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Abstract

In this paper, we propose an a posterior: error estimator for the numer-
ical approximation of a stochastic magnetostatic problem, whose solution
depends on the spatial variable but also on a stochastic one. The spatial
discretization is performed with finite elements and the stochastic one with
a polynomial chaos expansion. As a consequence, the numerical error results
from these two levels of discretization. In this paper, we propose an error
estimator that takes into account these two sources of error, and which is
evaluated from the residuals.

Keywords:

Residual-based a posteriori error estimate, stochastic partial differential
equation, finite element method, polynomial chaos expansion, stochastic
spectral finite element method.

1. Introduction

Nowadays, numerical simulation is often used to predict the behavior
of physical systems. The mathematical equations describing the physical
phenomena under consideration are solved by using a numerical method such
as the Finite Element Method (FEM). The input data of the numerical model
are usually defined as the dimensions of the device, the behavior law of the
materials and the sources. The information on these input data is available
with some uncertainties due to several factors such as the imperfections of
the manufacturing processes, the ageing of the material or the influence of
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the exterior environment. As long as the error due to the approximation is
large enough, the impact of the uncertainties on the output results can be
considered as negligible, leading to a deterministic problem. Nevertheless,
this assumption is no more always valid because of the high reduction of
the numerical error due to the progress in the numerical analysis domain
and to the increasing capabilities of the computers. Therefore, for a better
description of the realistic physical system, the uncertainties of the input
data have to be taken into account.

A probabilistic approach [2, 6, 7, 18, 20] is one possibility for accounting
for uncertainties on the inputs and to characterize their influence on the
outputs. In this approach, the uncertain quantities are modeled by random
variables (or random fields). There are two steps to be followed. The first
step consists in modeling the input data by random variables (or random
fields) with known probability density functions. In the second step, these
uncertainties are propagated through the numerical model to quantify their
effects on the outputs. Many methods are proposed in the literature to deal
with this second step [2, 6, 7, 12, 13, 18, 19, 20].

In a stochastic problem, the solution of the mathematical equations de-
pends on the spatial dimension as well as the stochastic one. In [12, 13, 19, 20]
a spatial discretization using finite elements along with a stochastic dis-
cretization using polynomial chaos [29] is used to approximate the stochastic
solution. When the stochastic solution is approximated explicitly as a func-
tion of the spatial dimension and the stochastic dimension, the statistics of
the output response can be characterized easily in the postprocessing step.

The reliability of the characteristics of the output data depends obviously
on the accuracy of the approximated solution. In this paper, we are interested
in an a posteriori error estimation. This kind of error estimation (compared
to an a priori error estimation) is evaluated from the numerical solution and
does not depend on the exact solution, in particular on its regularity.

The analysis of the error due to the spatial discretization has already
been performed in the pure deterministic case. In [1], an error estimation
based on the gradient recovery method is proposed. The principle of this
method is that one can build an approximation of the gradient of the exact
solution from the numerical solution. The error estimation is obtained by
evaluating the distance between this approximated gradient and the gradient
of the numerical solution itself. Some techniques to build this approximated
gradient were proposed in [4, 30, 31].

In [24], the error estimation is based on the hypercycle principle (equi-
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librated error estimation) and evaluated from two admissible fields coming
from the numerical solutions of two complementary formulations.

In [3, 5, 8, 9], the error estimation is derived by solving the error equa-
tion with the right hand-side being a residual evaluated from the numerical
solution (implicit residual method). The equation on the error can be global
8, 9] or local [3, 5] and must be solved in a richer basis (finer mesh or higher
order of the shape functions).

In [10], the distance between the approximated value of a global quantity
(obtained from the numerical solution) and its exact value (obtained from
the exact solution) is estimated by introducing a dual problem. Both ap-
proximated and exact solutions of the dual problem are required. Actually,
the exact solution of the dual problem is replaced by another approximated
solution obtained using a richer basis.

In [27], an explicit residual method is proposed. This method is different
from the implicit residual method in that the error estimation is evaluated
directly from the residual. Therefore, the computational cost of the error
estimation is much smaller. However, the true magnitude of the real approx-
imation error is not available due to some non explicit constants appearing
in the development of this kind of error estimator.

Inspired by the above method for deterministic problem, some methods
have been proposed to deal with the stochastic case. In [17], due to the fact
that the approximated stochastic solutions obtained from two complementary
formulations are also admissible, an equilibrated error estimator has been
proposed. This error estimator provides a global estimation of the error but
does not allow to distinguish the spatial contribution from the stochastic one.

In [23], an error estimation based on the solution of a dual problem is
proposed. The interesting point in this paper is that for some initial non-
linear problems, the dual problem becomes linear. Therefore, the solution
of the dual problem needs much less time than the initial one. The error
estimation in [23] is also global and it is applicable only for the numer-
ical solution obtained by the Spectral Stochastic Finite Element Method
(SSFEM)[12, 19, 20].

In [28] an error estimator based on the implicit residual method is pro-
posed. A richer basis in the stochastic dimension is applied using polynomials
of higher order than the ones used for the solution. An error estimator eval-
uated from the stochastic residual and the mean value of the stiffness matrix
has also been proposed recently in [22]. These papers [22, 28] focus on the
stochastic error and the spatial error is assumed to be negligible.



