehensive review of related works is given in [2, 9, 17]. Here, if the main error sources are concentrated
in the link length or in the joint offsets, the compensation is reduced to straightforward modification of the
manipulator parameters in the robot controller. Otherwise, if there are any geometrical error sources that are
not presented in the nominal inverse/direct kinematics, relevant modification of the controller input is
required. In this case, it is possible to use (in off-line mode) either extended geometrical model with additional
parameters or simply a non-linear function that describes the error distribution throughout the workspace.
Examples of such a function are given in [18, 19] where the neural network technique is employed. In the
frame of this work, it is assumed that the geometrical errors are less essential compared to the non-
geometrical ones caused by the interaction between the machining tool and workpiece. So, the main attention
will be paid to the compliance errors and their compensation techniques.

For the compliance errors, the compensation technique must rely on two components. The first of them
describes distribution of the stiffness properties throughout the workspace and is defined by the stiffness
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matrix as a function of the joint coordinates or the Cartesian location [16]. The second component describes
the forces/torques acting on the end-effector while the manipulator is performing its manufacturing task
(manipulator loading). In this work, it is assumed that the second component is given and can be obtained
either from the dedicated technological process model or by direct measurements using the force/torque
sensor integrated into the end-effector. However it is necessary to take into account that the force sensors
introduce additional undesirable compliance which has direct affect on the position accuracy [20, 21].

The stiffness matrix required for the compliance errors compensation highly depends on the robot
configuration and essentially varies throughout the workspace. Hypothetically, it can be also approximated by
a neural network, similar to the geometrical error compensation mentioned above. However, this approach is
not practically attractive, so it is more convenient to compute the stiffness matrix using specially developed
expressions and algorithms.

From general point of view, full-scale compensation of the compliance errors requires essential revision
of the manipulator model embedded in the robot controller. In fact, instead of conventional geometrical
model that provides inverse/direct coordinate transformations from the joint to Cartesian spaces and vice
versa, here it is necessary to employ the so-called kinetostatic model [22]. The later defines the mapping
between the joint and Cartesian spaces taking into account deflections caused by external forces/torques
applied to the manipulator end-effector. It is essentially more complicated than the geometrical model and
requires rather intensive computations that are presented in Section 8.3.

If the compliance errors are relatively small, composition of conventional geometrical model and the
stiffness matrix give rather accurate approximation of the modified mapping from the joint to Cartesian space.
In this case, for the first compensation scheme (see Figure 7.1a), the kinetostatic model can be easily
implemented online if there is access to the control software modification. Otherwise, the second scheme (see
Figure 7.1b) can be easily applied. Moreover, with regard to the robot-based machining, there is a solution
that does not require force/torque measurements or computations [15, 23, 24]. Its basic idea is presented in
Figure 7.2, where at the first stage it is performed, the machining experiment gives a trajectory corrupted by
the compliance errors. Then, the difference between the desired and the obtained trajectories is evaluated via
appropriate measurements, which give the compliance errors along the path. Using this data and assuming
that the stiffness model is linear, the target trajectory for the robot controller is modified by applying the
"mirror" technique (where corresponding points of the corrupted and target trajectories are symmetrical with
respect to the relevant points of the desired trajectory). In order to improve accuracy in [25] it was proposed
to perform the machining experiments several times. Starting from the second experiment the target
trajectory for the robot controller has been modified by applying the "mirror" technique for the
measurements obtained during previous experiments. An evident advantage of this technique is its
applicability to the compensation of all types of the robot errors, including geometrical and compliance ones.
However, this approach is only suitable for the large-scale production where the manufacturing task and the
workpiece location remains the same. Eastwood and Webb [26] proposed polar compensation methodology
for gravitational deflection compensation for hybrid parallel kinematic machines. In some other works [26, 27]
the problems of geometrical and compliance errors compensation have been considered simultaneously but
these techniques cannot be applied to robot-based machining directly.
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(a) Modification of the manipulator model
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Figure 7.1 Robot error compensation methods

Hence, to be applied to the robotic-based machining, the existing compliance errors compensation
techniques should be essentially revised to take into account essential forces and torques as well as some
other important error sources (inaccuracy in serial chains, for instance). This problem is in the scope of this
work.
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(a) machining experiment (b) compensation algorithm (c) final machining

Figure 7.2 Method of symmetrical trajectory for compensation of the compliance errors

7.3 Stiffness modeling background

The compliance error compensation technique developing in this work is based on our previous results
[16], which provide a nonlinear stiffness modeling technique for the manipulators with passive joints. This
approach is based on the Virtual Joint Modeling (VJM) method, which extended the conventional rigid-body
model of the robotic manipulator by adding virtual springs that take into account elastostatic properties of
links and joints. The method proposed by Salisbury in 1980 [29] has found numerous modifications [29-33] and
at present it is the most popular stiffness analysis method in robotics. Let us summarise here the main
expressions that will be used in the nonlinear compliance error compensation technique.

