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Abstract. In this paper, hexagonal closed packed (HCP) sheet metal ductility for a visco-
plastic material is analyzed by using a linear perturbation technique. It can be used for the 
analysis of localized necking. This technique is used to perturbate the material behavior in a 
rate dependent formulation by superimposing a perturbation to the basic flow which its sta-
bility or instability is characterized by the increasing or decreasing of the perturbation. 
Hardening and initial anisotropic parameters are fitted by experimental results from the lit-
erature. In this investigation, Cazacu yield function is used to predict the forming limit dia-
grams (FLDs) of HCP sheet metals. The coupling between analytic perturbation method 
and the behavior modelling is provided by an efficient implicit algorithm to solve the con-
stitutive equations. After verifications and validations of the numerical simulations from the 
literature, the ductility limit of a particular HCP magnesium alloy is numerically predicted. 
A parametric study is presented to analyze the effect of instability and mechanical parame-
ters, viscosity and distortion on the FLDs. Moreover, a comparative study between 
Marciniak and Kuckzynski ductility approach and linear perturbation technique is done in 
this contribution.  

Keywords: necking criteria; plastic instabilities; forming limit diagrams; hexagonal 
closed packed material; behavior modelling; linear perturbation technique. 

1 Introduction 

Formability in sheet metal forming process is required in many engineering appli-
cations (aircraft, aerospace, automotive, etc.) to predict its ductility limit. Fur-
thermore, several theoretical works were developed to predict the well-knowns 
forming limit diagrams (FLDs). This concept will be carried out using a coupling 
between instability necking criterion and one or more than one phenomenological 
model. In fact, several instability criteria are developed to predict the occurrence 
of plastic instability in thin sheet metals. The well-used approach has been inves-
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tigated by Marciniak and Kuckzynski (1967) which is called in the rest of the cur-
rent paper by M-K. They have been introduced an initial geometric imperfection 
in order to obtain a theoretical complete FLD based on heterogeneous continuum 
model. This necking criterion is based on the comparison of the strain rate in ex-
pansion domain only. Several studies (Molinari, 1985; Dudzinski and Molinari, 
1991; Boudeau and Gelin, 1992, etc.) have been used a homogeneous continuum 
model where the necking is perturbed to be an instability of the mechanical equi-
librium state. This alternative approach is called the linear perturbation analysis. 
It is used to predict the FLD by imposing a geometrical defect which generates to 
an imperfection on principal strain rates. This technique leads to a linear perturba-
tion at certain stage of deformation process of the thin sheet metals which are as-
sumed to be initially homogeneous.  
Several contributions are investigated in last decades based on linear perturbation 
technique. Fressengeas and Molinari (1987) have been used the classical perturba-
tion technique (Molinari, 1985) taking into account the heat conduction to evolve 
the instability and localization effects of the plastic flow in shear at high strain 
rates. Perturbation analysis is used analytically to predict FLDs for quite general 
material behavior based on their viscoplastic instabilities in bi-axial loading 
(Dudzinski and Molinari, 1991). The ductility limit has been predicted by Toth et 
al., 1996 using stress potential function for viscoplastic material. A computational 
prediction of the localized necking has been executed by Boudeau et al (1998) 
based on micro-structural material aspects using perturbation analysis. Boudeau et 
al (2002) have been extended the linear stability analysis to 3 dimensions (3D) 
stress states to allows the detection of defects during hydro-forming process. Re-
cently, Zaera et al (2015) have been investigated the spacing between necking 
bands in sheet thermo-viscoplastic metals based on linear perturbation technique 
within a 2D framework.  
All previous investigations are dedicated especially for body centered cubic mate-
rials (BCC) and face centered materials (FCC). Hexagonal closed packed materi-
als (HCP) have been used recently by several researchers due to their mechanical 
characteristics (lightweight, high specific strength, high fatigue resistance, etc.). In 
last decades, several researchers have been predicted the ductility limit of HCP 
materials (Wu et al., 2015; Kondori et al., 2018…) at room temperature. However, 
ductility limit predictions for HCP materials at room temperature are presented in 
limited works from the literature (Wu et al.., 2015; Kondori et al., 2018…). De-
spite the limitation of ductility for HCP materials, many researchers have succeed-
ed to model its mechanical behavior (Cazacu et al., 2006; Plunkett et al., 2006…) 
in order to predict its ductility limit (Jedidi et al., 2020-a; Jedidi et al., 2020-b…), 
at room temperature. 
The onset of localized necking of HCP materials is predicted numerically in the 
literature generally by M-K analysis and bifurcation. In the current paper, the on-
set of localized necking of HCP sheet metals is predicted for the first time using 
the linear perturbation technique of Dudzinski and Molinari (1991) to assess and 
validate our numerical simulations. The constitutive model of Cazacu et al., 2006 
is used at room temperature to model the mechanical behavior of HCP materials. 