In this paper, the explicit residual method in the deterministic case [27] is
extended to the stochastic case. Our purpose is to propose an error estima-
tion that splits the stochastic and the spatial errors. The paper is organized
as follows. In section 2, the functional spaces are defined. In section 3, we
define the deterministic magnetostatic problem, and the problem is extended
to the stochastic case. Some methods to approximate the stochastic solution
are briefly recalled. Section 4 is devoted to the derivation of the error es-
timator. We will show that the stochastic error can be bounded by a term
including the stochastic residual. Then, an estimation of the global error is
proposed where the stochastic and the spatial error are separated. In section
5, a numerical application illustrates the obtained theoretical results.

2. Functional spaces definition

We are interested in a magnetostatic problem defined in a polyhedral do-
main D C R? with uncertainties on the material behavior law. A probabilistic
approach [20] is used to take into account the effect of these uncertainties
on the output data. We introduce then the probability space (=, F,P) where
= is the set of elementary events, F' is a o-algebra on = and P is a prob-
ability measure. For a given vector of M independent random variables
£ = — OM c RM where M is a positive integer, we introduce also the
space V¢ of real functions defined in © :

Ve = {u| E[u?] = /@M |u(m)|2f£(x) dr < oo}, (1)

where E[u] is the expectation of the random variable u and f¢ the probability
density function of £, assumed to be defined. The dot product on V¢ is defined
by:

(ke = [ uta)ola) felo) da. &)

In [15, 29], it is shown that a set of polynomial chaos {U,| a € NM} defines
a basis of the Hilbert space Vg, meaning that all v € V¢ admits a unique
decomposition:

u(§) = Z UaVa(€) (3)
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with ue = E[u(§)¥4(€)] and N the set of natural numbers. For P € N* we
define a finite dimension sub-space Vgp C Vg by:

M
V¢’ = span {\Pa| a € Kp = (a1,q,...,ay) € NY| Zak < P} . (4)
k=1

Here, P denotes the order of the polynomial chaos. We denote L?(D) the
space of real scalar square integrable functions defined on D. We introduce
the functional spaces:

Ve = {u € L*(D) ; / lgrad u(z)|* dz < oo} :
D

sz{ué%; /Du(:c)dx:O}.

We denote by 7, a spatial tetrahedral mesh of the domain D which is
regular in the Ciarlet sense (that is to say that for each of the tetrahedra,
the ratio between its diameter and the diameter of its largest inscribed ball
is uniformly bounded). Here, the index h arising in 7, characterizes the ac-
curacy of the mesh, defined as the maximum value of all the diameters of
the tetrahedra in the mesh. The mesh is composed of ng nodes, n; edges,
ny facets and ng tetrahedral elements. We define the following discrete func-
tional spaces on Ty, [14]:

Vh = span{wy; ,i=1:ng}, (6)
Vhio — span{wg; ,i=1:ng,i# o}, (7)

ph {uEVﬂ /Du(x) dx:O}, (8)

where wy; is the usual first order nodal shape function associated with the
node ¢, and 7 is a given arbitrary node of 7. The tensorial functional space
is defined by the following way:

Ve ®@ Ve = {u| Yz € D, u(x,.) € Ve and V€ € OM | u(., &) € V,}. 9)

3. Magnetostatic problem

In this section, we first present the deterministic magnetostatic problem
and its numerical approximation by the Finite Element Method (FEM). It
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will be the starting point to derive our error estimator for the stochastic mag-
netostatic problem. We then introduce the stochastic magnetostatic problem.
Some numerical methods to deal with this problem are briefly discussed.

3.1. Deterministic magnetostatic problem

The deterministic magnetostatic problem is defined on a polyhedral do-
main D (cf. Fig. 1) where the permeability at point x is denoted by u(z).

o
4«

D u(x) Is(x)

Figure 1: Magnetostatic problem defined on the domain D.

The boundary of D is denoted by I'p. A stranded inductor is fed by a di-
vergence free current density J,. A source field Hy is introduced such that
curl Hy(z) = J4(z) Vo € D. In this paper, we suppose that this source field
can be written in the following form:

H,(z) = Z%’ wii(z), (10)

where wy; is the usual first order Nédélec shape function associated with the
edge ¢ of the mesh 7, [14] and v; € R, 1 < i < ny. The magnetostatic
problem is given by:

div B(z)=0,
{ curl (H(z) — Hy(z))=0, (11)

with the following constitutive laws between the magnetic induction B and
the magnetic field H:

B(x) = pu(x)H(z) Yz e D. (12)
Equations (11)-(12) are completed by the following boundary conditions:

B(z) -n(z) =0 onI'p. (13)



Now we introduce a scalar potential 2 [14] such that:
H(z) = —grad Q(z) + Hy(z). (14)
Then the problem (11)—(13) can be written as:

{ div (pu(z)grad Q(z)) = div (u(x)Hg(z)) in D,
p(z) (grad Q(z) — Hy(z)) -n(z) = 0 on I'p.

