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Abstract: Mesh-based solution of 3D models defined in plate or shell domains remains a challenging
issue nowadays due to the fact that the needed meshes generally involve too many degrees of freedom.
When the considered problem involves some parameters aiming at computing its parametric solution
the difficulty is twofold. The authors proposed, in some of their former works, strategies for solving
both, however they suffer from a deep intrusiveness. This paper proposes a totally novel approach
that from any existing discretization is able to reduce the 3D parametric complexity to the one
characteristic of a simple 2D calculation. Thus, the 3D complexity is reduced to 2D, the parameters
included naturally into the solution, and the procedure applied on a discretization performed with a
standard software, which taken together enable real-time engineering.

Keywords: dynamics; non-intrusive PGD; in-plane-out-of-plane separated representation; parametric
dynamics

1. Introduction

The finite element method (FEM) remains the major protagonist of SBE (Simulation Based
Engineering). It is largely considered for performing three-dimensional (3D) analyses, however the
number of degrees of freedom that certain models involve compromises the solution efficiency. That is
the case of problems defined in plate or shell domains, where the mesh size is almost determined by
the domain thickness and the material and/or solution details to be represented.

The enormous number of degrees of freedom that such models involve makes the use of traditional
discretization techniques difficult. A possibility to circumvent such difficulty consists of reducing
the model complexity. In this sense simplified descriptions can be derived by introducing adequate
kinematic and mechanic hypotheses, leading to usual shell, plate or beam theories.

However, when inelastic behaviors occur, some of them implying localization, or for complex
microstructures (e.g., foams or architectured materials and metamaterials), usual hypotheses fail,
and the 3D descriptions become compulsory locally or globally.

Another valuable route proposed in our former works relies on the use of separated
representations within the Proper Generalized Decomposition (PGD) framework. The interested
reader can refer to [1] for a primer and [2] for the use of PGD in the solution of parametrized problems.
As PGD considers a separated representation of the solution, the computational complexity reduces
to the one of the variables involved in the separated form. Thus, if a generic problem involving the
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unknown field u(x, y, z) is defined in a hexahedral domain, one is tempted to express the problem
solution in the separated form

u(x, y, z) ≈
N

∑
i=1

Xi(x)Yi(y)Zi(z), (1)

and consequently the complexity reduces from the one characteristic of a 3D problem to the one
characteristic of the 1D solutions involved in the determination of functions Xi(x), Yi(y) and Zi(z).

When the problem is defined in a plate (or shell) domain Ω = Ωxy ×Ωz, with Ωxy ⊂ R2 and
Ωz = (0, H), the 3D solution can be expressed from

u(x, y, z) ≈
N

∑
i=1

Xi(x, y)Zi(z), (2)

and now the complexity reduces to the one associated with the solution of the 2D problems for
determining functions Xi(x, y), the computational complexity being related to the calculation of the
one-dimensional functions Zi(z) negligible with respect to the former.

When considering vector-valued fields, as the displacement field in the mechanical problems later
addressed, it reads

u(x, y, z) ≈
N

∑
i=1

Xi(x) ◦ Yi(y) ◦ Zi(z) (3)

where “◦” stands for Hadamard product (component to component), with Ω = Ωx ×Ωy ×Ωz.
The in-plane-out-of-plane separated representation of the displacement field defined in a plate

domain reads

u(x, y, z) ≈
N

∑
i=1

Xi(x, y) ◦ Zi(z) (4)

with Ω = Ωxy ×Ωz.
In-plane-out-of-plane separated representations have been applied to solve elastic problems

defined in plate [3], shell [4], extruded domains [5], multilayered composite structures [6,7], and were
extended to cover many other physics: the solution of thermal problems [8]; the solution of the
Navier–Stokes equations [9] and the simulation of heat and mass transfer [10]; the squeeze flows of
Newtonian and non-Newtonian fluids in laminates in [11], among may others.

