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Isogeometric homogenization of unidirectional
nanocomposites with energetic surfaces

Abstract The present work aims to propose an interface-enriched isogeometric analysis strategy for predicting
the size-dependent effective moduli and local stress field of periodic arrays of nanosize inhomogeneity. The
proposed framework allows for an exact representation of the curved boundary of inhomogeneity inside the
matrix due to the representation of the geometry of repeating unit cells for microstructured materials with
nonuniform rational B-splines. The energetic surface was characterized by the Gurtin—-Murdoch model, and
it was incorporated into the proposed framework by introducing additional surface energies linked to the
bulk elements neighbouring the interface. The surface-enhanced isogeometric homogenization method was
verified through comparisons with existing solutions found in the literature. It is demonstrated that the proposed
framework enables the satisfaction of higher-order continuity of the displacement fields, leading to smooth and
accurate predictions of the stress fields and homogenized moduli of nanocomposites, without encountering
the convergence problems associated with conventional finite-element methods in the literature.

1 Introduction

The interface between different phases is actively engaged in determining the local stress concentration within
the microstructures, thus the global elastic/inelastic behaviour of composites to thermomechanical loading.
From a mechanics point of view, the interface can be perceived as a surface with negligible thickness, allowing
it to be treated as a two-dimensional manifold in equilibrium. One common approach to model interface
behaviour is to consider perfect bonding between various phases. The perfect interface model posits that no
discontinuity in either displacement or traction is permitted along the interface that separates distinct phases.
Most often, the physical nature of the interfacial region cannot be adequately captured by the perfect interface
model due to the presence of defects arising from the manufacturing process or the occurrence of damage in
the affected region upon external loading, among others.

Therefore, imperfect interface models have been frequently employed to better represent the actual adhesion
state of the inclusion and matrix phases, accounting for the kinematic or kinetic relations of interface regions
[1-6]. In the energetic interface or the so-called coherent interface, the discontinuity in terms of tractions is
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allowed, while the continuity in terms of displacements is preserved. To describe the stress transfer mechanisms
of energetic interfaces in continuum mechanics, the Gurtin and Murdoch [7, 8] interface theory was adopted
in the literature. In this model, the equilibrium of the interfacial stresses is governed by the traction jump
conditions expressed in terms of the Young—Laplace equations [9]. An alternative to the elastic interface is the
cohesive interface model [10, 11]. The latter takes into account displacement discontinuity while maintaining
the traction continuity condition despite physical separation. It suffices to express the interfacial tractions
into normal and tangential components and assume they are functions of normal and tangential displacement
discontinuities at the interface [12]. In a more general case, the general interface model is allowed to develop
both traction and displacement continuities [1, 13, 14]. Evidently, the general interface model simplifies to
either the elastic interface model or the cohesive interface model in the limit. It is an ideal framework to
model the surface effect and failure of the interface in an integrated manner. For the recent developments and
applications of imperfect interface models for heterogeneous solids, we refer to the review articles by [2, 15,
16].

This manuscript focuses on the study of the impact of energetic surfaces on the homogenized mechanical
properties of periodic nanostructured materials and the local stress field distributions to mechanical loading.
At the nanoscale, the presence of interfacial stresses and energies in nanocomposites is well recognized, which
arises due to variations in configuration and coordination numbers between surface atoms and those in the
neighbouring bulk materials [17, 18]. The interfacial stresses render the effective elastic/inelastic stress—strain
response and local deformation of periodic arrays of fibers/porosities size-dependent at the scale of nanome-
tres. To quantify the interface effect on the size-dependent response of nanoscale component architectures, a
number of researchers have employed molecular dynamic simulations. While these MD simulations have been
demonstrated to be useful tools for verifying the applicability and accuracy of the elastic interface model which
accounts for nanoscale surface effects and surface parameter calibration for surface-enhanced continuum-level
computational models [19], they are inefficient and unsuitable for analysing nanoscale architectured materials
across a wide range of parameters and dimensions due to significant computational expenses.