The corresponding weak formulation takes the form:

(15)

Find Q) € V,, such that for all A € V,, we have :

/ p(z) grad Q(z) - grad A\(z) doe = / p(z)Hy(x) - grad A(z) dz.  (16)
D D

Clearly, the solution of (16) is defined up to an additive constant and is not
reachable in the general case. Consequently, we look for an approximation
Q" of Q belonging to the discrete space V:

Find Q" € V! such that for all i, 1 <i < ng, we have :

/ p(z) grad Q" (z)-grad we(z) do = / w(x) Hy(x)-grad we;(z) de. (17)
D D

Once again, the solution of (17) is defined up to an additive constant. To
ensure the uniqueness of the solution, a gauge condition has to be imposed
(a value of the scalar potential at one point or its zero mean value on D
can for example be prescribed). However, let us note that the corresponding
magnetic fields

H=-grad Q+H, and H"=—grad Q"+ H,,
as well as the corresponding magnetic flux densities
B=yH and B"=; H"

do not depend on this chosen gauge condition. Many a posteriori error

estimations have been proposed in the literature to evaluate the error between
H, B and H" B" (see e.g. [3, 5, 8, 9, 24, 27]).



3.2.  Stochastic magnetostatic problem

In this section, we are interested in a stochastic magnetostatic problem
with uncertainties on the behavior law. The difference between the stochastic
and the deterministic cases appears only on the permeability value, which
is now supposed to be random. In the stochastic case, it is no longer a
deterministic function of the spatial variable x, but it becomes a random
field p(z,0) where 6 € Z is an elementary event. We assume moreover that
the permeability u(z, 0) can be explicitly expressed as a function of a random
vector £ (of independent random variables &;) with a joint probability density
function f¢, and that for each realization of £ the permeability 1 is constant
in each tetrahedral element T of the mesh 7;. We also assume that there
exist 0., € Rand pl,,. € R such that:

O < :ugnm < Mmm(‘r) < :u(x7€> < /Jlmam(‘r) < :ugnax v& € ®M7 VIS D (18>

The equations modeling the stochastic problem are very similar to (11)—(13),
except that the magnetic flux density, the magnetic field and the scalar po-
tential become now random fields and are expressed as functions of x and &,
namely B(z, &), H(x, &) and Q(z, £). The semi-weak formulation is given by:

Find Q € V, ® Vg such that for all £ € © and X € V,,, we have:

/Du(x,ﬁ) grad Q(z,€) - grad \(z)dz = / w(x, &) Hy(x) - grad A\(x) dz.

D

(19)

In the general case, the exact solution of (19) (defined up to an additive

constant) can not be evaluated analytically. In the literature, some numer-

ical methods have been proposed to approximate it [12, 13, 19, 20]. These

methods consist in looking for an approximation Q""" e VMo @ V{7 of Q
such that:

QU €)=Y Y Qawoi(z)Valf), (20)

aEKp i=1,iig

where U, is a polynomial chaos [15, 29] and €;, are real coefficients to be
determined. Let us denote that this choice of Q%°-f means that the value
of QMo-P at the node iy is equal to zero. Two kinds of methods allowing to
determine €2;, can be considered, namely non intrusive ones and intrusive
ones. Concerning the non intrusive methods (see [11, 13] and the references



therein), for a given ) € N* the coefficients €2, are defined by:

Q
Qie = Y wi W (&) Valéy,). (21)
k=1

The evaluation of coefficients ;4 in (21) requires @) evaluations of the scalar
potential at node i: QF(&,), k = 1 : Q at special points &,. wy denotes the
associated weight with the point §,. Consequently, () deterministic problems
corresponding to the cases of deterministic permeability p(z, ;) have to be
solved.

Concerning the intrusive method (SSFEM method, see [12, 19, 20]), the
coefficients (2;, are determined by using the Galerkin projection:

. / u(z, €) grad Qo7 (z,€) - grad wy(x) d %(9}
D

(22)

= E /D,u(:c,ﬁ) H,(z) - grad w;(z) dz ‘I’a(f)l ;

with ¢ = 1 : ng\ip, @ € Kp. Equation (22) leads to a linear system of
dimension (ng—1) X P,,; where P, is the cardinality of Kp and the solution
is the set of the coefficients (x4,

[E[Va,(§) Ve, (OAQ)] - [E[Va,(§)Va,

out

(£)A€)]] [Qex,]

B[Va, (©)Va(@©A©]] - [Elay (6o (OAE)]] |[Qar, ]
E[8(6)74(€)])

= : : (23)
E[B(&) T, ()]

The matrix A(&), the vector B(&) and the vector Q,, i =1 : P, are written
in the following form:

A, = /D,u(x, &) grad woi(x) - grad wy(z) dz, (24)
B = [ ne L) grad wn(z) de. (25)
Qo = Qpa (26)



with k =1:ng, k#ig, L =1:ng, | # .

In the following section, we propose a residual based a posteriori error
estimator which allows us to estimate the error between the solution §2 of
(19) and its approximation Q""" given by (20) .