It is assumed that the end-points of all kinematic chains are aligned and matched in the same target
point t,, which corresponds to the desired end-platform location. This point is assumed to be known and
allows us to compute, from the inverse kinematic model, the actuator and passive joint coordinates defining
nominal configurations of the chains (q,,0,,) . Static equilibrium for serial chain that corresponds to applied
loading can be computed using the following iterative procedure

1
F 0 Ji(9:.0;) Jq(q;.6;) t-g (qiaei)+qu(qivei)'Qi +J5(q;,6,)- 0,

q; [=| 35(a;.6;) 0 0 : 0 (7.1)
9; ‘]eTi(qiaei) 0 -K; —Ky; - 0,;

where the subscript "(i)" denotes the serial chain number, the prime define new static equilibrium
configuration that should be used in the next iteration as a current one, F is external loading applied to the
end-point of kinematic chain, joint coordinates (q,0) define serial chain configuration that corresponds the
applied loading F, J,(q,0) and J,(qg,0) are Jacobian matrices with respect to passive g and virtual 6 joint
coordinates respectively computed for current serial chain configuration, matrix K, is stiffness matrix of serial
chain in the joint coordinates, vector t defines end-effector location under the loading. Function g(q,0)
defines geometry of serial chain, 0, is preloading in virtual joints. So, partial non-linear force-deflection
relations corresponding to the target point t, can be presented in the form

Fi = fi(tlto) (7'2)

Then, in accordance with the superposition principle, the non-linear force-deflection relation for the whole
parallel manipulator can be found by straightforward summation of all partial forces F,, i.e.
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F= y f(tlt)) (7.3)
i=1

where F denotes the total external loading applied to the end-platform. As a result, corresponding curves can be
obtained by multiple repetition of the above described procedures for different values of the end-platform
location t.

Furthermore, for each given t, the Cartesian stiffness matrices K® of all kinematic chains, that
correspond to the loading configuration can be computed using the following expression

KO =KX —KIP (7.4)

where the first term K" =(J, k{-J7)™" exactly corresponds to the classical formula defining stiffness of the
kinematic chain without passive joints in the loaded mode [34, 35] and the second term K takes into account
influence of passive joints and can be computed as

KEE) = K3 (HE, + HE K HE, 7 KEP) g0 ) g e 75
where 3 =J +J, ki H; .

Finally, this allows us to compute the Cartesian stiffness matrix K. of the whole parallel robot as a sum
m .
Ko =Y KY (7.6)
i=1

This approach allows us to obtain the non-linear force-deflection relation for a parallel manipulator in
the loaded mode as well as to compute Cartesian stiffness matrices for any given target point t, and given the
end-point location t. However, it cannot be applied for the compliance errors compensation
straightforwardly. Thus a dedicated technique, that is considered in this Chapter, is required.

7.4 Nonlinear technique for compliance error compensation

In industrial robotic controllers, the manipulator motions are usually generated using the inverse
kinematic model that allows us to compute the input signals for actuators p, corresponding to the desired
end-effector location t,, which is assigned assuming that the compliance errors are negligible. However, if the
external loading is essential, the kinematic control becomes non-applicable because of changes in the end-
platform location. It can be computed from the non-linear compliance model as

t. = (F|t,) (7.7)

where the subscript 'F' refers to the loaded mode.

To compensate this undeterred end-platform displacement from t, to t., the target point should be
modified in such a way that, under the loading F, the end-platform is located in the desired point t,. This
requirement can be expressed using the stiffness model in the following way

F=1f(tt]) (7.8)

where t© denotes the modified target location. Hence, the problem is reduced to the solution of the
nonlinear equation (7.8) for t, while F and t, are assumed to be given. It is worth mentioning that this
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equation completely differs from the equation F= f(t|t;), where the unknown variable is t. It means that
here the compliance model does not allow us to compute the modified target point t straightforwardly,
while the linear compensation technique directly operates with Cartesian compliance matrix [10, 23].

