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The solution of a supercritical fluid flowing into a constricted narrow channel is presented in this study. The
compressible Navier-Stokes equations in the lubrication limit coupled with the energy equation and the
isothermal and non-isothermal van der Waals fluid and perfect gas have been solved. In order to find the semi-
analytical solution of these non-linear coupled equations, homogenization technique in the transverse direction
has been applied. Because of the high compressibility and high thermal expansion of supercritical fluids,

waviness is observed in the flow and thermal fields near the exit of the channel. This effect is attributed to the
channel constriction where the slope is maximum, where a strong coupling between the pressure and density
gradients exists. Moreover, the density difference between the exit and inlet of the channel drastically increases
when one approaches the critical point, corroborating the data from existing literature.

1. Introduction

Supercritical fluids (SCFs) are a class of fluids that exist beyond the
liquid-vapor critical point and may be considered as an intermediate
state between a liquid and a gas. They exhibiting some properties of
liquids, like high density and solubility, and some properties of gases
such as low viscosity and high compressibility [1]. On approaching the
critical point, the various thermo-physical properties show a singular
behavior such as diverging isothermal compressibility, heat conductiv-
ity, specific heat at constant pressure and constant volume, and a van-
ishing thermal diffusivity [2,3]. These properties have been found to
behave according to the universal power laws with a different critical
exponent for each property. They can be modelled on the basis of a
common parameter § = %, where T, refers to the critical temperature

and T; is the initial temperature of the fluid. The most unusual behavior
(and new at that time) of near-critical fluids was observed by Nitsche &
Straub [4] during the measurement of the heat capacity at constant
volume in their sounding rocket experiment. They observed that the
thermalization of their cell was extremely fast despite a vanishing
thermal diffusivity. Three worldwide independent teams have [5-7]
explored this unusual phenomenon and explained that this phenomenon
of critical acceleration of heating due to the piston effect, attributed to the
high compressibility and thermal expansion near the critical point. A
new timescale, called the piston-effect timescale has been defined which
vanishes at the critical point and the tiny remaining thermal
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non-homogeneity is achieved by the very slow heat diffusion (the
thermal diffusivity vanishes near the critical point).

These unique properties make supercritical fluids ideal candidates
for various industrial processes and lubrication systems [8,9]. The
modeling of microscale critical region flows and heat transfer mecha-
nisms continues to be a challenging task in both theoretical research and
engineering applications. Recently, the study of a flow in a micron-sized
capillary has been considered in Refs. [10,11]. This flow is characterized
by a trans-critical pressure in the microcapillary and is at the critical
temperature at the channel walls.

Supercritical fluids have many applications in aerospace lubrication
systems involving thin constrictions mainly in turbomachinery [12,13].
In aerospace engineering, lubrication is essential for reducing friction
and wear between moving components, ensuring smooth operation, and
extending the lifespan of critical parts. In aerospace machinery and
mechanisms, thin film lubrication is often employed to create a pro-
tective layer between sliding surfaces. Supercritical fluids offer advan-
tages in thin film lubrication due to their unique properties, such as high
density and low viscosity near the critical point. These properties allow
supercritical fluids to form thin and robust lubricating films, even in
constricted regions and under varying working conditions [2]. Thin
constrictions in lubrication systems, such as bearing gaps and sliding
interfaces, pose challenges for traditional lubricants. However, super-
critical fluids can adapt to such complex geometries, ensuring efficient
lubrication and minimizing wear and frictional losses in aerospace
components. The utilization of supercritical fluids as lubricants in thin
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Fig. 1. Geometry of the channel. At the inlet the pressure is imposed yielding a parabolic velocity profile. The height H is taken as the half-height at the inlet, and L is

the channel length, the channel variable height is 2 h(x) (in units of H).

constrictions holds the potential to enhance the reliability, efficiency,
and performance of aerospace machinery and mechanisms. However,
understanding the behavior of these fluids is complex.

In all these applications, the flow can be operated in different forms
of tubes (regular and singular) and in the configuration of Poiseuille or
Couette flows. These variable geometry channels, such as nozzles, ducts,
and heat exchangers, offer opportunities to manipulate flow patterns,
enhance heat transfer, and minimize pressure drop. However, the
presence of complex flow patterns and thin gaps poses challenges in
accurately modeling the fluid behavior in such scenarios.

This study focuses on the flow of a supercritical fluid in a narrow
contracting channel. Narrow channel contracting flow constitutes an
ideal configuration from fundamental and practical perspectives.
Lubrication theory is typically adopted to incorporate the large normal
stress that results from contraction. In such narrow channels, the walls
can influence the flow characteristics and form secondary currents.
These vortex structures can alter the longitudinal velocity distribution
and form velocity dip. For this reason, narrow channel flows have been
examined under various conditions, including complex fluid flow [14,
15]. Of closer relevance to supercritical fluids, one of the most effective
techniques to combat reservoir sedimentation is the installation of
Sediment Bypass Tunnels, which are designed for supercritical narrow
open channel flow conditions. They can also alter the bed shear stress
distribution and influence the sediment transport [16].

