
Science Arts & Métiers (SAM)
is an open access repository that collects the work of Arts et Métiers Institute of

Technology researchers and makes it freely available over the web where possible.

This is an author-deposited version published in: https://sam.ensam.eu
Handle ID: .http://hdl.handle.net/10985/24422

To cite this version :

Leo THIERCELIN, Laurent PELTIER, Foudil MERAGHNI - Physics-informed machine learning
prediction of the martensitic transformation temperature for the design of “NiTi-like” high entropy
shape memory alloys - Computational Materials Science - Vol. 231, p.112578 - 2024

Any correspondence concerning this service should be sent to the repository

Administrator : scienceouverte@ensam.eu

https://sam.ensam.eu
https://sam.ensam.eu
http://hdl.handle.net/10985/24422
mailto:scienceouverte@ensam.eu
https://artsetmetiers.fr/


Physics-informed machine learning prediction of the martensitic 
transformation temperature for the design of “NiTi-like” high entropy shape 
memory alloys 

Léo Thiercelin , Laurent Peltier , Fodil Meraghni *

Arts et Métiers Institute of Technology, CNRS, Université de Lorraine, LEM3-UMR 7239, F-57000 Metz, France   

A B S T R A C T

The present study proposes a physics-informed machine learning (PIML) algorithm-based approach aimed at 
predicting the martensitic transformation temperature (Ms) for the design of “NiTi-like” high entropy shape 
memory alloys (HESMAs). A previously established HESMAs database is enriched and extended to include bi
nary, ternary, quaternary, quinary and senary alloys containing the most employed alloying elements for HEAs 
design such as Ni equivalents (Fe, Cu, Co, Pd, Pt and Au), Ti equivalents (Zr and Hf), Nb and Ta. The Extremely 
Randomized Trees algorithm, based on the concept of multiple random decision tree predictions, is adopted as 
the regression method for Ms temperature prediction. Two strategies for the algorithm inputs have been adopted, 
discussed, and compared in terms of reliable predictions. The first relies on the composition of the alloying el
ements, whereas the second exploits a defined set of intrinsic material descriptors. The latter are based on mixing 
enthalpy, atomic radius, electronegativity, atomic number and number of elements. A high accuracy of the MS 
prediction has been reached when considering the material descriptors. In fact, the second strategy induces a 
mean absolute error that is less than 30 ◦C for alloys containing up to 4 elements. For more elements there are 
more discrepancies due to the homogenization state required for HEAs. The validation of the developed approach 
has been performed using 6 home-made HESMAs prepared specifically for this study. It demonstrated the pre
dictive capabilities of the developed physics-informed machine learning based approach. Finally, a HESMA 
design tool has been implemented to virtually design new HESMAs with a targeted Ms temperature above 400 ◦C. 
It is worth noting that this aspect is one of the most challenging engineering issues for such alloys. An illustrative 
case applied to the (NiCuPd)50(TiZr)50 family of alloys demonstrates the predictive capabilities of the developed 
approach to design such alloys to achieve a Ms temperature in the range of 300 ◦C to 700 ◦C.   

1. Introduction

For over three thousand years, the human history has been faced to
several revolutions closely linked to metallurgy such as the Bronze Age 
followed by the Iron Age and the Steel Age [1]. These revolutions led to 
the development of alloys to improve and/or provide new properties 
compared to pure elements. Indeed, the beginning of the 20th century 
was accompanied by the discovery of the “shape memory effect” on Au- 
Cd alloys by Ölander [2] and by Greninger Mooradian on Cu-Zn alloy 
few years later [3]. This effect, initially described by Chang and Read [4] 
was correlated to the thermomechanical induced martensitic trans
formation. Then, the binary NiTi alloy, incidentally discovered by Wil
liam Buehler in 1963 [5,6], has begun the most widely used Shape 

Memory Alloy (SMA). The followed decades were dedicated to improve 
the transformation temperatures ranged from − 70 to 70 ◦C for binary 
NiTi [7] by incorporating other alloying elements [8]. In fact, in the 
review by Ma et al. [9] dealing with High Temperature SMAs (HTSMA), 
it has been revealed that the addition of Pd, Au, Pt, Zr or Hf significantly 
increases the transformation temperatures for NiTi-like ternary alloys. 
However, this addition can lead to a decrease of the mechanical per
formance of the ternary NiTi-like, notably its functional fatigue dura
bility [10]. Therefore, the new trend is the design of Complex 
Composition Alloys (CCA), which consists in the addition of more than 
one element to stabilize the material properties and actuation responses 
at high temperature. Indeed, as shown by Peltier et al. [11], the thermal 
fatigue performance of NiTiZr ternary alloy has been improved four 
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times when considering NiTiZr-CuHf quinary alloy. 
In 1788, Achard [12] published a precursor book relating the results 

of research on more than 900 different combinations of alloys, including 
equiatomic alloys composed of 5 to 7 alloying elements. More recently, 
Cantor [13] proposed a derived concept of CCA, called High Entropy 
Alloys (HEA) based on the idea of a mixture of at least five elements 
whose concentration remains equiatomic and the structure is single 
phase for some of them. These studies have highlighted a great potential 
for this new family of materials such as a high mechanical strength due 
to the crystallographic lattice distortion, a high thermal stability due to 
the sluggish diffusion and the synergy of several properties of the 
alloying elements thanks to the cocktail effect [14]. The high entropy 
SMAs (HESMA) have emerged over the last years and is a promising way 
to improve at the same time the mechanical strength and other SMAs’ 
features that are kept even at high temperature such as the memory 
effect [15], the superelasticity [16] or the damping effect [17]. 

Currently, the challenge facing HESMAs resides in their metallur
gical design to achieve specific required properties at high temperature. 
The use of Machine Learning (ML) techniques, particularly for alloys 
with five and more elements, constitutes a potential way to address this 
challenge. The “Machine Learning” Age has started few years ago in 
metallurgy for the physical properties’ prediction such as the phase 
determination [18–20], the lattice parameters [21,22], the mechanical 
properties [23–26], or the transformation temperatures, as detailed in 
the following paragraph. For the HEAs, the input data are generally the 
chemical composition and the content of each alloying element. In the 
present work, the chemical inputs are combined with other material 
physical parameters, namely: the atomic number, the atomic radius, the 
electronegativity, the valence electron number and the valence electron 
concentration [26,27]. Furthermore, thermodynamical parameters such 
as entropy energy, enthalpy energy or the balance are also considered. In 
addition, the use of thermodynamical calculations, density functional 
theory or molecular dynamics also enriches the ML algorithm [29–33]. 