To address the issue with the MD methods, classical mean-field micromechanics approaches enriched with
the Gurtin—-Murdoch interface have been adopted by many investigators to enhance comprehension of the
surface’s impact on the homogenized moduli of nanocomposites, such as the Mori-Tanaka (MT), composite
cylinder/sphere assemblage models (CCA) and three phase models [17, 20-22]. These models are based on
simplified geometric representations of composites with cylindrical fibers or spherical inclusions in the matrix.
The explicit expressions can be derived in terms of homogenized moduli with surface parameters and fiber
radius. However, the simple solutions fail to account for the adjacent fiber/pore interactions. They substantially
underestimate the local stress distributions within the matrix phase, yielding inaccurate homogenized moduli
at high-volume content.

To accurately predict the impact of energetic surfaces on the mechanical response of nanocomposites, new
full-field homogenization approaches demanding more advanced analytical or numerical techniques continue
to emerge. For instance, Wang et al. [23] introduced the locally exact homogenization technique grounded
in elasticity theory for square and hexagonal unit cells containing cylindrical fiber/porosity. The accuracy
of the technique relied on periodic boundary displacement and traction constraints established through a new
balanced variational principle. The interface behaviour was described by the Gurtin—Murdoch interface model,
and the interfacial traction continuity condition between the fiber/matrix was replaced by the Young—Laplace
condition. Chen et al. [24, 25] proposed a finite-volume micromechanics approach for predicting homogenized
moduli, elastoplastic stress—strain response, and local stress fields of periodic arrays of cylindrical porosity.
In this approach, finite-difference approximations were used to calculate the partial derivatives found in the
Young—Laplace equations for interfacial stress equilibrium at the interfaces between the energetic surface
and the discretized matrix. The Gurtin—-Murdoch interface model has also been successfully incorporated
into the finite-element framework by many authors [26-29]. For this, the Gurtin-Murdoch interface model
was incorporated by considering supplementary surface energies linked to the elements along the boundaries
of the pores. The above solution methods enable the incorporation of adjacent inclusion interactions through
periodic boundary conditions. An alternative approach for accounting for such interaction is the elasticity-based
homogenization scheme, called the equivalent inhomogeneity technique (EIT), proposed by Mogilesvkayaetal.
[30, 31]. The EIT technique entails solving for the displacement and stress fields in both the matrix and the
cluster of fibers, subject to homogeneous boundary conditions.

In this manuscript, an interface-enhanced isogeometric analysis framework [32, 33] has been developed to
enhance the homogenization and localization of periodic arrays of nanoporosities with energetic surfaces. The
proposed framework enables the satisfaction of higher-order continuity of the displacement fields, yielding



accurate and smooth stress field predictions akin to the theory of elasticity. Hence, the proposed framework is
particularly well-suited for modelling the surface effect in composites where significant deformation and stress
gradients are encountered. In addition, the isogeometric homogenization technique employs the nonuniform
rational B-splines (NURBS) for representing the geometry of repeating unit cells for multiphased materials,
allowing for an exact representation of the curved boundary of the fiber/porosity inside the matrix. The main
novelties of the present work include:

e Construction of an isogeometric homogenization technique for nanoporous composites by incorporating the
surface elasticity model modelled via the Gurtin—-Murdoch interface theory

e Extensive validation of the IGH-generated homogenized moduli and local stress fields against the various
benchmark solutions

e Demonstration that the IGH technique facilitates smoother and more accurate field approximations over the
conventional FEM methods, without sacrificing the computational efficiency

2 Coherent interface overview

In this section, the coherent interface model employed for modelling the size-dependent effect in nanocompos-
ites is recalled. This lays a foundation for the development of the isogeometric analysis-based homogenization
approach incorporating surface elasticity, which is presented in the next section.

Figure 1 illustrates a unidirectional composite containing nanosized cylindrical fibers of the same radius
that are dispersed in the matrix media. The constitutive equation for a linearly elastic solid under infinitesimal
deformations and rotations can be written as:

O-(Q) — C(‘]) X e(q) (1)

where
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where 6@ = [o11, 02, 033, 023, 013, 012]1@PT denote stresses, €9 = [e11, €22, €33, 2623, 2613, 2612] DT
denote strains, and u? = [u], us, u3]@T denotes displacements. V indicates the gradient operator. c@
represents the fourth-order elastic stiffness tensor. The superscripts ¢ = 0, 1 indicate, respectively, the matrix
and inhomogeneities. The elastic stiffness tensor for transversely isotropic constituent phases can be represented
by Hill’s elastic moduli [34], if the axis of symmetry is paralleled to the global x; axis:
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where n, [, k, m and p indicate unit uniaxial straining constant, cross-constant, the plane strain bulk constant,
transverse shear constant, and axial shear constant, respectively.