Our model is based on the Reynolds compressible Stokes equations,
coupled with the equation of state and energy equation, allowing for a
simple modelling and comprehensive understanding of the fluid flow

behavior, including pressure, heat dissipation and flow field variations
along the length of the channel. To comprehensively assess the predic-
tive capability of the analytical model, a comparative analysis is per-
formed between perfect gas (PG) and van der Waals (vdW) fluids both in
isothermal and non-isothermal situations. The comparison aims to
elucidate the differences in the behavior of supercritical fluid and per-
fect gas under various modeling assumptions and to identify the
strengths and limitations of each modeling approach for fluid dynamics
applications. Several limitations and assumptions are carefully consid-
ered to ensure the validity and applicability of the model. One signifi-
cant limitation lies in the thin film theory employed to model lubrication
in the variable geometry channels. While the thin film approximation is
well suited for analyzing fluid flow in thin gaps and constrictions, it
assumes a continuous and uniform lubricating film, neglecting potential
fluctuations and instabilities that may arise in real-world scenarios, and
puts a constraint on the type of geometry where this model can be
applied to. Another essential assumption lies in the simplifications made
to the Navier-Stokes and energy equations. To facilitate the solution,
certain terms such as the inertial terms are omitted with some well-
posed assumptions. Furthermore, the model incorporates the Reynolds
compressible equation, which follows a simplified equation of state
(vdW) and the solution is obtained by averaging the temperature field in
the transverse direction. These assumptions are reasonable for flows in
the proximity of the critical point, they capture the complexities of non-
isothermal flows. Section 2 presents the problem formulation and the
mathematical approach for solving the governing equations and
boundary conditions. Sections 3 and 4 present the results of PG and vdW
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Fig. 2. Graphical representation of the channel height, h(x), following equation
(2.11) for three different reductions (straight channel, 25 % and 50
% reductions).

fluids, respectively, for both isothermal and non-isothermal cases.
Concluding remarks are given in section 5.

2. Problem formulation
2.1. Geometry of the contracting flow

In this work, we follow Rothstein & McKinley [9] and explore the
pressure drop originating from the non-uniformity of geometry while
eliminating the entrance and exit effects. We examine the contracting
flow in a 2D channel consisting of a slowly spatially varying and sym-
metric domain. In this case, H is taken as the half-height at the inlet, and
L is the channel length between the inlet and outlet locations. The
channel variable height is 2h(x) (in units of H). The physical domain is
therefore connected to two long straight channels of half-height h (x =
0) =1 at the inlet, and height h (x = 1) = a < 1 at the outlet (see Fig. 1).

The channel height is taken as a function of x, h(x), following the
equation:

1

e @1

where “a” represents the percentage decrease in the inlet height (i.e. for
example a = 4 represents a 25 % decrease in the inlet height, a = 2
represents a 50 % decrease), “b” represents the gradient or the steepness
of the height drop, “c” represents the midpoint of the function or the
channel (for example ¢ = 0.5 indicates that the midpoint of the function
is at the midpoint of the channel).

Fig. 2 shows three examples of the symmetric channel profile, h(x),
used in this study where the flow equations are solved for a straight
channel, a converging channel with 25 % reduction and 50 % reduction
with respect to the initial height corresponding to the value of a = 4 and
a = 2, respectively.

2.2. General compressible flow equations

In the absence of gravity effect, the general steady compressible
conservation equations along with the gas equation of state are [17]:

V-(pv) =0, (2.2a)

pv-Vv=-Vp+ V-1, (2.2b)
dp

pepv- VT = V- (kVT) +/)’l"a +1T:, (2.20)

p=p(p,T), (2.2d)
where p is the fluid density, v is velocity vector, T is temperature, p is the
gas pressure, T is the viscous stress tensor, I the identity tensor, y is the
rate-of-strain tensor, cj, is the specific heat at constant pressure, k is the
coefficient of thermal conductivity, t is the time. 4 = v-V is the material
derivative. Here p =

7% <§T‘;> is the coefficient of thermal expansion.
P

The rate of strain and viscous stress tensors are given by:

Y==(Vv+VV'), t=2py — itr(y)L, (2.3a,b)

N[ =

where p is the coefficient of dynamic viscosity and A is the coefficient of
second viscosity. Here, we adopt Stokes’ hypothesis: p and A are of the
same order of magnitude.