The Ms prediction using ML have been recently implemented for 
ferromagnetic NiMnSn-SMAs [34], Fe-based SMAs [35], CuAl-based 
SMAs [36] and more widely for NiTi-like including three elements 
such as NiTiPd [37], NiTiHf [38,39,40] five elements NiTiCuFePd 
[26,41] or even six elements TiZrHfNiCoCu alloys [42]. Moreover, 
several authors extended the approach by including much more alloys 
containing other alloying elements in their database [43–46]. In the ML 
approach developed in these, the physical and thermodynamical fea
tures are accounted as descriptors and are determined as functions of the 
alloying element contents. A combination of chemical elements and 
material descriptors are then selected to predict the transformation 
temperatures. The number of input parameters for Ms predictions is 
therefore relatively high compared to the HEAs database. For example, 
[11] used 11 parameters for only 16 HEAs, [42] used 32 parameters for 
50 alloys, while [39] used 48 inputs for 554 entries. Feature importance 
studies are often used to discriminate which parameters are most 
influential in prediction. However, the entries generally contain 
redundant information since they always include the chemical elements 
with several material descriptors. There are no studies that take into 

account only material descriptors, nor other works that minimize the 
number of entries, which can be too large compared to the small size of 
the databases. 

In addition, HESMAs require detailed metallurgical state (homoge
nized or not, presence of intermetallics or precipitated) and heat treat
ment information that is currently lacking in established databases. 
These conditions are mandatories for HESMAs that need to be well ho
mogenized before Differential Scanning Calorimetry (DSC) measure
ments. Otherwise, the Ms measurements are meaningless and 
metallurgical state-dependent since two identical chemical composition 
can lead to different Ms as reported by Piorunek et al. [47,48] and 
confirmed by Peltier et al. [11]. In fact, these authors have built a first 
HEAs database containing only homogenized HESMAs where the con
tent of the intermetallics was neglected (less than 5%). They proposed a 
first linear model to predict the Ms accounting for the alloying elements. 
Nevertheless, the proposed relationship is unlikely to predict Ms tem
perature for ternary alloys whose dependency is highly non-linear [9]. 
Therefore, this model’s limitation needs to be addressed to better cap
ture the non-linear dependencies and hence to be suitable for a reliable 
Ms prediction for ternary, quaternary, quinary, and senary alloys. In 
addition, the design of HESMAs with Ms temperatures above 400 ◦C are 
still limited to some studies [49], which constitutes a challenging issue 
that could be easily addressed through a “Machine Learning” approach. 

The objective of this work is to develop a physics-informed machine 
learning (PIML) algorithm-based approach to reliably predict the 
martensitic transformation temperature in HESMAs based on a reduced 
number of parameters. The developed prediction tool will be used to 
design and optimize the composition of “NiTi-like” HESMAs with 
respect to a target Ms temperature. The HESMAs database previously 
established by Peltier et al. [11], has been enriched and extended to 
binary, ternary, quaternary, quinary and senary alloys containing the 
most employed alloying elements for HEAs design such as Ni equivalents 
(Fe, Cu, Co, Pd, Pt and Au), Ti equivalents (Zr and Hf), Nb and Ta. A 
metallurgical criterion based on hysteresis of martensitic transformation 
was proposed to make the database more consistent than previous 
studies. The Ms temperature predictions will account for a set of an 
optimized number of intrinsic material descriptors defined through the 
mixing enthalpy, the atomic radius, the electronegativity, the atomic 
number and the number of elements. Finally, the predictive capabilities 
of the PIML approach are demonstrated through the design and the 
virtual elaboration of HESMAs with Ms temperature above 400 ◦C. 

The paper is outlined as follows: the next section is devoted to the 
description and the analysis of the “NiTi-like” database extended to 
include binary, ternary, quaternary, quinary and senary alloys. The 
intrinsic physical materials descriptors to the chemical composition are 
established and discussed. The second section details the machine 
learning algorithm and provides a discussion dealing with the two 
considered strategies for the data input and the related sensitivity on the 
Ms temperature predictions. The relevance of the proposed strategy, 
based on the intrinsic material descriptors, is demonstrated and dis
cussed through an illustrative case study for designing a (NiCuPd)50(
TiZr)50 HESMA with a target Ms temperature above 400 ◦C. The 

Fig. 1. Periodic element table showing the the Ni-like, Ti-like and Nb-like elements used in this study.  
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concluding remarks of the present work are summarized in the last 
section, which draws some pertinent perspectives as next steps for the 
developed approach. 

2. Data Availability: Database of NiTi-like SMAs

2.1. A general overview of the database 

This section details the establishment and the development of the 
database, which focuses on “NiTi-like" alloys containing 1, 2, 3, and 
more of the most employed elements that are thermodynamically closest 
to Ni and Ti. Indeed, Peltier et al. [15–17] classified the elements as Ni- 
like (Ni, Fe, Co, Cu, Pd, and Pt), Ti-like (Ti, Zr and Hf) and Nb-like (Nb 
and Ta), see Fig. 1. For the data availability, the database and the related 
references can be found at: 

https://data.mendeley.com/datasets/z6j6g3b9yf/draft?a = 00b9d4d9 
-3e19-4552-b670-cf763375cc25, an open-source online data repository 
hosted at Mendeley Data (Thiercelin et al., 2023).‡ https://data. 
mendeley.com/datasets/z6j6g3b9yf/draft?a = 00b9d4d9-3e19-4552- 
b670-cf763375cc25. 

It is worth noticing that only the compositions well homogenized 
and, in some cases, followed by heat treatments at high temperature 
above 800 ◦C have been included in the database. This constraint is 
mandatory for the HESMAs elaboration otherwise there could be many 
inconsistencies in the Ms temperature estimation. Indeed, it is 
commonly stated that the Ms is strongly dependent on metallurgical 
state: several non-homogenized alloys with the same chemical compo
sition can exhibit a Ms with large discrepancies [11,47,48]. A criterion 
of homogenization of the alloys has been adopted based on the DSC 
curves. If the endothermic and exothermic peaks are straight enough, 
then the alloy is included in the database. Otherwise, the alloy is omitted 
and withdrawn from the database. A difference between the start and 
the end of the martensitic transformation suitable is set to be below 
50 ◦C (Ms - Mf < 50 ◦C). 