However, the just referred separated representation becomes strongly intrusive with respect to
existing structural mechanics softwares. In a recent work [12], authors proposed a variant, able to
reduce the computational complexity as well as its implementation intrusiveness. For that purpose,
instead of the usual process of applying variables separation and then proceeding to the problem
discretization, authors proposed to discretize, in a usual FEM sense, and then enforce the variable
separation for solving the algebraic system resulting from the discretization.

The objective of this paper is to move a step forward, to extend such a non-intrusive approach to
parametric elastodynamics, where the real-time evaluation of the structure response for any possible
loading, while considering the structure or the material composing it, defined from a series of
parameters, constitutes an excellent tool for enabling safer designs as well as for real-time motoring
and active control. The real-time evaluation of dynamical responses is possible as soon as a parametric
solution of it, involving parameters describing the structure, the materials composing it and the
loading, is available. In the preset work, that parametric solution is computed in a non-intrusive
manner, by using any well experienced numerical discretization method and commercial solver.

The paper is organized as follows: Section 2 revisits the non-intrusive formulation of the
in-plane-out-of-plane separated representation, that allows reducing the computational complexity as
well as the intrusiveness of the standard PGD procedure. In Section 3, the non-intrusive formulation
is implemented to address parametric elastodynamics. Section 4 proves the benefits of the proposed



approach through a numerical example, before addressing the main conclusions of the work in the
last section.

2. Methods

2.1. Non-Intrusive Formulation of the In-Plane-Out-of-Plane Separated Representation

In what follows the in-plane-out-of-plane decomposition for solving 3D problems based on
a non-intrusive approach is cosidered. The domain is expressed from Ω = Ωxy ×Ωz with (x, y) ∈ Ωxy

and z ∈ Ωz = (0, H), and the separated representation of the displacement field u = (u, v, w) reads

u(x, y, z) ≈

 u (x, y, z)
v (x, y, z)
w (x, y, z)

 =
N

∑
k=1

 X k
u (x, y) · Z k

u(z)
X k

v (x, y) · Z k
v(z)

X k
w(x, y) · Z k

w(z)



=
N

∑
k=1

Xk(x, y) ◦ Zk(z), (5)

where vectors Xk are composed by the functions involving the in-plane coordinates (x, y) while Zk

involves the thickness coordinate (z). This formulation seems again the most appealing route for
addressing 3D discretizations while keeping the computational complexity the one characteristic of 2D
discretizations. However, the use of the above separated representation into the discretization process
results in a very intrusive formulation. A new alterative formulation is proposed in what follows.

The elasto-static problem, within a fully 3D finite element formulation, leads to the algebraic system

KU = F, (6)

where F is the vector grouping the nodal loads, K is the stiffness matrix and U contains the
nodal displacements.

Now, a layered mesh is cosidered, composed of L layers along the thickness, with l = 1, · · · ,L,
each containing m nodes (defining the mesh of Ωxy). The nodal displacements vector on layer l, Ul ,
is expressed from

Ul = [u1,l , u2,l , . . . , um,l , v1,l , v2,l , . . . vm,l , w1,l , w2,l , . . . , wm,l ]
T . (7)

Thus, Equation (6) can be rewritten in the form
K11 K12 · · · K1L
K21 K22 · · · K2L

...
...

. . .
...

KL1 KL2 · · · KLL




U1

U2
...

UL

 =


F1

F2
...