An anisotropic model with non-associated flow rule to predict HCP sheet 

metal ductility limit 3 

A brief outline of this paper is presented by 5 sections. We have dedicated the sec-
tion 2 of this paper to the constitutive framework to model the mechanical behav-
ior of HCP materials as well as the main equations which leads to define the linear 
perturbation technique, whereas section 3 outlines the numerical implementation 
of the M-K instability criterion and constitutive equations of section 2. The section 
4 provides the validation of the developed model and the numerical investigation. 
Then, it presents a comparative study to analyze viscosity and distortion effects, 
and to show the difference between linear perturbation technique and the M-K ap-
proach in terms of FLDs. Finally, section 5 closes the present contribution by 
some conclusions and perspectives. 

2 Theoretical framework 

2.1   Constitutive model

Due to the twinning mechanism which leads to tension-compression asymmetry of 
the stress rate for HCP materials, the behavior modelling is estimated in this pa-
per, by the yield locus of Cazacu et al (2006) and briefly called CPB06. This mod-
el is expressed by the equivalent plastic stress: 

      11 1 2 2 3 3

aa a a
k k k             

/
 (1) 

where B is a material parameter, k  describes the asymmetry of the deformation 

behavior, 1 , 1  and 1  are the eigenvalues of the linear transformation   

equals to L T    such as L  is the fourth-order transformation tensor and T  is 
the passage matrix: 
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       
    

      
   
   
       

  (2) 

In this investigation, the hardening law is supposed isotropic, isochoric and obeys 
to the normality law. Moreover, the assumption of a rigid visco-plastic material is 
done. The Swift hardening law used in this work is presented by: 
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   mn
y 0σ σ K        ,  (3) 

where 
 is the equivalent strain and 

 the equivalent strain rate, K  the hardening 
parameter, n the hardening exponent and m is the rate sensitivity exponent. 
The constitutive relation between the strain rate and its equivalent is expressed in 
this contribution by the associated flow rule using the normal vector on the yield 

locus 



 : 

  





                                                                  (4) 

2.2   Linear perturbation technique

The principle of the perturbation technique is described as shown in fig. 1. Note 
that x1-x2 is a plane coordinate system which is referred for wavy line. The second 
coordinate system x-y refers the sheet metal. Two parameters characterize geomet-
rically the instability mode; the angle orientation   of x1-x2 and the wave number 

 . Thus, the perturbation is described as below: 

    exp exp ,0
0 1t t i x     P P                                                   (5) 

where the isotropic yield stress  isoσ γ  is a function of the equivalent plastic 

strain given by the Swift equation as following: where  0t t  is the time of the 

perturbation and   is the rate of the growth of the perturbation knowing that if 

Re 0 stability
η

ε
  

 
 

  and if Re 0 instability
η

ε
  

 
 

 . The perturbation de-

scribed in eq. (5) leads to obtain the homogeneous solution in the rotated frame. 
However, this solution requires equilibrium equations, compatibility and incom-
pressibility conditions.  

