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Abstract: The European Space agency is highly interested in a full atmospheric reentry from
low Earth orbit conditions using an automatic lifting body. In this respect, a numerical method is
performed to estimate the heat transfer conditions at the rear surface of a stainless steel material
through solving the heat equation. The proposed models should be easily invertible in order to
reconstruct the heat flux. The present study presents the analytical modeling of a 2D thermal
diffusion which will be compared to different approximations: Taylor approximation, Padé
approximation and finite difference method. A benchmark is developed and the temperature
output measurements are compared with the proposed approximations.
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1. INTRODUCTION

Thermal modeling of systems is of particular interest in
applications where temperature might be critical. This in-
cludes air conditioning, industrial refrigeration, electronic
device cooling, biological tissue heat losses etc. The com-
plexity of heat transfer usually implies the use of finite
element methods to solve the heat equation in a chosen
region of space. However, finite element models tend to
be complex to calculate and in many cases a simpler
model that only takes into account temperatures around
particular points of interest are precise enough.

Thermal modeling is usually used in the domain of power
electronics (Künzi (2015)), building simulation (Parnis
(2012); Danza et al. (2016)), human heat losses (Ismail
et al. (2018)), machining and high speed machining or
even atmosphere reentry. RC circuit models are present
in other similar applications, such as the measurement
of bio-impedances (Chinen et al. (2015)) or lithium-ion
battery models (Zhang et al. (2017)). In most of these
applications, the input is assumed a low frequency signal.
In order to widen the frequency range and especially
in high frequency, the thermal two-port network was
introduced in (Maillet et al. (2000)) and such a model is
directly derived from the heat equation. Such a thermal
modeling have been used to model heat transfers in lungs
(Duhé et al. (2022)).

In aerospace industry, the atmospheric reentry of an object
from outer space is a succession of complex phenomena
with a large variation of the flow properties. In these
circumstances, the prediction of the heat flux is a very
challenging issue (Anderson (1989); Kemp and Riddell
(1957)). Flight data is a crucial key for most engineering
departments, for instance temperature and heat flux in the

fuselage external surface. However its acquisition during
reentry is extremely complicated (Pizzarelli et al., 2019).

First, the heat shield should not be severally pierced with
holes and other stress concentration points for sensor fix-
ation. Besides, the high temperature and pressure condi-
tions could be so extreme that no device would work.

In real applications, thermocouples are positioned inside
the fuselage in such a way it will not be in direct contact
with the atmosphere, or in regions with a less severe
environment. In this configuration, if one is interested in
the temperature or heat flux in the outside surface, it is
necessary to know how the heat transfer occurs in the
fuselage/sensor. Denoting q−1 as the delay operator, let
Gϕ(q

−1) be the discrete transfer function that describes
the measured temperature T (t) given a heat flux on the
outside surface φ(t) (see Fig. 1).
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Fig. 1. Thermal system

If the form of Gϕ(q
−1) is known, then an easy inversion

could be done and using the acquired temperature data,
it is possible to return to the heat flux φ(t) of interest.

The contributions are, firstly, to develop an accurate
analytical expression of the thermal system Gϕ(s). Then,
a benchmark is developed for input signal generation via a
Labview interface. The main aim of the study is to verify
if the approximated methods are sufficiently precise to fit
the measured temperature.
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with the atmosphere, or in regions with a less severe
environment. In this configuration, if one is interested in
the temperature or heat flux in the outside surface, it is
necessary to know how the heat transfer occurs in the
fuselage/sensor. Denoting q−1 as the delay operator, let
Gϕ(q

−1) be the discrete transfer function that describes
the measured temperature T (t) given a heat flux on the
outside surface φ(t) (see Fig. 1).
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If the form of Gϕ(q
−1) is known, then an easy inversion

could be done and using the acquired temperature data,
it is possible to return to the heat flux φ(t) of interest.

The contributions are, firstly, to develop an accurate
analytical expression of the thermal system Gϕ(s). Then,
a benchmark is developed for input signal generation via a
Labview interface. The main aim of the study is to verify
if the approximated methods are sufficiently precise to fit
the measured temperature.
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1. INTRODUCTION

Thermal modeling of systems is of particular interest in
applications where temperature might be critical. This in-
cludes air conditioning, industrial refrigeration, electronic
device cooling, biological tissue heat losses etc. The com-
plexity of heat transfer usually implies the use of finite
element methods to solve the heat equation in a chosen
region of space. However, finite element models tend to
be complex to calculate and in many cases a simpler
model that only takes into account temperatures around
particular points of interest are precise enough.