FL

 , (8)

with the associated nodal forces written by

Fl =
[

Fx
1,l , Fx

2,l , . . . , Fx
m,l , Fy

1,l , Fy
2,l , . . . , Fy

m,l , Fz
1,l , Fz

2,l , . . . , Fz
m,l

]T
. (9)



2.2. Separated Representation Constructor

Now, taking into account the in-plane-out-of-plane separated representation given in Equation (5),
the layer displacements read

Ul ≈
N

∑
k=1

 P k
u · T k

u,l
P k

v · T k
v,l

P k
w · T k

w,l

 =
N

∑
k=1

Pk ◦ Tk
l , (10)

where 
P k

u =
[

Pk
u,1, Pk

u,2, . . . , Pk
u,m

]T

P k
v =

[
Pk

v,1, Pk
v,2, . . . , Pk

v,m

]T

P k
w =

[
Pk

w,1, Pk
w,2, . . . , Pk

w,m

]T

, (11)

with Pk =
[
P kT

u ,P kT
v ,P kT

w

]T
.

At its turn, 
T k

u,l = Tk
u,l [1, 1, . . . , 1]T = Tk

u,lI
T
m

T k
v,l = Tk

v,l [1, 1, . . . , 1]T = Tk
v,lI

T
m

T k
w,l = Tk

w,l [1, 1, . . . , 1]T = Tk
w,lI

T
m

, (12)

with Im the vector with m unitary entries and Tk
l =

[
T kT

u,l , T kT

v,l , T kT

w,l

]T
.

Now, it is assumed that at the n enrichment step, Un−1 is already known, and that now the
algorithm looks for the solution Un, that at each layer l = 1, . . . ,L reads

Un
l = Un−1

l + Pn ◦ Tn
l =

n−1

∑
k=1

Pk ◦ Tk
l + Pn ◦ Tn

l . (13)

2.2.1. In-Plane Update

When looking for the in-plane update, Equation (13) can be expressed as

Un
l =

n−1

∑
k=1

Zk
l Pk +Zn

l Pn (14)

with Zj
l = diag(Tj

l), for j = 1, . . . , n.
Thus, the nodal displacements vector Un reads

Un =
n−1

∑
k=1

Tk Pk +Tn Pn (15)

with Tj = [Zj
1, . . . ,Zj

L]
T .

Now, premultiplying Equation (6) by the transpose of the test function U∗ = TnP∗,
and introducing Equation (15), it results

P∗
T
[
TnT

KTn
]

Pn = P∗
TTnT

F− P∗
TTnT

K

(
n−1

∑
k=1

Tk Pk

)
, (16)



that, P∗
T

being arbitrary, leads finally to the linear system

[
TnT

KTn
]

Pn = TnT
F−TnT

K

(
n−1

∑
k=1

Tk Pk

)
. (17)

This procedure allows to compute vector Pn from Tn, by solving the linear system associated with
the in-plane 2D problem (17).

2.2.2. Through-The-Thickness Update

As soon as Pn is available, Tn
u,l , Tn

v,l and Tn
w,l must be computed, for l = 1, . . . ,L. For this purpose,

we first define matrices Pj = diag(Pj), j = 1, . . . , n, vectors Tj =
[

T j
u,1, T j

v,1, T j
w,1, . . . , T j

u,L, T j
v,L, T j

w,L

]T

and the m-components vectors Om = [0, · · · , 0]T and Im = [1, · · · , 1]T that at its turn allows defining
the m× 3 matrix C

C =

 Im Om Om

Om Im Om

Om Om Im

 , (18)

such that the following relation applies

Ul ≈
N

∑
k=1

PkC

 Tk
u,l

Tk
v,l

Tk
w,l

 . (19)

By defiining P̃k = PkC, and then the block diagonal matrix Pk from

Pk =

 P̃k 0 · · ·
0 P̃k · · ·
...

...
. . .