Itis assumed the presence of a zero-thickness energetic interface that separates the inhomogeneities and the
surrounding matrix materials. Within this interface, a distinct constitutive equation governs its behaviour with
the plane stress assumption, reflecting the unique energy state of its atoms or molecules compared to the bulk
material to which it is closely attached., cf., Gurtin and Murdoch [7, 8]. In this document, we only consider
a cylindrical inhomogeneity with a constant radius a. It is assumed that the interface’s normal direction is
parallel to the local axis r in cylindrical coordinates (z, r, 6). The constitutive relation of the interface can be
described by:

é® = Cc®.5@ 4)

where the subscript (2) indicates the energetic surface, and
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Fig. 1 Illustration of unidirectional composites with the energetic interface (highlighted in red) inside the matrix phase

where Cﬁ) = C%) =@ 4 2u(2), CS) = 1@ and Cg) = M(Z) are the surface moduli. The tilde symbol
indicates cylindrical coordinate quantities.

The second critical assumption within the Gurtin-Murdoch interface model asserts that the interface is
kinematically coherent, signifying that there are no atomic bonds disrupted along the surface that separates the
inhomogeneities and matrix phases. Specifically, the continuity of the interface necessitates that the tangential
and axial strain components remain consistent across it.:
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The stress tensors 64 (¢ = 0, 1) in the fiber and matrix obey the following equilibrium equations:
V.6 @ =0 (7

where V- denotes the divergence operation. The interfacial stresses in equilibrium require that:
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where [{}]] = {}* = {1}~ = {}© — (D, Similarly, the continuity of the displacements between the

inhomogeneities and the matrix holds at the interface r = a:

ul(a,0,2) =u®(a,0,2) 9)

3 Isogeometric homogenization enhanced with surface elasticity

The isogeometric homogenization technique proposed recently by the present authors [35] focuses on the
homogenization of unit cell embedding two- or three-dimensional inhomogeneities. The critical assumption
is based on the periodicity of microstructures and asymptotic expansion of the displacements, stresses, and
strains due to the large-scale separation between the size and spacing of the underlying heterogeneities and
the homogenized materials dimensions. In what follows, the IGH technique incorporating the surface effect
for nanocomposites is presented in detail.
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Fig. 2 Illustration of discretization of multiple conforming NURBS patches for hexagonal unit cell. The unit cell is obtained
by mapping a square from the parent domain to the physical domain through the parametric domain. The red dots denote the
distribution of the control points
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3.1 NURBS surfaces

As shown in Fig. 2, we focus on a basic repeating unit cell. To represent the entire heterogeneous solids
replicated in the two-dimensional space, periodic constants are considered at the unit cell boundary. This unit
cell is then subdivided into a number of interconnected NURBS patches.

A NURBS curve can be created by the combination of control points and the univariate nonuniform rational
B-spline (NURBS) basis functions. The B-spline basis functions are defined over a nondecreasing knot vector
8= {%‘1, &, &, ..., & p+1} and can be obtained by using a recursive formula. The subscript n indicates the
number of basis functions and p denotes the degree of functions. Mathematically, a series of B-spline basis
functions can be written as, [36]:

L & =& <éin,
Nip(®) = i 0, otherwise, (10)
for p =0, and
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for p >0. It can be noticed that the B-spline functions are piece-wise polynomial functions from the above
definition. Generally, the first p + 1 and last p + 1 knots are set to be equal to obtain the interpolatory properties
at the ends of NURBS geometries. The valid parametric domain for the i-th basis function is [&;, &1+ p+1]. The
continuities of a NURBS curve are C* between adjacent knots and CP~¢ at inner knots, where o denotes the
multiplicity of the related knots.