In this study, we examine the flow of two fluids, the perfect gas and
the supercritical fluid obeying the van der Waals (vdW) equations of
state. For a perfect gas:

p=pRT, @24
where R is the gas constant. The equation of state for a vdW fluid is:

_ pRT
T 1-bp

27 R’T?
—ap®, where a=_">—¢

1 RT.
b= , 2.5
64 p. (2.5)

8 p. ]

the subscript ¢ denotes the value at the critical point. In addition [18],

. 2arR(1-bp)p* Rp B T-T.\ /?
=0t a1 2bp)pr P pallzbpyp M

(2.6a-c)

where c,0 and ko are the specific heat at constant pressure and the
thermal conductivity for a perfect gas. Here, A is a coefficient dependent
on the fluid (A = 0.75 for COs, for instance). The value of the exponent
0.5 is slightly less than the real critical exponent 0.57 as it is based on the
mean-field theory [2,19]. However, the 0.5 exponent is convenient for
our theoretical formulation and analysis for the vdW equation of state,
and should not lead to a different phenomenological interpretation.

2.3. The general narrow-gap equations for compressible flow

We introduce dimensionless variables by using suitable scaling. We
let L and H be the length scale in the streamwise and transverse di-
rections. In this case, ¢ = H/L<1 is the small parameter in the analysis.
We also let U and €U be the scale for the streamwise and transverse
velocity components. Finally, the reference density, pressure and tem-
perature are denoted by p,, p, and T;, respectively. Consequently, the
dimensionless variables are:

~ X Yy~ u- v T_. p-. p
=— = —, = — :—T:— = — =—. 2 =
X=p¥=pU=gV=awol -1 pr,p B: (2.7a-g)
) .
=2 =" 2.7h,
Cp Cor’ Br ( i)

In this case, keeping leading-order terms in the stress components,
equation (2.2) reduce to the following equations in the (x, y) plane (after
dropping the tilde):

(pw)x + (pv), =0, (2.8a)
€’Rep(uuy + vuy) = — Cp, + Uy, (2.8b)
e'Rep(uvy +vvy) = — Cpy, (2.8¢)
e”Pecyp (uT, +vTy) = (KTy), +EcPr u,” + e’PefTup,, (2.8d)
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Fig. 3. Influence of C for an isothermal perfect gas on the (a) pressure and (b) centerline velocity profiles along the channel for the isothermal perfect gas for different
values of the parameter C: C = 30, 100, 1000, 10000 and with a height reduction of 25 %. Vertical line separates the upstream and downstream regimes for C = 30.

The equations of state for perfect and vdW gases, respectively,
become:

PT a2, (2.9a,b)

=pT =
P=/T.P=1 "5,

where A = 9/8 and B = 1/3, and

_ 2(1 —Bp)p? _ P
R R TR oy R Ty @9e0
where D = ﬁT andE=A2 R We note that expressions (2.9) for a vdW

fluid are obtained by taklng Pr = PRTc,p, =p.and Ty = T..

The various dimensionless parameters: the Reynolds number, Peclet
number, Eckert number and Prandtl number, are introduced as follows:
cprp, UL U? HCpr

L
p.U Pe = ,Bc=——+Pr=

Re= , JEc = ,
',,l kr CprTr kr

(2.10a-f)

where p,, k; and ¢, are reference thermal expansion coefficient, thermal
conductivity and specific heat at constant pressure, respectively. In
addition, we have the ratio of the reference pressure to the reference
shear stress and modified Peclet number:

a2 pr BrprUL
C=" U Pe ="

(2.11a,b)

In this study, the convective forces are assumed to be negligible. In

other words, we assume Re<e 2. Since -&- inertia effects become

eZRe UZ’
negligible if p>>p,U?. It is not difficult to show that this inequality is
satisfied under general flow conditions of both the perfect and vdW
gases. The order of magnitude of the remaining parameters will be

discussed shortly separately for the perfect and vdW gases.
2.4. The inertialess converging channel flow formulation

In the absence of the convective term in (2.8b) and (2.8c), the
transverse pressure gradient vanishes (pyz 0), and equation (2.8)
reduce to:

(pu)y + (pv), = (2.12a)

uyy:c%7 (2.12b)
e”Pecyp (uTy +vTy) = (kTy), +EcPru,? + ezﬁeﬂ’ruj—g, (2.12¢)

In addition to the equation of state, these equations must be solved
subject to the following conditions of symmetry, adherence and no-
penetration at y = h(x):

uy(x,y=0)=Ty(x,y=0) =u(x,y=h) = v(x,y=0) = v(x,y=h) = 0.