Thermal modeling is usually used in the domain of power
electronics (Künzi (2015)), building simulation (Parnis
(2012); Danza et al. (2016)), human heat losses (Ismail
et al. (2018)), machining and high speed machining or
even atmosphere reentry. RC circuit models are present
in other similar applications, such as the measurement
of bio-impedances (Chinen et al. (2015)) or lithium-ion
battery models (Zhang et al. (2017)). In most of these
applications, the input is assumed a low frequency signal.
In order to widen the frequency range and especially
in high frequency, the thermal two-port network was
introduced in (Maillet et al. (2000)) and such a model is
directly derived from the heat equation. Such a thermal
modeling have been used to model heat transfers in lungs
(Duhé et al. (2022)).

In aerospace industry, the atmospheric reentry of an object
from outer space is a succession of complex phenomena
with a large variation of the flow properties. In these
circumstances, the prediction of the heat flux is a very
challenging issue (Anderson (1989); Kemp and Riddell
(1957)). Flight data is a crucial key for most engineering
departments, for instance temperature and heat flux in the

fuselage external surface. However its acquisition during
reentry is extremely complicated (Pizzarelli et al., 2019).

First, the heat shield should not be severally pierced with
holes and other stress concentration points for sensor fix-
ation. Besides, the high temperature and pressure condi-
tions could be so extreme that no device would work.

In real applications, thermocouples are positioned inside
the fuselage in such a way it will not be in direct contact
with the atmosphere, or in regions with a less severe
environment. In this configuration, if one is interested in
the temperature or heat flux in the outside surface, it is
necessary to know how the heat transfer occurs in the
fuselage/sensor. Denoting q−1 as the delay operator, let
Gϕ(q

−1) be the discrete transfer function that describes
the measured temperature T (t) given a heat flux on the
outside surface φ(t) (see Fig. 1).
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If the form of Gϕ(q
−1) is known, then an easy inversion

could be done and using the acquired temperature data,
it is possible to return to the heat flux φ(t) of interest.

The contributions are, firstly, to develop an accurate
analytical expression of the thermal system Gϕ(s). Then,
a benchmark is developed for input signal generation via a
Labview interface. The main aim of the study is to verify
if the approximated methods are sufficiently precise to fit
the measured temperature.
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where Nm denotes the norm of ψm(r) in the vector space
defined with the inner product (9).

Using some properties of the Sturm-Liouville problem, by
applying the inner product of the general solution with a
n-th solution of the equation, one writes

〈θ(x, r, s), ψn(r)〉 =
R∫

0

θ(x, r, s)rψn(r) dr (10)

=
∞∑

m=0

cm, τm(x, s)

R∫

0

rψm(r)ψn(r) dr.

Since the solutions are orthogonal, for every term with
m �= n the integral will be equal to zero. Consequently,
the only remaining terms are n = m:

τm(x, s) =

R∫

0

θ(x, r, s)rψm(r) dr.

Such an equation is an integral transform that rewrites the
heat transfer problem in a new coordinate system given
by ψm(r) instead of r. The heat flux transform can be
expressed by

ηm(x, s) :=

R∫

0

ϕ(x, r, s)rψm(r) dr.

Considering that the heat flux will be applied in the
center of the thermocouple, and by substituting in the last
equation it is easy to see that

ηm(0, s) = ϕ(0, r, s)

R0∫

0

rψm(r) dr. (11)

Solving the right hand side of (6) By rewriting (6), one
writes

∂2τm
∂x2

=

(
s

ax
+ α2

m

λr

λx

)
τm.

The solution is defined as

τm(x, s) = K1 cosh(km�) +K2 sinh(km�),

where the constant km in 2D is expressed as

km =

√
s

ax
+ α2

m

λr

λx
.

The goal being to establish a relation between the tem-
perature at the rear τm(�, s) and the heat flux at the front
ηm(0, s), the thermal transfer function Gm

ϕ (s) is explicitly
defined by

Gm
ϕ (s) =

τm(�, s)

ηm(0, s)
=

1

λxkm sinh(�km) + hx cosh(�km)
.