The database contains 408 compositions including 59% binary and 
ternary alloys, 28% quaternary alloys and the remaining 13% are high 
entropy alloys (more than 5 elements). Table 1 shows the distribution of 
each alloying element in the database. It should be noted that Cu, Hf and 
Zr are the most employed elements in the elaboration of NiTi-like with a 
proportion of 38, 33 and 23%, respectively. In addition, those three 
elements are often combined to elaborate quaternary and high entropy 
alloys since Cu-Hf, Zr-Hf and Cu-Zr represent 17, 15 and 12% respec
tively of the database (Table 1). In addition, 6 other NiTi-like HEAs have 
been designed. These fabricated HESMAs alloys have then been heat 
treated to be well homogenized in term of microstructures as shown in 

Appendix A. DSC measurements confirmed the homogenized state of 
each material since the martensitic transformation extends to at least 
50 ◦C. Table 2 summarizes the chemical composition of the 6 alloys with 
the transformation temperatures measured with the DSC curves. After 
the database filtering process, the number of “allowed” alloys matching 
the homogenization condition decreased to 364 where the percentage of 
HEAs went to 7%. Therefore, the new proportion of binary and ternary 
and quaternary slightly increased to 63% and 30%, respectively. 

2.2. Physical material descriptors “driving” the Ms temperature 

In this section, the relevance of 11 physico-chemical and thermo
dynamic parameters assumed to be driving the martensitic trans

Table 1 
Percentage occurrence of the different pairs of elements (%). The gray cases directly represent the percentage of occurrence of each chemical element, since Ni and Ti 
are always present for each composition. The database consists of 396 alloys, including 240 binary and ternary alloys, 113 quaternary alloys and 43 HEAs.  

Table 2 
Transformation temperatures of the 6 homemade HESMAs elaborated. See the 
DSC curves and the metallurgical state in Appendix A.  

Chemical Composition Mf 
[◦C] 

Ms 
[◦C] 

Af 
[◦C] 

As 
[◦C] 

Gap = |Ms- 
Mf|[◦C] 

(Ni25Cu20Co5)(Ti30Zr20) − 48 − 20 35 0 28 
(Ni25Cu25)(Ti25Zr15Hf10) − 92 − 80 − 56 − 72 12 
(Ni25Cu17.5Co7.5) 

(Ti16.7Zr16.7Hf16.7) 
128 165 187 168 37 

(Ni24.8Cu15.5Co8.5) 
(Ti16.5Zr15.5Hf13.5)Ta5.7 

80 126 210 164 46 

(Ni24.7Cu18.3Co7.4) 
(Ti17.9Zr16.4Hf15.3) 

65 112 132 106 47 

(Ni23.8Cu26.4) 
(Ti18.1Zr16.5Hf15.2) 

46 82 108 75 36  

Table 3 
Physical material descriptors chosen for the prediction of Ms temperature. Note 
that ei

v,Zi, riandχi correspond to the properties of the pure alloying elements i 
given in the Table B.1 of the Appendix B. Hij

mix refers to the mixing enthalpy 
between a couple of alloying elements i and j whose values are given in Table B.2 
of the Appendix B.  

Material descriptors Equations 

Number of elements n 
Proportion of Ni-like, Ti-like, and Nb- 

like element 
fNi = fNi + fCu + fCo + fFe + fPd + fAu + fPt
fTi = fTi + fZr + fHf

fNb = fNb + fTa 

Valence Electron Number ven =
∑

i fiei
v 

Valence Electron Concentration vec =
ven
Z

with Z =
∑

i fiZi 

Mixing enthalpy energy ΔHmix =
∑

i
∑

j>i4fifjHij
mix 

Atomic radius 
(mean r and variation coefficient δr) r =

∑
i firi and δr =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

i fi
(
1 −

ri

r

)2
√

Electronegativity 
(mean χ and variation coefficient δχ) χ =

∑
i fiχi and δχ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

i fi
(

1 −
χi
χ

)2
√

‡ Thiercelin, Léo; Peltier, Laurent; MERAGHNI, Fodil (2023), “Database 
providing Ms Temperature for NiTi-Like alloys”, Mendeley Data, v1. http://dx. 
https://doi.org/10.17632/z6j6g3b9yf.1. 



formation temperature is discussed. These descriptors are summarized 
in Table 3. Firstly, the number of elements n in the composition is 
explicitly considered since for more than 4 elements, the so called 
“cocktail effect” in high entropy alloys must be important. To reduce the 
number of inputs, the proportion of each element is replaced by the 
proportion of Ni-like, Ti-like and Nb-like, noted fNi, fTi and fNb, 
respectively. In addition, the valence electron and the atomic number 
appear to have a strong effect on the Ms temperature electron number as 
explained by Zarinejad et al. [50,51]. Therefore, the valence electron 
number ven and the valence electron concentration vec are also 
considered. Based on the ML models on the elaboration of HEAs, several 
parameters are also integrated to describe the mismatches between each 
element in terms of mixing enthalpy, namely ΔHmix, the average atomic 
radius (average r and the variation coefficient δr) and the electronega
tivity (average χ and the variation coefficient δχ). 

Fig. 2 displays the Pearson’s correlation matrix (absolute values) 
between the input parameters and the Ms temperature. A value close to 
1 between two parameters means that the latter are correlated and can 
be expressed through linear relationship. A value of 0 reflects a large 
scatter between these two parameters and no linear dependency can be 
found between them. The first row of the Pearson’s correlation matrix 
(Fig. 2a) expresses the correlation between each alloying element and 
the Ms temperature. On the one hand, one can notice that the Ms tem
perature is more correlated to the elements Ni, Pd, Pt and Hf with an 
average correlation coefficient close to 0.4. On the other hand, Cu, Co, 
Nb and Ta exhibit a lower correlation with Ms (with an average corre
lation coefficient up to 0). However, the Pearson’s correlation matrix 
(Fig. 2a) should be carefully interpreted since it is estimated based on 
the occurrence percentage of each alloying element in NiTi-like alloys 
(gray cases in Table 1). 