(2.13a-f)

In this case, the velocity components are determined in terms of the
pressure gradient and density, by integrating (2.12b) and (2.12a):

Cdp
u(x,y)= E&(Y2*h2)7

y
/ pudy.
0

In this study, we assume that the density is given in terms of the

(2.14a)

Q-‘Q

(2.14b)

o=

vixy) = -

pressure and the average temperature over the channel width: (T)(x) =

h
3 /0 T(x,y)dy. Thus, we write the general equation of state as p = p(p,

(T)). In this case, upon substituting (2.14a) into the integral in (2.14b),
we obtain a more explicit expression for v:

~1cCJd dp 9 dp dh
V“W**‘gab;(aﬁ(—‘h ) Pax x|

Far upstream, we consider the flow to be fully developed Poiseuille
flow with h = 1. In this case, the pressure gradient is assumed to be

(2.15)

imposed, and is deduced from the fact thatu(x =0,y =0) = —§ j{ (x =
0) = 1, yielding the following conditions at x = 0:
jp (x=0)= —%u(x:o,y) =1-y%p(x=0)=1. (2.16a-c)

The equation for the pressure is obtained by integrating equation

h
(2.12a) across the film thickness, between 0 and h(x): / (pu),dy = —
0
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h
/ (pv)ydy = p[v(x,y =h) — v(x,y = 0)] =0, and using Leibniz rule to
0

h
obtain £ (p /0 udy) =4 <h3p g—i) = 0. Finally, integrating this equa-

tion subject to (2.16a) yields the desired pressure gradient in terms of

the density:
dp 2
_—=——. 2.17

P ix P (2.17)

Interestingly, when (2.17) is used, we see that both u and v are
inversely proportional to the density:

2_h2 3 dh 3
ux,y)= Y < V(X y)= 77&<Y§7hzy>.

(2.18a,b)

3. The case of a perfect gas
3.1. The isothermal perfect gas

Although it is somewhat unrealistic to discuss isothermal gases, it is
helpful to derive analytical results for reference. In this case T = 1 and
p = p.- The equation for the pressure (2.17) becomes:

dp _ 2

pdxi —@. (3.1)

Interestingly, this equation suggests that the pressure gradient is
negative as long as the pressure is positive, regardless of whether the
channel is converging or diverging with distance. The solution is ob-
tained subject to p (x = 0) = 1, yielding

3.2)

which indicates that for a contracting channel, the pressure and density
decrease with distance.

Equation (3.2) is solved numerically using Matlab with 50 mesh
points subject to the boundary condition p (x = 0) = 1 and a 25 %
reduction in the height of the channel.

The influence of C is illustrated in Fig. 3. The C value is adjusted to
30, 100, 1000 and 10000. For C = 100, the pressure drop (Fig. 3a) across
the length of the channel is about 4 %. As the value of C increases to

1000, the pressure drop is around 0.5 % and for a C value of 10000, there
is almost no pressure drop as it remains almost constant all along the
channel. The highest drop is for the value of C equals to 30 which cor-
responds to the particular case of carbon dioxide. The drop is almost 12
%, which is significant. The pressure gradient is always negative, as per
equation (3.1), thus excluding any flow reversal or vortex onset.

The velocity profile is obtained from equation (2.14a) and equation
(3.2). The mainstream centerline velocity u(x) is plotted for the three
cases (Fig. 3b). It can be noticed that as C decreases from 10000 to 100,
the velocity gradient increases at the exit. It is interesting to observe
from Fig. 3 that the flow follows essentially two regimes along the
channel, corresponding to the two regions close to the inlet and outlet,
upstream and downstream of the vertical line shown in the two figures,
illustrating the case for C = 30. Clearly, the pressure gradient remains
close to constant in each regime, while the velocity changes concavity.

3.2. The non-isothermal perfect gas

In this case, the equation of state is: p = p(T), and equation (2.17)
reduces to:

pdp 2

Mmax (3.3)

As to the energy equation (2.12c), both the specific heat at constant
pressure as well as the coefficient of thermal expansion remain constant
for any temperature and pressure so that the terms of order €2 in (2.12¢)
can be neglected, reducing the equation to (with k = 1):

Ty, + EcPr u,®> =0. 3.4

Substituting (2.14a) and integrating (3.4) subject to (2.13b) and T(x,
y =h) =1, we obtain:

T(ey)=1- SEPr <d£>2 (" —h") (T(x) =1+ CEcpry <d—P> .

12 dx 15 dx
(8.5a,b)

Eliminating the average temperature from (3.5b), equation (3.3)
leads to a nonlinear equation for the pressure:

C2EcPr, , (dp\* 4EcPr\ C , dp
mePr (&) +(1+ = )Eh pPi1=0 3.6)

As in the isothermal case, the non-isothermal perfect gas flow is
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obtained for the same conditions by solving equations (3.5b) and (3.6).
However, unlike the isothermal case where the pressure is solved by
integrating equation (3.2), the non-isothermal perfect gas pressure
equation (3.6) is a second-order non-linear equation for the pressure
field, which is solved using ODE45 routine in Matlab based on an
explicit Runge-Kutta algorithm. As in the perfect gas case, the pressure
and velocity are plotted for several values of C in Fig. 4, and the cor-
responding average temperature and density fields are also plotted in
Fig. 5. The procedure for obtaining the solution for all fields is the
following:

1) After obtaining the solution for the pressure equation (3.6), the
average temperature is obtained from equation (3.5b).