4. Error estimation

4.1. Definition of the errors
We first introduce 90 such that

/ p(z, €) grad Q"0 (z,€) - grad wy;(v) do = / p(z, &) Hy(x) - grad wy, dx
D D

(27)
Vi=1:ng, i # iy, V& € OM where Q"o € Vo @ V is given by:

QMo (g, €) = Z Q:(&) woi(z (28)

i=1,i#i0

The field Q"0 (x, €) is not explicitly available because the terms €); are not
real coefficients any more but unknown function of random variables. In this
section, we first consider the error between Q"0F given by (20) and Q"o
given by (27)-(28), namely the stochastic error, which is defined by:

6?150(5) - / lu(xvg) |grad €5t0(2§',€)|2 de’, (29)
D

with ‘ '

Esto(, &) = QMO (2,€) — Q"0 (2, ). (30)
Then, we consider the error between Q" and €2, namely the global error,
given by:

&2, (€) = /D (. €) [grad eg(z, €)* da, (31)

with ‘
Egto(,€) = Q" (2, ) — Q(x,8). (32)
We denote Q° € V? ® V; such that for all A € V,, and £ € © we have:

/D u(x, €) grad 9z, &) - grad A(z) dz — /D iz, €) Ha () - grad A(z) da.
(33)
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Similarly, we denote Q" € V"® @ V; such that for all i = 1 : ny and € € OM
we have:

/ w(z, &) grad Q" (z, €)-grad wy,(z) do = / p(x, &) Hy(x)-grad we;(x) du.
D D

(34)
The existence and uniqueness of QY and Q"° have been proved in [26]. Since
0% and € are equal up to an additive constant, they lead to the same magnetic
field: grad Q°(z, &) = grad Q(x, £). For the same reason, Q" and Q" lead
also to the same magnetic field. We also introduce Q"F € Vo g Vgp defined
by:

QOF (1, €) = QP (i £) — [ QhoP(z€) da. (35)
Dl Jp
Clearly, we have:
() = [ (w8 lgrad 2o ) do (36)
D
and
ezm(ﬁ):Z(/;A4135)|grad-5Qw($,§)f dz, (37)
where
elio(1,€) = QP (2,€) — Q" (2, ) (38)
and
() = OOP (1, 6) — (1, £). (39)

4.2. Stochastic error estimator
Definition 1. The stochastic estimator 10, is defined by:

Meto(€) = T'(€)Ag 'x (€), (40)

where (&) is the residual vector term given by:

r(&)]; = /DM(%é)grad Qo (2, €) - grad wo(z) da

—/ w(x, &) Hy(z) - grad wo;(z) dx (41)

D

for all 1 < i <mng, i+# iy, and Ag is the mean value of the stiffness matriz:
Ao = E[A(E)], (42)

with A defined in (24).
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The purpose of this subsection (see Theorem 1 below) is to prove the
equivalence between the stochastic error (29) and the estimator (40). In
order to do it, two lemmas are first established.

Lemma 1. The stochastic error eg, defined in (29) can be written in the
following form.:

e20(€) = ' (E)AT(E)r(). (43)
Proof. Let us define the vector e(§) such that
[e(§)]; =€), i=1:ng, i# 1o, (44)
where
acKp

with Q. defined in (20) and Q; defined in (28). From the definitions (24)
of A(¢) and (44) of €(£), the definitions (20) of Q"F and (28) of QM0 as
well as the weak formulation (27) associated to the definition (41) of r(§),
we obtain:

A(&)e(§) = r(§). (46)

Then, substituting (20) and (28) in (29) and using the definitions (45) and
(24), we have:

ci0(&) = €' (€)A(£)e(8). (47)
(43) is a direct consequence of (46) and (47). O

Lemma 2. Let us denote Ai(§) and As(€) the two matrices of dimension
(ng — 1) X (ng — 1) such that:

[A4]; (&) = /Dul(:c,f)grad woi(x) - grad wo;(x) dz,

(A, (€) = /D pa(z, €)grad wyi(z) - grad wo(z) dz,

with 1 S { S Nno, [ 3& iO; 1 S .] S N, J 3& 7;0 and 0 < /’Ll(x7£> S /'LQ('/E?g) fOT
allz € D, and € € ©M. Then we have:

r'(€)A; (O)r(€) < r'(€)AT(E)r(E), VE € OV, (48)
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Proof. Let us denote

e2(&) = Ay (€)r(8), (49)
As(f) = A2<€) - Al(ﬁ)- (5())
First,
r' (A1 (E)r(€) = e5(&)As(€)ea(E). (51)
Since
r' (€) A7 (€)r(€) = e5(&)AS(E) AT (E)Ax(E)ea(8), (52)
we have

r'(§)ATH(E)r(€) = 5(€)(AL(E) + AL(€)) AT (E)(AL(E) + As(€))e2(€)
= e5(&)A1(€)ea(€) + 2e5(&) As(§)ea(§) + eh(§) AL(E) AT (E)As(£)ea(8)
= e5(€)Aa(€)e2(€) + eh(€)As(€)e2(€) + eb(§)AL(E) AT (§)As(€)ea(€)
= ' (§) A5 (E)r(€) + e5(€)As(€)e2(€) +e5(§)A5(E) AT (€)As(€)ea(€). (53)
(48) is deduced from (53), due to the facts that the matrix A;' and the
matrix Az are semi positive definite. O