Assume that E; and E, indicate the knot vectors defined along & and 7 directions, a NURBS surface is
defined by
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where P 4 is the coordinate vector, and w4 is the weight of the A-th control point. R4 is the bivariate NURBS
basis function, which can be calculated from the related univariate B-spline basis functions. The number of
control points in two directions is » and m. The subscripts A and B indicate the index of control points, written
as A =n(j —1)+iand B =n(l — 1)+ k. The quad-like mesh constituted by knot lines is called IGH mesh,
and each face corresponds to an IGH element, which will be further utilized for integral calculation based on
the classical Gauss quadrature scheme.

3.2 Formulation of isogeometric homogenization incorporating surface elasticity theory

The isogeometric homogenization method is derived under the zeroth-order homogenization framework
[37-40]. In this framework, the displacement fields are expressed in terms of dual-scale expansion involv-
ing macro- and microscopic contributions as follows:

uxy) =g -x+u'’(y) (13)

In the above equation, € denotes the applied strains applied in the global coordinates. w'()(y) denotes the
fluctuating displacements, which are periodic functions on the local coordinate systemy. They are approximated

in terms of NURBS-based interpolation functions RE‘Q)(S , 1) and the fluctuating displacements at the control
points ulgq) (y):

Oy =Y )Ry G0 (14)
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where W@ = [u}, u), ug]T(q), ugq) = [u/l(’qj, u/z(’ql‘, ug(’qj] . Substituting Eq. (13) into Eq. (2) yields the
strain field in the following form:
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In the above equation, £'?) represents the fluctuating strain vector, which can be written as:
8/(q)(y) — B@Oy@w (16)

Whe.re g'@) = [8/11, ?éz, €435 263, 28./13, 2812]T(q), U@ = [u/l, N | VR u,/lm](q). B@ denotes the fluc-
tuating strains and displacement matrix, which can be computed as follows:
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In order to proceed with the weak form formulation of a unit cell problem, it is crucial to represent stress,
strain, and displacement vectors and stiffness tensor of the energetic surface, namely, Egs. (4)—(6), in Cartesian
coordinates. Toward this end, we first relate the axes in the Cartesian coordinates (x;, xp, x3) to those in the
cylindrical coordinates (z, r, 8) via the following equations:

X] =2, Xxp =rcosf, x3 =rsinf (17)

Thus, the stress and strain vectors in Voigt notation undergo a transformation when transitioning between
the cylindrical (denoted by the tilde symbol) and Cartesian coordinate systems, as follows:
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where Q. and Q, denote proper fourth-order rotators [41]:
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With the help of the above rotation matrices, the surface stiffness tensor in the cylindrical and Cartesian
coordinates can be related via:

C?=Q; C?.-Q 1)

We note that surface stiffness tensor Eq. (5) needs to be properly expanded by adding the zero terms in
order to have the same dimension (6 x 6) as the rotation matrix.

The equilibrium equations shown in Egs. (7) and (8) are solved using the isogeometric analysis. The weak
form representation of the overall potential energy function IT of the composites is comprised of the strain
energy density originating from the bulk U’ materials and energetic surface U*, along with the external work
W as follows:

1
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2 Jy 2

(o<2>T : e<2>)ds _G-8-V (22)
N

In the above equations, ¢ represent the volume-averaged stresses defined in the sequel. V denotes the unit
cell volume. Substituting the strains, Eq. (15), and stresses, Egs. (1) and (4) into Eq. (22), in the Cartesian
coordinates, yields the potential energy function that is written in terms of surface and bulk stiffness tensors, the
fluctuating control point displacements U’(4), the strain—displacement matrix B‘?), and macroscopic strains and
stresses (not shown). The local system of equations is obtained by taking the partial derivatives dT1/9U’ = 0:

K +1c] Py — £+ }(q) (23)

In the above equation, the superscripts » and s indicate the bulk and surface stiffness matrices and force
vectors, respectively, with:
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Assembly of Eq. (23) by enforcing the continuity and periodicity conditions of fluctuating control point
displacements yields a final system of equations for determining the fluctuating displacements in the local
coordinates:

(24)
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It is evident that Eq. (25) simplifies to the classical computational homogenization when the interfaces
are disregarded. It should be noted that the periodicity conditions are applied directly during the assembly
process of the local system of equations. This is achieved by consistently numbering the control points along
the opposite unit cell edges.