 , (20)

the global displacement reads

U ≈
N

∑
k=1

PkTk. (21)

At the enrichment step n, the separated representation of the displacement field reads

Un =
n−1

∑
k=1

Pk Tk +Pn Tn. (22)

Now, with the test function given by

U∗ = Pn T∗, (23)

premultiplying Equation (6) by the transposition of Equation (23) and using Equation (22), it results

T∗
T
[
PnT

KPn
]

Tn = T∗
T
PnT

F− T∗
T
PnT

K

(
n−1

∑
k=1

Pk Tk

)
, (24)

that due to the arbitrariness of T∗, it reduces to

[
PnT

KPn
]

Tn = PnT
F−PnT

K

(
n−1

∑
k=1

Pk Tk

)
, (25)



whose computational complexity scales with the number of nodes along the thickness.
Thus, the three-dimensional solution reduces to a sequence of two problems, the ones to compute

vectors Pk, with a complexity characteristic of 2D discretizations, and the one related to the calculation
of vectors Tk, whose complexity as just mentioned, is the one characteristic on a 1D discretization,
both making use of the standard FEM discrete form guaranteeing its minimal intrusiveness.

3. Problem Formulation

Non-Intrusive Parametric Elastodynamics in Layered Media

Let us consider the general discrete form of linear elastodynamics [13],

MÜ(t) + CU̇(t) + KU(t) = F(t) (26)

where M is the mass matrix, Ü is the acceleration vector, C is the damping matrix, U̇ is the velocity
vector, K is the stiffness matrix, U is the displacement vector and F is the external force vector.

Addressing fast transient dynamics can usually be accomplished using explicit integrations that
require satisfying stability conditions affecting the largest integration time-step ∆tmax, closely related
to the size of the elements involved in the meshM covering the domain Ω. Many robust integration
schemas exist and are widely employed, from the very popular Newmark [14] to more advanced
schemes able to preserve inherent mechanical properties [15].

In the context of model order reduction (MOR), in [16] authors proposed a POD-based reduced
order modeling (Proper Orthogonal Decomposition) operating in the time domain. Ladeveze and
coworkers proposed an extension of their radial approximation [17] for addressing mid-frequency
dynamics, the so-called variational theory of complex rays [18].

If damping vanishes, i.e., C = 0 (if it is not the case, it is usually assumed to be proportional,
C = a0M + a1K), and by moving to the frequency-domain through the Fourier transform F (•), and by
denoting f(ω) = F (F(t)) and A(ω) = F (U(t)), Equation (26) reduces to

−ω2MA(ω) + KA(ω) = f(ω). (27)

In what follows a layered medium consisting ofH material layers is cosidered, with a material
property µ varying from layer to layer, e.g., the elastic modulus, affecting only the stiffness matrix.
In these circumstances the global stiffness matrix can be expressed as

K(µ1, . . . , µH) = µ1K1 + · · ·+ µHKH, (28)

and the dynamical problem reads

−ω2MA(ω) + {µ1K1 + · · ·+ µHKH}A(ω) = f(ω), (29)

from which one is tempted to look for a general parametric solution in the form A(ω, µ1, . . . , µH).
The problem weighted residual form reads∫

Γ
A∗

T
(
−ω2M + µ1K1 + · · ·+ µHKH

)
A dΓ =

∫
Γ
A∗

T
f dΓ, (30)

with Γ = Ωω ×Ωµ1 × · · · ×ΩµH .
Following the rationale described in the previous section, the parametric in-plane-out-of-plane

separated representation concerns:



• The in-plane update at the enrichment step n uses

An =
n−1

∑
k=1

TkPkWk(ω)M1
k(µ1) · · ·+TnPnWn(ω)M1

n(µ1) . . . , (31)

with everything known except Pn.

By introducing the approximation (31) and its associated test function into Equation (30) (after this
last is integrated into Γ) and taking into account the arbitrariness of P∗ the algebraic equation to
compute Pn is derived.

• The through-the-thickness update at the enrichment step n uses

An =
n−1

∑
k=1

Pk TkWk(ω)M1
k(µ1) · · ·+Pn TnWn(ω)M1

n(µ1) . . . , (32)

with everything known except Tn.

By introducing the approximation (32) and its associated test function into Equation (30) (after this
last is integrated into Γ) and taking into account the arbitrariness of T∗, the algebraic equation to
compute Tn is defined.