To solve equation (7.8) for t©, the Newton-Raphson technique can be applied. It yields the following
iterative scheme

t =t + K (t, [t)-(F- f(t, | t)) (7.9)

where the prime corresponds to the next iteration and K, (t,|t{’) is Cartesian stiffness matrix computed
with respect to the second argument of the stiffness model F = f (t|t,)

of (t]ty)
Kt.p. (t I tO) = TOO (7.10)
This argument t, can be interpreted as the target point. Here, the location t, can also be used as the initial
value of t® . The stopping criterion can be expressed as

”F— f(t, 9 )”< e, (7.11)

where ¢, is the desired accuracy.

To overcome computational difficulties related to the evaluation of the matrix K (t, |t’), it is possible
to use its simple approximation that does not change from iteration to iteration. In particular, assuming that t
and t, are close enough and the stiffness properties do not vary substantially in their neighborhood, the
stiffness model can be approximated by a linear expression F=K_(t-t,), which gives K, =-K_. Hence, the
iterative scheme (7.9) can be modified as

67 =10~k 117)(F- (1, 1)) (7.12)

where a <(0,1) is the scalar parameter ensuring the convergence. Using the non-linear compliance model
(7.7), this idea can also be implemented in an iterative algorithm

tf =t +a(t,— 1 (F D)) (7.13)

which does not include stiffness matrices K. or K, . Obviously, this is the most computationally convenient
solution and it will be used in the next section.

It should be mentioned that the considered case deals with a perfect parallel manipulator where end-
points of all kinematic chains are aligned and matched. However, in practice, kinematic chains may include
some errors that do not allow us to assemble them with the same end-platform location. In this case it is
required to compensate two types of errors (caused by the external loading F and inaccuracy in the serial
chains). The second source of errors can be taken into account by changing of target location At, for each
kinematic chain

Aty = At, +At, —¢, (7.14)
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where At, is the end-platform deflections due to assembling of non-perfect kinematic chains and g, is shifting
of the end-point location of i kinematic chain because of geometrical errors. Using the principle of virtual
work it can be proved that At, can be computed as

m -1 m .

At, :[ZKQJ D (KYg) (7.15)
i=1 i=1

where K? defines the Cartesian stiffness matrix of i-th kinematic chain that can be computed using

techniques proposed in the previous Section and m is the number of kinematic chains in the parallel

manipulator. More detailed presentation of the developed iterative routines is given in Figure 7.3.

toe{t; |F=0}; Fe{F(t)}
|

!

tE)F):to

|
v

Compute end-platform location t. = f’l(F |t§f’)

|
v

Compute end-point location
for the i" chain

l

Compute corresponding equilibrium
configuration and stiffness matrix

|
v

t =tO v a-(t, )

Aty = At + At, ¢,

Repeat for all
kinematic chains
i=1.m

t, {t;}

g, 0, F, KY

Next iteration

Repeat for different to

No

Stopping criterion
is satisfied?

[t = £ (F 1) <.

Yes {

Obtain trajectory te {tj | F(tj )}

Figure 7.3 Procedure for compensation of compliance errors in parallel manipulator

Hence, using the proposed computational techniques, it is possible to compensate a main part
compliance errors by proper adjusting the reference trajectory that is used as an input for robotic controller. In
this case, the control is based on the inverse kinetostatic model (instead of kinematic one) that takes into
account both the manipulator geometry and elastic properties of its links and joints. Efficiency of this
technique is confirmed by an example presented in the next section.
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7.5 lllustrative example: compliance error compensation for milling

Let us illustrate the developed compliance errors compensation technique by an example of the circle
groove milling with the Orthoglide manipulator (Figure 7.4). Detailed specification of this manipulator can be
found in [37]. According to [38], such technological process causes the loading F, =215N; F =-10N;
F,=-25N that together with angular parameter ¢ =[0,360°"] define the forces F,F, and F, (Figure 7.4b,c).
Here, the tool length h is equal to 100mm . It is assumed that the manipulator has two sources of inaccuracy

(i) the assembling errors in the kinematic chains (assembling errors in actuator angular locations of
about 1° around the corresponding actuated axis) causing internal forces and relevant deflections
in joints and links due to manipulator over-constrained structure;

(i)  the external loading |F|=217N caused by the cutting forces, which generates essential
compliance deflections causing non-desirable end-platform displacement.