2) The average density field is calculated from the p = p(T) (for the sake
of simplicity, the < > is omitted in the density field.

3) The complete temperature field can then be obtained from equation
(3.5a) and the corresponding density field from the perfect gas
equation: p = pT.

The non-isothermal case is dependent on an additional parameter,
namely EcPr. In the following results, EcPr is taken as 107>, its influence
will be shown later.

The results show that, similar to the isothermal case, as C decreases,
the pressure drop and the velocity both increase (see Fig. 4a and b). The
pressure field and consequently the velocity field are essentially the

same, both qualitatively and quantitatively as the isothermal gas, even
though the pressure equation (3.6) is very different. The average tem-
perature along the channel increases, which shows the role of heat
dissipation (Fig. 5a), behaving similar to the velocity. As C decreases, the
increase in average temperature becomes sharper; this can correspond to
an increase in flow velocity for fixed properties of the fluid (see
expression 2.11a, showing the inlet velocity increasing as C decreases).
The density field in Fig. 5b behaves similar to the pressure field with the
drop becoming higher as C decreases. For a 0.04 % increase in tem-
perature between the inlet and outlet of the channel for C = 30, the
corresponding density drop is of the order of 12 %. Finally, the upstream
and downstream regimes discussed for isothermal gas are also distinct
for the non-isothermal gas.

In order to assess the influence of dissipation, the C value is now kept
fixed at C = 5000, € = 0.01, and EcPr is varied from 102 to 10~%. The
results in Fig. 6 show that as EcPr increases, which indicates an increase
in the velocity of the mainstream for a given fluid, the pressure drop and
the centerline velocity are only slightly affected. In contrast, the average
temperature and density increase significantly with increasing EcPr. In
particular, both the temperature and density exhibit a change in con-
cavity with increased dissipation. It should be noted that since the
average temperature and density fields are dependent on EcPr, the
curves do not start from the same point at the inlet. Nevertheless, an
increase of 0.5 % of the average temperature is seen with an increase of
heat dissipation of hundred times (EcPr varying from 10~* to 1072).
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Fig. 8. (a) Contour plots of the longitudinal velocity field, (b) velocity vectors and (c) pressure field for the non-isothermal perfect gas for C = 30, EcPr = 102 and

25 % of the reduction of channel height.

The influence of the geometry is illustrated in Fig. 7. The height of
the channel is modified such that if the reduction of the height is 50 %, it
represents a decrease of the height from 1 to 0.5. A straight channel is
also considered for a clear comparison between the constricted channel
and a straight channel. As a result, the 50 % reduction in height shows
the highest change in all fields. Moreover, as expected, the pressure field
exhibits a linear profile for a straight channel and a non-linear evolution
as the geometry changes towards the constricted form. It is interesting to
observe that the effect of contraction is essentially nonexistent over a
significant distance downstream of the inlet (0< x < 0.3), suggesting an
absence of downstream influence on the flow and heat transfer.

Fig. 8 shows the contour plots of the flow field, namely the longi-
tudinal velocity (Fig. 8a), the velocity vector field (Fig. 8b) and the
pressure (Fig. 8c). The pressure contour plot shows, as expected, a
horizontal variation and is constant with respect to the transverse di-
rection. The variation of u along the centerline is stronger than any other
height; this variation weakens as y increases from zero, and, as expected,
becomes absent along the upper boundary. The transverse variation
(along y) is most noticeable at the outlet of the channel.

The corresponding contours of the temperature and density fields are

reported in Fig. 9a and b, respectively. While the temperature field is
readily obtained from equation (3.5a), the density field is obtained from
the perfect gas equation of state by taking p(x,y) = p(x)/T(x,y). We
recall that this is not the equation of state used in our calculations as we
assumed the density p = p(x) and used p(x) = p(x)(T)(x) as a substitute
equation of state to keep the development manageable. Consequently,
the contours in Fig. 9b should be considered as our attempt to recouple
the density to the temperature in the (%, y) plane. Nevertheless, it is
interesting to note from Fig. 9a and b that both T(x, y) and p(x, y) exhibit
a weak dependence on y near the centerline, especially closer to the
channel outlet. The dependence on y becomes more pronounced near
the channel upper boundary with simultaneous weaker dependence on
the streamwise direction.

4. The case of a supercritical fluid
4.1. The isothermal van der Waals fluid

In this case, we introduce the reference pressure, temperature and
density as p, = p.T., Tr =T, and p, = p., respectively. In this
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different values of the parameter C: C = 5000, 10000, 20000, with EcPr = 1078,
density is accentuated under some conditions as we shall see shortly.