(12)

Unfortunately, the general transfer function Gϕ(s) cannot
be taken as a direct series of Gm

ϕ (s). It will be considered
the transfer function of interest is about the heat flux in
the x direction that is been measured in the middle of the
thermocouple φ(0, r, t) for r < R0:

Gϕ(s) =
θ(�, 0, s)

ϕ(0, r, s)
=

∞∑
m=0

τm(�, s)

ϕ(0, r, s)

ψm(0)

N 2
m

.

or else

++
Σϕ(0, r, s) θ(�, 0, s)

P1J0(0)

N1

G̃
1
ϕ(s)

...

+

P2J0(0)

N2

G̃
2
ϕ(s)

PMJ0(0)

NM

G̃
M
ϕ (s)

...
...

Fig. 3. 2D heat transfer block diagram

Gϕ(s) =

∞∑
m=0

Gm
ϕ (s) ηm(0, s)

ϕ(0, r, s)

ψm(0)

N 2
m

.

Using relation (11), it is possible to write

Gϕ(s) =

∞∑
m=0

Gn
ϕ(s)

Pmψm(0)

N 2
m

,

with

Pm :=

R0∫

0

rψm(r) dr.

Finally, by truncating the sum at M , the final two-
dimensional solution is expressed by

Gϕ(s) =

M∑
m=0

PmJ0(0)

N 2
m

1

λxkm sinh(�km) + hx cosh(�km)
.

(13)
which is a complex function of s. Fig. 3 gives a block
diagram to help the simulation of such a transfer function
for a given sum of M terms.

Fig. 4 and Fig. 5 show the analytical model (in black plain
line) developed from equation (13), with hx = hr = 17.

3. 2D HEAT TRANSFER APPROXIMATIONS

The transfer function (13) is difficult to use in practice,
and finding its inverse is a non trivial task. In order to
invert it, a polynomial approximation is used. There are
some possibilities and the most common one is by using
the Taylor series expansion. Rewriting (13) by replacing
explicitly sinh and cosh with their Euler form and using a
new variable ξm = �km, one gets

Gϕ(ξm) =

M∑
m=0

PmJ0(0)

N 2
m

1

A(ξm)eξm +B(ξm)e−ξm
, (14)

with 

A(ξm) =

λx

2�
ξm +

hx

2�
,

B(ξm) = −λx

2�
ξm +

hx

2�
.

3.1 Taylor approximation

The Taylor series approximation will be applied to the
exponential term, by taking

eξm =
eξm/2

e−ξm/2
≈

∑N
i=0 ξ

i
m/i!∑N

j=0(−1)jξjm/j!
=

P (ξm)

Q(ξm)
. (15)

The structure of this paper is as follows. Section 2 recalls
the analytical modeling of heat transfers by solving the
heat equation. Then, Section 3 proposes some numerical
approximations of the 2D heat transfer modeling. Section
4 gives a description of the benchmark and compares
the approximations with the experimental data. Finally,
Section 5 will provide conclusions and prospects.

2. 2D HEAT TRANSFER MODELING

2.1 Time domain approach

Assuming cylindrical coordinates, with x being the linear
coordinate, a two-dimensional model of the heat transfer
will be studied, as shown in Figure 2. Since the system
is cylindrical, the heat transfer can be approximated as
axissymmetric.

x

R

r

�

φ(�, r, t)

T (�, r, t)

φ(0, r, t)

T (0, r, t)

Fig. 2. Heat transfer in 2D

The heat equation in 2D is expressed by

λr
∂2T

∂r2
+ λr

1

r

∂T

∂r
+ λx

∂2T

∂x2
= ρcp

∂T

∂t
, (1)

where T (x, r, t) is the temperature, ρ the material density,
cp the specific heat, λr and λx the conductivity according
to r and x respectively. Let us denote φ(x, r, t) as the heat
flux that propagates in x and r directions (Fig. 2).

When it comes to the boundary conditions, it will be
considered that the heat flux applied to the front side of
the material (at x = 0), is known as a function of time
φ(0, t). Furthermore, a natural convection is considered
in the rear side (defined at x = �), which means that the
heat flux will be proportional to the temperature difference
between the surface and the ambient temperatures, given
by a heat transfer coefficient hx. A natural convection is
also considered in the external cylindrical surface r = R,
with a coefficient hx. Besides, there is no heat transfer in
the middle r = 0 due to its symmetry.