 

Fig.1. Linear perturbation in thin sheet metal. 
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In case of long wave perturbation and plane stress condition (fig. 1) the equilibri-
um equation are:  

 

   

   
2

2

0

div ,

0

11 12

1

12 22

1

hσ hσ
x x

h
hσ hσ
x x

       
   

  

0                                         (6) 

where h  equals to   exp0 33h   is the current thickness of the thin sheet metal, 

0h  is the initial thickness and 33  is related to 11  and 22  within incompressi-

bility condition. 
Aside the equilibrium equation to the homogeneous solution, the compatibility 
condition can be expressed as: 

2 2 2

2 ,11 11 12
2 2
2 1 1 2x x x x
    

 
   

  
                                                                (8) 

and the incompressibility condition in the rotated reference system is expressed as: 

0.11 22 33                                                                                                  (9) 

Based on the investigation of Dudzinski and Molinari (1991) and Toth et al 
(1996), strain rates 11 , 22  and 33  can be expressed in the fixed coordinate sys-

tem x1-x2 by:  
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                                                                                        (10) 

However, the flow law in the rotated reference system has to be expressed by:  

      
      

        

2 2

2 2
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=  sin  cos cos 2 ,
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    

  
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            (11) 
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Cauchy stress are also described in the rotated frame by: 

     
     

       

2 2

2 2

cos sin sin 2

sin cos sin 2

 sin  cos cos 2 .

11 xx yy xy

22 xx yy xy

12 yy xx xy

      

      

      

   

   

  

                                  (13) 

Using all previous equations, the homogeneous solution in the rotated frame at 
time t0 is a vector which contains 10 initial values. Thus, this vector is given by:  
 

 , , , , , , , , , .0 0 0 0 0 0 0 0 0 0 0
11 22 33 12 11 22 12 h        P

                                                 (14) 

Due to this relation:   exp0 33h h  , the thickness h  can be eliminated. Thus, 

for each value of the angle orientation  , the unknown vector P  contains 9 ini-

tial values without considering the thickness h. 

At 0t t , the homogeneous solution is tested by superposing small perturbations 

.P Therefore, components of the perturbed solution  P  equals to 

    exp exp0 0
0 1t t i xP P     are:  

0 0 0 0
33 33 33

0 0

, , , ,

, , .
11 11 11 22 22 22 12 12 12

0
11 11 22 22 12 12 12

           

        

           

 

           
        

     (15) 

where   , , , , , , , , , 0 0 0 0 0 0 0 0 0 0 0
11 22 33 12 11 22 12 h                   P

      is 

the polarization vector. 

Due to linearization of the previous equations, the vector polarization is supposed 
as solution of the nine equations already calculated and presented by Toth et al 
(1996). Based on their investigation, a non-linear operator called O is a function 
of the perturbed vector. This non-linear system is linearized by neglecting the ex-
ponential part of the perturbation. This is due to the small perturbation at the ini-
tial stage compared by the regular solution. Thus, the non-linear function O is de-
scribed by: 

         exp exp .0 0 0 0
0 1t t i xO P O P P O P P               (16) 

This leads to the following linear system: 

 , , . .0 0
c ψM P P 0         (17) 
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where c

η

ε
    and M  is a matrix made up based on nine equations in the work 

of Toth et al (1996). A, the regular solution is obtained when 

  det , , . ,0 0
c ψ  M P P 0 to give finally the polynomial equation which is 

a function of ψ  and c : 

      2 0,c c ca ψ b ψ c ψ                                                           (18) 

where components of  a ψ ,  b ψ  and   c ψ  are described with details in the 

contribution of (Toth et al., 1996). 

For each angle orientation  , three values of c  are obtained. The 0c   is a 

possible solution, however, it is neglected because it does not occur a growing in-
stability. Moreover, two other solutions of c  are generally complex. To pass 

from stability to instability, one of the three roots has a positive real part; 

 Re c e   where e is the effective instability parameter (Dudzinski and Moli-

nari, 1991). Note that if e 0 , the absolute instability is observed. Based on the 

work of Dudzinski and Molinari (1991), several values of e  0 < e < 25  leads 

to an instability. For each angle orientation, we obtain the strain value which the 

material can be deformed. To characterize the critical strain value c  and the op-

timal orientation of the band c , we minimize the strain value by the absolute 

value a  : 

      , min , , , , .a c c ce e e        =                                (19) 

It is very important to note that Dudzinski and Molinari (1991) has been shown 
that general bifurcation is obtained when the effective parameter e    and the 
rate sensitivity exponent equal zero. After the definition of perturbation technique 
theoretically, numerical implementation is clearly presented in section 3. 