• Parametric update. In this case in Equation (32) everything is known except one of the functions
depending on the frequency Wn(ω) or the parameters Mh

n(µh), h = 1, . . . ,H. Introduced into
Equation (30) (after this last is integrated into all the variables except the one in which the unknown
function is defined) and taking into account the arbitrariness of the associated test function, a scalar
algebraic equation that allows calculating the searched function, is obtained.

The fact of including the frequency into the parametric solution has enormous benefits.
Thus, after computing the parametric solution, very efficiently because of the reduction complexity
from the 3D to the 2D while including the parameters, now, as soon as the loading is known,
the FFT (Fast Fourier Transform) applies to compute the frequency content, and with the solution
known for each frequency and the problem being linear (the nonlinear case needs an specific
treatment [19]), the solution can be reconstructed by simple superposition, for any given material
parameter, in real-time.

4. Numerical Example

The numerical simulation addressed here considers the separated representation just discussed in
the two layers laminate sketched in Figure 1 (with the layers described by the characteristic functions
χ1 and χ2), of elastic modulus µ1 and µ2, with the material density given by ρ1 = ρ2 = 1900 kg/m3

and the Poisson coefficient ν1 = ν2 = 0.1.
The procedure described in the previous section is applied to calculate the parametric solution

of the displacement field An(ω, µ1, µ2). The parametric domain is defined by Ωω = 2π(0, 25)s−1,
Ωµ1 = (2× 108, 2× 109) Pa and Ωµ2 = (2× 108, 2× 109) Pa. The choice of the material parameters aims
at representing usual elastic materials, mainly described by their elastic modulus, and concerning the
frequency, including it as an extra-coordinate, as previously indicated, enables the real-time calculation
of the structural response to any loading (the frequency interval corresponds to the usual spectral
content of a dynamical loading, larger intervals will be considered later for approaching the spectral
content of a typical earthquake).

The different domains Ωxy, Ωz, Ωω, Ωµ1 and Ωµ2 were discretized by considering respectively
100, 30, 500, 200 and 200 nodes. It is important to recall that a fully mesh-based solution of the
6D problem will imply 6 × 1010 nodes, almost unreachable by using reasonable computational
availabilities nowadays.

As previously indicated, the fact of computing such a parametric solution allows the analysis of
many possible scenarios concerning the material properties of the different structure layers, and the fact



of including the frequency makes reconstructing the structural response from the Fourier transform of
the applied load possible (very fast when using the Fast Fourier Transform), then the superposition
principle applies as the problem is linear. Thus, the solution in the frequency domain results from the
frequency-dependent parametric solution weighted with the frequency content of the applied load.
Then, the inverse Fourier applies to the superposed response to obtain the fully 3D solution in the time
domain. In our knowledge, such a real-time parametric analysis becomes almost impossible when
using alternative discetization procedures, justifying the use of the technique proposed here.

The parametric solution computed using the procedure just indicated was compared with the
reference one, that as previously indicated consists of the one calculated by using a well experienced
time-integration (Newmark) for different values of the material parameters and the applied loads.
These solutions computed by standard procedures are quite expensive from a computational point
of view, making their use for real-time applications impossible, but allowed to confirm the excellent
accuracy of the parametric solution obtained by the methodology presented here.

Figure 1. Case study: (a) In-plane view; (b) cross-sectional view.

The force, which is applied at the center of the in-plane domain, is depicted in Figure 2. Figure 3
illustrates the time evolution of the displacement field (u, v, w) at the mid-depth of each layer with
the in-plane coordinates given by (0.3, 0.3) when considering µ1 = 4× 108 Pa and µ2 = 1× 109 Pa.
It also compares the parametric elastodynamics solution with a standard fully three-dimensional finite
element time integration for that choice of the parameters, that is considered as reference. A perfect
agreement between both solutions can be noticed.

Figure 2. Harmonic loading.