For simplicity sake, let us assume that the initial temper-
ature and the ambient temperature are equal to 0. The
boundary conditions are then defined as:

−λx
∂T

∂x
= φ(0, r, t) forx = 0, r ≤ R0, (2)

−λx
∂T

∂x
+ hxT (�, r, t) = 0 forx = �, (3)

−λr
∂T

∂r
= 0 for r = 0, (4)

−λr
∂T

∂r
+ hrT = 0 for r = R. (5)

2.2 Frequency domain approach

Applying the Laplace transform to eq. (1), with the
boundary conditions (2)-(5), one obtains the solution in
the frequency domain, s being the Laplace variable:

λr

λx

∂2θ

∂r2
+

λr

λx

1

r

∂θ

∂r
+

∂2θ

∂x2
=

s

ax
θ,

where ax = λx/cpρ is the thermal diffusivity in the x
direction. First, it will be assumed that the solution θ is
separable in two parts, one that only depends in r and
another that only depends in x and s, namely:

θ(x, r, s) = τ(x, s)ψ(r).

Substituting it in the heat equation, it then comes

λr

λx

∂2ψ(r)

∂r2
1

ψ(r)
+

λr

λx

∂ψ(r)

∂r

1

r

1

ψ(r)
=

1

τ

s

ax
τ(x, s)

− ∂2τ(x, s)

∂x2

1

τ(x, s)
. (6)

Since the left hand side just depends on r and the right
hand side on x and s, they both have to be constant.

Solving the left hand side of (6) By denoting the con-
stant −α2λr/λx, one gets (Nagle et al., 1996)

λr

λx

∂2ψ(r)

∂r2
1

ψ(r)
+

λr

λx

∂ψ(r)

∂r

1

r

1

ψ(r)
= −λr

λx
α2,

or even:

r
∂2ψ(r)

∂r2
+

∂ψ(r)

∂r
+ α2rψ(r) = 0,

a well known form as the Bessel equation of order ν = 0,
which is a specific case of the Sturm-Liouville problem (Al-
Gwaiz, 2008). The two solutions are the Bessel functions
of first and second kinds. By superposition,

ψ(r) = K∗
1J0(αr) +K∗

2Y0(αr),

ψ must be continuous in r = 0, which implies that K∗
2 = 0

from boundary condition (4). Since a linear superposition
in θ will be taken, it can be considered that:

ψ(r) = J0(αr). (7)

From last boundary condition (5), one gets

−αλrJ1(αR) + hrJ0(αR) = 0 (8)

which has an infinity of solutions for any α. Since each
associated function ψ(r) will be orthogonal with respect
to each other (linear independent given a specific inner
product), the general solution will be the superposition of
each associated θ function. Specifically, the inner product

〈f1(r), f2(r)〉 :=
R∫

0

rf1(r)f2(r)dr (9)

is the one that results from this solution of the Bessel
equation. If we use the subscript m to identify the solution
for αm, i.e., the m-th root of (8), then

θ(x, r, s) =

∞∑
m=0

cmτm(x, s)ψm(r).

Without loss of generality, it can be considered that

1

cm
= N 2

m :=

R∫

0

rψ2
m(r) dr,
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where Nm denotes the norm of ψm(r) in the vector space
defined with the inner product (9).

Using some properties of the Sturm-Liouville problem, by
applying the inner product of the general solution with a
n-th solution of the equation, one writes

〈θ(x, r, s), ψn(r)〉 =
R∫

0

θ(x, r, s)rψn(r) dr (10)

=
∞∑

m=0

cm, τm(x, s)

R∫

0

rψm(r)ψn(r) dr.

Since the solutions are orthogonal, for every term with
m �= n the integral will be equal to zero. Consequently,
the only remaining terms are n = m:

τm(x, s) =

R∫

0

θ(x, r, s)rψm(r) dr.

Such an equation is an integral transform that rewrites the
heat transfer problem in a new coordinate system given
by ψm(r) instead of r. The heat flux transform can be
expressed by

ηm(x, s) :=

R∫

0

ϕ(x, r, s)rψm(r) dr.

Considering that the heat flux will be applied in the
center of the thermocouple, and by substituting in the last
equation it is easy to see that

ηm(0, s) = ϕ(0, r, s)

R0∫

0

rψm(r) dr. (11)

Solving the right hand side of (6) By rewriting (6), one
writes

∂2τm
∂x2

=

(
s

ax
+ α2

m

λr

λx

)
τm.