3 Implicit incremental algorithm 

The prediction of the ductility limit for viscoplastic material using the linear per-
turbation analysis is clearly described as below:  

Step 1: calculate 
2

ij kl


 


 
 to obtain eq. 18. This step is based on the derivative 

formulation described in the appendix of the contribution of Jedidi et al (2020-b). 
Step 2: solve the following four equations from the integration code to calculate 
Cauchy stress components and the equivalent plastic strain:  
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Δ
σ

ε


 


ε


     11 22 12                                         (20) 

Δε σ   ε
    .  

                                (21) 

In this step, we obtain  33, , , , , , , ,11 22 12           P
     . 

Step 3: consider the previous solutions as initial solution in perturbed equations. 

Thus, the initial solution  0P  to begin the perturbation is equal to P . Moreover, 
the resolution of the new solution P  is based these contributions (Toth et al., 
1996; Jedidi et al., 2020-b),  and the previous equations from 1 to 16. 
Step 4: solve the polynomial equation for each increment and each angle orienta-
tion. This step describes the resolution of the polynomial equation (Eq. 18) for   

from 0° to 90°. 
Step 5: if the instability condition is observed for an iteration and a strain path, it-

erative calculation is stopped. Thus, for each  , if c e   and 1
n

  calcula-

tion is stopped.  
The prediction of FLDs is ensured by means a two nested loops of an efficient 

algorithm implemented in the multi-paradigm, numerical computing environment 
Mathematica, as shown as below:  

 For the strain path ratio 1 2  /  to 1  with 0 1Δ . . 

 For 0t t  to 1nt t   with n+1 nt t t   and t  is the time increment 

1[ , ]n nt t  . 

 Apply the implicit incremental algorithm described in the 

previous section. If e ˆ   and 1
n

  the implicit algorithm 

is stopped. 

 Over all possible initial angles, c
11 11ε min ε { }  and c c

22 11ε ε  where c
11ε  

and c
22ε  are the major and minor localization limit strains.  

4 Results and discussions  

To predict the FLD of HCP materials, Cazacu yield criterion is chosen in this in-
vestigation (CPB06) as the constitutive model. This yield criterion is extremely 
dependent to anisotropic parameters of the material. Magnesium-Lithium alloy 
(Mg-Li (4% Li)) is used in our contribution to predict FLDs. However, before us-
ing this alloy, we should validate our work. Dudzinski and Molinari (1991) have 
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been used an isotropic material which its isotropic parameters are 120 MPaK = , 

0.25n =  and 0 0.    

Fig.2 presents a comparison between the FLD predicted numerically by our simu-
lation and the FLD predicted by Dudzinski and Molinari (1991). It is very clear 
that the ductility limit for anisotropic material is in good agreement with the work 
of Dudzinski and Molinari (1991) for uni-axial tensile test. For plane strain and bi-
axial loading, a small difference between FLDs is clearly shown in fig.2-a which 
can be due to the method of the implementation of the linear perturbation tech-
nique in our numerical simulations. Fig.2-b presents for a viscous isotropic mate-
rial, the evolution of the positive real part of the root solved from eq. 18. This evo-
lution is represented versus the strain 11  for plane strain  0 . A good 

correlation is shown in this figure (fig.2-b) between the work of Dudzinski and 
Molinari (1991) and our numerical predictions. Thus, our numerical simulations 
are assessed and validated with the work of Dudzinski and Molinari (1991). 

 
(a): Forming limit diagrams (m=0) (b): Evolution of the rate cη  (m=10-5) 
Fig.2. Comparison between numerical simulations and the work of Dudzinski and Molinari 

1991 

After validation of our numerical model, we predict in this contribution the duc-
tility limit for Mg-Li 4% which is soft and ductile. The choose of HCP material in 
this work is dependent on experimental results to predict anisotropic parameters of 
CPB06. A fitting method is used in a numerical implementation to predict aniso-
tropic parameters from an experimental yield locus. Thus, our investigation is 
based on experimental results of Cazacu et al (2006) for the Mg-Li (4% Li) as 
shown in fig.3. This figure (Fig.3) presents a good correlation between our fitted 
yield surface and experimental points. This good agreement signifies that our fit-
ted anisotropic parameters are validated for the Mg-Li 4%.  
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Table 1. Material parameters for the Mg-Li (4% Li) magnesium alloy (stress-like parame-
ters are expressed in MPa). 

