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Abstract

An extensive study of size effects on the small-scale behavior of crystalline materials is carried out through
discrete dislocation dynamics (DDD) simulations, intended to enrich strain gradient crystal plasticity (SGCP)
theories. These simulations include cyclic shearing and tension-compression tests on two-dimensional (2D)
constrained crystalline plates, with single- and double-slip systems. The results show significant material
strengthening and pronounced kinematic hardening effects. DDD modeling allows for a detailed exami-
nation of the physical origin of the strengthening. The stress-strain responses show a two-stage behavior,
starting with a micro-plasticity regime with a steep hardening slope leading to strengthening, and followed
by a well-established hardening stage. The scaling exponent between the apparent (higher-order) yield stress
and the geometrical size h varies depending on the test type. Scaling relationships of h−0.2 and h−0.3 are
obtained for respectively constrained shearing and constrained tension-compression, aligning with some ex-
perimental observations. Notably, the DDD simulations reveal the occurrence of the uncommon type III
(KIII) kinematic hardening of Asaro in both single- and double-slip cases, emphasizing the relevance of this
hardening type in the realm of small-scale plasticity. Inspired by insights from DDD, two advanced SGCP
models incorporating alternative descriptions of higher-order kinematic hardening mechanisms are proposed.
The first model uses a Prager-type higher-order kinematic hardening formulation, and the second employs
a Chaboche-type (multi-kinematic) formulation. Comparison of these models with DDD simulation results
underscores their ability to effectively capture the observed strengthening and hardening effects. The multi-
kinematic model, through the use of quadratic and non-quadratic higher-order potentials, shows a notably
better qualitative congruence with DDD findings. This represents a significant step towards accurate mod-
eling of small-scale material behaviors. However, it is noted that the proposed models still have limitations,
especially in matching the DDD scaling exponents, with both models producing h−1 scaling relationships
(i.e., Orowan relationship for precipitate size effects). This indicates the need for further improvements in
gradient-enhanced theories in order to guarantee their suitability for practical engineering applications.

Keywords: Discrete dislocation dynamics; Strain gradient crystal plasticity; Cyclic loading; Higher-order
kinematic hardening; Strengthening; Size effects

1. Introduction

The need to address environmental constraints and the rapid evolution of Micro Electro-Mechanical Sys-
tems (MEMS) have led to a demand for thinner and smaller structures. It is fundamental to have a deep
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understanding of the material behavior at small-scales. Several experimental works have shown a size-
dependent response of metallic materials at small-scales (E. O. Hall, 1951; Thompson, 1977; Fleck et al.,
1994; Stölken and Evans, 1998; Xiang and Vlassak, 2006; Xie et al., 2023; Zhang et al., 2023). A “smaller
is stronger” effect over scales ranging from a fraction of a micron to a few tens of microns is observed, man-
ifesting an increase in hardening and/or strengthening (increase of the yield stress) as the geometrical size h
decreases. Typically, the yield stress is found to evolve as h−r, with the scaling exponent r ≥ 0 subject of
intense debates (Dunstan and Bushby, 2014; Cordero et al., 2016) as it will be discussed in the present paper.
It is firmly believed that these effects are related to the the so-called concept of geometrically necessary dis-
locations (GNDs; Ashby, 1970). During deformation at small-scales, non-uniform plastic deformation arises
and GNDs are essential to accommodate the crystal lattice curvature. Knowing the complications involved in
small-scale experiments, numerical approaches are essential to handle complex applications. Although hav-
ing great capabilities, conventional plasticity theories fall short in modeling size effects due to the absence
of internal length scales.

Alongside with molecular dynamics (Zhu et al., 2011; Xing et al., 2021) and discrete dislocation dy-
namics (DDD) (Shu et al., 2001; Motz et al., 2008; Kiener et al., 2010; Motz and Dunstan, 2012; El-Awady
et al., 2013; Amouzou-Adoun et al., 2023; Jian et al., 2024), strain gradient plasticity (SGP) presents very
promising capabilities to capture such effects. Since the seminal papers of Aifantis (Aifantis, 1984, 1987),
various SGP theories have been intensively developed for both single- and poly-crystal structures, see, e.g.,
the non-exhaustive list (Fleck et al., 1994; Gurtin, 2002; Gudmundson, 2004; Gurtin et al., 2007; Bardella,
2010; Cordero et al., 2010; Fleck et al., 2014; Bardella and Panteghini, 2015; Dahlberg and Boåsen, 2019;
Dahlberg and Ortiz, 2019; El-Naaman et al., 2019; Panteghini et al., 2019; Cai et al., 2021; Jebahi and Forest,
2021; Kuroda et al., 2021; Croné et al., 2022; Jebahi and Forest, 2023; Mukherjee and Banerjee, 2023). The
present work focuses here on higher-order models, as Niordson and Hutchinson (2003) have demonstrated
that lower-order models (Aifantis, 1984, 1987; Acharya and Bassani, 2000; Busso et al., 2000) can lead to
likely unacceptable behaviors with spurious mesh dependence for some problems. Indeed, lower-order mod-
els only include strain gradient terms in the classical yield condition while keeping conventional stresses,
equilibrium equations and boundary conditions of conventional plasticity. On the contrary, higher-order
theories include additional plastic variable(s) as degree(s) of freedom along with the classical displacement
field, leading to new higher-order stresses (gradient-conjugate stresses), supplementary balance equations
and boundary conditions. These additional degrees of freedom can be scalar-based, like the cumulative plas-
tic strain p (Aifantis, 1987; Gudmundson, 2004), the plastic slip γ (Gurtin, 2002; Gurtin et al., 2007; Jebahi
and Forest, 2023), the cumulative plastic slip γeq (Bayerschen and Böhlke, 2016; Scherer et al., 2020), the
equivalent plastic strain εeq (Jebahi and Forest, 2021) or tensor-based, like the full plastic strain εp (Gud-
mundson, 2004; Fleck et al., 2014) or the plastic distortion Hp (Forest, 2008; Cordero et al., 2010). The
interest in this paper is on higher-order γ-based strain gradient crystal plasticity (SGCP) models which are
able to model orientation effect (anisotropic behavior). Recent experiments on single-crystals (Zhang et al.,
2023) have highlighted the need to improve this type of models.

To date, higher-order theories have demonstrated the most promising capabilities in modeling size ef-
fects. The emerging issue of expressing the higher-order stresses is the focus of ongoing debates. Two
approaches can possibly be distinguished: “parallel models” and “series models”. The “parallel models”
are based on the decomposition of the higher-order stresses into energetic (recoverable) and dissipative
(unrecoverable) parts. Based on the modeling assumptions for the dissipative parts of the higher-order
stresses, Hutchinson (2012) distinguished two classes of SGP theories: (i) incremental theories, in which
the higher-order dissipative stresses are expressed incrementally as a function of the increments of plas-
tic variables and their gradients, and (ii) non-incremental theories (also called Gurtin-type), in which the
higher-order dissipative stresses are themselves related to the increments of the plastic variables and their
gradients. The model proposed by Fleck and Hutchinson (2001) belongs to the first class of incremental
theories. Although providing interesting features in size effect modeling, incremental models have been



proven to violate the second law of thermodynamic (non-negative dissipation) for some problems (Gud-
mundson, 2004; Gurtin and Anand, 2009). Given that no experimental evidence proves the assumption of
dropping the higher-order dissipation, it is necessary to find different ways to express it (Voyiadjis and De-
liktas, 2009). Non-incremental (Gurtin-type) approaches have been formulated to ensure the non-negative
dissipation conditions (Gurtin, 2004; Gurtin et al., 2007), making them the most commonly used in the liter-
ature (Gurtin and Anand, 2009; Forest and Bertram, 2011; Panteghini and Bardella, 2018; El-Naaman et al.,
2019; Martínez-Pañeda et al., 2019; Forest, 2020; Jebahi and Forest, 2021, 2023). Nevertheless, as high-
lighted by several works (Fleck et al., 2014, 2015; Voyiadjis and Song, 2016; Panteghini et al., 2019; Jebahi
et al., 2020), these non-incremental theories always exhibit uncommon effects known as “elastic-gaps” un-
der certain non-proportional loading conditions. These gaps appear to be a macroscopic manifestation of an
interruption in the plastic regime following an infinitesimal change in the boundary conditions until a new
yield point is reached. In a previous work by the authors (Amouzou-Adoun et al., 2023), it has been demon-
strated that advanced DDD simulations did not reveal any traces of “elastic-gaps”. This finding supports the
non-physical nature of these gaps and raises questions regarding the ability of classical non-incremental SGP
approaches to model higher-order dissipation. For a further detailed discussion of these “parallel models”
and their potential comparison with experimentally observed size effects, the reader can refer to Voyiadjis
and Song (2019). “Series models” represent the next generation of gradient-enhanced models aiming to
avoid such gaps while taking into account thermodynamically-consistent higher-order dissipation. These
models are based on the higher-order kinematic decomposition of the gradients of the additional plastic vari-
ables into energetic and dissipative parts. Within generalized continua, kinematic decomposition techniques
have inspired several works on Cosserat media (de Borst, 1993; Forest et al., 1997; Forest and Sievert, 2003),
micromorphic approaches (Forest and Sievert, 2003; Forest, 2009; Regueiro, 2010) and strain gradient con-
tinua (Fleck and Hutchinson, 1997; Gologanu et al., 1997). Using this type of approach in the context of
phenomenological (or isotropic) SGP, the recent work of Panteghini et al. (2019) has been the first to remove
“elastic-gaps” while including thermodynamically-consistent higher-order dissipation with multiple simple
quadratic defect energy functions. Jebahi and Forest (2023) applied a similar decomposition technique to an
γ-based SGCP, showcasing the elimination of these gaps. The proposed model can only reproduce higher-
order isotropic hardening. Meanwhile, experimental (Hidayetoglu et al., 1985; Xiang and Vlassak, 2006;
Kiener et al., 2010) and numerical (Jiang et al., 2019; Amouzou-Adoun et al., 2023; Ugi et al., 2024) works
show a predominant kinematic hardening with respect to the isotropic hardening at small-scales. Given the
effect of GNDs, it is necessary to have a meticulous consideration of kinematic hardening. In the present
work, higher-order kinematic hardening techniques will be discussed within SGCP “series models” frame-
work. The aim here is to transfer the great capabilities of Prager- and Chaboche-like hardening models
commonly used in conventional plasticity (Besson et al., 2010) to higher-order context.