The solution is defined as

τm(x, s) = K1 cosh(km�) +K2 sinh(km�),

where the constant km in 2D is expressed as

km =

√
s

ax
+ α2

m

λr

λx
.

The goal being to establish a relation between the tem-
perature at the rear τm(�, s) and the heat flux at the front
ηm(0, s), the thermal transfer function Gm

ϕ (s) is explicitly
defined by

Gm
ϕ (s) =

τm(�, s)

ηm(0, s)
=

1

λxkm sinh(�km) + hx cosh(�km)
.

(12)

Unfortunately, the general transfer function Gϕ(s) cannot
be taken as a direct series of Gm

ϕ (s). It will be considered
the transfer function of interest is about the heat flux in
the x direction that is been measured in the middle of the
thermocouple φ(0, r, t) for r < R0:

Gϕ(s) =
θ(�, 0, s)

ϕ(0, r, s)
=

∞∑
m=0

τm(�, s)

ϕ(0, r, s)

ψm(0)

N 2
m

.

or else

++
Σϕ(0, r, s) θ(�, 0, s)

P1J0(0)

N1

G̃
1
ϕ(s)

...

+

P2J0(0)

N2

G̃
2
ϕ(s)

PMJ0(0)

NM

G̃
M
ϕ (s)

...
...

Fig. 3. 2D heat transfer block diagram

Gϕ(s) =

∞∑
m=0

Gm
ϕ (s) ηm(0, s)

ϕ(0, r, s)

ψm(0)

N 2
m

.

Using relation (11), it is possible to write

Gϕ(s) =

∞∑
m=0

Gn
ϕ(s)

Pmψm(0)

N 2
m

,

with

Pm :=

R0∫

0

rψm(r) dr.

Finally, by truncating the sum at M , the final two-
dimensional solution is expressed by

Gϕ(s) =

M∑
m=0

PmJ0(0)

N 2
m

1

λxkm sinh(�km) + hx cosh(�km)
.

(13)
which is a complex function of s. Fig. 3 gives a block
diagram to help the simulation of such a transfer function
for a given sum of M terms.

Fig. 4 and Fig. 5 show the analytical model (in black plain
line) developed from equation (13), with hx = hr = 17.

3. 2D HEAT TRANSFER APPROXIMATIONS

The transfer function (13) is difficult to use in practice,
and finding its inverse is a non trivial task. In order to
invert it, a polynomial approximation is used. There are
some possibilities and the most common one is by using
the Taylor series expansion. Rewriting (13) by replacing
explicitly sinh and cosh with their Euler form and using a
new variable ξm = �km, one gets

Gϕ(ξm) =

M∑
m=0

PmJ0(0)

N 2
m

1

A(ξm)eξm +B(ξm)e−ξm
, (14)

with 

A(ξm) =

λx

2�
ξm +

hx

2�
,

B(ξm) = −λx

2�
ξm +

hx

2�
.

3.1 Taylor approximation

The Taylor series approximation will be applied to the
exponential term, by taking

eξm =
eξm/2

e−ξm/2
≈

∑N
i=0 ξ

i
m/i!∑N

j=0(−1)jξjm/j!
=

P (ξm)

Q(ξm)
. (15)
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...
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Fig. 6. Mesh for finite difference

Fig. 7. Mesh built with Matlab

(σ2 − σ1)T
n+1
i−1,j + (2 + 2σ1 + 2σ3)T

n+1
i,j + (−σ1 − σ2)T

n+1
i+1,j

+(−σ3)T
n+1
i,j−1 + (−σ3)T

n+1
i,j+1 = (σ1 − σ2)T

n
i−1,j+

(2− 2σ1 − 2σ3)T
n
i,j + (σ1 + σ2)T

n
i+1,j + (σ3)T

n
i,j−1 + (σ3)T

n
i,j+1

with σ1 = ax∆t/∆r2, σ2 = ax∆t/r∆r and σ3 =
ax∆t/∆x2, ∆x the simulation time step, Mx = �/(∆x)+1
and Mr = R/(∆r) + 1 the number of nodes in the x and
r directions, respectively.