It is worth mentioning that the non-linear compliance error compensation technique, which has been
developed in previous section, allows us to compensate influence of both the above mentioned factors

rf%% ™
BT —14‘?{' "'\.__]I‘F'-
5"‘—‘““‘; T‘&fﬂ

(a) Orthoglide manipulator (b) groove milling with Orthoglide (c) milling forces

Figure 7.4 Milling forces for groove milling using Orthoglide manipulator

Assuming that the milling trajectory is oriented in xy-plane, the loading that corresponds to grove
milling can be expressed as

z

F=(F, F, F,—Fh F,0) (7.16)
where F, and F, depend on the machining tool orientation angle ¢ (Figure 7.4b,c) as
F, =F cosg+F sing; F,=F sinp+F cosg (7.17)

In order to illustrate influence of different error sources on the machining trajectory, let us focus on a
small radius of the circle that should be machined. In this case, the stiffness matrix is almost the same along
the trajectory. Modeling results in the vicinity of the boundary of the Cartesian workspace (neighborhood of
point Qy, - closest point to the parallel singularity. see [16] for details) are presented in Figure 7.5. They show
the influence of different error sources on the machining trajectory without compensation and the revised
machining trajectory that should be implemented in robot controller in order to follow the target trajectory
while machining. Here, path 5 compensates the effects seen in path 4 such that circle 1 is achieved. It can be
seen that the centre of path 5 is on the opposite side of circle 1 compared to path 4. It can also be seen that
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the main elliptic direction in path 4 becomes the smallest elliptic direction in path 5. It should be mentioned
that because of the torque induced by the cutting forces (tool length 100 mm), the target trajectory and
shifted trajectory under the cutting forces are intersecting.

Figure 7.6 illustrates the superposition principle for the errors caused by inaccuracy in serial chains and
compliance errors caused by cutting forces. The vectors that are used here have been computed for the cases
when there is only one source of error (inaccuracy in serial chains or compliance due to cutting forces). The
results show that taking into account two error sources simultaneously, the total error is less than the error
obtained using superposition principle, but this difference is not high and both trajectories have similar shape
and location. The main factor that causes difference between the obtained trajectories is the changes in the
stiffness matrix because of changing of the end-point location (the order of errors is not important, in both
cases when we take into account the second error it should be computed in the neighborhood of current
configuration, however for the results that have been obtained using superposition principle both errors have
been computed for the original (target) end-point location).

Figure 7.7 presents result for the milling of the 50 mm circle. In this case, without compensation, the
compliance errors can exceed 0.8 mm, which is rather high for the considered application. After
compensation, the above mentioned errors are reduced near to zero (it is obvious that in practice, the
compensation level is limited by the accuracy of the stiffness model). This compensation is achieved due to the
modification of the actuator coordinates p along the machining trajectory. Compared to the relevant values
computed via the inverse kinematics, the actuator coordinates differ up to 1.7 mm. Corresponding forces in
actuators can reach 300 N. Some more results on the compliance errors compensation are presented in Figure
7.7, which includes plots showing modification of the actuator coordinates Ap, values of the compensated
end-effector displacement At and the torques in actuators 7. Figure 7.7d,e illustrate the impact of different
error sources in the inaccuracy while milling with Orthoglide.

y (1) Target trajectory
127 2 (2) Shifting of target trajectory caused by errors in serial chains
l (assembling errors)
Q

(3) Shifting of target trajectory caused by cutting force
(compliance errors)

(4) Shifting of target trajectory caused by cutting force and

N

AN
/711
>

‘
w26 | AT
BIfE

>

/’ errors in serial chains (assembling errors + compliance
- errors)
124 (5) Adjusted trajectory, that insure following the target
124 125 126 127 X trajectory while machining

Figure 7.5 Modifications of target trajectory caused by different error sources and adjusted trajectory
that insure following the target trajectory while machining
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(1) Target trajectory
127 (2) Shifting of target trajectory caused by errors in serial
chains (assembling errors)
126 (3) Shifting of target trajectory caused by cutting force and
errors in serial chains (assembling errors + compliance
125 errors: superposition principle for separate cases)
(4) Shifting of target trajectory caused by cutting force and
124 errors in serial chains (assembling errors + compliance

errors: two error sources simultaneously)