Given the challenges posed by real small-scale experiments, dialogue between SGCP and DDD is a suit-
able way to enrich SG(C)P theories (Shu et al., 2001; Bittencourt et al., 2003; Yefimov et al., 2004; Bardella
et al., 2013; Bayerschen et al., 2015; Chang et al., 2016; Amouzou-Adoun et al., 2023). In fact, DDD is a
powerful physics-based numerical tool that accurately characterizes small-scale plasticity by accounting for
dislocation activity with minimal modeling assumptions. DDD will then serve as a reference to the present
developments in constitutive continuum crystal plasticity modeling. Through the Burgers vector associated
with the dislocation lines, serving as intrinsic internal length scale, DDD can naturally reproduce challeng-
ing experimentally observed size effects (Motz et al., 2008; Kiener et al., 2010; Motz and Dunstan, 2012;
El-Awady et al., 2013; Gravell and Ryu, 2020; Amouzou-Adoun et al., 2023). Under uniaxial tensile loading
conditions, investigations on the dependence of the flow stress with the geometrical size have been under-
taken (Zhou et al., 2010; Ryu et al., 2020). Micro-bending of thin foils (Motz et al., 2008; Kiener et al.,
2010; Motz and Dunstan, 2012), micro-torsion of thin wires (Ryu et al., 2016) or nano-indentation (Fivel
et al., 1998; Robertson and Fivel, 1999) simulations with DDD have shown agreement with experimental
observations. Bittencourt et al. (2003) presented one of the first comparative studies between the Gurtin-type



SGCP model (Gurtin, 2002) and DDD on two-dimensional (2D) single-crystal boundary value problems.
Using quadratic defect energy and isotropic-like hardening (first-order), the authors show that heteroge-
neous distribution of the plastic strain and the macroscopic stress-strain curves from DDD are reproduced by
the non-local SGCP theory. Bardella et al. (2013) have also utilized a Gurtin-type theory in comparison to
DDD to investigate the shearing problem under monotonic loading. The paper focused on describing latent
isotropic-type hardening, without highlighting the strengthening mechanism. Chang et al. (2016) have fol-
lowed similar path by comparing DDD results with the micromorphic formulation of the so-called “curlHp”
SGP model. Fully cyclic loading have not been the focus of these works. Therefore, an in-depth investiga-
tion of size effects under cyclic loading within DDD and SGCP frameworks is necessary as suggested in the
literature (Bardella et al., 2013; El-Naaman et al., 2019). In this work, DDD simulations on cyclic shearing
and tension-compression will be conducted on a single-crystal. An accent will be put on the uncommon type
III (KIII) kinematic hardening of Asaro (Asaro, 1975; Hidayetoglu et al., 1985). Another important issue
tackled in this paper is the understanding of the mechanism of strengthening (increasing yield strength with
decreasing size). The scaling exponent will then be discussed. Insights gleaned from DDD simulations will
be utilized to improve the SGCP “series model” proposed by Jebahi and Forest (2023). The capabilities of
this model will be extended by incorporating Prager- and Chaboche-like higher-order kinematic hardening.
The physical meaning of the introduced parameters will be demonstrated based on the observed phenomena
in DDD simulations.

After this introduction, the present paper is structured as follows. Section 2 presents a thorough analysis
of size effects in cyclic shearing and tension-compression boundary problems using DDD. These findings
serve as a reference for further development in SGCP. Section 3 provides the theoretical aspects of the
two proposed higher-order kinematic hardening models, namely Prager-type and Chaboche-type (multi-
kinematic) models. Section 4 presents an analytical resolution of purely energetic problem with generalized
non-quadratic defect energy, in order to validate the implementation and to facilitate the fitting with DDD.
SGCP simulations and dialogue with DDD are highlighted in Section 5. Finally, Section 6 presents some
concluding remarks and recommendations.

2. Investigation of size effects with DDD

In this section, an extensive DDD investigation of size effects in single-crystals is realized in order to
serve as a reference prior to the development of continuum approaches that will be introduced later on.
Cyclic shearing and tension-compression tests under quasi-static conditions are conducted to have a better
understanding of the strengthening phenomenon and the non-linear kinematic hardening dependence with
the geometrical size. Single- and double-slip configurations are employed to emphasize the observations.
The material parameters used are listed in Tab. 1.

2.1. General DDD approach and problem description

The DDD simulations are performed with the 3D code TRIDIS (Fivel et al., 1996; Verdier et al., 1998;
Amouzou-Adoun et al., 2023) which is based on the explicit representation of dislocation lines in 3D, dis-
cretized into successions of pure screw and edge segments embedded in an elastic medium. Under the effect
of the Peach-Koehler force (Peach and Koehler, 1950), each dislocation moves at a velocity v calculated by
a linear mobility law given by:

v =
τeff
B
b (1)



with b the magnitude of the Burgers vector b, B the phonon drag coefficient and τeff the effective resolved
shear stress. The latter variable is defined by:

τeff =

(
|τ∗| − τPeierls

)+

sign(τ∗)

τ∗ =

[(
1

b
[σ̂ + σ̃]b

)
× l

]
· g + τlt

(2)

where
(
•
)+ represents the positive part of the item •, l denotes the line vector of the considered dislocation

segment, g is the glide direction vector, τlt is the line tension which accounts for the local curvature of a
dislocation, σ̂ is the applied stress, σ̃ is the internal stress generated by the dislocation network in an infinite
medium as formulated by Cai et al. (2006) and τPeierls stands for the lattice friction which acts as a source of
resistance to dislocation motion. The DDD code used in this work is a 3D version (i.e., grains are represented
in 3D and dislocation lines evolve in the 3D space, e.g., as presented in Fig. 1a). However, it can be employed
for comparison with continuum 2D problems while retaining the advantages of a 3D formulation (Chang
et al., 2016). It is necessary to make certain adaptations, as will be described subsequently, while keeping
the 3D dislocation line evolution (in particular the formation of loops).

For the sake of comparison with SGCP 2D problems, an idealized 3D DDD setup is enforced (see
Fig. 1a). First, the considered domains have periodic boundary conditions along the direction e1 = [100]
and finite sizes h along the direction e2 = [010]. In the direction e3 = [100], the domains are suffi-
ciently thick and possess periodic boundary conditions. Second, the edge dislocation lines are chosen to
be parallel to e3 = [001]. Third, the screw dislocations lines are contained in the plane (e1, e2). This
means that, in single-slip case, the Burgers vector is defined as b1 = b [cosθ1 e1 + sinθ1 e2], with θ1 an
angle. In the case of double-slip case, two Burgers vectors are defined as b1 = b [cosθ1 e1 + sinθ1 e2];
b2 = b [cosθ2 e1 + sinθ2 e2], with θ1 = −θ2 (two symmetrical systems oriented at θ1 and θ2 angles). For
simplicity, θ1 is taken to be 60 ° in the entire work. It is important to note that although the studied 3D
box leads to 3D dislocation configurations and structures, this approach provides a reference for comparison
with 2D plane strain continuum theories. Fig. 1b and 1c illustrate the considered geometrical 2D shearing
and tension problems. Moreover, at the beginning, edge Frank-Read sources (FRs) with varying finite initial
lengths are randomly distributed on the slip plane(s) to create the initial dislocation network. The effect
of the initial dislocation density ρDDD

0 on the flow stress have been discussed previously in the literature
(El-Awady, 2015; Fan et al., 2021; Amouzou-Adoun et al., 2023). Several works (Byer and Ramesh, 2013;
El-Awady et al., 2013; Gravell and Ryu, 2020; Cruzado et al., 2024) show that the ρDDD

0 can affect the scal-
ing law. In the context of this work, the initial dislocation density is chosen to be ρDDD

0 = 3× 1012m−2 for
all the simulations. For a given initial configuration (e.g., a fixed geometrical size), three different samples
with randomly generated FRs are used to alleviate statistical effects. The macroscopic response associated
with each sample will be plotted for all the simulations. It is important to note that DDD results typically ex-
hibit oscillations. Therefore, when conducting scaling relationship analysis, any stress extracted at a specific
value of plastic strain is considered to be the moving average stress around this value.

Passivation conditions are enforced at the top and bottom surfaces (in the direction e2) located respec-
tively at h/2 and −h/2 in order to create GND effects (i.e., dislocation are blocked at these surfaces). As the
applied loading increases, dislocations move and interact with each other within the studied domain. When
they encounter the passivated surfaces, they become immobilized. Immobilization of these dislocations
against the passivated surfaces leads to the formation of dislocation pile-ups at these boundaries, forming
GND walls which significantly contribute to size effects. The cyclic shearing and tension-compression are
performed such that the plastic strain (i.e., εp12 in shearing and εp11 in tension-compression) increases from
0% to 0.1% (monotonic loading), then decreases from 0.1% to −0.1% (reversed loading) and finally in-
creases again from −0.1% to 0%. This gives the full cyclic path 0% → 0.1% → −0.1% → 0%. Fig. 2
displays the evolution of the dislocation structure during the shearing loading process. It can be observed



Tab. 1. DDD parameters based on those of Nickel as documented in the literature (El-Awady et al., 2013; Hussein et al., 2015;
Gravell and Ryu, 2020).

Material parameter name Symbol Value Unit
Shear modulus µ 75200 MPa

Poisson ratio ν 0.376 −−
Burgers vector magnitude b 2.489 Å

Friction stress τPeierls 37.6 MPa

Drag coefficient B 1.1× 10−5 Pa · s

that dislocations accumulate at the passivated surfaces. In addition, a significant number of infinite edge
dislocations are observed as a consequence of the periodic boundary conditions and the passivation. Finite
length curved and infinite length straight dislocations then coexist during loading. Although, the shear-
ing and tensile boundary problems described are well documented in the literature (Bittencourt et al., 2003;
Gurtin et al., 2007; Bardella et al., 2013; Mayeur and McDowell, 2013; Fleck et al., 2014; Chang et al., 2016;
Kuroda and Needleman, 2023), new interesting insights into the understanding of plasticity at small-scale
will be provided, with a particular focus on strengthening and size effects under cyclic loading.

2.2. Size effects results

Analyzing the double-slip case under cyclic shearing, size effects are visible as presented in Fig. 3.
Specifically, Fig. 3a shows the macroscopic response for several different geometrical sizes h in terms of
stress σ12 as a function of the plastic strain εp12. Fig. 3b shows the equivalent response in terms of stress
σ12 as a function of the total strain ε12. Fig. 3c presents the particular observed features on the plastic
activity. This effort is being made to emphasize the outcomes. Focusing on the monotonic loading phase of
shearing (i.e., εp12 : 0 → 0.1%), the increase of the yield stress and the hardening slope with the decrease
of the geometrical size h is clearly observed. In Figs. 3a and 3c, two distinct parts of the plastic activity
can be magnified. A first micro-plasticity regime, which is evidenced for low plastic strain level (generally
εp12 is less than 0.02%) and is also characterized by a high hardening slope H1 until a shifting stress, can be
distinguished. This micro-plasticity regime is a consequence of dislocation curvature through the line tension
effects, their interaction with each other and with the passivated surfaces at the initial stage of plasticity. The
shifting stress, referred to hereafter as the apparent higher-order yield stress σHO

12 , is observed to be dependent
on the size h. The hardening slope H1 also varies with h. This mechanism is considered to be responsible
for the strengthening phenomenon as experimentally observed in the literature (Xiang and Vlassak, 2006;
Hua et al., 2021; Xie et al., 2023, 2024). It differs from the common interpretation within SGP which states
that strengthening is a delay of the onset of plastic flow until the apparent higher-order yield stress is reached
(i.e., the behavior prior to the apparent higher-order yield stress is considered purely elastic). Such a delay
is commonly called “elastic-gap” at initial yield (Fleck et al., 2014). Thus, the apparent higher-order yield
stress is plotted against the geometrical size h in a log-log space in Fig. 4a. It is shown that σHO

12 evolves as
h−0.2 scaling relationship:

σHO
12 ∝ h−0.2 (3)

similarly to some experimental measures performed on face-centered cubic structures (Dunstan and Bushby,
2014; Mu et al., 2016). The first micro-plasticity regime is followed by a second well-established plasticity
regime with lower hardening slope H2. The latter hardening slope also changes with the geometrical size h
(see Fig. 3). This is clear while comparing h = 2µm and h = 10µm. Fig. 4b shows the log-log evolution of
the hardening as a function of the size h. This curve demonstrates that the hardening in the well-established
plasticity regime yields as h−0.5 scaling relationship under shearing.