(isothermal) case, we take the constant temperature to correspond to a
slight deviation from the critical temperature: T =1+ 8, where § <1 is
a measure of the deviation from criticality. Consequently, the dimen-
sionless form of the equation of state (2.9b) reduces to:

4.1
It is more convenient, given the cubic equation in p, to determine the

density first rather than the pressure. Thus, substituting for p from (4.1)
into (2.17) the equation for the density becomes:

145 dp 2
h‘{i—zA}—:—f. (4.2)

Pla—ep YT Tc
Once the density is determined from (4.2) subject to p(x = 0) = 1,
the pressure is then evaluated from (4.1). In particular, p(x =0) = {5 —

A.

Like the isothermal perfect gas case, the isothermal van der Waals
case is solved for the same boundary conditions using ODE45 subroutine
with an explicit Runge-Kutta algorithm in Matlab for the density field
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temperature and corresponding (b) average density profiles along the channel for
25 % reduction in channel height and 8 = 0.01. The waviness of the temperature and

(4.2). Unlike the perfect gas, the pressure and density fields are different
(p#p)-

The influence of C is reported in Fig. 10, where the pressure, velocity
and density are plotted for C equal to 5000, 10000, and 20000. The
results show that as C is decreasing, the pressure drop and the velocity
increase become higher, like in perfect gas. In addition, the density
behaves similar to the pressure with the drop becoming higher as C
decreases. The pressure drop for a perfect gas with the value of C = 5000
gives 0.07 % which can be compared with a van der Waals with a value
more than double, 0.18 %. The two regimes discussed above in relation
to Fig. 4 are also visible in Fig. 10 for the velocity, pressure and density.
Despite the wide range of C values, and unlike the pressure and density,
the velocity is particularly insensitive to the C variation in the upstream
regime; this should be contrasted with Fig. 4.

The geometry of the channel is changed such that the decrease in the
height of 50 % corresponds to a reduction of the height from 1 to 0.5.
The C value is kept at 5000. In addition, the straight channel case is also
highlighted. The results for the three geometries (25 %, 50 % and
straight channel) are plotted in Fig. 11. By comparing the results of the
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three geometries, for the same values of C, the drop in pressure and
density is the highest for the 50 % reduction in height as has also been
shown in the perfect gas case. The drop in the density and pressure for
the straight channel is the lowest with a linear behavior. The velocity
had the highest increase for the 50 % height reduction while the velocity
of the straight channel was quasi-linear. The increase in velocity
magnitude is more than 200 % when compared to the increase in
straight channel. In contrast to Fig. 10, both the pressure and density are
insensitive to the channel contraction in the upstream regime while the
velocity increases significantly with contraction close to the inlet.

4.2. The non-isothermal supercritical van der Waals fluid

In this case, we show that the problem can be reduced to a second-
order system in the density and average temperature. The dimension-
less form of the equation of state is now given by:

_ (D 9

— 2 = — =
“1-8 Ap*A=gB=3. (4.3)

1
3

This implies that the density is to be interpreted as the density
averaged over the gap. The thermal conductivity is taken to be a func-
tion of the average temperature in (2.6c), and can be written in

dimensionless form as:
k(x) =1+ A(T)(x) — 1] % (4.4)

In order to keep the development manageable, we also take the
temperature in the convective terms to correspond to the average tem-
perature. In this case, eliminating the pressure gradient using (2.17),
equation (2.12c) reduces to:

g2 (Pec @ E(T)ﬁ

P g e th> u=KkTyy + EcPru,?. (4.5)

We recall that the expressions of ¢, and p are given in (2.9c-d).
Substituting for u from (2.14a), and integrating (4.5) subject to the
symmetry condition (2.13b) and T(x,y = h) =1+ §, we have:

L. & &T)  Pe (T (y* ., 5h*
T(x,y)=1+5 Slgh (Pecpp—dx TR AN hy*+—
EcPr 4 14
~ 48kp?h® " -h%)

(4.6)

An equation for the average temperature is readily obtained from
(4.6):
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which indicates that (T) > 1 + 8 everywhere. The second equation is
obtained by differentiating (4.3), and eliminating dp/dx using (2.17),
yielding:

{ (T) ZA]dp P

d
a-mpp lax” G

B _Cph3'

& T-Bp dx (4.8)

This system (4.7)/(4.8) is solved subject to p(x=0) = 1 and (T)(x =
0) =1+38.

The geometry is set to a 25 % decrease in the channel height. Similar
to the previous cases, the control parameters C and EcPr are varied.
Additionally, for the non-isothermal vdW case, the proximity to the
critical point 8 is another control parameter and the effect of this
parameter will be shown at the end of this section. The C value is varied
from 5000 to 20000 while keeping EcPr constant at 10~2, and & at 0.01.