To generate one column of homogenized stiffness tensor of the unit cell C*, the global system of equations,
Eq. (29), is solved by sequentially applying one unit macroscopic strain component at a time, with other strain



components kept as zeros. In the presence of surface stresses, the homogenized stresses of the unit cell for
the six loading cases can be obtained by volume-averaging of the stresses in the bulk materials and energetic
surface as follows:

1 1
o= —/ o(O’I)dV+—/o(z)dS (26)
Vv Vs

It is worth pointing out that when cylindrical inhomogeneities are distributed randomly or arranged period-
ically in a hexagonal array, the resulting macroscopic properties exhibit transversely isotropic characteristics,
characterized by five elastic constants, k*, [*, n*, m* and p*.

4 Verifications

In this section, the accuracy of the extended IGH framework enriched with energetic surfaces is validated against
available solutions in the literature. It is important to point out that the interfacial elastic constants are typically
derived from molecular dynamics simulations specific to a particular atomic lattice. Nevertheless, such data are
limited in availability, and energetic surface moduli associated with porosity boundaries have primarily been
reported for lattices composed of aluminium and silicon. Therefore, in the following simulations, we focus
on aluminium nanoporous arrays where the surface effect prevails. The cylindrical porosities are distributed
periodically in the hexagonal and square manner in x; — x3 plane. The bulk aluminium Young’s modulus
and Poisson’s ratio are: E® = 90.2GPa, v(® = 0.3, respectively. We employ two distinct sets of surface
elastic constants, resulting in significantly varied stress distributions and homogenized moduli as the pore
dimensions decrease [42]. For the surface labelled as Surface A, A = 3.4821N/m, M(z) = —6.2178N/m
and for the surface labelled as Surface B, A® = 6.842N/m, u® = —0.3755N/m. These surface constants
yield the softening and stiffening behaviour of such materials at small fiber/pore radii when compared to the
classical results without surface effect, respectively. The numerical implementation of IGH is developed on
our open-source framework NLIGA [33, 43].

4.1 Stress concentration factor under far-field loading

Precise characterization of the localized stress fields and the concurrent identification of maximum stress
points in the vicinity of pores are pivotal for understanding the failure modes in nanoporous materials. In this
subsection, we first consider an infinite plate embedding circular porosity in the centre, where the surface
elasticity model is considered. The plate is subjected to uniform in-plane normal stress 055 = o5y = 0, and
transverse shear stress 05y = —o3y = 0, at infinity, respectively, which is the so-called extended Kirsch
problem. The stress fields at the interface may be evaluated to produce the hoop stress concentration factors
(SCF). The explicit expressions for hoop stress distributions are first obtained by Chen et al. [17], which are
formulated in relation to surface and matrix moduli, as well as the radius of the pore, and are presented below:
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Evidently, the aforementioned equations simplify to the classical Kirsch problem in the absence of surface
elasticity, either when the pore radius approaches infinity or when the surface moduli decrease significantly.

To mimic the Kirsch problem with the presented IGH framework, we consider a square unit cell containing
1% of the pore volume fraction. In such a case, the effect of periodic boundary conditions on the local stress
concentration is negligible in the vicinity of the interface. The far-field loadings for in-plane normal and shear
loadings are replaced by o2 = 633 = 0, and 623 = —033 = 0,, respectively. As illustrated in Fig. 3,
under transverse loading, the presented IGH framework shows excellent accordance with Chen’s results in
predicting the hoop stress concentration factors for the pore radii within a range where the impact of surface
elasticity becomes evident. The slight discrepancy noticed in Fig. 3 can be attributed to variances in boundary
conditions. In the extended Kirsch problem, far-field loads are employed in the elasticity solution, whereas the
IGH framework relies on the rigorous periodicity of microstructures.