(a) 3D DDD intial configuration
with finite length edge dislocations.

(b) Projection along e3: Shearing case. (c) Projection along e3: Tensile-compression case.

Fig. 1. Problem setup: double-slip configuration, solid lines correspond to initial strips and dash lines to deformed ones.



Fig. 2. Illustration of the dislocation structure during the shearing loading in the double-slip case and with passivation conditions
along e2 and periodic boundary conditions along e1 and e3.

For the overall cyclic loading, a strong kinematic hardening effect can be outlined from these results,
indicating the large dominance of kinematic hardening over isotropic hardening. As seen in several exper-
iments (Stoltz and Pelloux, 1976; Hidayetoglu et al., 1985; Kiener et al., 2010), the curves take the form
of closed loops. For these DDD simulations under shearing, inflected hysteretic behavior is obtained in
the reverse loading phase (i.e., εp12 : 0.1% → −0.1%). This uncommon non-convex shape is identified
as KIII kinematic hardening of Asaro (Asaro, 1975), which has been pointed out in several experimental
works (Stoltz and Pelloux, 1976; Taillard and Pineau, 1982; Hidayetoglu et al., 1985; Proudhon et al., 2008;
Sharma et al., 2014) in the first few cycles of cyclic loading. It corresponds to a first-in/last-out sequence
of dislocation motion in the plastic recovery mechanism, since conditions for planar glide favour the rever-
sal of dislocations along their original paths. In these simulations and experiments, the observed inflected
zones are quite centered around a zero plastic strain (see Fig. 3a). Single-slip case has also been analyzed
and it leads to the same conclusions as in the double-slip case. Fig. 5 shows here the example of the size
h = 2µm. The only change is a greater hardening slope in the well-established plasticity regime. Indeed,
having only one slip system makes it more difficult for the dislocation structure to accommodate the loading,
as GND walls rapidly form and act as barriers to dislocation movements. It is worth mentioning that the
large dominance of the kinematic hardening over isotropic hardening is not a general rule. At very large
initial dislocation densities, forest dislocations can generate isotropic hardening. In fact, experimental tests
(e.g., shearing (Tagarielli and Fleck, 2010) or torsion (Liu et al., 2013)) have demonstrated the presence of
isotropic hardening to a greater or equal extent than kinematic hardening.

Size effects have also been examined under tension-compression. Fig. 6 presents the macroscopic
response, where strengthening (as consequence of a micro-plasticity process) and KIII kinematic hardening
of Asaro are significantly noticeable similarly to the shearing case. The apparent higher-order yield stress
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Fig. 3. Size effects in shearing with DDD: double-slip configuration with passivation; h is the geometrical size. The three different
sample results are plotted. Raw curves are the ones obtained directly from the simulations.



(a) Log-log apparent yield stress evolution. (b) Log-log hardening in the well-established plasticity regime.

Fig. 4. Stress and hardening evolutions in shearing as function of the geometrical size h. The stresses extracted for this analysis
correspond to the moving average values.
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Fig. 5. Comparison between single- and double-slip in shearing with passivation.
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Fig. 6. Size effects in tension-compression with DDD: double-slip configuration with passivation.

in tensile case is plotted against the geometrical size h in a log-log space in Fig. 7a. Here σHO
11 evolves as

h−0.3 scaling relationship:

σHO
11 ∝ h−0.3 (4)

Fig. 7b proves that the hardening in the second plasticity regime presents h−1.1 scaling relationship. These
results demonstrate that the scaling exponent depends on the loading type. This could explain the difficulty
in reaching a consensus regarding the scaling relationship in the literature (Dunstan and Bushby, 2014;
Cordero et al., 2016; Stallard et al., 2023). Due to the similarity in results between cyclic shearing and
tension-compression, the continuum models developed in the following section will mainly be analyzed
considering the 2D shearing case. The parameters of the models are identified through DDD shearing results.
A prediction and comparison for the tension-compression case will also be made based on these identified
parameters.

3. Higher-order crystal plasticity models: Kinematic hardening modeling

In the previous section, a thorough examination of size effects is conducted through DDD simulations.
This investigation underscores the importance of strengthening and hardening effects and their correlation
with the geometrical size h. It particularly emphasizes the relevance of the KIII kinematic hardening of
Asaro (Asaro, 1975) in small-scale plasticity. The current section aims at applying these findings to suggest
ameliorated SGCP models, inspired by a recent model developed by the authors (Jebahi and Forest, 2023),
to accurately mimic the observed phenomena.

3.1. General aspects of gradient-enhanced single-crystal continua and associated balance equations

Consider u (x, t) as the displacement of a given material point identified by x at time twithin a subregion
V of the continuum under study. Within the context of small deformations, the displacement gradient ∇u
can be decomposed additively in the following manner:

∇u = H = He +Hp (5)



(a) Log-log apparent yield stress evolution. (b) Log-log hardening in the well-established plasticity regime.

Fig. 7. Stress and hardening evolutions in tension-compression as function of the geometrical size h.

where He and Hp are respectively the elastic distortion, due to stretch and rotation of the underlying lattice,
and the plastic distortion, due to plastic flow. In single-crystal plasticity, the plastic distortion tensor can be
expressed as:

Hp =

q∑
α=1

γα [sα � mα] (6)

where γα, sα and mα are respectively the plastic slip, the unit slip direction and the unit slip-plane normal
associated with slip system α, q is the total number of slip systems in the single-crystal, and “�” is the tensor
product. The unit vector defined by lα = sα × mα represents the line direction of dislocation distribution
(“×” denotes the cross product).

Following the definition of He and Hp, their respective symmetric and skew-symmetric parts are intro-
duced:

εe =
1

2

[
He +HT

e

]
, εp =

1

2

[
Hp +HT

p

]
, ωe =

1

2

[
He −HT

e

]
, ωp =

1

2

[
Hp −HT

p

]
(7)

where εe, εp, ωe and ωp are respectively the elastic and plastic strain tensors, and the elastic and plastic
rotation tensors. Therefore, the plastic strain rate tensor ε̇p can be written as:

ε̇p =

q∑
α=1

γ̇αPα (8)

with Pα the symmetrized Schmid tensor associated with slip system α:

Pα =
1

2
(sα � mα +mα � sα) (9)

In the present work on generalized continua, the traditional degrees of freedom (DOF), represented by the
displacement fields u, are expanded to include the plastic slip fields γα as primary variables. In order to
simplify notations, the symbol κα is used to denote the plastic slip gradient associated with slip system α



(κα = ∇γα). Assuming static case with no body forces, the power of internal and external forces can then
be expressed as (Germain, 1973; Gurtin et al., 2007):

Pint =

∫
V
σ : δε̇e dv +

q∑
α=1

∫
V
παδγ̇α dv +

q∑
α=1

∫
V
ξα · δκ̇α dv

Pext =

∫
S
t · δu̇ds +

q∑
α=1

∫
S
χαδγ̇α ds

(10)

where σ is the classical macroscopic Cauchy stress tensor, πα refers to a microscopic stress scalar defined
on slip system α (work-conjugate to γα), ξα represents a microscopic stress vector defined on slip system
α (work-conjugate to ∇γα), t is the macroscopic traction and χα is a microscopic traction for slip system
α both acting on the boundary S of the considered subregion V . Application of the virtual power principle
leads to two types of balance equations and boundary conditions:{

∇ · σ = 0 in V
σ · n = t on S (11)

and {
τα +∇ · ξα − πα = 0 in V

ξα · n = χα on S (12)

with τα = σ : (sα � mα) the resolved shear stress on slip system α and n the outward unit normal to S.
To derive the associated constitutive equations within a thermodynamically-consistent framework, se-

lecting suitable internal variables for the free energy ψ (Helmholtz free energy volume density) is crucial.
Subsequently, it is necessary to apply the second law of thermodynamics (dissipation inequality), which,
from a purely mechanical perspective, can be written using the assumed expressions of internal and external
powers in Eq. (10) as follows:

˙∫
V
ψ dv ≤ Pext = Pint ⇐⇒ σ : ε̇e +

q∑
α=1

παγ̇α + ξα · κ̇α − ψ̇ ≥ 0 (13)

3.2. A brief overview of the original SGCP model developed by Jebahi and Forest (2023)
The present subsection briefly reviews the thermodynamic aspects of the SGCP model developed by

Jebahi and Forest (2023), which is used as basis for the development of the present versions. This model
has been developed to address the issue of “elastic-gaps” (Fleck et al., 2014), whose physical reality is often
questioned, while including higher-order dissipation. It is based on the decomposition of the plastic slip
gradients κα into recoverable (energetic) κα

r and unrecoverable (dissipative) κα
d parts:

κα = κα
r + κα

d (14)

Considering this decomposition, only the recoverable parts of the plastic slip gradients κα
r are considered in

the free energy density:

ψ = ψ(εe,γ,κr) (15)

with γ =
(
γ1, γ2, . . . , γq

)
and κr =

(
κ1
r , κ

2
r , . . . ,κ

q
r

)
. In contrast, ψ depends on the total plastic slip

gradients in classical Gurtin-type SGCP models (Gurtin et al., 2007). Using the definition in Eq. (15), the
dissipation inequality (13) becomes:(

σ − ∂ψ

∂εe

)
: ε̇e +

q∑
α=1

(
πα − ∂ψ

∂γα

)
γ̇α +

q∑
α=1

(
ξα − ∂ψ

∂κα
r

)
· κ̇α

r +

q∑
α=1

ξα · κ̇α
d ≥ 0 (16)



The macroscopic stress σ is assumed to be fully energetic:

σ =
∂ψ

∂εe
(17)

and the first-order microscopic stresses can be divided into recoverable and dissipative parts:

πα = παr + παd (18)

with the recoverable parts given by:

παr =
∂ψ

∂γα
(19)

The higher-order microscopic stresses are considered to be fully recoverable and are formulated as follows:

ξα =
∂ψ

∂κα
r

(20)

Using the above constitutive assumptions, the residual dissipation (16) reduces to:

dres =

q∑
α=1

παd γ̇
α +

q∑
α=1

ξα · κ̇α
d ≥ 0 (21)

As discussed in Jebahi and Forest (2023), the control of the higher-order hardening after activation of the
higher-order dissipation is only possible through the higher-order isotropic hardening parameters. Con-
sequently, cyclic loading invariably leads to open macroscopic response loops (unlimited cyclic hardening).
However, this contradicts the findings from DDD simulations, where dominating kinematic hardening effects
with nearly closed loops are observed under cyclic loading, as demonstrated in Figs. 3, 5, and 6. Further
improvements are then needed to better consider higher-order kinematic effects. In the next subsections, two
ways to address this need are proposed.

3.3. Proposed SGCP models with advanced description of higher-order kinematic effects

In this section, two approaches are suggested to better consider higher-order kinematic hardening effects
within SGCP theories, based on Prager-type and Chaboche-type (multi-kinematic) formulations.