The influence of C is illustrated in Figs. 12 and 13, which should be
compared to Figs. 4 and 5 for a perfect gas. The general trend as C in-
creases is generally the same for both fluids. While the velocity and

pressure do not present any major qualitative differences, the temper-
ature and density exhibit additional modulation compared to the case of
a perfect gas, particularly near the channel inlet. The waviness seems to
extend over the entire channel length, which is especially evident from
Fig. 13a for the temperature.

It should be noted that the slight variation in the pressure and tem-
perature resulted in a significant variation in the density due to the
divergence of compressibility and thermal expansion coefficients near
the critical point. If we compare non-isothermal perfect gas (non-iso PG)
and non-isothermal vdW (non-iso vdW), for the value of C = 10000, one
can see that the density variation is vanishing for the non-iso PG case
whereas the variation is non-zero for the non-iso vdW (a rough esti-
mation gives a density variation of around 0.1 %).

The product EcPr is also varied from 1072 to 10™* to assess the
dissipation, while keeping C constant at 10000, and 6 at 0.01. The results
(see Fig. 14) show that as EcPr increases, the pressure drop slightly in-
creases while the density drop increases significantly (up to 7 % for the
highest value of EcPr = 1072). Also, the average temperature increases
slightly as EcPr increases. These results are expected with the high
compressibility and thermal expansion of these supercritical fluids
which show high density variation with respect to small variations in



0.39
09y 0.3899
08}

0.3898
07}
osl 0.3897
>~05F 0.3896
04
0.3895
03}
0.3894
02}
0.1} 0.3893
0
0 0.2 0.4 06 08 1
X
u
1.2
09
08
07
06

>05
04
03
0.2
0.1

0 0
0 0.2 0.4 06 0.8 1

X

T
1.01008
1.01007
1.01006
1.01005
1.01004
1.01003
1.01002
1.01001
1.01
0 0.2 04 0.6 0.8 1
X
1 T T T T T
o (d)
08t S |
= sl S \ - . y ) .
e A R ]
e e a \ bt o
0‘4'—>__>_—>\\\>—>—>—>——> B
— — — \ —_——e > = =
Sy
02F S S &
3 e
O —» — —> E|
02 A A . A .
0 0.2 0.4 0.6 0.8 1 1.2

Fig. 16. Contour plot of (a) the pressure field (b) temperature field (c) the longitudinal velocity field and (d) velocity vector field for the non-isothermal vdW for C =

5000, EcPr = 1073, § = 0.01 and 25 % of the reduction of channel height.

temperature and pressure fields. While the velocity and pressure remain
essentially unaffected by dissipation, the influence of EcPr on the tem-
perature is rather significant, both qualitative and quantitative. For
relatively small EcPr, both the density and temperature behaves
monotonically with respect to position; the temperature tends to almost
level off near the channel inlet while the density decreases. For larger
EcPr, the density and temperature exhibit modulation.

The geometry of the channel is now changed such that the decrease
in the height is 50 % (from 1 to 0.5). The C value is kept at 5000, EcPr =
1073, and & = 0.01. In addition, the channel geometry is changed to
represent a straight channel. The results of the two geometries (50 % and
straight channel) are plotted along with the 25 % height drop geometry
(see Fig. 15). By comparing the results of the three geometries, for the
same values of C, EcPr, and §, the drop in pressure and density is the
highest for the 50 % reduction in height which is in phase of the results
for a perfect gas. The straight channel has the lowest pressure drop of
0.05 % while for the 25 % reduction, it is around 0.08 % and for the 50 %
reduction, it is 0.2 %. Similar to the pressure, the density drop is the
highest for the 50 % reduction in height (5 %) compared to the 25 %
height reduction (2 %) and the straight channel (1 %). The average
temperature has the highest increase for the 50 % height reduction of
0.015 % compared to the 25 % reduction of 0.007 % and the straight

channel of 0.004 %.

More importantly, while the flow for the straight and mildly con-
tracting channel exhibits smooth variation with distance, the flow ex-
hibits oscillatory behavior or ripples for a channel with 50 %
contraction. The ripples are particularly noticeable for the velocity and
average temperature along the central line of the channel. It is important
to note that such ripples do not arise for a perfect gas (see Fig. 11). The
presence of waviness and ripples is not entirely unexpected, as they can
be explained by the severe coupling between the flow and heat transfer
for a vdW fluid; the coupling is particularly severe near the channel
outlet in the contracted region. Mathematically, this coupling is obvious
from equations (4.7) and (4.8) for the temperature and density. These
equations constitute a nonlinear two-degree-of-freedom system. By
eliminating the temperature or the density, it is not difficult to show that
the system can be reduced to 1 s-order damped oscillatory equation with
variable speed of sound and damping.