By introducing phantom nodes at the end points, new
equations can be derived to include the boundary con-
ditions. At the rear surface (x = �) for r �= R, one gets

Tn
i,Mx+1 =

2hx∆x

λx
Tn
i,Mx

+ Tn
i,Mx−1,

which gives,

(σ2 − σ1)T
n+1
i−1,j +

(
2 + 2σ1 + 2σ3 +

2hx∆x

λx

)
Tn+1
i,j

+(−σ1 − σ2)T
n+1
i+1,j + (−2σ3)T

n+1
i,j−1 = (σ1 − σ2)T

n
i−1,j

+

(
2− 2σ1 − 2σ3 −

2hx∆x

λx

)
Tn
i,j + (σ1 + σ2)T

n
i+1,j + (2σ3)T

n
i,j−1.

From the boundary conditions (2)-(5), a complete matrix
expression is built:

RTn+1 − cn+1 = STn + cn, (20)

where the temperature vector for all nodes at a time tn is
given by

Tn =




Tn
1

Tn
2
...

Tn
Mx

]


 =




Tn
1,1
...

Tn
Mr,1

Tn
1,2
...

Tn
Mr,2
...

Tn
Mr,Mx




. (21)

and

cn =




2hx∆xσ

λx
φ(0, r, tn)

0
...
0




,

and the matrices R and S have much more complicated
forms and cannot be easily shown. The higher the mesh
size, the better the precision. Here, it is sufficiently high
to guarantee precision and convergence of the solution.

4. BENCHMARK AND EXPERIMENT VALIDATION

4.1 Benchmark description

The whole benchmark configuration is described on Fig.
8. The thermal system is composed of a (stainless steel)
sample that constitutes the lower surface of a space shuttle
which is provided by the ONERA (French Aerospace
Lab). The sample is a cylinder of depth 15mm and of
diameter 80mm. A thermocouple (K-type) is sticked at
the center of the rear surface. A heating resistor is put at
the front the shuttle sample and has the same diameter (to
ensure one dimensional diffusion); consequently, the heat
flux is produced by the heating resistor which is supplied
by a controllable/programmable voltage source (EA-PSI
9000-2U). The whole data acquisition is carried out by
a portable recorder (DAS 240BAT) that gets a maximal
sampling rate of 1ms.

A Labview program was developed to get a controllable
experimental setup and was implemented to communicate
with both the voltage source and the DAS 240.

To avoid irregular time acquisition data by the computer,
even if the Labview program reads and shows the data for
online structural health monitoring (SHM), the final data
is obtained by taking the recorded REC files in the DAS.
The file transfer is done via FFT protocol and converted
to TXT files, which can be easily read by Matlab®.

The Labview program was developed in order to apply
a pseudo random binary signal (PRBS) to the thermal
system, offering an input that is persistently exciting in the
frequency range of interest. In the experiment, the input
is a set between [0, 14.2]W.m−2. The sampling time is set
to Ts = 0.1s.

4.2 Comparison with the model approximations

Fig. 9 compares the experimental temperature output
results with a 2-dimensional simulation (the heat transfer
has been set to h = 20 after a steady state study, which
is usually in [5, 25]) obtained with the Taylor expansion
approximation, Padé expansion approximation and a finite
difference method.

The approximation results tend to be considerably smaller
than the true experimental output. Such an experiment
shows the need for system identification of the true system
as the approximated models stemming from the analytical
model do not take into account the true conduction diffu-
sion/loss exchanges in the benchmark. On the contrary,
the three approximation models have exactly the same
behavior. Since the heat shield and materials are normally
not homogeneous, a pure analytical model of Gϕ(q

−1) is
not appropriate: system identification is required.
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Fig. 4. Taylor approximations for different values ofN with
hx = hr = 17 and M = 6

Table 1. Parameters for the 1D thermal system

Variable Name Value Unit

λ Thermal conductivity 15 W/m.K
ρ Density 7900 kg/m3

cp Specific heat 500 J/kg.K
� Thermocouple depth 10 mm

The approximated Taylor transfer function G̃T
ϕ(ξm) can

then be expressed by

G̃T
ϕ(ξm) =

M∑
m=0

PmJ0(0)

N 2
m

1

A(ξm)
P (ξm)

Q(ξm)
+B(ξm)

Q(ξm)

P (ξm)

=
M∑

m=0

PmJ0(0)

N 2
m

P (ξm)Q(ξm)

A(ξm)P (ξm)P (ξm) +B(ξm)Q(ξm)Q(ξm)
.