3.3.1. Prager-type formulation
In contrast to the prior framework proposed in Jebahi and Forest (2023), the total free energy density ψ

given by (15) is enriched by explicitly considering the unrecoverable parts of the plastic slip gradients κα
d in

its formulation:

ψ = ψ (εe, γ, κr, κd) (22)

Adding κα
d as an argument for the free energy may be regarded as an expression of dissipative hardening

rule via an energetic approach (Simo and Hughes, 1999; Gurtin and Reddy, 2009; Xiao et al., 2012). This
ensures that the hardening behavior aligns with the fundamental principles of thermodynamics. Using this
expression, the dissipation inequality (13) becomes:(

σ − ∂ψ

∂εe

)
: ε̇e+

q∑
α=1

(
πα − ∂ψ

∂γα

)
γ̇α+

q∑
α=1

(
ξα − ∂ψ

∂κα
r

)
· κ̇α

r +

q∑
α=1

(
ξα − ∂ψ

∂κα
d

)
· κ̇α

d ≥ 0 (23)



with Eqs. (17), (18), (19) and (20) remain valid. It follows that the residual dissipation can be written as:

dres =

q∑
α=1

παd γ̇
α +

q∑
α=1

(ξα −Xα) · κ̇α
d ≥ 0 (24)

where Xα is a Prager-like higher-order backstress defined on slip system α by:

Xα =
∂ψ

∂κα
d

(25)

Note that the term (ξα −Xα) characterizes the effective higher-order stress associated with the evolution
of dislocations on the slip plane α. Since the motion direction of these dislocations is tangent to this plane,
this term is also required to be tangential. In this work, both ξα and Xα are considered to be tangent to the
slip plane α. As in Jebahi et al. (2020) and Jebahi and Forest (2023), the first- and higher-order dissipative
effects are assumed to be uncoupled and described using independent effective plastic slip measures. This
gives the possibility to treat the two terms of (24) separately.

The positivity of the first-order dissipation (παd γ̇
α ≥ 0) is ensured by using a description of the first-order

dissipative stresses in a rate-dependent formulation identical to the one used in Jebahi and Forest (2023):

παd = Sα
π

[
ėαπ
γ̇α0

]m γ̇α

ėαπ
with ėαπ = |γ̇α| (26)

where γ̇α0 > 0 is a constant reference strain rate representative of the flow rates of interest, m > 0 is a
constant characterizing the rate-sensitivity of the considered material and Sα

π > 0 is a stress-dimensional
slip resistance associated with slip system α, referred to hereafter as first-order slip resistance. To model
first-order isotropic hardening, the latter variable is assumed to evolve according to:

Ṡα
π =

q∑
β=1

Hπ ė
β
π with Sα

π (0) = Sπ0 > 0, Hπ = constant ≥ 0 (27)

with Hπ first-order (isotropic-like) hardening modulus. The reader is referred to the work of Gurtin et al.
(2007) for more general hardening formulations.

To ensure the non-negativity of the higher-order dissipation (i.e., [ξα −Xα] · κ̇α
d ≥ 0), the same method-

ology proposed by Jebahi and Forest (2023) within rate-dependent framework is used in the present study.
The higher-order dissipation is modeled by constraining the evolution of the equivalent higher-order stresses,
which are expressed for each slip system α as (note that ξα and Xα are tangent to the slip plane α):

ξαeq =

√
(sα · [ξα −Xα])2 + (lα · [ξα −Xα])2 = ∥ξα −Xα∥ (28)

As in Jebahi and Forest (2023), ξαeq is assumed to be governed by a rate-dependent constitutive equation as
follows:

ξαeq = Sα
ξ ld

[
κ̇αd
γ̇α0

]m
with κ̇αd = ∥ld κ̇α

d∥ (29)

where Sα
ξ ≥ 0 is a stress-dimensional slip resistance associated with the slip system α, referred to hereafter

as higher-order dissipative slip resistance, and ld is a dissipative length scale. In a manner analogous to the
evolution of the first-order slip resistance, Sα

ξ is governed for each slip system α by:

Ṡα
ξ =

q∑
β=1

Hξ κ̇
β
d with Sα

ξ (0) = Sξ0 > 0, Hξ = constant ≥ 0 (30)



withHξ representing higher-order (isotropic-like) hardening modulus. For each slip system α, the dissipative
part of the plastic strain gradient rate κ̇α

d is linked to the effective higher-order stress (ξα −Xα) through a
normality-like flow rule:

κ̇α
d =

κ̇αd
ld

ξα −Xα

ξαeq
(31)

Using the above expression, it can easily be verified that higher-order dissipation, which is represented by
(ξα −Xα) · κ̇α

d , is always non-negative.
To complete the constitutive relations for the stresses presented in the macroscopic and microscopic

balance equations, it is necessary to make explicit the form of the total Helmholtz free energy density (22).
This density is assumed to be the sum of a classical elastic energy density ψe and a defect energy density ψp.
Classical quadratic form in εe is assumed for ψe:

ψe =
1

2
εe : C : εe (32)

where C denotes the symmetric positive-definite elasticity tensor. Regarding the defect energy density ψp,
an enriched power-law form, inspired by Jebahi and Forest (2023), is proposed in this work:

ψp =
1

n
X0 l

n
en

q∑
α=1

[
|ϱα⊢|n +

∣∣ϱα⊙∣∣n ] +
1

2
Hp l

2
d κ

α
d · κα

d (33)

where X0 is a constant representing the higher-order energetic (non-dissipative) slip resistance, len is an
energetic length scale, n is an adjustable order-controlling exponent (n ≥ 1 in order to ensure the convexity
of ψp), Hp is a higher-order Prager-type hardening parameter. The quantities ϱα⊢ and ϱα⊙ are introduced
in Jebahi and Forest (2023) as recoverable parts of the edge and screw GND densities associated with slip
system α, respectively. Inspired by Arsenlis and Parks (1999), they are derived from the recoverable parts of
the plastic slip gradients as:

ϱα⊢ = −sα · κα
r , ϱα⊙ = lα · κα

r (34)

The power-law form assumed for the first part of the defect energy density is extensively documented in
gradient-enhanced crystal plasticity (Bardella and Panteghini, 2015; Bayerschen and Böhlke, 2016; Pan-
teghini et al., 2019). The specific case of n = 1 corresponds to the so-called rank-one model, in which the
defect energy evolves linearly with the GND densities. This particular form can be justified by simple line
tension arguments, as discussed in Ohno and Okumura (2007) and Wulfinghoff et al. (2015). It is worth not-
ing that logarithmic-type forms are also widely used to express the defect energy ψp (Kooiman et al., 2015;
Wulfinghoff et al., 2015; Lee and Schulz, 2023). Inverse functions, sinh−1 and tanh−1, have also been used
as well for ψp (Zecevic et al., 2023). The non-quadratic power-law and logarithmic forms have shown their
capability to model the KIII kinematic hardening of Asaro (Wulfinghoff et al., 2015; El-Naaman et al., 2019;
Jebahi et al., 2020; Jebahi and Forest, 2023). Considering Eqs. (32) and (33), the total free energy density ψ
can be rewritten, in a more detailed form, as:

ψ (εe, γ, κr, κd) =
1

2
εe : C : εe +

1

n
X0 l

n
en

q∑
α=1

[
|sα · κα

r |n + |lα · κα
r |n
]
+

1

2
Hp l

2
d κ

α
d · κα

d (35)

Using this expression, the constitutive laws governing the energetic (non-dissipative) stresses involved in the



proposed Prager-type model can be derived:

σ =
∂ψ

∂εe
= C : εe

παr =
∂ψ

∂γα
= 0

ξα =
∂ψ

∂κα
r

= X0 l
n
en

[
|sα · κα

r |n−2 sα ⊗ sα + |lα · κα
r |n−2 lα ⊗ lα

]
· κα

r

Xα =
∂ψ

∂κα
d

= Hpl
2
d κ

α
d

(36)

Note that the obtained form of the higher-order Prager backstress Xα echoes the Prager stress in conventional
plasticity with the form of X = (2/3)H εp (Besson et al., 2010). Considering these expressions, the overall
constitutive equations associated with the Prager-type model can be summarized as follows:

σ̇ = C : ε̇e

π̇αr = 0

ξ̇
α
= Aαα · κα

r with Aαα = (n− 1)X0 l
n
en

[
|sα · κα

r |n−2 sα ⊗ sα + |lα · κα
r |n−2 lα ⊗ lα

]
παd = Sα

π

[
ėαπ
γ̇α0

]m γ̇α

ėαπ
with ėαπ = |γ̇α|

Ṡα
π =

q∑
β=1

Hπ ė
β
π with Sα

π (0) = Sπ0 > 0, Hπ = constant ≥ 0

ξαeq = Sα
ξ ld

[
κ̇αd
γ̇α0

]m
with κ̇αd = ∥ld κ̇α

d∥

Ṡα
ξ =

q∑
β=1

Hξ κ̇
β
d with Sα

ξ (0) = Sξ0 > 0, Hξ = constant ≥ 0

Xα =
∂ψ

∂κα
d

= Hpl
2
d κ

α
d

κ̇α
d =

κ̇αd
ld

ξα −Xα

ξαeq

(37)

These equations are integrated at the Gauss points using local backward Euler scheme (see Alg. 1 in Ap-
pendix B). Determination of the associated Jacobian matrix is detailed in Appendix C.

3.3.2. Chaboche-type (multi-kinematic) formulation
The previous subsection presents the modeling of the higher-order kinematic hardening through a Prager-

type approach. In the current subsection, a Chaboche-type non-linear approach (Chaboche, 1989; Besson
et al., 2010; Panteghini et al., 2019) is used to model the higher-order kinematic hardening. The present
model is a more general extension of the original model of Jebahi and Forest (2023).

The microscopic balance equation (12)1 can be rewritten as follows:

τα − (−∇ · ξα) = πα (38)



where the term (−∇ · ξα) generates Bauschinger-like higher-order hardening effects. In accordance with
Chaboche kinematic hardening modeling, multiple kinematic variables can be superimposed, each of them
being independent (Chaboche, 1989; Besson et al., 2010; Panteghini et al., 2019):

−∇ · ξα = Zα =
M∑
i=1

Zα
i (39)

where M is the total number of kinematic hardening variables associated with higher-order plastic activity.
For this purpose, multiple series decompositions are introduced:

∇γα = κα = κα i
r + κα i

d , i = J1,MK

ξα =

M∑
i=1

ξαi
(40)

Note that the specific case of M = 1 leads to the original model of Jebahi and Forest (2023). The general
approach consists in taking M ≥ 2 with the series decompositions in Eq. (40)1 being independent.