A solution to the previous problem lies in the use of unified physical 
material descriptors that can be calculated for all NiTi-like alloys 
considered, regardless of the alloying elements. In fact, Fig. 2b shows a 
more reliable correlation Pearson’s matrix between the physical mate
rials descriptors, on one hand, and with the transformation temperature 
Ms on the other hand. One can notice that the correlation with Ms is 
more pronounced with this set of parameters for values that can reach 
0.8. The latter corresponds to twice the best correlation reached with the 
alloying elements. In fact, the parameters δχ,ΔHmix, vec and r exhibit a 
high correlation with Ms, which reflects a certain sensitivity of Ms to 
these descriptors. Conversely, ven and Ms appear to be less correlated, as 
the correlation value is about 0. 

In addition, based on the Pearson’s correlation matrix, the Ms of all 
the considered alloys in the database are plotted against the most 

relevant parameters for the prediction of the Ms. Firstly, Fig. 3 shows the 
transformation temperature classified by the number of elements in each 
alloy. Most of the analyzed composition have a Ms ranging between 
− 110 ◦C and 300 ◦C. Above 300 ◦C, there are only few alloys that 
contain valuable elements such as Au, Pd and Pt. Furthermore, it must be 
pointed out that the design of HESMAs does not necessarily lead to high 
transformation temperatures since only one homogenized composition 
has Ms above 400 ◦C [49]. 

In Fig. 4a and Fig. 4b, Ms temperature is represented against ven and 
vec for ternary alloys to investigate the influence of the substitution 
alloying element. Fig. 4a shows that the most of alloys have a ven close to 
7, which corresponds to the ven of the binary alloys Ni50Ti50. Moreover, 
it is observed that the highest values of Ms are reached for alloys having 
a ven close to 7. This is explained by the fact that the increase of Ms can 
be achieved by replacing Ni and/or Ti by their respective equivalent 
element with the same valence number, i.e., in the same column of the 
Mendeleev table (Fig. 1), namely: Pd and Pt (to substitute Ni) and, Zr 
and Hf (to replace Ti). Conversely, as reported in literature [50,51], it 
can be claimed that the further away the ven is from 7, the lower the Ms. 
In fact, it is worth noticing that a huge proportion of Nb-like elements 

Fig. 2. Pearson’s correlation matrix between the Ms temperature and the input parameters that are a) the alloying elements and b) the physical materials descriptors.  

Fig. 3. Effect of the number of alloying elements on Ms temperature. The 
chemical elements Pd, Au and Pt allow reaching a Ms temperature exceeding 
400 ◦C which is a challenge for the design of SMAs with at least 4 elements. 



saturate Ms to around 50 ◦C. Fig. 4b shows the effect of the vec, defined 
as the ratio of ven and the average atomic number for ternary alloys. It is 
observed that the less vec is the higher Ms is. To sum up, for ternary 
alloys containing Ni or Ti equivalent elements, it can be concluded that 
their Ms increases with the atomic number. Therefore, Ni-equivalent 
elements with a close atomic number like Fe, Cu or Co will not induce 
a high Ms compared to that reached with Pd, Au or Pt. 

The influence of the number of elements combined to ven and vec is 
investigated as depicted in Fig. 5a and Fig. 5b. Conversely to ternary 
alloys, the effect of vec for more than 4 elements is less significant since 
other parameters must be taken into account for the Ms prediction. 
Indeed, an alloy with 5 elements can lead to Ms less than 0 ◦C even for a 
low vec of 0.18. Conversely, for such a vec, a ternary alloy reached Ms 
above 400 ◦C, as displayed in Fig. 4b. 

Fig. 6 represents the effect of electronegativity on the Ms tempera
ture in terms of the average value and the coefficient of variation. For 
the case of binary, ternary, and quaternary alloys, the Ms temperature 
plotted against the average electronegativity has a parabolic variation 
trend (Fig. 6a). The minimal Ms value of -70 ◦C is reached for an elec
tronegativity of around 1.7 that corresponds to the binary alloy 
Ni51.2Ti48.8. Most of the alloys have an electronegativity below 1.7 since 
they contain elements with electronegativity lower than those of Ti such 
as Zr and Hf. For an electronegativity greater than 1.7, the Ms value 
increases strongly, thus reflecting the effect of alloying elements with 
higher electronegativities, such as Pd and Pt. Finally, for the case of 
more than 5 elements, there is again no clear tendencies anymore. 
Fig. 6b, shows the sensitivity of the Ms to coefficient of variation of 
electronegativity. For less than 4 elements, an increase of δχ will 

Fig. 4. Effect of the alloying element, for ternary alloys, on the Ms temperature plotted a) against ven and b) vec. The substitution element to Ni and Ti (ven close to 
7) combined with the lowest vec allow to maximize the Ms temperature. Conversely, a huge proportion of Nb or Ta elements bring about a saturation of the Ms value
around 50 ◦C. 

Fig. 5. Effect of the number of elements combined to a) ven and b) vec on the Ms temperature. Conversely to ternary alloys, the effect of vec for more than 4 elements 
is less pronounced since an alloy with 5 elements can lead to a Ms less than 0 ◦C even for a low vec. 



increase the Ms temperature. In other words, the larger the mismatch 
between the electronegativities of the alloying elements, the higher the 
Ms can be reached. This could be correlated to the elements substituted 
to Ni and Ti whose electronegativities are far from their average value. 
For HEAs, this trend is less clear despite a much higher variation coef
ficient than ternary and quaternary alloys. 

Fig. 7 shows the effect of the atomic radius on the Ms temperature in 
terms of the average value and the coefficient of variation. The effect of 
alloying elements induces an increase of the average atomic radius since 
the substitution alloying elements of Ni and Ti have a higher atomic 
radius (Fig. 7a). In fact, Pd, Pt and Au have a larger atomic radius than 
Ni, and Zr and Hf have a larger atomic radius than Ti (see appendix). 
Consequently, the increase of number of elements will increase the 

average atomic radius and the Ms temperature until four elements. For 
the HEAs alloys, there is no clear tendencies anymore. Fig. 7b represents 
the effect of the variation coefficient of the atomic radius. There is a 
parabolic variation trend similar to the average electronegativity, 
(Fig. 6a). The minimum of δr, up to 0.08 is reached for the reference 
equiatomic binary alloy Ni50Ti50. Similarly, to the electronegativity, the 
farther the coefficient of variation is from the reference value, the higher 
the Ms. 

