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Abstract

We present a novel elasticity-inspired data-driven Fourier homogenization network (FHN) theory
for periodic heterogeneous microstructures with square or hexagonal arrays of cylindrical fibers.
Towards this end, two custom-tailored networks are harnessed to construct microscopic
displacement functions in each phase of composite materials, based on the exact Fourier series
solutions of Navier’s displacement differential equations. The fiber and matrix networks are
seamlessly connected through a common loss function by enforcing the continuity conditions, in
conjunction with periodicity boundary conditions, of both tractions and displacements. These
conditions are evaluated on a set of weighted collocation points located on the fiber/matrix
interface and the exterior faces of the unit cell, respectively. The partial derivatives of
displacements are computed effortlessly through the automatic differentiation functionality.
During the training of the FHN model, the total loss function is minimized with respect to the

Fourier series parameters using gradient descent and concurrently maximized with respect to the



adaptive weights using gradient ascent. The transfer learning technique is employed to speed up
the training of new geometries by leveraging a pre-trained model. Comparison with finite-
element/volume-based unit cell solutions under various loading scenarios showcases the
computational capability of the proposed method. The utility of the proposed technique is further
demonstrated by capturing the interfacial debonding in unidirectional composites via a cohesive
interface model.

Keywords: Physically informed machine learning; Micromechanics; Composites; Interface

damage; Fourier series; Elasticity

1. Introduction

The myriad combinations of constituent phases and microstructures in heterogeneous materials
have motivated extensive developments of micromechanics methodologies in the past fifty years.
These methods, in general, can be separated into two categories according to their distinct
geometric representations of underlying microstructures (Pindera et al., 2009): I) representative
volume element (RVE) based methods in the analysis of statistically homogeneous composites
(Christensen and Lo, 1979; Hashin and Rosen, 1964; Mori and Tanaka, 1973); II) repeating unit
cell (RUC) based methods in the analysis of periodic composites (Chen et al., 2018; Cruz-
Gonzalez et al., 2020; Praud et al., 2020; Tu and Chen, 2020b). In most cases, the RVE-based
techniques provide closed-form expressions for the averaged or homogenized moduli with
sufficient accuracy, hence they continue to be utilized in the composite micromechanics
communities. However, one notable limitation of these approaches is that they often fail to provide
an accurate estimation of the local stress concentration within each phase owing to the simple

geometric representation of underlying microstructures of the composites.



The need to account for the intricate adjacent fiber interactions observed in real
microstructures has thus contributed to the greater emphasis on the development of unit cell
approaches that require sophisticated analytical or numerical treatments (Chen et al., 2018; Drago
and Pindera, 2007; El Fallaki Idrissi et al., 2024). The latter replies on periodic boundary
conditions of both surface displacements and tractions, hence the response of an RUC, i.e., the
smallest element of periodic microstructures, is identical to that of the materials at large. The
majority of the periodic homogenization methods depend on the numerical solutions of the unit
cell boundary value problem, such as the finite-element or finite-volume-based techniques
(Cavalcante and Pindera, 2016; Chen et al., 2018; Cruz-Gonzalez et al., 2020; Praud et al., 2020;
Tu and Chen, 2020b). Conversely, the exact elasticity-based solution for unit cell problems is not
commonly found in the literature because of the inherent challenges in satisfying both
displacement and traction periodicity conditions simultaneously. An exception is the locally exact
homogenization theory developed by Pindera and his coworkers (Drago and Pindera, 2008; He
and Pindera, 2020; Wang and Pindera, 2016) over the past decade. In this technique, the Fourier
series are utilized to represent the displacement fields that exactly fulfill Navier’s displacement
equations while the periodicity boundary conditions of displacements and tractions are imposed
by an efficient but rather complicated balanced variational principle.