T - T I 10 ; :
le) I(;H(Surlim'v A) O IGH(Surface A)
o o I(;H(_bl_u'lavf‘ B) o IGH(Surface B)
26} Elasticity 4 Elasticity
st 4
24¢t
bc S
\m Q 6 4
S50l S
b < S
0 0O 1
L oo A - ~
2[ gepmess 41 = Saaca s =
r f
187 1
0 2 4 6 8 10 0 2 4 6 8 10

alnm]
(a) Radial loading

Fig. 3 The stress concentration factors at the pore boundary: (a) radial loading 622 = 033 = ov; (b) transverse shear loading
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4.2 Homogenized moduli

To further demonstrate the modelling and predictive performances of the proposed micromechanics framework,
the homogenized moduli of nanoporous materials with different pore volume fractions and radii are computed
and compared with the Mori—-Tanaka scheme [15], the locally exact homogenization theory [23], the equivalent
inhomogeneity technique [31], and the finite-volume direct averaging micromechanics (FVDAM) [25] and the
finite-element predictions [28].

Figure 4 shows a hexagonal repeating unit cell containing six conforming NURBS patches that are employed
in the IGH simulations. Each patch is further discretized into 16 x 16 elements, yielding 1536 elements in total.
Figure 5 shows the discrepancies between the axisymmetric moduli n*, £* and the axial and transverse shear
moduli p*, m* computed using the Mori—Tanaka and LEHT methods with the presented IGH micromechanics
technique. This comparison is presented as a function of pore volume fraction, and it includes two variations of
surface properties and pore radii (¢ = 5 nm and @ = 20 nm). To clearly demonstrate the effect of the energetic
surface on the effective composite moduli, all results are normalized based on their corresponding classical
values without surface elasticity. It is noted that, regardless of the pore radii and surface types considered,
there is a notable alignment among the results obtained using the three approaches for the axisymmetric n*,
k* and axial shear p* moduli. While the IGH and LEHT theories provide indistinguishable predictions for the
transverse shear moduli m™*, the MT method significantly underestimates these values, with the differences
between the MT and IGH/LEHT increasing with increasing pore volume fractions and decreasing pore radii.
The exceptional consistency between the IGH and LEHT predictions can be attributed to the fact that both
methods account explicitly for pore interaction which becomes important at high pore volume fractions. In
contrast, the classical MT micromechanics technique incorporates this interaction only in an averaged sense.

Figure 6 compares the IGH and LEHT predictions of the plane strain bulk moduli £* and transverse shear
moduli m* with those obtained based on the EIT prediction of Mogilevskaya et al. [31], as a function of pore
volume fractions. The EIT is a homogenization approach rooted in elasticity principles. It entails solving for
the displacement and stress fields within both the matrix and the cluster of fibers. We focus on only the pore
radius of a = 5 nm due to the more significant surface effect. As observed, the IGH and LEHT predictions
correlate very well with the EIT results over the considered range of pore volume fractions.

Figure 7 presents the comparison of the LEHT and FVDAM predictions of the axisymmetric moduli n*,
k* and the axial and transverse shear moduli p*, m* with the presented IGH micromechanics technique as
a function of pore radii. The pore volume fraction is kept as a constant at Vy = 30%. The FVADM is a
semi-analytical and finite-volume-based unit cell solution that satisfies strong form equilibrium equations and
periodic displacements and tractions, albeit at a volume- or surface-averaged sense. Once again, there is a
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Fig. 4 Discretization of a hexagonal unit cell with the Gurtin-Murdoch interface with six patches in the presented IGH method
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Fig. 5 Normalized effective axisymmetric and shear moduli of a hexagonal array of cylindrical porosity. Comparison with the
LETH and classical MT micromechanics predictions
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Fig. 6 Normalized effective plane strain bulk and transverse shear moduli of hexagonal array of cylindrical porosity with the
pore radius a = 5 nm. Comparison with the EIT homogenization

remarkable correlation between the IGH results and the benchmark solutions. It should be noted that both the
LEHT and EIT techniques are elasticity-theory-based solutions. Currently, both techniques are limited to the
modelling of unidirectional composites with cylindrical porosity, while the present technique can be easily
extended to the three-dimensional domain to accommodate arbitrarily shaped inhomogeneities. The FVDAM
employs the volume/surface averaging solution of the unit cell problem, based on the finite-volume theory.
The surface equilibrium equations (or the so-called Young—Laplace conditions) are implemented through the
finite-difference method, which is difficult to extend to the three-dimensional domain.