Inspired by (15), the free energy can be expressed as a function of the elastic strain tensor εe, the plastic
slip γα and the recoverable parts of the plastic gradients κα i

r for all the slip system α and all the decompo-
sition i:

ψ = ψ(εe, γ
α,κα i

r ) , i = J1,MK (41)

Using this expression, the dissipation inequality follows as:

d =

(
σ − ∂ψ

∂εe

)
: ε̇e +

q∑
α=1

(
πα − ∂ψ

∂γα

)
γ̇α +

q∑
α=1

ξα · κ̇α −
q∑

α=1

M∑
i=1

∂ψ

∂κα i
r

· κ̇α i
r ≥ 0 (42)

Introducing Eq. (40)2 in (42), the local dissipation d is rewritten:

d =

(
σ− ∂ψ

∂εe

)
: ε̇e+

q∑
α=1

(
πα− ∂ψ

∂γα

)
γ̇α+

q∑
α=1

M∑
i=1

(
ξαi −

∂ψ

∂κα i
r

)
· κ̇α i

r +

q∑
α=1

M∑
i=1

ξαi · κ̇α i
d ≥ 0 (43)

The following state laws are adopted:

σ =
∂ψ

∂εe

πα =
∂ψ

∂γα
+ παd = παr + παd

ξαi =
∂ψ

∂κα i
r

(44)

so that the residual dissipation yields:

dres =

q∑
α=1

παd γ̇
α +

q∑
α=1

M∑
i=1

ξαi · κ̇α i
d ≥ 0 (45)

Comparing this inequality to the one obtained with the Prager-type model in (24), the first-order part of the
residual dissipation is unchanged, while the higher-order parts ξαi · κ̇α i

d replace (ξα −Xα) · κ̇α
d . Similarly

to the Prager-type model, every ξαi is considered to be tangential.



The non-negativity of the first-order dissipation (παd γ̇
α ≥ 0) is treated exactly like in the Prager-type

model by using the rate-dependent constitutive equations:

παd = Sα
π

[
ėαπ
γ̇α0

]m γ̇α

ėαπ
with ėαπ = |γ̇α| (46)

Sα
π evolves following Eq. (27).

To ensure non-negative higher-order dissipation (i.e., ξαi · κ̇α i
d ≥ 0), the rate-dependent formulation is

used similarly to the adopted one in the Prager-type model. As all ξαi are tangent to the slip plane α, the
equivalent higher-order stresses ξαi eq are written as:

ξαi eq =

√
(sα · ξαi )2 + (lα · ξαi )2 = ∥ξαi ∥ (47)

ξαi eq is considered in a rate-dependent form as follows:

ξαi eq = Sα
ξi
ld

[
κ̇α i
d

γ̇α0

]m
with κ̇α i

d =
∥∥ld κ̇α i

d

∥∥ (48)

where Sα
ξi

≥ 0 is a stress-dimensional slip resistance associated with slip system α in the decomposition i.
Its rate evolves in the same manner as in Eq. (30). The dissipative part of the plastic strain gradient rate for
a given slip system α and a decomposition i is expressed with a normality-like flow rule:

κ̇α i
d =

κ̇α i
d

ld

ξαi
ξαi eq

(49)

It is essential to detail the expression of the Helmoholtz free energy to close the constitutive model. The
elastic part of this energy ψe is kept in its classical form (see Eq. (32)), while the defect energy ψp is a
superimposition of multiple higher-order variables:

ψp(γ
α,κα i

r ) =
M∑
i=1

1

ni
X0 l

ni
eni

q∑
α=1

( ∣∣sα · κα i
r

∣∣ni +
∣∣lα · κα i

r

∣∣ni

)
=

M∑
i=1

ψi
p(γ

α,κα i
r ) (50)

where leni and ni are respectively an energetic length scale and an adjustable order-controlling exponent
associated with the i-th higher-order decomposition. The resulting governing laws are as follows:

σ̇ = C : ε̇e

π̇αr = 0

ξ̇
α
i = Aαα

i · κα i
r with Aαα

i = (ni − 1)X0 l
ni
en

[∣∣sα · κα i
r

∣∣ni−2
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Fig. 8. Illustration of the evolution of ξ for n1 = n2 = 2 as a function of the gradient of the plastic slip ∇γ.

Tab. 2. Material parameters used for the SGCP simulations.

Material parameter name Symbol Value Unit
Shear modulus µ 75200 MPa

Reference slip rate γ̇α
0 0.01 s−1

Rate-sensitivity parameter m 0.01 –

Higher-order energetic slip resistance X0 = µ 75200 MPa

Initial first-order dissipative slip resistance Sπ0 = τPeierls 37.6 MPa

(51)

This system is integrated at the Gauss points using an Euler backward scheme quite similar to the one in
the Prager-type formation. In the scope of this work (i.e., enriching SGCP capacities to describe small-scale
phenomena by assimilating insights gleaned from DDD simulations), the multi-kinematic formulation is
implemented with M = 2. Indeed, as previously stated, strengthening and hardening effects result from a
two-stage plastic behavior, which can be reproduced by assuming two series decompositions. In this case,
κα and ξα can be expressed:

κα = κα 1
r + κα 1

d = κα 2
r + κα 2

d

ξα = ξα1 + ξα2 =
∂ψ1

p

∂κα 1
r

+
∂ψ2

p

∂κα 2
r

(52)

ξα1 will be considered as saturating at Sξ10 and no saturation condition will be used for ξα2 (i.e., infinite
Sξ20). Fig. 8 shows an illustration of the evolution of ξ = ξ1 + ξ2 for double quadratic case n1 = n2 = 2.
It is important to note that methodology employed in this study is minimalistic, utilizing more complex
(non-quadratic) defect energy functions. Instead of relying on numerous simple defect energy functions, as
proposed in Panteghini et al. (2019), the nonlinear effects are incorporated into these functions.

4. Finite element numerical implementation and validation: 2D problem

The proposed models have been implemented using finite element method (FEM) within ABAQUS/Standard.
The implementation procedure is detailed in Appendix A. To validate some aspects of the numerical imple-
mentation and to facilitate the identification of some associated parameters of the models, a simplified version
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of the proposed models with only energetic effects (higher-order dissipative parts are neglected, ld = 0) is
considered for analytical analysis under monotonic shearing. Note that the two models are identical for this
purely energetic problem. Since single- and double-slip configuration yield qualitatively similar result as
shown by DDD, only the double-slip case (θ1 = −θ2 = θ = 60 °) is analyzed. The slip systems satisfy:{

sα = cosθα e1 + sinθα e2 , mα = −sinθα e1 + cosθα e2

sα · e3 = 0 , mα · e3 = 0 , lα = sα ×mα = e3
(53)

with the plastic slips γα independent of x1 and x3. In this case, the plastic slip gradients ∇γα lie in the
plane (e1, e2) and without losing any generality, the density of screw dislocations can be assumed to be
considerably lower than that of edge dislocations, i.e.,:

ρα⊙ = lα ·∇γα = e3 ·∇γα = 0 (54)

With the SGCP models, the top and bottom edges passivation is considered as:

γα(x1,−h/2, t) = γα(x1, h/2, t) = 0 , for α = 1, 2 ∀ x1, ∀ t (55)

Analytical solution is derived hereafter for a general case (X0 ̸= 0, len ̸= 0, 1 < n ≤ 2, cos2θ ̸= 0 and
sinθ ̸= 0). This solution will be compared with the FEM results. Under shear loading, only the component
σ12 does not vanish and is constant through the strip. With the plastic strain incompressibility condition, the
plastic slips on both slip systems are equal:

γ1 = γ2 = γ(x2) ⇒ εp12(x2) = γ(x2)cos 2θ (56)

In the plastic regime and with the rate-independent formulation (m→ 0), the microscopic balance equation
Eq. (12)1 is expressed as:

τ +X0 l
n
en|sinθ|n

(
|γ,2|n−2 γ,2

)
,2
−π0 = 0 with τ = σ12cos2θ and π0 = sign(cos2θ)Sπ0 (57)

Integrating this differential equation leads to:

|γ,2|n−2 γ,2 = −Anθ x2 +B1 , Anθ =
τ − π0

X0 lnen|sinθ|n
(58)

withB1 an integration constant. Applying the boundary conditions in Eq. (55), the solution of the differential
equation (58) is:

γ(x2) =
n− 1

n
Anθ|Anθ|

2−n
n−1

[
(h/2)

n
n−1 − |x2|

n
n−1

]
, Anθ =

τ − π0
X0 lnen|sinθ|n

(59)

Similar expressions with power-law defect energy have been derived by Bayerschen and Böhlke (2016) and
Kuroda and Needleman (2023). Here, the orientation effect (anisotropy) of the systems is clearly shown
through θ. The particular quadratic case (n = 2) gives a parabolic plastic strain profile along the direction
e2 and is well documented in the literature, (Bittencourt et al., 2003; Bittencourt, 2018). The mean plastic
strain εp12 is deduced as:

εp12 =
cos2θ

h

∫ h/2

−h/2
γ(x2) dx2 = cos2θ

n− 1

(2n− 1)
Anθ|Anθ|

2−n
n−1

(
h

2

) n
n−1

(60)

followed by the expression of the macroscopic stress:

σ12 =
Sπ0

|cos2θ| +X0

(
2n− 1

n− 1

)n−1∣∣∣∣ 2sinθcos2θ

∣∣∣∣n( lenh
)n

(εp12)
n−1 = σ0 +Hnθ(ε

p
12)

n−1 (61)



This result is analogous to a power-law hardening in the form of:

σ = K (εp)r (62)

with K and r material constants. Since X0 is convoluted with len in the expression of the defect energy
(Eqs. (33) and (50)), X0 is fixed to be equal to the shear modulus µ in the rest of this work. Fig. 9
shows an example comparing the energetic theoretical results against the simulation for a non-quadratic
case. The material parameters used are given in Tab. 2. The rate sensitivity parameters m and γ̇α0 are
chosen adequately to approximate rate-independent results. The simulation and the analytical solution in Eq.
(61) are in agreement, with a relative mean square error equals to 0.32% on the macroscopic response (the
analytical solution is chosen as the reference), as demonstrated in Fig. 9a. Fig. 9b proves that, adopting
n < 2 leads to a plastic strain with a plateau-like form around the center of the strip. This plateau region
expands as len increases. Based on Eq. (61), it is possible to deduce the evolution of the yield stress σY12 as
function of h. Fig. 10 shows that the scaling exponent strictly equal to the power exponent n of the defect
energy:

σY12 ∝ h−n (63)

It proves that considering only energetic SGCP is not enough to model size effects as experimentally ob-
served (Petch, 1953; Mu et al., 2016; Zhang et al., 2023) or numerically seen with DDD as discussed in
Section 2. Nonetheless, the analytical solution will be used to simplify the identification of some material
parameters in the next section comparing the SGCP models with DDD. The role of higher-order dissipation
in enriching the scaling relationship will be discussed in the next section.

5. Comparison of SGCP modeling capabilities with DDD

The ability of the proposed SGCP models to reproduce the DDD results is investigated in this section,
considering the double-slip case. For this purpose, the influence of the major constitutive parameters (spe-
cially higher-order dissipative parameters) involved in the proposed SGCP models is studied prior to the
comparison with DDD.

5.1. Prager-type model

Concerning the Prager-type model, the first- and higher-order hardening parameters denoted respectively
byHπ andHξ, are fixed to zero, as the scope of this work focuses on the study of kinematic hardening effects.
These two parameters only affect the isotropic hardening effects (Jebahi and Forest, 2023). The kinematic
hardening effects are linked to the following parameters: higher-order Prager-type hardening modulus Hp,
dissipative length scale ld, initial first-order dissipative slip resistance Sξ0, energetic length scale len and
defect energy exponent n. Their influence is investigated below. Subsequently, a direct discussion with
DDD will be conducted.