(16)

From the parameters given in Table 1, Fig. 4 shows the
Bode diagrams of the analytical Gϕ expression and its

Taylor approximations G̃T
ϕ using different values of N .

It can clearly be seen that the higher N is, the wider
the frequency range validity is. However, increasing signif-
icantly N will not significantly enlarge the frequency band
of the Taylor approximation. For example, with N = 10,
the approximation validity is limited to 2 rad/s.

3.2 Padé approximation

Though the Taylor approximation for e±ξm/2 gives satis-
factory results, the approximation can be better by using
a Padé approximation for any indeterminate ξm:

eξm =
P ′(ξm)

Q′(ξm)
+ o(ξ2N+1), (17)

with

P ′(ξ) =

N∑
i=0

(2N − i)!N !

2N !(N − i)!

ξi

i!

Q′(ξ) =

N∑
i=0

(2N − i)!N !

2N !(N − i)!

(−ξ)i

i!
.

The denominator and numerator degree should not neces-
sarily be the same, however, by doing so, we have P (−ξ) =
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Fig. 5. Padé approximations for different values of N with
hx = hr = 17 and M = 6

Q(ξ). Thus, the Padé approximated function G̃P
ϕ is ex-

pressed by

G̃P
ϕ (ξ) =

M∑
m=0

PmJ0(0)

N 2
m

P ′(ξm)Q′(ξm)

A(ξm)P ′(ξm)P ′(ξm) +B(ξm)Q′(ξm)Q′(ξm)
. (18)

From the parameters given in Table 1, Figure 5 shows
the Bode diagrams of the analytical Gϕ expression and its
Padé approximations using different values of N .

Again, the higher N is, the wider the approximation fre-
quency range is. The frequency range of the Padé approx-
imation is even larger than with the Taylor approximation
For example, with N = 10, the frequency range validity
of the Padé approximation goes up to 9 rad/s. Given the
experimental section 4.1, the bandwidth is around 3 rad/s.

3.3 Finite difference modeling

For the numerical method, the Crank-Nicolson method is
used in a two-dimensional analysis. Figs. 6 and 7 shows the
mesh and the phantom-nodes that were created. Note that,
not only the two boundary conditions for each variable
have to be analyzed, but also the equation for a node that
is simultaneously in both boundary conditions (node at
the mesh corner).
By writing the approximations and denoting Tn

i,j =
T (xj , ri, tn), one can write

∂T

∂t
≈

Tn+1
i,j − Tn

i,j

∆t
,

∂T

∂r
≈

−Tn
i,j−1 − Tn+1

i,j−1 + Tn
i,j+1 + Tn+1

i,j+1

2∆r
.

∂2T

∂r2
≈

Tn
i,j−1 + Tn+1

i,j−1 − 2(Tn
i,j + Tn+1

i,j ) + Tn
i,j+1 + Tn+1

i,j+1

2∆r2
.

∂2T

∂x2
≈

Tn
i−1,j + Tn+1

i−1,j − 2(Tn
i,j + Tn+1

i,j ) + Tn
i+1,j + Tn+1

i+1,j

2∆x2
.

Replacing these expressions in (1), one gets
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Fig. 6. Mesh for finite difference

Fig. 7. Mesh built with Matlab

(σ2 − σ1)T
n+1
i−1,j + (2 + 2σ1 + 2σ3)T

n+1
i,j + (−σ1 − σ2)T

n+1
i+1,j

+(−σ3)T
n+1
i,j−1 + (−σ3)T

n+1
i,j+1 = (σ1 − σ2)T

n
i−1,j+

(2− 2σ1 − 2σ3)T
n
i,j + (σ1 + σ2)T

n
i+1,j + (σ3)T

n
i,j−1 + (σ3)T

n
i,j+1

with σ1 = ax∆t/∆r2, σ2 = ax∆t/r∆r and σ3 =
ax∆t/∆x2, ∆x the simulation time step, Mx = �/(∆x)+1
and Mr = R/(∆r) + 1 the number of nodes in the x and
r directions, respectively.