Finally, the effect of the mixing enthalpy is investigated and high
lighted in Fig. 8. The tendency is more pronounced than the other ma
terials descriptors, because regardless the number of elements, the 
greater the mixing enthalpy, the higher is the Ms. The increase of mixing 
enthalpy is explained by the combination of pair of elements with a high 

Fig. 6. Ms vs electronegativity a) average χ and b) its variation coefficient δχ. The average electronegativity χ a) has a parabolic variation trend with a minimal value 
of 1.7 corresponding to the binary alloy Ni51.2Ti48.8. The variation coefficient of the electronegativity δχ has more pronounced effect on the Ms temperature in the 
case of high entropy alloys (n ≥ 5) than ternary and quaternary alloys. 

Fig. 7. Ms vs atomic radius a) average r and b) its variation coefficient δr. The Ms temperature exhibits a quasi-linear variation with respect to the average atomic 
radius r. For the case of ternary alloys, a parabolic variation trend of Ms temperature is observed with the variation coefficient of the atomic radius. 



mixing enthalpy such as Pd combined with Hf or Zr, for instance 
(Table B2). In fact, the alloys with a mixing enthalpy ranging between 
− 40 and − 20 kJ/mol, the Ms does not exceed 300 ◦C. Nevertheless, for a 
mixing enthalpy below − 60 kJ/mol, the Ms is necessarily above 300 ◦C. 
For the case between − 60 and − 40 kJ/mol there are some discrepancies 
in the prediction of Ms, inducing a dependence on other parameters such 
as the critical number of elements, thus inhibiting the increase of Ms 
temperature. 

To summarize the previous discussions, the following points can be 
drawn:  

• The position of the substitution elements in the periodic table of the
elements influences the Ms temperature. In fact, an alloy with a vec
equal to 7, which means that the element is in the same column and
has the lowest vec, as well as the highest average atomic number, is
necessary to increase the Ms temperature. For instance, the substi
tution of Ni with Pd, Au, or Pt will drastically increase Ms temper
ature above 300 ◦C. Similarly, the substitution of Ti with Zr or Hf also
increase Ms. Conversely, the elements Cu, Fe, Co have no effect on
Ms temperature because they are very close to Ni with the same
atomic number and similar physical properties.

• The calculation of the average and the variation coefficient of
physical properties of the alloys (atomic radius, electronegativity,
and mixing enthalpy) highlighted a strong correlation with the Ms
temperature. Several physical material descriptors considering the
mismatch between elements is essential for Ms prediction.

3. Results and analysis

3.1. Description of the machine learning algorithm 

The Ms prediction algorithms are generally based on two machine 
learning algorithms either by neural network or by regression methods. 
The latter are more suitable for Ms prediction as the amount of data is 
not high enough to train a neural network. Various regression methods 
have been investigated such as linear regression, scalar vector regression 
(SVR), K-nearest neighbors (KNN), AdaBoosting, XGBoost, random for
est (RF) and extremely randomized trees (ExRT) [11,42,45,52]. RF and 
ExRT, based on decision trees, are known to successfully interpolate 
high-dimensional inputs but are rather poor at extrapolating data 
beyond the learning domain. He et al. [42] and Honrao et al. [45] have 
shown that this method was particularly suitable for Ms temperature 

prediction. 
The two algorithms both consist of selecting N decision trees and 

computing the prediction as the average of the predictions given by each 
decision tree, see Fig. 9. Note that another parameter is the depth of the 
decision tree. The differences between the two approaches are the se
lection and the building of decision tree, for more details, see [53] and 
[54]. ExRT is known to have lower variance compared to RF. Therefore, 
ExRT was selected and implemented for this study using scikit-learn 
python package [55]. The number of trees and the maximum depth 
were both set to 10 for this the study as a compromise between 
computation time and accuracy of the predictions (see Appendix C). 

The ML algorithm proposed for this study was divided into several 
successive steps. The ML algorith flowchart is illustrated in Fig. 10. 
Firstly, the database was randomly divided into a portion for “training” 
inputs and the remainder for “validation” inputs. Since the amount of 
binary, ternary, quaternary, and high entropy alloys is not equal, a 
proportion of 80% is extracted for each class of alloy to be representative 
of the database. In addition, as the number of alloys in the database is 
small, 100 random splits have been performed using the same procedure 
to make the algorithm more robust. Secondly, the model has been 
trained on the “training” inputs and applied to the remaining “valida
tion” inputs. Finally, 6 unpublished home-made HESMAs prepared 
specifically for this study are used as “test” cases (Table 2) to demon
strate the predictive capabilities of the developed physics-informed 
machine learning (PIML) based approach. 

The mean absolute error (MAE) is taken as the scoring metric 
because it penalizes all errors equally contrary to root-mean-squared 
error. The MAE is given against each number of elements. The predic
tive ability of the model is discussed by averaging of the MAE over the 
100 models obtained for the 100 split database samples. Moreover, the 
effect of the input data is also investigated by considering the compo
sition of the 13 alloying elements, then the 11 physical mechanical de
scriptors and finally an optimized number of descriptors. The feature 
importance of each input data will be also given based on the Gini 
importance implemented in scikit-learn. 

3.2. Sensitivity to the input data 

The effect of the chemical alloying elements as input data is firstly 
investigated. The 100 models have led to an average MAE of 17 ± 1 ◦C 
for the training alloys, 35 ± 5 ◦C for the validation alloys and 48 ± 17 ◦C 
for the 6 HEAs of test. Fig. 11 provides more details on the distribution of 
errors sorted by the number of alloying elements (for the case of test and 
validation). The model predicts error increasing with the number of 
elements. In fact, for ternary and quaternary alloys the average error is 
31 ± 6 ◦C and 32 ± 8 ◦C respectively that is under the limit of 50 ◦C. In 
addition, the greatest error is made with the validation HEAs whose 
error is 84 ± 35 ◦C. Fig. 11b shows the influence of the alloying elements 
in the Ms temperature prediction. Ni is the highest correlated parameter 
with Ms. Then, one can notice that Ti, Pd, Pt and Hf are then the four 
other elements the more correlated with Ms. This trend is coherent since 
Ni and Ti are the base elements of “NiTi-like” alloys and Pd, Pt and Hf 
increase Ms temperature, see Fig. 4. On the other side, Fe, Co, Ta, Nb 
have low effect on the Ms prediction that is also confirmed with the 
results presented in Fig. 4. Finally, Au, Cu and Zr have a slight effect on 
the transformation temperature. 