In the last example, comparison of the IGH predictions of the plane strain bulk moduli and transverse shear
moduli with conventional finite-element results is conducted in Fig. 9. The latter was performed by Gao et al.
[28] using ANSYS based on a square array of cylindrical porosity with 30% volume content. The IGH mesh
with four NURBS patches employed in the study is shown in Fig. 8. As depicted in Fig. 9, minor discrepancies
can be noted for plane strain bulk moduli among Gao’s reported results with the predictions from LEHT and
the IGH techniques. These differences tend to decrease as the pore radius increases. We also note that when
it comes to the transverse shear moduli, more significant distinctions are observed between Gao’s results and
those from the IGH/LEHT methods, particularly within the smaller pore radius range. It should be emphasized
that Gao et al. [28] mentioned that the ANSYS software encounters convergence and stability issues when the
pore radius is below 2 nm. The IGH technique does not yield such a problem in the examined pore radius and
volume fraction range.

4.3 Local stress fields

Having examined the predictive capabilities of the proposed micromechanics technique in generating the
macroscopic properties of nanoporous materials, we proceed to investigate the energetic surface effect on
the local stress field distributions under different loading scenarios. Accurate local stress field predictions are
crucial for the design of durable and sustainable nanoporous structures with specific applications. The proposed
IGH technique is highly suitable for predicting the full stress fields in nanoporous media with surface elasticity
due to its stability, accuracy, and the ability to explicitly consideration of microstructures. Conversely, the
classical micromechanics method, such as MT, can provide only an average stress value per phase. It cannot
be utilized to predict the adjacent pore interaction, which is important at high pore contents.

Figures 10and11 present differences in transverse shear stress 023 (y2, y3) and axial shear stress 012 (y2, y3)
for hexagonal unit cells for the type A surface at two different pore radii a = 1 nm and a = 10 nm. These
stresses are evaluated under transverse shear loading €23 = 0.1% and axial shear loading €1, = 0.1%, respec-
tively, by the IGH and LEHT techniques. We have chosen 50% high volume fraction due to the pronounced
pore—pore interaction. Notably, surface A produces substantially higher stress concentrations in the vicinity of
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Fig. 8 Discretization of the square unit cell with the Gurtin-Murdoch interface with four patches in the presented IGH method
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the pore boundary at the pore radius of a = 1 nm than those at the pore radius of a = 10 nm. The stress field
distributions obtained from both computational approaches are found to be virtually identical at the chosen
pore radii and volume fraction. We highlight that the fundament difference between the IGH and LEHT unit
cell problems lies in the fact that the LEHT unit cell solution relies on the strong form solution of the stress
equilibrium equations in the bulk materials, with the Gurtin—-Murdoch interface model introduced through the
Young-Laplace equations. In contrast, the IGH approach relies on minimizing the total potential energy, and
it integrates the Gurtin—-Murdoch interface model by introducing supplementary surface energies linked to the
elements along the boundaries of the pores.

We further examine the impact of unit cell type on the predicated transverse shear stresses under transverse
shear loading €23 = 0.1%. This analysis was performed with surface B properties at the pore radius a = 1 nm,
as shown in Fig. 12. Once again, the correlations between the IGH and LEHT predictions with surface B
properties are remarkable for the hexagonal and square arrays alike. The stress fields are substantially different
for the two arrays, highlighting the important adjacent pore interactions with different microstructural arrays
at the high pore volume content range.

5 Discussion

Micromechanics plays an important role in predicting not only the homogenized moduli but also local stress
field distributions, and hence the damage evolution and ultimate failure of composite materials. The clas-
sical micromechanics methodologies, such as the MT technique, neglect the intricate interactions between
different phases at intermediate- and high-volume fraction ranges; therefore, they are incapable of predicting
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accurately the local stress field distributions, if not the homogenized moduli. In response to this limitation,
full-field homogenization approaches requiring more sophisticated analytical or numerical treatments con-
tinue to emerge, with efficiency and accuracy of the local stress field reconstruction of major considerations.
Presently, the analytical solutions for full-field homogenization theories are limited in their availability and
the finite-element method remains the primary means of implementation in the literature [44, 45].