Additional insight is gained by examining the flow and thermal field
distributions over the entire channel. Contour plots of the pressure,
temperature and longitudinal velocity are presented in Fig. 16 in order
to visualize the flow field and dissipation inside of the channel for C =
5000, EcPr = 10>, § = 0.01 and for a height drop of 25 %. The velocity
vector field is also plotted in Fig. 15d in order to visualize the flow
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non-isothermal vdW fluid for C = 5000, EcPr = 0.0012 and 25 % of the
reduction of channel height.

pattern inside the channel. We notice some perturbation of the flow field
nearby the constriction where the slope of the channel is maximum. This
physical phenomenon is further intensified for higher height drop which
will be show in subsequent figures.

Contour plots of the pressure, temperature and longitudinal velocity
fields (see Fig. 17) are also plotted with a higher height drop of 50 %
with C = 5000, EcPr = 1073, and & = 0.01. While the pressure variation
in Fig. 17a is smooth over the channel length, the remaining variables
exhibit strong non-homogeneity in both the streamwise and transverse
directions. The variation along the centerline in Fig. 17b and c is obvi-
ously related to the ripples reported earlier for the average temperature.

The proximity to the critical point & is varied from 107! to 102 for C
= 10000 and EcPr = 10>, The effect of & on the density drop is shown in
Fig. 18. When & = 1072, the density drop is of the order of 2 %. When the
temperature gets closer to the critical point for & = 1072, the density
drop increases to 7.5 %. This behavior is expected since near the critical
point the fluid properties change dramatically as one approaches the
critical point as stated above. These divergences lead to extreme sensi-
tivity to the density field for changes in pressure and temperature.

In order to highlight the reason of the variation of this density dif-
ference between the exit of the channel and the inlet, we refer to the
article of Nichele et al. [20] where they estimated the variation of heat
capacities of argon at constant volume C, and constant pressure C, near
the critical point very close to the asymptotic region. They used



molecular dynamics (MD) simulation, employing the Lennard-Jones
interaction potential. The fitted MD value (with some points not too
close to the critical point) showed a power-law type curve of the
following form: C, = c(ATr)"“l + Cp(ig) where c and d are non-universal
parameters given in their paper for argon, Cy ) is the heat capacity at
constant pressure of an ideal gas and AT, = Tlc —1 is the dimensionless
reduced temperature. The most important parameter here is d and its
value d = 0.8 for their MD model, which is comparable to d = 0.83
based on the NIST [21] data. The slope based on relatively higher values
of § in Fig. 18 is close to the one expressed in Ref. [20] which confirms
the divergence of the density difference (the corresponding fitting curve
is estimated as: p(x = 1) — p(x =0) = A5 % + B, where A =3.17 x 1073
and B = — 9.5x 107%); we recall that this density difference is closely
linked to the compressibility of the fluid. The latter has the same critical
exponent as G, or the thermal expansion coefficient p [2,3].

5. Conclusion

A compressible Poiseuille flow of a supercritical fluid in a constricted
narrow channel is considered in the present study. The Navier-Stokes
coupled with the energy and equation of state are solved semi-
analytically. The equation of state is modelled by the perfect gas and
highly compressible supercritical fluid represented by the van der Waals
equation. In the present study, isothermal and non-isothermal flows are
considered for comparison, and results are presented in terms of longi-
tudinal profiles of all fields. The analytical solutions are obtained for the
perfect gas in the limit of lubrication theory and averaging technique in
the transverse direction in order to find a solution of the coupled set of
equations. For the case of a supercritical fluid (van der Waals equation),
the thermal convective terms cannot be neglected because the heat ca-
pacity diverges at the critical point; £2C, can be of the order of one or
even larger depending on the proximity to the critical point. Additional
difficulties appeared with other properties as one approaches the critical
point since the heat conductivity and thermal expansion both diverge.
The resolution of these complex equations could be achieved by aver-
aging the equations in the transverse direction.

In the results, besides the expected non-linear profiles observed in a
constricted channel compared to a straight channel, two main conclu-
sions can be drawn when looking at the results:

- The density difference between the exit and the inlet of the channels
increases drastically with the distance to the critical point, and is in
accordance with the literature.

We noticed some perturbation in terms of waviness of the flow field
and thermal fields near the constriction where the slope of the
channel is maximum. This phenomenon is explained by the severe
coupling between the flow and heat transfer for a van der Waals
fluid; the coupling is particularly severe near the channel outlet in
the contracted region. Mathematically, this coupling is obvious from
the temperature and density equations which constitute a nonlinear
two-degree-of-freedom system.

The present study opens up studies in many applications such as
turbomachinery, the management of supercritical fluids in space in-
dustry, heat-exchangers in refrigeration systems to cite a few. To our
knowledge, this study of an analytical solution of coupled non-linear
transport equations is unique and may interest scientists and industrial
partners for a quick solution in their applications without any numerical
simulation or experimental tests.
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