5.1.1. Influence of parameters in the Prager-type model
The Prager-type model is first studied assuming Hp = 0 for a fixed geometrical size h. Based on

Eq. (36)4, this limit case corresponds to a vanishing Prager backstress Xα. It means that the higher-order
dissipative part is only activated when the equivalent higher-order stress ξαeq = ∥ξα∥ = Sξ0ld in a rate-
independent framework. Before this activation, the macroscopic response should be equal to the energetic
solution. Fig. 11 shows the results of the case ofHp = 0 in comparison with the energetic analytical solution
in terms of the macroscopic stress-strain response (Fig. 11a) and the plastic strain profile (Fig. 11b) for a
non-quadratic case. Fig. 11a presents the expected behavior prior to saturation (activation of the higher-
order yield function). Prior to saturation, an energetic response is obtained. The saturation stress can be
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Fig. 12. Prager-type model: effect of the higher-order Prager modulus Hp (ld/h = 1, Sξ0 = τPeierls).
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Fig. 14. Prager-type model: size effects in quadratic case (len = 2µm, ld = 1µm, Hp = µ/10, Sξ0 = τPeierls).

interpreted as apparent higher-order yield stress, beyond which the response saturates and becomes constant.
It can be summarized that a two-stage plastic behavior is obtained. In terms of plastic strain profile, Fig. 11b
exhibits once again a plateau-like form in the middle of the strip with a strong reduction of the thickness of
the boundary layers, i.e., small regions near the passivated edges characterized by rapid spatial evolution of
the plastic shear strain, compared to the energetic case. Fig. 12 presents the effect of parameter Hp with an
illustration in quadratic (Fig. 12a) and in non-quadratic (Fig. 12b) cases for the full cycle of shear loading.
The two-stage plastic behavior is clearly visible, with Hp only influencing the post higher-order yielding.
Increasing Hp leads to larger overall kinematic hardening.

For simplicity, effects of the parameters Sξ0, len, ld are presented in Fig. 13 for the particular case
of quadratic defect energy. Fig. 13a shows the influence of Sξ0 while keeping the other parameters fixed
(len/h = 3/8, ld/h = 1 and Hp = µ/1000). An increase in Sξ0 results in a rise of the apparent higher-order
yield stress. It results in a delay of the activation of the higher-order yield function. The hardening slopes
before and after the higher-order yielding are not affected by Sξ0. This parameter only gives the level at
which the steep-sloped micro-plasticity ends. On the other hand, changing len, gives a varying hardening
slope of the micro-plasticity process as shown in Fig. 13b obtained with Sξ0 = τPeierls, ld/h = 1 and
Hp = µ/1000. Increasing len yields narrower micro-plasticity zone although the same level of stress is
needed before switching the slope. This can be linked to the effect of the total initial dislocation density
in DDD simulations (Amouzou-Adoun et al., 2023). After the effects of Sξ0 and len, Fig. 13c presents
the impact of ld on the macroscopic stress-strain curves. Increasing ld results first in a higher value of
the apparent higher-order yield stress similarly to the effect of Sξ0. In a second time, the hardening slope
after the activation of the higher-order yielding becomes greater with increasing ld. This latter conclusion is
comparable to the effect of the parameterHp. The last-mentioned remark is in accordance with the definition
of the higher-order Prager backstress as Hp is convoluted with ld. To conclude, it would be possible without
losing any generality to set ld as a constant and determine the values of Sξ0 and Hp.

The role of n on the geometrical size effects is studied hereafter. Quadratic case (n = 2) is first analyzed
in Fig. 14, while varying the geometrical size h with fixed len = 2µm, ld = 1µm, Hp = µ/10 and
Sξ0 = τPeierls. The stress-strain curves in Fig. 14a show a strengthening phenomenon and an increasing of
the kinematic hardening slope with decreasing size h. The smaller the size, the stronger the macroscopic
response. One can argue that the strengthening is the result of the micro-plasticity process as described with
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Tab. 3. Fitting material parameters for the Prager-type model based on DDD simulations.

Material parameter name Symbol Value Unit
Initial first-order dissipative slip resistance Sπ0 20 MPa

Initial higher-order dissipative slip resistance Sξ0 40 MPa

Dissipative length scale ld 1 µm

Higher-order Prager modulus Hp 3µ/20 = 11820 MPa

Energetic length scale len 0.18 µm

Exponent of the defect energy n 1.6 −−

the DDD results. This contrasts with the classical Gurtin-type SGCP models (Gurtin et al., 2007), where
true “elastic-gaps” at the initial yield are observed. By extracting the apparent higher-order yield stress σHO

12

as a function of the size h, a scaling relationship is deduced. Fig. 14b shows the log-log representation of
σHO
12 against h, showing a −1 scaling exponent. Fig. 15 presents the second analyzed non-quadratic case.

Similar observations as in the quadratic case are obtained. Consequently, the following scaling relationship
is deduced:

σHO
12 ∝ h−1 , ∀ 1 ≤ n ≤ 2 (64)

The introduction of the higher-order dissipation helps to improve the scaling relationship h−n in Eq. (63)
(obtained for a purely energetic problem) towards the classical Orowan law h−1, which is still different from
the obtained DDD scaling relationship h−0.2 (see Eq. (3)). The defect energy exponent n can no more be
interpreted as a scaling exponent. The advantage of using such less-than-quadratic defect energy is shown
by the presence of the non-convex shape and a non-linear kinematic hardening (Fig. 15a and Fig. 15b). The
difficulty with this Prager-type model lies in the fact that the inflection points are not centered around zero
plastic strain. As evidenced by the DDD results and to the authors’ best knowledge of experimental results,
these inflection points are generally present around zero plastic strain. Indeed, this phenomenon corresponds
to the “last to yield in forward loading is first to yield in reverse” process (Reynolds and Baxter, 2000).

5.1.2. Comparison with DDD
The influence of higher-order parameters on the plastic behavior has been investigated above. This

subsection presents a direct comparison between the Prager-type model predictions and the DDD results. To
this end, the model parameters are identified based on DDD results of the smaller grain size h = 2µm where
marked size effects are observed. The analytical results are helpful in identifying some of these parameters
Using the obtained parameters, the SGCP predictions for other grain sizes are compared with DDD results.

One needs to identify the six following material parameters: the initial first-order dissipative slip resis-
tance Sπ0, the initial higher-order dissipative slip resistance Sξ0, the dissipative length scale ld, the higher-
order Prager modulus Hp, the energetic length scale len and the exponent of the defect energy n. Sπ0
describes the beginning of the micro-plasticity. By analyzing the DDD curves, Sπ0 is found to be in the
same order of magnitude as the friction stress τPeierls. Here, the value Sπ0 = 20MPa is suitable. The hard-
ening slope in the micro-plasticity is given by a combination of n and len. The smooth transition between the
elasticity, the micro-plasticity and the well-established plasticity regime suggests that the value of n, in the
range 1 ≤ n ≤ 2, is not close to 2; otherwise, the transition would be sharp. Since this micro-plasticity for a
given size h coincides with the analytical solution in Eq. (61), several iterations show that the combination
of n = 1.6 and len = 0.18µm is a good compromise. Knowing that the apparent higher-order yield stress
is influenced by ld and Sξ0 and the kinematic hardening is given by the effect of ld and Hp, it is sensible
to fix ld and to determine Sξ0 and Hp. For this reason, ld is chosen to be 1µm. Sξ0 is also in the same
order of magnitude as τPeierls, and Hp can be linked to the shear modulus. The obtained parameters are
summarized in Tab. 3. Fig. 16a shows the macroscopic curves of the SGCP fitting against the DDD results
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Fig. 16. Prager-type model: identification and comparison of the proposed model with DDD results.
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Fig. 17. Multi-kinematic model: effect of the energetic length scales (n1 = n2 = 2, ld/h = 1, Sξ10 = τPeierls ).

for the particular size h = 2µm. A good fit is obtained in the loading part, but the response is not accurately
reproduced in the reverse loading part. The non-convex shape happened just after the elastic unloading (i.e.,
the plastic strain is still large). This is different from the DDD results. The predictions for the other grain
sizes are presented in Fig. 16b. The macroscopic SGCP responses for h = 6µm and h = 10µm are lower
than the DDD ones as a consequence of the scaling relationship h−1 in Eq. (64), obtained with the SGCP
model. After the present investigation of the Prager-type model, the Chaboche-type (multi-kinematic) model
will be studied in the next subsection, showing some improvements.

5.2. Chaboche-type (multi-kinematic) formulation

As a reminder, the multi-kinematic model has been implemented with two series decompositions, i.e.,
M = 2. The first- and higher-order isotropic-like hardening parameters, respectivelyHπ andHξi are fixed to
be zero for the same reasons as previously mentioned in the case of the Prager-type model. In this subsection,
the role of following parameters are studied: dissipative length scale ld, initial higher-order dissipative slip
resistance Sξ10 (saturating value of ξα1 ), energetic length scales len1, len2 and defect energy exponents n1
and n2. It will be interesting to determine which defect energy exponent n1 or n2 should be taken less
than quadratic. In consideration of the hypothesis of infinite Sξ20 (refer to Fig. 8), the effect of Sξ20 is not
addressed. Comparison with DDD results will also be made.

5.2.1. Influence of parameters in the Chaboche-type model
The effect of the energetic length scales len1 and len2 are qualitatively insensitive to different values of

the defect energy exponents n1 and n2. For this reason, Fig. 17 presents the outcomes of the study of the
parameters len1 and len2 in terms of stress-strain curves with the double quadratic exponents n1 = n2 = 2,
the dissipative length scale ld = h and initial higher-order dissipative slip resistance Sξ10 = τPeierls. Focusing
on the loading part of the stress-strain curves, two plastic stages can be distinguished after the initial yielding,
exactly like in DDD results. For this example, the values of len1 and len2 are chosen to emphasize this
overall plastic behavior. It is clear from Fig. 17a that len1 influences only the micro-plasticity response
and has no effect on the well-established plasticity regime. This is explained by the fact that the len1 is
related to the higher-order stress ξα1 which saturates. Employing a smaller value for len1 leads to a less
steep micro-plasticity phenomenon and a clear distinct manifestation of kinematic hardening. Conversely,



−0.2 −0.1 0.0 0.1 0.2

Total strain ε12 (%)

−100

−50

0

50

100

S
tr

es
s
σ

12
(M

P
a)

ld = 0.5µm
ld = 1µm
ld = 2µm

(a) Effect of ld.

−0.2 −0.1 0.0 0.1 0.2

Total strain ε12 (%)

−150

−100

−50

0

50

100

150

S
tr

es
s
σ

12
(M

P
a)

Sξ10 = τPeierls/4

Sξ10 = τPeierls/2
Sξ10 = τPeierls

(b) Effect of Sξ0.

Fig. 18. Multi-kinematic model: investigation of the higher-order dissipative parameters (h = 2µm, len1/h = 1/2, len1/len2 =
5).
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using a large value for len1 yields a response that closely resembles the elastic one (quasi-elastic), with
less noticeable kinematic hardening. Concerning len2, it influences both the micro-plasticity and the well-
established plasticity regime as shown in Fig. 17b. Kinematic hardening is stronger for larger values of len2.
It can be concluded that the micro-plasticity behavior is the combined result of len1 and len2 while the well-
established plasticity regime remains unchanged with len1. As the hardening slope in the micro-plasticity
regime is generally larger than the one in the well-established plasticity phase, len1 will be chosen greater
than or equal to len2.