Secondly, the effect of the 11 physical material descriptors is inves
tigated. The average MAE is equal to 8 ◦C ± 1 ◦C for the training alloys, 
29 ± 5 ◦C for the validation alloys and 37 ± 16 ◦C for the 6 HEAs of test. 
Similarly, to the case with the alloying elements as input data, the 
average error is increasing with the number of elements. Indeed, for 
ternary and quaternary alloys the error is 24 ± 5 ◦C and 30 ± 8 ◦C 
respectively. However, the error is more important for the HEAs of 
validation (77 ± 32 ◦C) and especially for the HEAs of test with 37 ±
16 ◦C respectively. Fig. 12 shows the influence of the material de
scriptors depicting that the coefficient of variation of electronegativity 

Fig. 8. Effect of the mixing enthalpy on the Ms temperature. The decrease of 
ΔHmix induces an increase of the Ms temperature regardless the number of 
alloying elements. 



δχ and the mixing enthalpy ΔHmix contribute to more than 50 % to the 
Ms prediction as already assumed (Fig. 6 and Fig. 8). Then, vec, δr, χ and 
r are the four other most influent material descriptors. On the contrary, 
the number of elements and ven are poorly correlated to Ms prediction 
despite an indirect effect. Similarly, the proportion of Ni-like, Ti-like and 
Nb-like are no influent since their proportions are quite constants for 
each alloy with values around 50 %, 50 % and 0 % respectively. 

Fig. 13 shows the sensitivity of the number of material descriptors on 
the average MAE for the “validation” and “test” alloys. Based on the 
results using the whole material descriptors, the latter were ranked hi
erarchically according to their feature importance on the Ms predictions 
(see Fig. 12). A number k of descriptors refers to the k most important 
descriptors in the Ms prediction. For example, three descriptors corre
spond to δX,ΔHmix and vec that have the three highest feature impor
tance (see Fig. 12). 

Fig. 13 shows that the Ms predictions based on the three most 

important descriptors (δX,ΔHmix, vec) provide MAE below the accept
able value of 50 ◦C for the “validation” of ternary, quaternary alloys, as 
well as for the “test” of HEAs. However, the MEA appears above the 
acceptable limit of 50 ◦C for the “validation” HEAs. This error exhibits a 
low decrease when adding the other descriptors as inputs in the pre
diction, namely: r, δr,X, n, ven, fNi, fTi and fNb due to the intercorrela
tion between some descriptors (see Fig. 2). However, for “validation” 
HEAs, the error does not decrease regardless of the number of inputs. As 
a compromise between good prediction and minimizing the intercorre
lation between descriptors, a choice of 6 descriptors is considered. 

3.3. Toward optimization of Ms for ternary, quaternary, and quinary 
alloys 

A model with the 6 most important physical descriptors, i.e., the 

Fig. 9. Flow chart of the Decision Tree based algorithms (RF and ExRT). The hyperparameters of this model are the number of decision trees and the maximum depth 
of each tree. The number of trees and the maximum depth were both set to 10 for this the study as a compromise between computation time and accuracy of the 
predictions (see Appendix C). 



radius (r and δr), the electronegativity (χ and δχ), the mixing enthalpy 
ΔHmix, and the valence electron concentration vec have been considered 
sufficient to predict Ms temperature (see Appendix C). Fig. 14 shows the 
Ms predicted against the experimental Ms with a representative conve
nient split database. This model provides a very reliable and robust 
prediction with an average error of less than 30 ◦C for the validation and 
the test alloys. 

The predictive capabilities of the model are now demonstrated 
through the design of HESMAs with a target Ms temperature. As an 
illustrative case, the virtual fabrication of HESMAs containing Cu, Zr 
and Pd is proposed to reach a Ms temperature above 400 ◦C. At first, the 
model is applied for ternary alloys and its predictions have been 
compared with experimental results from literature (Fig. 15). Then, the 
model is extrapolated to quaternary (Fig. 16) and quinary alloys 
(Fig. 17) to determine the chemical composition required to reach the 
target temperature of 400 ◦C. 

Fig. 15 illustrates the comparison of the Ms predicted by the model 
and the experimental Ms of ternary alloys with Cu, Zr and Pd. For the 
three ternary alloy families, the predictions are in very good agreement 
with the experimental results. For the case of NiTiCu (Fig. 15a and 
Fig. 15b), similar to the experimental results, it is emphasized that the 

Cu addition has no significant effect on the Ms temperature. This would 
explain that Cu has been widely substituted for Ni in the design of HEAs. 
Fig. 15c and Fig. 15d show the Ms prediction for NiTiZr alloys. The 
model highlights that this family of alloys can reach an Ms temperature 
between 200 ◦C and 300 ◦C for a minimum Zr content of 15 at.% and a Ti 
content such that Ti-like is greater than 50 at.%. Fig. 15e and Fig. 15f 
show that the addition of Pd can increase the Ms above 300 ◦C when the 
fraction is greater than 30 at.%, as observed experimentally for a Ti-like 
fraction of 50 at.%. 

Fig. 16 presents the case of the optimization of quaternary alloys 
such that (NiCu)50(TiZr)50, (NiPd)50(TiZr)50 and (NiCuPd)50Ti50 alloys. 
Concerning the (NiCu)50(TiZr)50, the model predicts that Ms can reach 
more than 200 ◦C for Cu content below 20 at.% with simultaneously a Zr 
content greater than 30 at.%, (Fig. 16a). If Pd is replaced by Cu, i.e., the 
case of (NiPd)50(TiZr)50 (Fig. 16b), Ms could reach very high tempera
ture above 400 ◦C if Pd and Zr contents are sufficiently important. For 
the case combining Cu and Pd, i.e. (NiCuPd)50Ti50 (Fig. 16c), it would 
require a very high amount of Pd, greater than 40%, to reach temper
ature above 400 ◦C. Reversely, for lower Pd content (at.%), Ms tem
perature remains less than 100 ◦C. 

Finally, the (NiCuPd)50(TiZr)50 HESMAs family is investigated to 

Fig. 10. Flow chart of the general machine learning algorithm used for this study.  