Figure 7.6 Superposition of different error sources
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Figure 7.7 Compliance error compensation for Orthoglide milling application
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Figure 7.8 Compliance error compensation for Orthoglide milling application with cutting force
(215N, -10N, -25 N, 1 N-m, 21.5 N-m, 0) for different location of the workpiece
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Comparison of results for typical locations of the desired circular trajectory are presented in Figure
7.8. These results include a number of plots showing modification of the actuator coordinates Ap, values of
compensated end-effector displacement At and the torques in actuators 7. It is shown that for such process
parameters, without compensation, the compliance errors can exceed 1.2 mm, which is too high for the
considered application. In particular, for the best location Qq, the cutting forces provoke the end-effector
deflection of 0.35 mm. And for the worst location Q, the end-effector deflection is about 1.25 mm. Hence, the
application of the developed compliance errors compensation technique is reasonable here. Compared to
relevant values computed via the inverse kinematics (as in common-used industrial controllers), the actuator
coordinates differ up to 0.6 mm for location Qg, and up to 1.9 mm for location Qa.

It is worth mentioning, that the shape of the compensation curve Ap(¢) highly depends on the location
of the milling trajectory (i.e. the function Ap(p) cannot be normalized by scaling and shifting) and the
compensation procedure requires intensive computing. However, it can be implemented off-line and the robot
model motion program can be properly modified.

Hence, the developed algorithm is able to compensate the compliance errors and can be efficient both
for off-line trajectory planning and for on-line errors compensation.

7.6 Conclusions

In robotic-based machining, an interaction between the workpiece and technological tool causes
essential deflections that significantly decrease the manufacturing accuracy. Relevant compliance errors highly
depend on the manipulator configuration and essentially differ throughout the workspace. Their influence is
especially important for heavy serial robots and for parallel manipulators, where the compromise between the
manipulator stiffness and its dynamic capabilities is quite important. To overcome this difficulty this Chapter
presents a new technique for compensation of the compliance errors caused by external/internal loadings in
parallel manipulators (including over-constrained ones) composed of non-perfect serial chains. In contrast to
previous works, this technique is based on the non-linear stiffness model.

The advantages of the developed technique are illustrated by the example that deals with groove milling
with Orthoglide manipulator. It has been shown that the impact of two error sources cannot be taken into
account using their superposition principle due to non-linearity of the stiffness model (even for relatively small
deflections of the end-effector). Comparison study confirmed that errors to be compensated highly depend on
the workpiece location. Besides, in order to compensate the same error for different workpiece locations
different modifications in actuated coordinates are required.

In future, the developed compensation technique will be integrated in a software toolbox. This toolbox
will also be useful for optimal path planning as well as optimization of the workpiece location. Another
problem that should be addressed is an enhancement of the stiffness modeling technique for a more general
class of manipulators and other types of loadings (gravity, friction).
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8 CONCLUSIONS

This report is devoted to the enhancement of stiffness modeling technique for serial and parallel
manipulators in order to increase the accuracy and efficiency of robotic-based machining of high performance
materials by means of compensation of the compliance errors (in on-line and/or off-line mode). To achieve
this goal, four main problems were considered.

Chapter 3 deals with the stiffness modeling of serial and parallel manipulators in the unloaded mode
(i.e. under assumption of small deformations). The main contributions are in the area of the VIM modeling
approach that was enhanced for serial and parallel manipulators with arbitrary location of passive joints. In
contrast to other works, the developed technique starts from stiffness modeling of all kinematic chains
separately and then aggregates them in a unique model. Besides, for each kinematic chain, this technique is
able to obtain both non-singular and singular stiffness matrices that take into account passive joints or the
kinematic singularities. Relevant assembling procedure allowed us to compute the aggregated Cartesian
stiffness matrix of the parallel manipulator and also to evaluate the internal forces/torques and end-platform
deflections caused by geometrical errors in the kinematic chains of over-constrained mechanisms. The
developed method combines advantages of the FEA and the VJM modeling approaches (accuracy and
computational efficiency respectively) and allows us to obtain the stiffness matrices either in numerical or in
analytical form. More precisely, the results and contributions of Chapter 4 include:

. Enhanced VIM-based stiffness modeling technique for serial kinematic chains with arbitrary
location of passive joints, which allows us to take into account passive joints in an explicit form
and to compute the stiffness matrix for any configuration (even for singular ones). Also, it
evaluates internal deflections (and corresponding forces/torques) for kinematic chains with
arbitrary number of passive and actuated joints. In contrast to previous results, the developed
technique is more computationally efficient, includes low-order matrix inversion, and it is able to
obtain even rank-deficient stiffness matrices caused by the presence of passive joints or singular
configuration of the kinematic chain.