Continuing with n1 = n2 = 2, the effects of the dissipative parameters ld and Sξ10 are next studied.
Fig. 18 provides a summary of the influence of the aforementioned parameters for a fixed geometrical size
h = 2µm and constant energetic length scales len1 = 0.5µm and len2 = 0.1µm. The macroscopic stress-
strain curves delineate the two-stage plastic behavior. Varying ld, the apparent higher-order yield stress, at
which the higher-order dissipation is activated, is affected as presented in Fig. 18a. Beyond the higher-order
yielding, the hardening slope is unchanged with ld. It is worth recalling that in the Prager-type model, this
hardening slope is influenced by ld. Fig. 18b illustrates the effect Sξ10. Changing the latter parameter, only
the apparent higher-order yield stress varies. It can be inferred that both ld and Sξ10 govern the same process.
For the mentioned reason, ld will be fixed to unity micron, i.e., ld = 1µm, in what follows to facilitate the
identification of the model parameters. Here, ld can be interpreted as a normalization dissipative parameter
(Eq. (49)).

In the foregoing, the stress-strain curves are all of convex shape assuming double quadratic (n1 = n2 =
2) defect energy. However, when considering size effects, non-convex shapes may be observed, as discussed
in Section 2 on DDD. In order to introduce this primordial aspect, it is necessary to choose which power
exponent, n1 or n2, should be less than 2. For a given set of parameters h = 2µm, len1 = len2 = h/100,
ld = 1µm, Sξ10 = τPeierls/4, Fig. 19 presents a comparison of the double quadratic case with combination
(quadratic and non-quadratic) cases. Choosing n1 = 1.5 and n2 = 2, i.e., the only non-linear higher-order
kinematic stresses are the saturating higher-order stresses ξα1 , a non-convex shape is obtained. The inflection
points are close to the higher-order yield point under reserve loading. It is highly reminiscent of the result
obtained with the Prager-type model. The KIII kinematic hardening of Asaro happens at large plastic strain
contrary to the case of DDD where it is centered around zero plastic strain. Nevertheless, switching the non-
linearity effect to the non-saturating higher-order kinematic stresses ξα2 , by choosing n1 = 2 and n2 = 1.5,
leads to centered non-convexity in accordance with the DDD. Another advantage of this configuration is
that the transition between the micro-plasticity and the post-activation of the higher-order yielding is quite
smooth, which is consistent with DDD observations. For the rest of the present work, it will be kept that ξα1
is always linear while ξα2 is non-linear with an exponent n2 < 2, which needs to be determined.

Prior to the identification with DDD results, it is interesting to investigate the scaling relationship ob-
tained with the multi-kinematic approach including higher-order dissipation. Fig. 20 presents the log-log
evolution of the apparent higher-order yield stress as a function of the geometrical size h for a given set of
parameters. Similarity with the purely energetic formulation shown in Fig. 10 and the Prager-type formula-
tion shown in Figs. 14b and 15c is apparent in terms of a linear evolution for small size h and an asymptotic
one for very large size h. Regardless of the value of n2, a saturating scaling exponent of −1 is obtained:

σHO
12 ∝ h−1 , ∀n2 with n1 = 2 (65)

As obtained with the Prager-type formulation (see Eq. (64)), this scaling relationship is an improvement
compared with the energetic solution in Eq. (63) and is in agreement with the established Orowan rela-
tion for precipitate and inclusion size effects. Further refinements in this gradient-enhanced theory are still
needed to get to the scaling relationship found in Eq. (3) with a scaling exponent of −0.2. Meanwhile, the
hardening after the activation of the higher-order yield functions, evolves as h−n2 based on Eq. (61) since
the post higher-order yielding response is only given by ξα2 . It is worth recalling that the hardening in this
regime evolves as h−0.5 in DDD results. The multi-kinematic model has demonstrated significant flexibility



Fig. 20. Multi-kinematic model: evolution of apparent higher-order yield stress σHO
12 as function of the size h based on the proposed

multi-kinematic model (len1 = 0.5µm, len2 = 0.25µm, ld = 1µm, n1 = 2.).

Tab. 4. Fitting material parameters for the multi-kinematic model based on DDD simulations.

Material parameter name Symbol Value Unit
Initial first-order dissipative slip resistance Sπ0 20 MPa

First (decomposition) initial higher-order dissipative slip resistance Sξ10 20 MPa

Dissipative length scale ld 1 µm

First energetic length scale len1 1.5 µm

Second energetic length scale len2 0.09 µm

First exponent of the defect energy n1 2 −−
Second exponent of the defect energy n2 1.6 −−

in replicating the observed plastic behavior with DDD. This point is further investigated in the following
subsection providing a direct comparison with DDD outcomes for shear and tension-compression loading.

5.2.2. Comparison with DDD for shearing
In the same way as with the Prager-type model, the parameter related to the Chaboche-type formulation

are identified on the DDD results of the geometrical size h = 2µm (see green curves in Fig. 3).
It was previously demonstrated that the first exponent defect energy, n1, is set to be equal to 2, and the

dissipative length scale, ld, to 1µm. In this case, five material parameters have to be identified: the initial
first-order dissipative slip resistance Sπ0, the first initial higher-order dissipative slip resistance Sξ10, the
energetic length scales len1 and len2, and the second exponent of the defect energy n2. It is appropriate to
start by fitting the second exponent n2 and the second energetic length scale len2, knowing that the hardening
in the well-established plasticity regime depends only on ξα2 . In this case, the value of n2 can be calculated
using power-law hardening in Eq. (62) so that n2 = r + 1. This suggests that n2 = 1.6 is a suitable fitting
value. The second energetic length scale len2 can then be calibrated using the analytical solution in Eq. (61)
in order to reproduce the DDD hardening for h = 2µm. Next, Sπ0, Sξ10, len1 are determined to reproduce
the initial yielding and the micro-plasticity response. These calibrated parameters are summarized in Tab. 4.
Note that Sπ0, Sξ10 are both found to be close to τPeierls. The derived length scales, len1 = 1.5µm and len2 =
0.09µm, are of the same order of magnitude as the inverse of the square root of the initial dislocation density

1/
√
ρDDD
0 = 0.577µm, which can be viewed as a characteristic length scale (Dahlberg and Boåsen, 2019).
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Fig. 21. Multi-kinematic model: identification and comparison of the proposed model with DDD results.



Fig. 21 presents the obtained macroscopic stress-strain response for the geometrical size h = 2µm, which
was used for the identification process, as well as the predictions for the other geometrical sizes h = 6µm
and h = 10µm, utilizing the identified parameters. According to Fig. 21a where the macroscopic stress is
plotted as a function of the plastic strain for the case h = 2µm, the multi-kinematic model demonstrates a
high degree of fidelity in regard with DDD, as it successfully replicates micro-plasticity, plastic hardening,
and KIII kinematic hardening of Asaro. The corresponding stress-strain is shown in Fig. 21b. This means
that the proposed model can accurately reproduce all the DDD observed features. Finally, Fig. 21c presents
the results for all the grain sizes. For h = 6µm and h = 10µm, the model predicts that the KIII kinematic
hardening of Asaro becomes less marked as expected. This last remark falls perfectly in the scope of the
DDD results. The non-convex shape is clearly a manifestation of size effects. Nevertheless, the scaling
exponent of −1 obtained with the multi-kinematic model, in comparison with the −0.2 with DDD, indicates
that there is a quantitative difference between the predicted curves with the continuum model and DDD. As
illustrated in Fig. 21c, the predicted responses for h = 6µm and h = 10µm are found to be underestimated
with this continuum model in reference to the DDD responses.

5.2.3. Prediction of the tension-compression
Using the previously identified parameters in the shearing case (see Tab. 4), tension-compression sim-

ulations are conducted and compared with the DDD results in the configuration shown in Fig. 1c. Fig. 22
presents the detail macroscopic responses. The general conclusions on the plastic activity are still valid. The
two-stage plastic behavior and the type III (KIII) kinematic hardening of Asaro are still observed. However,
it is evident that the model overestimates the strengthening and hardening in the well-established plasticity
regime when using the obtained parameters from shearing. The transfer of parameters from one loading
to a different one is not trivial. The dislocation structures undergo significant alterations in response to the
loading type, resulting in notable changes in the internal stresses which has to be better considered by the
continuum models.

6. Conclusion

Shearing and tension-compression tests have been studied with DDD for single- and double-slip cases.
The simulations show strengthening and dominating kinematic hardening effects. An accent was put on the
strengthening phenomenon, i.e., the increase of the yield stress with geometrical size h. The apparent higher-
order yield stress results from a micro-plasticity process which is characterized by a high hardening slope, at
very low plastic level. This explanation echoes experimental works (Fleck et al., 1994; Hua et al., 2021; Xie
et al., 2023). The apparent higher-order yield stress is found to evolve as h−0.2 for the shearing case and as
h−0.3 for the tension-compression case. The scaling exponent depends then on the nature of the loading and
the initial dislocation configuration. These findings are similar to the experimental conclusions in (Dunstan
and Bushby, 2014; Mu et al., 2016). Beyond this apparent higher-order yield stress, a well-established
plasticity regime takes place and is also size-dependent. The hardening slope in this plastic activity is found
to evolve as h−0.5 for the shearing case and h−1.1 for the tension-compression case. The analysis of the full
cyclic loading reveals a dominating kinematic hardening with respect to isotropic hardening. The presence of
inflection points around zero plastic strain on the macroscopic curves under reverse loading, is also observed.
This uncommon non-convex shape of on the macroscopic curves is identified by the type III (KIII) kinematic
hardening of Asaro (Asaro, 1975; Stoltz and Pelloux, 1976; Proudhon et al., 2008), which is considered to
be the closest to a perfect plastic recovery process. This non-convex shape becomes less marked for large
grains and more classical Bauschinger effects are observed.

Based on the conclusions of DDD simulations, two SGCP models of higher-order kinematic hardening
modeling are proposed. Using the framework of kinematic decomposition of the plastic slip gradient into
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recoverable (energetic) and unrecoverable (dissipative) parts, the defect energy is enriched to account for sup-
plementary higher-order kinematic hardening. The first proposed model is based on a Prager-type approach
with the introduction of a backstress related to the dissipative part of the plastic slip gradient. Strengthening
caused by a micro-plasticity process is observed as with DDD. The obtained apparent higher-order yield
stress evolves as h−1 (Orowan scaling law). The model also integrates a less-than-quadratic defect energy
with an exponent n, which helps to reproduce in a natural way the KIII kinematic hardening of Asaro. How-
ever, with this Prager-type approach, the inflection points are generally visible for positive plastic strain. This
particular aspect is improved with the second proposed model based on the multi-kinematic decomposition
of the plastic slip gradients. This approach echoes Chaboche modeling technique of the kinematic hardening,
where the work-conjugate higher-order stress is given by a superimposition of several independent kinematic
variables. Here, the defect energy is a combination of quadratic and non-quadratic terms. The quadratic term
is associated with a saturating higher-order stress and the non-quadratic term with a non-saturating higher-
order stress. This concept helps to reproduce the non-convex shape around zero plastic strain, particularly
as in DDD results. Nonetheless, the apparent higher-order yield stress with the multi-kinematic model also
evolves as h−1. This seems to be a notable limitation of SGCP theories. To date, no SGCP theory predicts a
scaling exponent less than −1. An attempt of calibration with DDD results for a selected size h is done and
it has confirmed that the Chaboche-type model is more in accordance with DDD than the Prager-type model.