Fig. 11. Effect of the alloying elements on the Ms temperature prediction: a) MAE for validation and test data, b) feature importance.  



optimize the chemical composition range toward reaching a target Ms 
with specific conditions. As an illustrative case, let’s consider a target Ms 
above 400 ◦C combined with some conditions on Cu, Pd and Zr contents. 
The elaboration of HEAs requires a proportion between 5 and 35 at.%. In 
this example, a more restrictive condition of 25 at.% is also considered 
to minimize the cost of the pure elements. Fig. 17 illustrates the meth
odology of optimization of the (NiCuPd)50(TiZr)50 HESMAs based on the 
proposed specifications requirement. Ms evolution was firstly plotted 
against the different combinations Cu, Pd and Zr contents satisfying only 
the condition of HEAs elaboration. It is noticed that the greater is the Cu 
content, the lower Ms is since the potential remaining amount of Pd 
would be less important to have a Ni-equivalent proportion fNi =

fNi + fCu +fPd to 50 at.%. In addition, Ms is maximized if the amount of Zr 
and Pd are both high enough as already explained for the quaternary 
system (NiPd)50(TiZr)50 (Fig. 16b). 

Then, among all the proposed HESMAs compositions, the alloys that 
did not fulfill the specifications requirements have been removed that 
led to a restricted range of alloys (Fig. 17). It appeared that for having Ms 
above 400 ◦C, it requires more than 10 at.% Zr, at least 15 at.% Pd and a 
variable proportion of Cu depending the composition of Zr and Pd. 

4. Discussion

4.1. Relevance of the materials descriptors 

The results obtained in the section have demonstrated a strong effect 
of the inputs for the Ms prediction. Firstly, all the alloying elements, i.e., 
13 inputs have been considered. It led to small MAE below 30 ◦C for all 

Fig. 12. Effect of the physical material descriptor for the Ms temperature prediction: a) MAE for validation and test data, b) feature importance. The 6 most 
important material descriptors for the Ms temperature prediction, namely δX, ΔHmix, vec, r, δr and X are circled in red. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.) 

Fig. 13. Effect of the number of inputs for the error in the Ms temperature 
prediction. A number k of descriptors refers to the k most important descriptors 
in the Ms prediction. For example, three descriptors correspond to δX,

ΔHmix and vec that have the 6 highest feature importance (see Fig. 12). 

Fig. 14. Ms calculated vs Ms experiment with 6 material descriptors.  



Fig. 15. Ms experimental vs Ms predicted for ternary alloys (NiCu)Ti, Ni(TiZr) and (NiPd)Ti. Note that, in all the graphs, the colorbars stand for the Ms temperature 
ranging between 0 and 600 ◦C. 



the alloys containing less than 4 elements. Moreover, the study of 
feature importance depicted that Fe, Co, Nb and Ta does not have a 
strong influence on Ms prediction. Reversely, after Ni and Ti, Pd, Pt and 
Hf are the most influent parameters on Ms prediction. Indeed, those 
elements are already known to increase Ms. 

Secondly, 11 physical material descriptors were then considered as 
inputs for the Ms prediction. Comparing the “alloying elements” with 
the “physical material descriptors” used as inputs, the error was slightly 
smaller for alloys with no more than 5 elements. Note that for the HEAs 
used as test alloys, the prediction was also better using the “physical 
material descriptors” as inputs. In addition, the feature importance 
analysis showed that at least 6 parameters are sufficient for having a 
good Ms prediction. The inputs are the atomic radius (mean and varia
tion coefficient), the electronegativity (mean and variation coefficient), 
the valence electron concentration and the mixing enthalpy. 

The introduction of the alloying elements from one side and the 
physical material descriptors gave two complementary approaches for 
Ms analysis and prediction. On the one hand, the use of alloying ele
ments allowed to distinguish the importance of each element in the Ms 
prediction without any physical data. On the other hand, the material 
descriptors provided some physical properties to better understand the 
effect of specific elements. For instance, it is known that Pd is generally 
used to replace Ni for a Ms above 400 ◦C. This effect is probably related 
to the proximity of the Pd and Ni elements combined with a higher 

atomic number, higher electronegativity and higher mixing enthalpy 
with elements compared to Ni. Conversely, to reach a temperature above 
400 ◦C, a combined set of material descriptors is required that does not 
agree with all alloying elements. For this temperature range, the addi
tion of Pd is often required. 

4.2. Effect of the number of elements 

Unlike the feature importance analysis, the number of elements is 
important for the understanding of the Ms prediction. For instance, 
increasing the number of elements increases the error, especially when 
the number of elements is greater than 5. The first assumption is the 
criteria of homogeneity of the alloys. The alloys containing up to 4 el
ements are generally quite homogeneous even without heat treatment. 
In these cases, the predicted error is small. Contrarywise, Peltier et al. 
[11] have argued that HESMAs must always be heat treated for a suf
ficient time and at a high enough temperature. Otherwise, the mea
surements of HESMAs properties are meaningless and would depend on 
the preparation process itself. This explains the increasing error with the 
number of elements. The homogeneity criteria would require the anal
ysis of micrographs which is time-consuming but more efficient. Indeed, 
the 6 homemade HEAs, have shown the lowest errors and validation of 
the proposed methodology. Moreover, the criteria of homogeneity 
allowed a first filtering of the results. 

Fig. 16. Ms prediction for quaternary alloys (NiCu)50(TiZr)50, (NiPd)50(TiZr)50 and (NiCuPd)50Ti50.  



Fig. 17. (Ni50-x-y CuxPdy)(Ti50-z Zrz) HESMAs design with the following requirement specifications: Ms greater than 400 ◦C and the alloying elements fraction of Cu, 
Pd and Cu below 25 at.%. 



Fig. 18. Micrographs at room temperature and the corresponding DSC curves of the 6 unpublished homemade prepared and homogenized HESMAs specifically for 
this study. 



The lack of reference in the literature for HEAs is the second expla
nation for the bad predictions, since the database for ternary and qua
ternary alloys has not sufficiently enriched the database. In fact, the 
effect of the splitting data of HEAs showed that depending on the choice 
of the alloys, there are huge discrepancies in the results. Finally, the 

transition from 4 to 5 elements greatly increases the entropy of the 
systems and is favorable to more unpredictable results such as the 
cocktail effect. 

Fig. 18. (continued). 