Theorem 1. Let us denote

E
ko = maxX,ecp (M> (54)
Nmin(x)
and -
ky = mingep ( [“(“”5”> . (55)
NmaX(x)
Then,
kl ngto(g) < 6?150(5) < kQ 7752,1?0(5)' (56>
Proof. (56) is deduced by using Lemma 1, Lemma 2 and the definition of Ag
in (42). O
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Here, one can notice that the coefficients k1 and ks can be evaluated ex-
plicitly. In practice, the ratio ko/k; is in the order of some units. Then, the
ratio between the upper bound and the lower bound of the stochastic error
is also in the order of some units. Furthermore, the estimation (56) does
not depend on the choice of the stochastic approximation basis (even if the
polynomial chaos are used in this paper to illustrate the approach) and on
the uncertainties propagation method (non intrusive or intrusive one). It can
also be used for the case of wavelet decomposition for example [21]. How-
ever, the error estimator requires the computation of the term r*(&)Ay'r(€)
that might be numerically expansive. By the way, as the matrix Ag is de-
terministic, some techniques can be used to calculate this term (triangular
decomposition of Ay if the memory system allows the storage of the triangu-
lar matrices, or performing a super pre-conditioning on the matrix Ay).

We are now interested in estimating the global error defined by (37).
In the following of the paper, the constant C' denotes to a generic constant
independent on the mesh 7y, on the exact solution Q(z, £), and on the degree
of the polynomial chaos P.

4.8. Reliability of the global error estimator
Definition 2. The global estimator 1y, is defined by:

Nglo(§) = ‘//% ( > /F he [, €)(grad QoF (z,€) — H,(x))]* ds

2

+ Z /th ‘,u(a:,ﬁ)(grad Qhio-F (1 €) — Hy(x)) - n(ac)‘2 ds>

FeAp
MO
+ k’2 'ur(;la‘mx 775t0(€>7

(57)
where [p(z, €)(grad Q"o (z,£) — Hy(x))] ,, denotes the jump of the normal
component of u(x,€&)(grad Q"o (z &) — Hy(z)) through the facet F, and
A, and A are the set of facets respectively located inside the domain D
and on the boundary of the domain I'p.

The purpose of this section (see Theorem 2 below) is to prove the reliabil-
ity of the estimator (57). In order to do it, five lemmas are first established.
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Lemma 3. Let us denote lle'(x,€) € VI the Scott-Zhang interpolation of
€u0(T, &) € V. [25] defined in (39):

no

ey, (r,€) = Z ai(§)woi(z), (58)

i=1

where the dependency of a;(§) in €,(x,§) is described in section 2 of [25].
Then we have :

€210(€) = Egio1 (&) + Egioa(£), (59)

where:

Eglol (S) = /I)M(xa g)grad QhO’P(xv f) ’ grad (s/glo(xa €) - Helglo(‘ra 5)) dx

- /D (e, €L (z) - grad (), (. €) — Tl (x, £)) du,

(60)
and

EgloQ(E) = \/D,u<x’ E)grad (Qh07p(xv é) - Qho(w7 E)) ) grad He;lo($7 E) dx.
(61)

Proof. From the definitions (37), (39) and the formulation (33) we have:

2,(6) = /D u(r,€)grad QP (2. €) - grad &), (. ) du

(62)
~ [ e 1) - grad ey (r.€)do
D
Since Ile,(x,£) € V', from (34) we can deduce that:
| e €)grad 9(s,¢) - grad Nl (v, &) do
D
— [ e OHL(0) - grad 1), (2. €) dr (63)
D
(59) is deduced from (62) and (63). O
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Lemma 4. We have:

0
/ u(x, €)|grad TIe), (v, &) do < CFmax / iz, &) grad & (z,€)[? d.
D min J D
(64)

Proof. From corollary 4.1 in [25] with [ =m = 1, p = 2 we can deduce that:

/[v) ’grad HE;IO($,£)|2dI' < ¢ (/[v) ’grad €;lo('x7€>|2d$ + /; ’EIglo<x7£)‘2d'x) :

(65)
We can notice that

[ el grin= [ (@@ - 2@ e)d =0 (60)

Then, applying the Poincaré inequality we have:

/yeg,o |2dx<C’/ grad ¢, (z,€)[ dr. (67)

From (65), (67) and (18), (64) is established. O

Lemma 5.

Z/ 1‘eglo Zz € 1_[Eglo(x €)|2d8

FeA

3 [ hitlegte € - T (w0 do (c8)

TeTy,

< C/ |grad s;lo(x>€)’2 d.fE,
D

where A and T, are respectively the set of facets and elements of the mesh
T and hg, hy are respectively the diameters of circumscribed circle of the
facet F' and of circumscribed sphere of the element T

Proof. From corollary 4.1 in [25] with [ =1, m = 0, p = 2, and using (67)

we can deduce that:

Z / 2|€glo T E) Hsglo(x E ’2 dx < C/ |grad Eglo(l‘ €>|2 dx.