In order to improve the scaling relationship, the proposed kinematic decomposition approaches can be
used in the micromorphic formulation of the “curlHp” model (Cordero et al., 2010). This is an on-going
investigation and will be treated in a future work. This type of model is less expensive since the number of
degrees of freedom is reduced. It is then recommended to compare and calibrate the model with 3D experi-
ments (Mu et al., 2016; Zhang et al., 2023). Extension to poly-crystal cases (Cordero et al., 2013) should also
be possible by integrating realistic interface conditions and including evolving internal length scales (Hunter
and Koslowski, 2008; Dahlberg and Boåsen, 2019) within strain gradient-enhanced framework. Another
improvement could be made by using the gradient of saturating plastic variables (Abatour and Forest, 2023).
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Appendix A. Finite element numerical implementation

The numerical finite element (FEM) implementation in ABAQUS/Standard of the proposed models is
described in this section.

Considering Dirichlet (essential) boundary conditions applied on portions of the studied domain bound-
ary, let δu̇ and δγ̇ be test fields kinematically admissible to 0 on these portions. The weak forms of the
macroscopic and microscopic balance equations, i.e., (11)1 and (12)1, can be expressed as:

Gu =

∫
V
δε̇ : σ dv −

∫
St

δu̇ · t ds

Gγ =

q∑
α=1

∫
V
∇δγ̇α · ξα dv +

q∑
α=1

∫
V
δγ̇α πα dv −

q∑
α=1

∫
V
δγ̇α τα dv −

q∑
α=1

∫
Sα
χ

δγ̇α χα ds
(A.1)

where St and Sα
χ are respectively the portions of the studied domain boundary on which macroscopic and

microscopic traction, respectively denoted by t and χα, are enforced. The finite element method is employed
to solve numerically these weak forms. For this purpose, a User-ELement (UEL) subroutine is implemented
in the commercial software ABAQUS/Standard, with the degrees of freedom being the displacement and

https://www.sgpgaps.fr/


plastic slip fields (u and γα). In 2D case, giving a finite element with 2×2 Gauss integration points, quadratic
(eight-noded) u-interpolation and linear (four-noded) γα-interpolation are adopted. In this element, the
displacement and plastic slip fields are estimated as:

ui (x1, x2) =

8∑
k=1

Nu
k (x1, x2) U

k
i , γα (x1, x2) =

4∑
k=1

Nγ
k (x1, x2) Γ

α
k (A.2)

where Uk
i and Γα

k are respectively the nodal values of the displacement component ui and the plastic slip
γα, and Nu

k and Nγ
k are the associated interpolation (shape) functions. With these interpolated fields, the

previously mentioned weak forms in Eq. (A.1) are written, in matrix form, within a representative finite
element as follows:

Ge
u =

(
δU̇

e
)T

·
(∫

Ve

BT
u
· σ dv −

∫
Se
t

NT
u
· t ds

)

Ge
γ =

(
δΓ̇

e
)T

·
(∫

Ve

BT
γ
· ξ dv +

∫
Ve

NT
γ
· π dv −

∫
Ve

NT
γ
· τ dv −

∫
Se
χ

NT
γ
· χds

) (A.3)

where σ, π and ξ are vector representations of the macroscopic and microscopic stresses combining those
defined on all slip systems, τ is a vector containing the resolved shear stresses on all slip systems, t is the
macroscopic traction vector, χ is a vector containing the microscopic traction scalars associated with all the
slip systems, N

u
and B

u
are interpolation and gradient matrices associated with the displacement field, and

N
γ

and B
γ

are interpolation and gradient matrices associated with the plastic slip fields. The principle of

virtual power implies that Ge
u and Ge

γ are zero for any virtual variations of the element nodal variables δU̇
e

and δΓ̇
e
. It leads to the following residuals:

Re
u =

∫
Ve

BT
u
· σ dv −

∫
Se
t

NT
u
· t ds = 0

Re
γ =

∫
Ve

BT
γ
· ξ dv +

∫
Ve

NT
γ
· π dv −

∫
Ve

NT
γ
· τ dv −

∫
Se
χ

NT
γ
· χds = 0

(A.4)

These equations are linearized with respect to the variations of the element nodal variables U e and Γe, which
results in an elementary system of equations that can be presented in matrix form as:[

Ke
uu

Ke
uγ

Ke
γu

Ke
γγ

] [
∆U e

∆Γe

]
=

[
−Re

u

−Re
γ

]
(A.5)

with:

Ke
uu

=
∂Re

u

∂U e , Ke
uγ

=
∂Re

u

∂Γe , Ke
γu

=
∂Re

γ

∂U e , Ke
γγ

=
∂Re

γ

∂Γe (A.6)

After assembling, the obtained global non-linear system of equations is solved using Newton-Raphson iter-
ative scheme.

Appendix B. Integration algorithm of the constitutive laws associated with the Prager-type model

The state laws in Eq. (37) are integrated with the Alg. 1, see next page.



Algorithm 1 Integration of the constitutive equations at the integration points of the Prager-type model
Inputs: εe, εp, κα

r , κα
d , ∆u, ∆γα, Sα

π , Sα
ξ , σ, πα, ξα,Xα

Compute: ∆ε = [∇ (∆u)]sym, ∆εp =

q∑
α=1

∆γαPα, ∆εe = ∆ε−∆εp

Compute: εe = εe +∆εe, εp = εp +∆εp
Compute: σ = λ tr (εe) I+ 2µ εe

Do α = 1 to q:
Compute: ∆eαπ = |∆γα|

End do
Do α = 1 to q:

Compute: ∆Sα
π =

q∑
β

Hπ ∆e
β
π

Compute: Sα
π = Sα

π +∆Sα
π

Compute: πα = Sα
π

[
∆eαπ
∆t γ̇α

0

]m
∆γα

∆eαπ
End do

Initialization:
Do α = 1 to q:

Compute: ∆κα = ∇ (∆γα), ∆κα
r = ∆κα, κα

r = κα +∆κα
r , ∆κα

d = 0, ∆καd = 0

Compute: Aαα = (n− 1) X0 l
n
en

[
|sα · κα

r |n−2 sα ⊗ sα + |lα · κα
r |n−2 lα ⊗ lα

]
Compute: ∆ξα = Aαα ·∆κα

r , ξα = ξα +∆ξα

Compute: ∆Xα = Hp l
2
d ∆κα

d , Xα = Xα +∆Xα

Compute: Fα = ∥ξα −Xα∥
End do
F =

[
F 1, ..., F q

]T
End initialization
While (∥F∥ > ε):

Compute: Jacobian [J ] =


∂F 1

∂κ1
d

. . . ∂F 1

∂κq
d

. . .

. . .

. . .
∂F q

∂κ1
d

. . . ∂F q

∂κq
d



Solve: [J ] ·


δκ1d
.
.
.
δκqd

 =


F 1

.

.

.
F q


Do α = 1 to q:

Update: ∆καd , ∆κα
d , κα

d , ∆κα
r , κα

r

Update: ξα, Xα, Sα
ξ

Update: Fα = ∥ξα −Xα∥ − Sα
ξ ld

(
∆κα

d
∆t γ̇α

0

)m
End do
F =

[
F 1, ..., F q

]T
End while



Appendix C. Expression of the Jacobian matrix in the Prager-type model

Giving inputs at an increment p, it is necessary to compute the Jacobian (see Alg. 1) in order to update
the stresses at the increment p+ 1. For simplicity, equations are written for the described 2D problem. The
Newton-Raphson (Besson et al., 2010) aims at solving the equation:

Fα = ∥ξα −Xα∥ − Sα
ξ ld

(
∆καd
∆t γ̇α0

)m

= ξαeq − ξαc (C.1)

at the iteration k + 1 knowing a non-convergence at the iteration k. The implementation is done in order to
have a continuum tangent modulus. In this sense, the following equations are used:

δFα = δξαeq − δξαc (C.2)

with

δξαeq =
∂ ∥ξα −Xα∥

∂ξα
· δξα +

∂ ∥ξα −Xα∥
∂Xα · δXα =

[ξα −Xα]kp+1

[∥ξα −Xα∥]kp+1

· (δξα − δXα) (C.3)

Based on:

δκα
d =

δκαd
ld

[ξα −Xα]kp+1

[∥ξα −Xα∥]kp+1

(C.4)

it is deduced that:

δXα = Hpl
2
d δκ

α
d = Hpl

2
d

δκαd
ld

[ξα −Xα]kp+1

[∥ξα −Xα∥]kp+1

(C.5)

ξ̇
α
= Aαα · (κ̇α − κ̇α

d ) ⇒ δξα = δAαα ·
(
∆κα − [∆κα

d ]
k
p+1

)
+ [Aαα]kp+1 · (δκα − δκα

d ) (C.6)

∆κα is constant during the iterations at the increment p+ 1 so that δκα = 0. For this reason:

δAαα =
∂Aαα

∂κα
d

· δκα
d (C.7)

∂Aαα

∂κα
d

= (n− 1)(n− 2)X0 l
n
en |sα · (κα − κα

d )|n−3 ∂ |sα · (κα − κα
d )|

∂κα
d

� sα � sα

= −(n− 1)(n− 2)X0 l
n
en |sα · (κα − κα

d )|n−4 sα · (κα − κα
d ) s

α � sα � sα
(C.8)

δAαα = −(n− 1)(n− 2)X0 l
n
en |sα · (κα − κα

d )|n−4 [sα · (κα − κα
d )] [s

α · δκα
d ] s

α � sα (C.9)

It leads to:
δξα = −(n− 1)(n− 2)X0 l

n
en |sα · (κα − κα

d )|n−4 [sα · (κα − κα
d )] [s

α · δκα
d ] (s

α � sα) ·
(
∆κα − [∆κα

d ]
k
p+1

)
− (n− 1)X0 l

n
en

[
|sα · (κα − κα

d )|n−2 sα � sα
]
· δκα

d

= −(n− 1)X0 l
n
en |sα · (κα − κα

d )|n−4 [Bαα
L ]kp+1 · δκα

d = − [Aαα
L ]kp+1 · δκα

d



(C.10)

with

[Bαα
L ]kp+1 = (n− 2) [sα · (κα − κα

d )]
[
sα ·

(
∆κα − [∆κα

d ]
k
p+1

)]
sα � sα

+ |sα · (κα − κα
d )|2 sα � sα (C.11)

Eq. (C.3) becomes:

δξαeq = −
[ξα −Xα]kp+1

[∥ξα −Xα∥]kp+1

·
(
[Aαα

L ]kp+1 +Hpl
2
dI
)
· δκ

α
d

ld

[ξα −Xα]kp+1

[∥ξα −Xα∥]kp+1

(C.12)

where I is the second order identity tensor.

δξαc = δ

{
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ξ ld
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It follows that:

δFα =

q∑
β=1

[
−
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[Aαα
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The terms of the Jacobian are then written as:

[
Jαβ

]
=

[
−

[ξα −Xα]kp+1
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(C.15)

Finally, equation:

[Fα]k+1
p+1 = [Fα]kp+1 + δFα = 0 (C.16)

leads to:

{δκd} = − [J ]−1
{
[F ]kp+1

}
(C.17)
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