4.3. A strong tool for NiTi-like alloys design 

The present study proposed a strong algorithm to predict Ms tem
perature for NiTi-like alloys. The relevance and the scientific interest of 
such a tool is demonstrated for the high temperature HESMAs. This 
model is then implemented to the design of new HESMAs alloys to meet 
a challenging issue to reach Ms above 400◦C. As observed in the liter
ature, Pd is a good candidate for the elaboration of such HESMAs. The 
predictive capabilities of the model to elaborate HESMAs with Ms above 
400 ◦C are demonstrated using an illustrative case of (NiCuPd)50(TiZr)50 
HESMAs. Other specification requirements on the chemical element 
ranges also constrained the model and provide relevant indications on 
the composition of HESMAs. 

The developed methodology can be easily generalized to other ele
ments known to also increase Ms such as Au or Pt for Ni substitution or 
Hf for Ti substitution. In addition, other specifications regarding phase 
stability, phase structure, the processing costs should also be incorpo
rated into the algorithm for an industrial application. 

5. Conclusions

A database of NiTi-like HESMAs has been created and has been
enriched with alloys of less complex chemical composition (binary, 
ternary and quaternary). The main novelty of this database is the 
addition of a metallurgical criterion designed to maintain only homog
enized alloys. It brings a metallurgical point of view to the data, which 
guarantees a greater robustness of the experimental data from different 
research works. 

The Ms evolution has been analyzed through two complementary 
points of view, the alloying elements, and the material descriptors that 
are of first order of importance for Ms temperature prediction. These 6 
parameters are founded on the metallurgy and related to: the mismatch 
between each element in terms of mixing enthalpy, atomic radius, 
electronegativity, and the atomic number. 

Furthermore, the Ms temperature prediction is related to the number 
of alloying elements, in particular, for binary and ternary alloys. How
ever, it has been observed that the transition from medium to high en
tropy (from 4 to 5 elements) brings about some unclear trends in the 
evolution of Ms temperature. This complex evolution of Ms with respect 
to the number alloying elements can be explained by the cocktail effect 
in HEAs. The use of material descriptors instead of the chemical 

elements brought better physical explanations for Ms prediction. 
The ExRT algorithm is a promising ML algorithm for Ms prediction 

since the errors are very low (below 30 ◦C) for alloys containing up to 4 
elements. For more elements, the errors increased significantly and 
could probably be explained by a lack of homogenized HESMAs leading 
to the uncertainty of Ms prediction. Conversely, the Ms temperature is 
predicted quite well for the home-made HESMAs, defined in this study 
as “test” alloys, whose homogeneity has been systematically checked by 
SEM and DSC measurements. 

Based on the predictions of the model, a powerful tool was developed 
to design HESMAs with a desired Ms temperature and specification re
quirements. As an illustrative case, the design of (NiCuPd)50(TiZr)50 
HESMAs was carried out and resulted in compositions with Ms above 
400 ◦C including other requirement specifications. 

The model revealed a significant sensitivity to the number of alloying 
elements whose Ms prediction decreases sharply for HEAs. To address 
this issue, thermodynamic calculations [28] are planned to virtually 
define and extend a larger database. In the future, to fill the gap 
regarding the lack of certain combined compositions, the present work 
will be extended and enriched by introducing experimental data from 
4D printing combined with thermodynamic calculations. This prospec
tive will open the way for an innovative design of HESMAs towards high 
temperature applications avoiding the use of expensive elements such as 
Pd, Pt or Au elements. 

Finally, this methodology approach could be extended to other 
alloying elements such as Mn, Al-like (Al, Zn, Ga, In) and Mo-like (Mo, V, 
Cr, W) elements without adding a significant number of parameters. In 
addition, the entire methodology can be applied to other families of 
SMAs such as TiNb, CuAl or FeMn-like alloys. 

CRediT authorship contribution statement 
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Table B1 
Properties of the pure elements used in this study.   

Ni Cu Co Fe Pd Pt Au Ti Zr Hf Nb Ta 

Atomic number 28 29 27 26 46 78 79 22 40 72 41 73 
Valence electron 10 11 9 8 10 10 11 4 4 4 5 5 
Atomic radius [Å] 1.246 1.278 1.251 1.241 1.375 1.387 1.442 1.462 1.603 1.578 1.429 1.43 
Electronegativity 1.91 1.9 1.88 1.83 2.2 2.38 2.54 1.54 1.33 1.3 1.6 1.5  

Table B2 
Mixing enthalpy table of the studied couple of alloying elements.  



interests or personal relationships that could have appeared to influence 
the work reported in this paper. The authors acknowledge the use of the 
Cassiopee Arts et Métiers Institute of Technology HPC Center made 
available for conducting the research reported in this paper. 

Data availability 

The database and the related references can be found at: https:// 
data.mendeley.com/datasets/z6j6g3b9yf/draft?a=00b9d4d9-3e19- 
4552-b670-cf763375cc25 

Appendices A. 

Appendix A. Homemade HEAs: micrographs and DSC curves. 
Fig. 18 illustrates the micrographs (a,c,e,g,i,k) and the related DSC 

thermograms (b,d,f,h,j,l) of the 6 developed HEAs exploited as “test” 
alloys for the proposed ML algorithm. The microstructural observations 
combined with transformation temperature measurements emphasized 
the homogenized state of the studied alloys. This confirms the metal
lurgical criterion for the database filtering (see Table B1-B2). 

Appendix B. Properties of the alloying elements used in this study 
Appendix C. Optimization of the ML parameters. 
C.1. Sensitivity study of the ExRT hyperparameters. 
Fig. 19 reflects the effects of the number of decision trees and the 

maximum depth on the Ms prediction for the alloys used in validation 
and testing process of the ML algorithm. For these simulations, the 
alloying elements are chosen as reference. The accuracy of the results 
increases with the number of decision trees until a saturation point is 
reached after 10 trees. Similarly, the maximum depth reduces the errors 
in Ms prediction and converges to an asymptotic value for 10 branches. 
Moreover, the accuracy of the model is clearly correlated with the 
number of elements, since for ternary and quaternary alloys the errors 
are less than 30 ◦C, whereas for HEAs used for validation the error 
saturates at 80 ◦C. For the HEAs developed specifically for the present 
work, which are utilized for testing, the accuracy is better and decreases 
below 50 ◦C when the number of trees and the maximum depth are 
below 50 ◦C. The number of trees and maximum depth are then both set 
to 10 for the remainder of the study as a compromise between compu
tation time and accuracy. 
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