It is the objective of the present work to present a new finite-element framework for homogenization and
localization of nanoporous composites via the isogeometric analysis technique. The proposed IGH technique
directly employs the NURBS functions as shape functions, eliminating the need for the complex mesh dis-
cretization associated with the conventional FEM. More importantly, the proposed theory facilitates smoother
and more accurate field approximations due to the satisfaction of higher-order continuity through the use of
higher-order NURBS basis functions, without sacrificing the computational efficiency. This presents a sub-
stantial advantage over the conventional finite-element technique since the latter ensures only C° continuity
conditions of displacement. In order to clearly demonstrate the advantages of the proposed technique over the
classical finite-element homogenization scheme, we consider a hexagonal array of cylindrical porosity with
30% of pore volume fraction and surface A property, subjected to uniaxial strain loading by €25 = 0.1%. As
shown in Fig. 4, the unit cell is discretized into 96 x 9 elements in both IGH and conventional finite-element
calculations. Figure 13 presents the comparison of the IGH-predicted transverse normal stress o7 using the
2nd- and 4th-order NURBS basis functions with the corresponding results obtained from 4-noded and 8-noded
finite elements. The pore radius is 1 nm. It should be noted that to represent a circular geometry accurately, it
is necessary to employ NURBS basis functions of at least second order. As shown in Fig. 13, the transverse
normal stress o7, exhibits remarkable variation in the vicinity of the pore boundary due to the significant
negative surface energies. The lower-order FEM Q4 predictions differ significantly from the proposed IGH
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Fig. 13 Transverse normal stress fields 077 in the unit cell with 1 nm pore radius subjected to transverse normal loading €2, =
0.1%, predicted by the IGH and conventional finite-element techniques

and FEM Q8. In contrast, the IGH technique consistently produces nearly identical results to the §-noded
FEM, even when utilizing the 2nd-order NURBS basis function, showcasing the proposed method’s ability
to generate more robust and accurate solutions. Figure 14 shows the transverse normal stress 027 distribution
generated by the IGH and conventional FEM methods when the pore radius is increased to 2 nm. It is observed
that the IGH technique provides smoother and more accurate stress distributions relative to the conventional
FEM results.

Comparison of degrees of freedom (DOF) and execution times in an uncompiled MATLAB environment
between the IGH and conventional FEM techniques is presented in Table 1. We note that the IGH with 2nd-
order NURBS basis functions exhibits a similar number of DOF and execution times as the 4-noded FEM. In
contrast, the IGH with fourth-order NURBS basis functions possesses fewer DOF and proves more efficient
than the 8-noded FEM.
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Fig. 14 Transverse normal stress fields 027 in the unit cell with 2 nm pore radius subjected to transverse normal loading 2, =
0.1%, predicted by the IGH and conventional finite-element techniques

Table 1 Comparison of DOF and execution times between the IGH and conventional FEM techniques

IGH-p =g =2 IGH-p =g =4 FEM Q4 FEM QS8
DOF 3210 4272 2733 8061
Time (seconds) 2.62 9.16 1.141 11.06

6 Conclusions

In this contribution, the isogeometric homogenization framework has been further extended by adopting the
Gurtin—Murdoch surface elasticity theory for predicting the macroscopic elastic moduli and local stress field
in nanoporous composites. The presented method utilized a dual-scale representation of the displacement field
within the repeating unit cell for periodic microstructures. In this approach, the local unit cell problem was
solved under periodic boundary constraints. The Gurtin—-Murdoch interface model was introduced into the pro-
posed framework via supplementary surface energies linked to the elements along the boundaries of the pores.
The formation and assembly of surface element stiffness matrices were carried out independently from the
bulk materials while keeping the fundamental IGH framework unchanged. The surface-enriched IGH strategy
was employed for predicting macroscopic effective moduli and local field variables to mechanical loading for
hexagonal and square arrays of cylindrical porosity in an aluminium matrix. To validate its accuracy, the results
were compared against exact elasticity solutions as well as finite-element and finite-volume simulations. The
numerical examples presented in this manuscript demonstrate the developed model’s accuracy, akin to the
exact elasticity solution.
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