Figure 3. Displacement field (u, v, w) versus time at the mid-depth of the top layer (top) and bottom
layer (bottom). As this figure aims to compare finite element method (FEM) and Proper Generalized
Decomposition (PGD) solutions, due to the significant differences of the displacement values, for the
sake of clarity, different scales are considered in each figure.

Figure 4 shows the maximum strain εz at the top layer for different values of the elastic modulus
µ1 and with µ2 = 2× 108 Pa. As expected, the higher the elastic modulus, the smaller the maximum
strain. This parametric solution is very useful for the analysis of materials sequencing in laminates,
for example in order to optimize the materials sequencing with respect to a certain quantity of interest.
PGD enables a significant computing time saving in the solution of parametric models, and in the
present case the procedure has an additional benefit due to the in-plane-out-of plane decomposition
that allows considering the solution of high-resolved 3D models at the cost of usual 2D solutions,
gains that were reported in [3].

Now it is considered, for µ1 = 2× 109 Pa and µ2 = 5× 108 Pa, the more complex loading shown
in Figure 5 that involves many frequencies. Figure 6 shows the x-component of the displacement
at the top of both layers, whereas Figures 7 and 8 show the other displacement components.
Again, the particularized solution (PGD-based) and the reference one (FEM) agree in minute despite
the loading complexity and its much richer spectral content, with the former evaluated instantaneously
(real-time) whereas the latter, the reference one (FEM), is much more computationally expensive.

Finally, a larger frequency domain was considered Ωω = 2π(0, 125)s−1 in order to include natural
frequencies inside, activated by the loading reported in Figure 9. For the same parameters that were
considered previously, Figure 10 compares the z-component of the displacement at the center of the
in-plane domain and at the top of both layers when using the PGD and the FEM, the latter computed
by using the well experienced Newmark time integrator [14]. The solutions obtained by using both
methods are again in prefect agreement.



Figure 4. Maximum strain εz at the top of the top layer. Because of the significant differences in the
strain values, for the sake of clarity, different scales are considered in each figure.

Figure 5. Loading involving a wider frequency content.

Finally, Figure 11 depicts the displacement amplitude versus the frequency, where the expected
pics at the natural frequencies are noticed. Again, the solution computed by using the PGD is in perfect
agreement with the one obtained by using the FEM, which is considered a reference solution.

As it can be noticed, the accuracy of the parametric solution particularization with respect to the
reference solution is excellent, allowing evaluating in real-time (instantaneously) for any value of the
parameters describing the soil behavior, helping engineers to improve design resilience.



Figure 6. x-component of the displacement at the top of both layers: (top) top layer and (bottom)
bottom layer.

Figure 7. y-component of the displacement at the top of both layers: (top) top layer and (bottom)
bottom layer.



Figure 8. z-component of the displacement at the top of both layers: (top) top layer and (bottom)
bottom layer.

Figure 9. Loading involving a larger frequency content.



Figure 10. z-component of the displacement at the top of both layers: (top) top layer and (bottom)
bottom layer.

Figure 11. Displacement amplitude W versus frequency at top of the top layer.



5. Conclusions

The present work succeeded to extend the non-intrusive in-plane-out-of-plane separated
representation to parametric dynamics. The procedure considers a non-intrusive formulation in
order to overcome the difficulty related with the standard PGD algorithm when performing the
in-plane-out-of-plane separated representation and, moreover, including parameters as extra coordinates.
The results are very satisfactory when compared with a 3D FEM model, with the added value of its
parametric nature.

Combining dimensionality reduction, that is, solving 3D problems at 2D cost, while incorporating
parameters as extra-coordinates, and among them the frequency, the latter enabling the response evaluation
instantaneously for any loading, and the whole performed in a non-intrusive manner, represents the
main contribution of the preset work, never addressed until now, opening numerous possibilities in risk
assessment as well as for improving structural designs.
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