By introducing phantom nodes at the end points, new
equations can be derived to include the boundary con-
ditions. At the rear surface (x = �) for r �= R, one gets

Tn
i,Mx+1 =

2hx∆x

λx
Tn
i,Mx

+ Tn
i,Mx−1,

which gives,

(σ2 − σ1)T
n+1
i−1,j +

(
2 + 2σ1 + 2σ3 +

2hx∆x

λx

)
Tn+1
i,j

+(−σ1 − σ2)T
n+1
i+1,j + (−2σ3)T

n+1
i,j−1 = (σ1 − σ2)T

n
i−1,j

+

(
2− 2σ1 − 2σ3 −

2hx∆x

λx

)
Tn
i,j + (σ1 + σ2)T

n
i+1,j + (2σ3)T

n
i,j−1.

From the boundary conditions (2)-(5), a complete matrix
expression is built:

RTn+1 − cn+1 = STn + cn, (20)

where the temperature vector for all nodes at a time tn is
given by

Tn =




Tn
1

Tn
2
...

Tn
Mx

]


 =




Tn
1,1
...

Tn
Mr,1

Tn
1,2
...

Tn
Mr,2
...

Tn
Mr,Mx




. (21)

and

cn =




2hx∆xσ

λx
φ(0, r, tn)

0
...
0




,

and the matrices R and S have much more complicated
forms and cannot be easily shown. The higher the mesh
size, the better the precision. Here, it is sufficiently high
to guarantee precision and convergence of the solution.

4. BENCHMARK AND EXPERIMENT VALIDATION

4.1 Benchmark description

The whole benchmark configuration is described on Fig.
8. The thermal system is composed of a (stainless steel)
sample that constitutes the lower surface of a space shuttle
which is provided by the ONERA (French Aerospace
Lab). The sample is a cylinder of depth 15mm and of
diameter 80mm. A thermocouple (K-type) is sticked at
the center of the rear surface. A heating resistor is put at
the front the shuttle sample and has the same diameter (to
ensure one dimensional diffusion); consequently, the heat
flux is produced by the heating resistor which is supplied
by a controllable/programmable voltage source (EA-PSI
9000-2U). The whole data acquisition is carried out by
a portable recorder (DAS 240BAT) that gets a maximal
sampling rate of 1ms.

A Labview program was developed to get a controllable
experimental setup and was implemented to communicate
with both the voltage source and the DAS 240.

To avoid irregular time acquisition data by the computer,
even if the Labview program reads and shows the data for
online structural health monitoring (SHM), the final data
is obtained by taking the recorded REC files in the DAS.
The file transfer is done via FFT protocol and converted
to TXT files, which can be easily read by Matlab®.

The Labview program was developed in order to apply
a pseudo random binary signal (PRBS) to the thermal
system, offering an input that is persistently exciting in the
frequency range of interest. In the experiment, the input
is a set between [0, 14.2]W.m−2. The sampling time is set
to Ts = 0.1s.

4.2 Comparison with the model approximations

Fig. 9 compares the experimental temperature output
results with a 2-dimensional simulation (the heat transfer
has been set to h = 20 after a steady state study, which
is usually in [5, 25]) obtained with the Taylor expansion
approximation, Padé expansion approximation and a finite
difference method.

The approximation results tend to be considerably smaller
than the true experimental output. Such an experiment
shows the need for system identification of the true system
as the approximated models stemming from the analytical
model do not take into account the true conduction diffu-
sion/loss exchanges in the benchmark. On the contrary,
the three approximation models have exactly the same
behavior. Since the heat shield and materials are normally
not homogeneous, a pure analytical model of Gϕ(q

−1) is
not appropriate: system identification is required.
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Fig. 8. Benchmark configuration: a) experimental setup; b) heating resistor; c) stainless steel sample with thermocouple
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Fig. 9. Comparison of the true output with 2D model
approximations

5. CONCLUSION

The proposed models should be easily invertible in order
to reconstruct the heat flux in atmosphere reentry. The
theoretical and thermal approximation models have shown
their limit when considering experimental data. All the
presented numerical approximations lack of precision: the
finite difference method seems to be more precise, however
it will not be possible to reconstruct the input heat flux;
the Padé and Taylor approximations are also far from the
true output temperature. This study clearly shows that an
optimized estimation of the thermal transfer function is
necessary by considering the heat transfer coefficient, loss
factor and the true material properties. For future works,
system identification should be carried out in order to get
the true system physical parameters and by considering
more complex model structures.
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