. Analytical expression for stiffness matrix modification induced by passive joints, which extends
the classical stiffness mapping notion for serial manipulators, and related recursive procedure for
stiffness matrix elements computing, which allows us to include passive joints sequentially (one-
by-one). For typical industrial architectures, which include trivial passive joints (where axes are
collinear with Cartesian ones), simple and practically convenient rules for stiffness matrix
modification have been proposed. These results significantly simplify computation of the desired
stiffness matrix and reduce them to elementary algebraic transformations.

. Stiffness model assembling technique that allows us to aggregate elastostatic models of separate
kinematic chains in the stiffness model of the parallel manipulator. It also allows us to evaluate
internal deflections and forces/torques in joints, as well as deflections of the reference frame,
caused by geometrical errors in kinematic chains. This issue has never been studied in robotic
applications before and has essential practical significance for evaluating desired tolerances in
links/joints geometry and corresponding internal stresses in over-constrained mechanisms.
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Chapters 4-7 deal with the non-linear stiffness modeling of serial and parallel manipulators in the loaded
mode (i.e. under assumption of large deformations). The main contributions are in the area of the VIM
modeling approach that was generalized for the case of large deflections caused by internal and external
loadings applied to the end-point and/or to the intermediate nodes of the kinematic chains. In contrast to
other works, the developed technique includes computing of the static equilibrium configuration
corresponding to the given loading. In addition, it allows us to check the "internal stability" of relevant chain
configuration. Similar to Chapter 3, the stiffness modeling of parallel manipulators starts from kinematic
chains, but it yields a non-linear function describing force-deflection relation. Besides, for each kinematic
chain, this technique is also able to obtain both non-singular and singular stiffness matrices. Relevant
aggregation procedure allows us to obtain a non-linear force-deflection (or deflection-force) relation for the
parallel manipulator and to compute the aggregated Cartesian stiffness matrix, as well as to evaluate the
internal forces/torques and end-platform deflections caused by loadings and geometrical errors in the
kinematic chains. Also, this model was used for the compensation of the compliance errors caused by the
internal and external loadings. Similar to the previous chapter, the developed method combines advantages of
the FEA and the VJM modeling approaches (accuracy and computational efficiency respectively). In more
details, the results and contributions of Chapter 4 include

i Non-linear stiffness modeling technique for serial kinematic chains under external and internal
loadings (applied to end-point, to the intermediate nodes, preloading in the joints) which
includes: computing the static equilibrium configuration in the loaded mode, obtaining full-scale
force-deflections relation and computing of the stiffness matrix for the loaded mode

L Stability analysis technique and related matrix stability criterion for kinematic chain configuration
under loading in the case of single and multiple equilibriums, which takes into account the second
derivatives of the kinematic chain potential energy.

J Enhanced stiffness model aggregation technique for over-constrained parallel manipulators under
internal and external loadings, which takes into account shifting of the equilibrium due to loadings
and allows to evaluate internal deflections and forces/torques in joints, as well as deflections of
the reference point, caused by geometrical errors in kinematic chains.

J Numerical technique for on-line and off-line compensation of the compliance errors caused by
external loadings in parallel manipulators (including over-constrained ones) with perfect and non-
perfect serial kinematic chains. In contrast to previous works this technique is based on a non-
linear stiffness model that gives essential advantages for robotic-based machining, where elastic
deflections can be essential.

In general, the obtained results contribute to the area of non-linear stiffness modeling of serial and
parallel manipulators and give a robotic designer a useful tool allowing to estimate reasonable limits in
minimization of link geometry (cross-section, in particular) in order to avoid potentially dangerous phenomena
in the manipulator stiffness behavior under external and internal loadings.
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