 
Hardening K  n  0     

405.26 0.166 0.0015    

Anisotropy C
11L  22

CL  C
33L  C

12L  C
23L  C

13L  

1 0.9783 0.1648 0.6114 0.2479 0.7819 

C
44L  C

55L  C
66L  a  k   

1 1 1 2 0.2126  

Numerical predictions of fitting based on experimental results gives the aniso-
tropic and swift hardening parameters based on CPB06 as shown in table 1. We 
note that hardening parameters are fitted in this contribution based on the experi-
mental hardening curve of Bochniak et al (2018). 

 
 

 
 
 
 
 
 
 

 
 

Fig.3. Experimental (points) and fitted (lines) yield locus of Mg-Li (4% Li) 

 
 
 
 
 
 
 
 
 
 
 

Fig.4. Effect of instability parameter e on FLDs 
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Validation of our numerical simulations and fitting of anisotropic parameters 
based on experimental results allow to predict the ductility limit of the magnesium 
alloy Mg-Li 4%. Forming limit diagrams predicted by the coupling between 
CPB06 yield criterion and linear perturbation method are strongly dependent on 
the effective instability parameter e. this parameter can be varied between 1 and 
25, thus, we can obtain an infinity of FLDs as presented in fig.4. In this paper, a 
reasonable value (e=20) is fixed for the rest of this paper. 

In order to enhance the behavior modelling of the magnesium alloy Mg-Li 4% in 
non-proportional loading, a modification of the classical CPB06 model including 
distortion of the yield surface is proposed. Thus, yield surface distortions depends 
on new material parameters at a variety of strains scales. Consequently, it is very 
important to identify distortion effects on FLDs. 
A preliminary study is done to identify anisotropic parameters at a variety of strain 
scales (1%, 5% and 10% in our contribution). This study is based on fitting using 
experimental results. Fitted anisotropic parameters presented in table. 2 allow to 
predict three yield surfaces at 1%, 5% and 10% of strain. In this paper, linear in-
terpolation technique employed in Plunkett et al (2006) is used to predict aniso-
tropic parameters for each value of strain to predict FLD using these three fitted 
yield surface.  

Table 2. Material parameters for the Mg-Li (4% Li) magnesium alloy at a variety of strain 
scales (stress-like parameters are expressed in MPa). 

 
Anisotropy : 

1% of deformation 

C
11L

 22
CL

 
C
33L

 
C
12L

 
C
23L

 
C
13L

 

1 0.9783 0.1648 0.6114 0.2479 0.7819 

C
44L

 
C
55L

 
C
66L

 
a  k   

1 1 1 2 0.2126  

Anisotropy : 

5% of deformation 

C
11L

 22
CL

 
C
33L

 
C
12L

 
C
23L

 
C
13L

 

1 0.9783 0.2017 0.5492 0.4077 0.6056 

C
44L

 
C
55L

 
C
66L

 
a  k   

1 1 1 2 0.2249  

Anisotropy : 

10% of deformation 

C
11L

 22
CL

 
C
33L

 
C
12L

 
C
23L

 
C
13L

 

1 0.9783 0.6622 0.7590 0.8985 0.9305 

C
44L

 
C
55L

 
C
66L

 
a  k   

1 1 1 2 0.0472  

 



Mohamed Yassine JEDIDI, Mohamed BEN BETTAIEB, Farid ABED-MERAIM, 
Mohamed Taoufik KHABOU, Anas BOUGUECHA, Mohamed HADDAR 

12 

Fig. 5-a presents two forming limit diagrams with and without taking into account 
distortion of yield surface. Distortion has no effect on FLD in uni-axial tensile test 
and plane strain. However, the level and the shape of the FLD is sensitive to dis-
tortion in bi-axial stretching, especially for the strain path ratio   equals more 

than 0.3. This sensitivity to distortion allows the increasing of the ductility limit 
on the positive part of FLD. Nevertheless, distortion has almost no effect on the 
band orientation for all strain path ratio as shown in fig. 5-b. 