TeTy,

(69)
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By using Lemma 4 in [25] we have:

hr |€lglo<x7 5) - Hs;lo(x7 5)’2 ds

Fr

< ([ leinte.&) N @ )P do (70)

+16 [ lgrad (e,,€) ~ Tle (o.€))d),

where Fr is the set of the four facets belonging to the element 7. By using
(69) and (70) we obtain:

Z h;l/}7 |€lglo<$7€) - Hslglo(xvﬁ)’2 ds

TGTTh

Y / €, €) — el (2, &) (71)

TGTTh

< C [ Jgrad & (o) dr
D

Inequality (68) is deduced from (71) by the fact that hy ~ hp , using the
regularity of the mesh 7. O

Lemma 6.

Eglol (f) <

Cenl€) (|53 [ e [no.€)(erad 20 (0,€) ~ H(@))]} ds

min FeAin

£ 3 [ el ©)erad 97 (0.6) = H(@) - n(o)f )%

FeAp

(72)
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Proof. By applying the Green formula, we obtain:

Eglol (5) =

3 / (2, €)(grad Q" (z,€) — H,(2)) - n(z) (€}, (z, €) — lle!, (x, £)) ds

Telr,

+ 30 [ div (ue,€)(grad 207 (5,) — H(0))) (€, €) — Tl (1. €)) d

TeTr,
(73)
By using the assumption that the permeability u is constant in each element
T of the mesh Tj, and (10), we can deduce that:

div (p(z,€)(grad Q" (2, &) — Hy(z))) =0 Va € T. (74)

By splitting the first term of the right hand-side of (73) on the facets in a
boundary contribution and an inner contribution, we obtain:

Eglol (5) =

> [ (o€ arad 97 (2. €) ~ HLa)] s (€. €) ~ e (o) s

FeAin

+ 3 [ o )(grad 97 (2.€) ~ H(a)) - (o) el ) — el ,) ds
FeAgp
(75)
Consequently, we deduce from the Cauchy-Schwarz inequality that:

9l01 {Z/ glo T 5 HE;lo<x7€))2 dS}
FeA

2

{FZA /hF (z,€)(grad Q""" (z, &) — Hy(x))], ds (76)

N|=

N

+ Z /hp|u z,€)(grad Q"F (2, ¢) — H,y(z ))-n(x)|2 ds}

FEAB

18



By using Lemma 5 we obtain:

2

Bya(€) = € { [ lgrad el (o, 6) o}

2

’ {Z [ e [l €)(grad 07 (@6~ @] ds

+ Z /th \u(z, &) (grad Q" (z, &) — Hy(x)) - n(95)|2 ds} :

FeAp

We can notice that:

2 1 2
[ lerad ey (e dr < —5— [ p(a.€) ferad e &) dr, (79

so that we can deduce (72) from (77) and (78). O

Lemma 7. We have:

0
Fgon(€) < Cy /22 (€)e(€). (79)

min

Proof. By using the Cauchy-Schwarz inequality, we obtain:

Eyun(€) = /D u(r, €)grad (O (z, £) — " (x,€)) - grad 1!, (. £) de

— [ e €grad el (2,6) - grad Tej (a.€) ds
D

< ( [ e €gra e;to<x,s>|2da:)2 ( | wte.)lgrad Hs’glo(f%ﬁ)’Qda?)z
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By using Lemma 4, we obtain:

0 3
Buos(€) < €y P ( / u(, €)|grad emu,s)\?dx)
D

min

< ([ nte.©lerad e o)) (81)

10
= C El_;.a,x esto(s)eglo(g)‘
Theorem 2. By defining e2,,(§) in (37) and 1n2,(€) in (57) we have:

eglo(s) S Cn;lo(g) (82>

Proof. From Lemmas 3, 6 and 7 one can deduce that

cal€) < Oy 2o (Z [ e [, €)(grad 27 (0,) ~ H ()] ds

+ Z /hp}uxﬁ )(grad Q"7 (z, &) — Hy(x ))~n(x)2ds>

FeAp

0
Hmax
+ 0 ] €sto (E) .
(83)

By using Theorem 1, we can deduce

egio(§) < C4[—5 o (FEXA: / he [p(z, €)(grad Q"F (2, &) — Hy(z ))E ds—+

Z /hF |1u(z, €)(grad QMO (g &) — Hy(x) -n(:v)‘2 ds)

FeAp
/JJO
+ k2 Mgléx nsto(E)-

(84)

=
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Then, (82) is deduced by using the definition (57), due the fact that
grad QMoP(z ¢) = grad Q"OF(x, €). O

One can notice that the global error estimator 7%, defined in (57) can be
divided in two parts. The first part related to

) = 3 /F e [, (g 290, €) — H () ds

FEAin

+ 3 [ b e, €)(grad 970 (2,) ~ H(a) - n(a)* ds
Feag Y F

(85)
evaluates the discontinuity of the normal component of the magnetic flux
density at the interior facets of tetrahedral elements, and the verification
of the boundary conditions. This part represents so in some way the error
coming from the spatial discretization and is called the spatial part of the
estimator. The second part related to

Moo (€) = ' (€)Ag 'x(€) (86)

represents the error coming from the stochastic discretization, so called the
stochastic part of the estimator.

4.4. Efficiency of the error estimator

In this section, following the work [27], we aim to prove the local efficiency
of the estimator (57).

