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In the literature dealing with plastic instabilities in general, many instability criteria have been 

developed, and some of them have been extensively applied to sheet metals to investigate their 

formability limits. Exhaustively reviewing these criteria is difficult, considering the multitude of 

variants deriving from some of these approaches. However, a review of the literature reveals that the 

criteria can be classified into at least four distinct categories depending on their fundamental basis 

and theoretical or physical background. 

For stretched sheet metals, two forms of necking, namely diffuse and localized necking, may 

occur. It has been shown that diffuse necking occurs prior to localized necking, and it is now well 

recognized that the maximum allowable straining in sheet metal forming is determined by localized 

necking. For this reason, forming limit diagrams (FLDs) are commonly determined at localization in 

most of the current formability approaches. 

Early instability criteria were based on the maximum force principle (Considère, 1885), and its 

two-dimensional extension (Swift, 1952) for application to sheet metals. In their original form, these 

criteria were intended to allow for the prediction of diffuse necking. Later, these maximum-force-

based criteria were extended to the prediction of localized necking, and some enhanced versions 

were developed to account for some key features (Hora, 1996; Mattiason, 2006). Note also that Hill’s 

zero-extension criterion (Hill, 1952), which predicts localized necking on the left-hand side of the FLD, 

was developed during the same time as Swift’s diffuse necking criterion. 

Another approach, which postulates a pre-existing defect in the material sheet, was proposed by 

Marciniak and Kuczynski (1967). This M–K model can be regarded as a complementary approach to 

Hill’s zero-extension criterion, which is only applicable to the left-hand side of the FLD, as no zero-

extension direction exists for positive biaxial stretching. However, because localized necking in biaxial 

stretching is observed in practice, a pre-existing defect has to be introduced in the M–K model to 

capture this phenomenon, which may provide some justification for this imperfection theory. 

In addition to the aforementioned engineering approaches, another category of plastic instability 

criteria was developed based on a more fundamental background. Drucker and Hill’s theory 

(Drucker, 1956; Hill, 1958), also referred to as the general bifurcation criterion, represents another 

class of approaches for necking prediction. This condition of positiveness of the second-order work 

provides a lower bound for all of the bifurcation-based criteria in this category. In the same class of 

criteria, Valanis (1989) suggested using a limit-point bifurcation criterion, which is less conservative 

than the general bifurcation criterion but coincides with it within the framework of associative 

plasticity and small strains. With regard to localized modes of deformation, Stören and Rice (1975) 

proposed a bifurcation criterion characterized by the singularity of the acoustic tensor, also known as 

discontinuous bifurcation. It has been shown that this criterion corresponds to the loss of ellipticity 

of the partial differential equations governing the associated boundary value problem. In the same 

manner, some authors (e.g., Bigoni and Hueckel, 1991) have suggested the use of the more 

conservative condition of strong ellipticity, which has been shown to coincide with Rice’s criterion 

within the framework of associative plasticity and small strains. This condition of loss of strong 

ellipticity is also a special case of Drucker’s general bifurcation criterion, in which the bifurcation 

mode is restricted to localized (compatible) deformation modes. 



From this overview of the various approaches pertaining to strain localization criteria and 

indicators, an interesting observation can be made. While M–K analysis has been widely used in the 

literature, few applications of Rice’s ellipticity loss theory, mainly restricted to plane-stress 

assumptions, particular loading paths, and simple behavior models, have been attempted in sheet 

metal forming for quantifying metals in terms of their formability. In this presentation, various results 

relating to the prediction of plastic flow localization based on bifurcation theory will be shown for 

different constitutive modeling approaches. Also, comparisons will be conducted for the different 

approaches of plastic instability prediction. For some approaches, a classification of the criteria will 

be established, in terms of their conservative nature of prediction. Moreover, similarities or 

relationships between some approaches and associated criteria will be emphasized, whenever their 

underlying formulations make it possible. 
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