 
 
 
 
 
 
 
 
 
 

 
 

(a): Forming limit diagram  (b): Band orientation 

Fig.5. Effect of distortion (m=0) 

 
Actually we intend to predict the onset of the localized necking in a Mg-Li 4% 
magnesium sheet alloy using the M-K ductility approach. Our goal is to compare 
our FLD predicted by M-K approach with FLD predicted by linear perturbation 
technique. For M-K ductility approach, the used initial imperfection factor in this 
work equals to 0.995. 
Fig. 6-a shows a comparison between FLDs predicted by linear perturbation tech-
nique and M-K ductility approach, respectively. A higher ductility of the Mg-Li 
4% magnesium alloy is obtained by the perturbation technique for all strain path 
ratio except the equi-biaxial stretching. This is due to the initial imperfection fac-
tor proposed by M-K which increases the values of major strains, especially in bi-
axial stretching. Numerical simulations of the initial imperfection model take a 
huge calculation time to predict an FLD compared with the perturbation tech-
nique.  
Effect of viscosity on FLDs is an important think for scientific researchers. For 
this reason, we predict in this work the ductility limit for plastic material and vis-
co-plastic material using two different necking criteria (M-K ductility approach 
and linear perturbation technique).  
Fig. 6-b presents two FLDs predicted by perturbation technique which have the 
same shape, but not the same level. It is clear that viscosity allow to increase the 
ductility limit of the material. This increase is due to the rate sensitivity exponent 
m of the equivalent strain rate. Thus, we obtain a highest hardening curve. The 
sensitivity of m on hardening allows to obtain highest values of major strain. Con-

-0.3 -0.2 -0.1 0 0.1 0.2
22

0.05

0.1

0.15

0.2

0.25

0.3

0.35
11 without distorsion
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sequently, we obtain highest level of FLD. Same conclusions describe the effect of 
viscosity on FLDs predicted by M-K ductility approach as shown in fig. 6-c. 

  
 
 
 
 
 
 
 
 
 
 

(a): Comparison between perturbation technique and M-K ductility (FLDs). 

 
 

 
 

 
 
 
 

 
 

(b): Linear perturbation method 

 

(c): M-K ductility approach 

 
Fig.6. (a): Comparison between 2 necking criteria; (b) and (c): Effect of viscosity on FLD 

Conclusions 

In this paper, the problem of plastic instabilities in bi-axial sheet deformation is 
solved by using the linear perturbation technique. This technique was coupled 
with the phenomenological model presented in Cazacu et al. (2006) to predict the 
forming limit for the Mg-Li 4% magnesium alloy. Based on constitutive equations 
presented in this contribution, a robust numerical procedure is implemented to de-
scribe the linear perturbation technique. This numerical procedure is used in con-
junction with two plastic instability criteria (the linear perturbation technique and 
the initial imperfection approach), to predict the onset of necking in HCP materi-
als. From results of the numerical predictions, our simulations are assessed and 
validated with Dudzinski and Molinari (1991) for anisotropic material. After vali-
dation of our numerical results, a sensitivity study is conducted to analyze the ef-
fect of the instability parameter on the necking limit after fitting anisotropic pa-
rameters of the Mg-Li 4% magnesium alloy based on experimental results of 
Cazacu et al. (2006). A linear interpolation is used to take into account of the dis-
tortion of the yield surface. The shape and the level of the predicted forming limit 
diagrams are strongly sensitive to the effective instability parameter, distortion 
and viscosity, especially in bi-axial stretching. The level of limit strains predicted 
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by the initial imperfection approach is inferior to limit strain predicted by the per-
turbation method. Consequently, with the linear perturbation, ductility limit of 
Mg-Li 4% increases. The implementation of the proposed implicit integration al-
gorithm into a finite element code using damage model and non-associated model 
will be the subject of the future investigations.  
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