Lemma 8 (Bubble functions). For a given facet F' of the mesh Ty, we
introduce y(F') the set of elements having F as a facet (y(F) contains 2
elements if F is an interior facet and one element if F is located on the
boundary of the domain D). The facet bubble functions (see [27]) Yp(x) :
Y(F) +— R vanishes on all facets excepting on the facet F' and is non zero in
the interior of y(F). Let G% be a polynomial functional space defined on the
facet F whose order is lower than k.
We have, for any v € G%.:

c /F V2 (x) ds < /F bp(2)?(x) ds < C /F V() ds, (87)
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Moreover, there exists an extension U of v to y(F) such that:

h;2\/ /7 PR dx+h;\/ /V | (Brad W)()) 2dr < C /F 7

Proof. See [16].

Lemma 9. We have:

L (&) < Cegnl®).

0
Hmaz

Proof. For any v € V, ® V¢ by using (33), we can deduce that:

/D (e, €)grad €, (v,€) - grad v(z, €) dz

= / w(z, &)grad Q"F (z, &) - grad v(z, €) da
D

_/D,u(x,g)Hs(x) -grad v(z, &) dz.

By applying an integration by part, and due to (74), we obtain:

/D i, €)grad e, (v,€) - grad v(z, €) d

_ /FEAMRF(J;,@U(JJ,QdS—I—/ Rz, €)v(x, &) ds,

where
Rp(z,€) = [pu(z,&)(grad Q"F(z,£) — Hy(z))] ,

and
Ry (z,€) = p(x, €)(grad Q"7 (z,€) — Hy(x)) - n(x).

(x) dx.

(88)
O

(89)

(90)

(91)

(92)

We are first inter_ested in an interior facet F'. We can notice that 1/J_FR r can be
extended to ¥ Rp defined on the whole doma_in D where ¢Yp(z)Rp(z, &) =0
if = is located outside of v(F') such that ¥ rRp is piecewise polynomial and
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globally continuous on D. Then ¢ rRp € V, ® V. By replacing v in (91) by
YrpRr we obtain:

/ e Ehgrad (0. €) grad (Ve r(e. ) e (93)

_ /F Ri(, €)dr(2)Re(x, €) du. (94)

By applying the Cauchy-Schwarz inequality, we obtain:

/(F) n(z, §)grad €, (z,§) - grad (Yp(2)Rp(x,€)) dx

< ( [t )lerad e;lo<x,£>12dx)2 (95)
Y(F)

1

< / | Ho)lgrad (e Fr . €)F i)

We can also notice that for each value of &, Rp(-,€) € GL. Therefore, by
applying (87) and (88) we obtain:

/ . €)lgead ()T (e, ) ds

< ne(g) / |, lBrad (W (@R (e, €)de < Chi iz (€ /F R (e.€) ds
' (96)
and:

/F R (2,€)ds < C /F R (2, €)or () Re(x, €) ds. (97)

where p/%*(€) is the maximum value among the two permeabilities of the

two adjacent elements of y(F'). From (94), (95), (96) and (97) we can deduce
that:

e [ s < [ e lerad g (P dr 99

3 Y(F)
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Considering a facet F’ located on the boundary of D, by using the same
arguments, we can obtain:

1
pr(€)
where T'(F") is the element having F” as facet and pr (&) is the permeability
in the element 7. From (98), (99) and (85) and due to the fact that the

permeability is bounded (see (18)) and grad Q"F(z, &) = grad Q"0 (x, £),
Lemma 9 is proved. O

[ iR ds <o / - Elerad € O de, (99)

Lemma 10. We have:

V klnsto(é) < eglo(g)' (10())
Proof. We can easily deduce from (19) and (34) that:

€ai0(&) = €aro(€) + /[)M(I,E)\grad (Q"(x,€) — Q(x,€)) da. (101)

We conclude the proof by using Theorem 1. O

Theorem 3.

Vo) + /Moinsm@) < Celt). (102)

Proof. Direct consequence of Lemmas 9 and 10. O]

5. Numerical example

We now perform some numerical simulations to underline the estimator
behavior. We are interested in the following magnetostatic example. The
domain D is splitted into 5 sub-domains with the relative permeabilities
to =1, 1 = pe = 1000, and pg and py are two independent uniform random
variables defined in the range [600 - 1400]. This test is a benchmark allowing
to illustrate our theoretical results. Nevertheless, in real cases, the number of
random variables should be significantly larger. The current |J4| is imposed
equal to 1A. We use the SSFEM method associated to Legendre polynomial
chaos expansion with the scalar potential formulation [19, 12] to solve this
stochastic problem. In the SSFEM method, the obtained solution depends
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Figure 2: Stochastic magnetostatic problem.

on the spatial mesh size parameter h as well as on the order of the polynomial
chaos and the accuracy of the solution of the linear system (23). Therefore,
the numerical error also depends on these three factors. Here, the system (23)
is solved by a conjugate gradient method and the accuracy of the numerical
solution of (23) is evaluated by a stopping criterion R based on the residual of
(23). We are interested at first in the mean value of the stochastic error with
a fixed mesh of 2617 nodes (Fig. 3). With a given numerical solution Q"-

Figure 3: Mesh with 2617 nodes.

the mean value of the stochastic estimator (40) is compared to the mean
value of the stochastic error approximated by the Monte-Carlo method with
1000 samples which process is described in Fig. 4. In Fig. 5 (similar to
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Eh=1:N | u(x,&) > Q"(x.&)

Random generation of the Solution of deterministic
input data problems 1

2

u(x, ‘fk )E grad(gmo..ﬂ(x’ 5& )= th(x, ‘fk )| dx

e,,($,)= j

Approximation of the
stochastic error

N

Elen(§)] =5 Y en(6)

k=1

Figure 4: Mean value of the stochastic error obtained by the Monte-Carlo method.

Fig. 3 in [22]), we plot the evolution of the mean stochastic estimator (40)
and the stochastic error estimated by the Monte-Carlo method (see Fig. 4)
as a function of the order of polynomial chaos and of the accuracy of the
solution of the linear system (23). From Fig. 5, some informations can be
deduced : 1. The estimator and the approximated stochastic error obtained
by the Monte-Carlo method are very close. 2. While the accuracy level
of the solution of the linear system (23) is low (R is upper than 10~ in
Fig. 5) the stochastic error is the same with different orders of truncated
polynomial chaos decomposition. 3. While the accuracy level is high enough
(R is lower than 10~* in Fig. 5) a higher order of polynomial chaos yields a
smaller stochastic error. 4. With a given order of polynomial chaos, when
the accuracy level increases, the evolution of the stochastic error decreases
up to a given value before being stable (log(R) = —6 with order P = 2 and
log(R) = —8 with order P = 4). Then, it is wasteful to increase the accuracy
level of the solution of the linear system (23) beyond these points.

We are interested now in the spatial estimator (85). The order of the
polynomial chaos is fixed equal to 4. At first, we use the mesh presented
in Fig. 3. Then, the obtained numerical solution Q¥ depends only on
the stopping criterion R of (23). For each value of R, the mean value of
the spatial estimator (85) and of the stochastic estimator (86) are evaluated.
In Fig. 6, we plot the evolution of the mean value of spatial estimator in
function of the mean value of the stochastic estimator. One can notice that
when the stochastic estimator is small enough (1072 in this example), with
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Figure 5: Stochastic estimator and estimated stochastic error in function of order of
polynomial chaos and of the stopping criterion R.

10gE(’7spa) £
-3.3

-logE(#510)

Figure 6: Spatial error estimation in function of stochastic error estimation .

a given mesh, the mean value of (85) seems to be stable. The stability of the
mean value of the spatial estimator can be explained by the fact that when
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the stochastic error is small enough, we can consider that:

2

Z / he [p(z, €)(grad Q" F (z,€) — H,(z))], ds

+ 3 [ he (o€ grad 90 (5,€) - H()n(a))” ds
(103)

> [ be e, €)(rad 9"(e.€) - H(@)]; ds

FGAin F

Q

+ Z /th (u(x,{)(grad Qo (2, €) — HS(:zc))n(x))2 ds.

FEAB

The right hand side of (103) only depends on the mesh and it can be shown
8] that the right hand-side of (103) is an equivalent measure of the spatial
error evaluating the distance between grad Q" (z, £) and grad Q(z, €).

We are finally interested in the numerical solution Q%0-" obtained by
using the different meshes. In Fig. 7 we can notice that with a given order
of polynomial chaos (P = 4) and a given R, the stochastic estimator (86)
depends on the mesh because Q%" and Q"0 are mesh dependent. However,
when the stopping criterion R is small enough, it seems to be independent
on the mesh (the lowest curve in Fig. 7). Figure 8 represents the evolution

logE(#:) o

T T T T

-&-log(residue)=-4 1 I
A-Iogﬁresidue =-6 s !

s ©-log(residue)=-8[ =~ "4~~~ T g— """

log(number of nodes)

Figure 7: Stochastic error estimation in function of number of nodes, order of polynomial
chaos P = 4.
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Figure 8: Spatial error estimation in function of of number of nodes.

of the mean value of the spatial error estimator (85) as a function of the
number of nodes of the mesh and of the value of R. One can notice that
the mean value of the spatial estimator depends only on the mesh and is
almost independent on the approximation in the stochastic dimension since
the error does not depend on the value of R.

6. Conclusion

In this paper we have presented an a posteriori error estimation for a
stochastic magnetostatic problem. The error estimator is decomposed into
two terms, one depending on the stochastic discretization and one depending
on the spatial discretization and on the stochastic discretization. Neverthe-
less, we have observed on the example that the last term depends only on the
spatial accuracy provided that the approximation in the stochastic dimension
is sufficiently accurate.

The residual-based error estimator has been developed for an approxi-
mation in the stochastic dimension based on a truncated polynomial chaos
expansion. The strategy can also be applied for other kinds of approxima-
tion spaces based on wavelets or piecewise polynomials for example. The
proposed error estimator can be used to compare the accuracy of the dif-
ferent approximation spaces and numerical methods by evaluating the two
parts of the estimator (spatial and stochastic one). It enables also to make a
relative comparison in terms of accuracy between the spatial errors and the
stochastic errors.
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