Over the past five years, the physics-informed neural network (PINN) has emerged as an
attractive alternative to the conventional analytical or numerical methods for solving coupled
partial differential equations with specified spatio-temporal boundary conditions (Haghighat et al.,
2021; Huang et al., 2022; Raissi et al., 2019; Samaniego et al., 2020; Vahab et al., 2022). In this
model, the neural network is trained on a set of collocation points to obtain the optimized network

parameters (weights and biases) by minimizing a loss function composed of residuals of the



governing partial differential equations and the relevant spatio-temporal boundary conditions
(Raissi et al., 2019). The automatic differentiation of the modern machine-learning library is
typically exploited to construct the loss function, offering an additional advantage.

PINN has been harnessed in the micromechanical modelling of heterogeneous materials
by several investigators with various degrees of success. Much work in the open literature has
focused on the implementation of boundary conditions, a fundamental but nontrivial task for PINN
solutions of unit cell problems. The commonly utilized penalty method introduces a penalty
coefficient to each boundary loss, whereas the penalty coefficients are determined from a trial-
and-error approach. The network can easily fail to train due to the competing effects with multiple
loss terms (Dong and Ni, 2021). In response to this limitation, Henkes et al. (2022) employed
modified neural network outputs to enforce the Dirichlet displacement boundary and Neumann
traction boundary conditions. Promising results have been demonstrated in their work. However,
only limited loading conditions have been considered and the predicted displacements and stresses
do not strictly obey the periodicity constraints as required by the homogenization theory due to the
difficulty of constructing the modified network outputs that adhere strictly to periodicity boundary
conditions. A deep homogenization framework for unidirectional composites with general loading
conditions has been also proposed by the present authors (Jiang et al., 2023; Wu et al., 2023). This
new framework introduces a periodic layer by using sinusoidal functions (Dong and Ni, 2021) that
exactly enforce the periodicity displacements with arbitrary prescribed periods in 2D or 3D space
to infinite orders. A limitation of the DHN method is that it relies on one single neural network to
approximate the entire unit cell solutions for the fiber/matrix phases. As a result, the neural network

predicted displacement fields are infinitely differentiable due to the chosen activation function.

However, in heterogeneous materials, the displacement field does not fulfill C” continuity.



Therefore, training the DHN network faces substantial difficulty in the vicinity of the fiber/matrix
interface where significant deformation/stress gradients are encountered.

In this contribution, we aim to construct a novel elasticity-inspired data-driven
micromechanics model for unidirectional composites with square or hexagonal arrays of
transversely isotropic phases. Following the zeroth-order homogenization framework, the
displacement fields can be decomposed into averaged and fluctuating components dependent on
the global and microscopic scales. In the context of the PINN technique, we represent the
fluctuating displacements in the fiber and matrix domains using two custom-tailored network
models derived from the elasticity solutions of Navier’s displacement equations, c.f., Pindera and
his coworkers (Drago and Pindera, 2008; Wang and Pindera, 2016), respectively. The fiber and
matrix displacement networks are seamlessly related by imposing the traction and displacement
continuity conditions at the fiber/matrix interface on a set of weighted collocation points in the
overall loss function. Furthermore, we apply traction and displacement periodicity boundary
conditions to the matrix network at a separate set of weighted collocation points. The strains are
evaluated effortlessly with the help of automatic differentiation in PyTorch library, which
substantially simplifies setting up the network model. To overcome the difficulty in training
networks with multiple loss terms, we attempt to minimize the total loss function with regard to
the Fourier series parameters based on the gradient descent, but concurrently maximize the total
loss function about the adaptive weights based on the gradient ascent. Transfer learning is explored
to speed up the training for new geometries based on the network that has been already trained
once. The full potential of the FHN framework has been demonstrated upon the incorporation of

the cohesive zone model for simulating the interfacial debonding in unidirectional composites.



2. Theoretical framework

2.1 Unit cell problem overview
Let us consider periodic arrays of cylindrical fibers aligned along the X, axis in the matrix phase,
as shown in Figure 1, which can be represented by a repeating unit cell that defines the material’s

microstructures. The displacement fields u' in each phase can be expressed in terms of two-scale

expansion involving macro- and microscopic contributions as follows (Du et al., 2024):
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Figure 1 Hexagonal and square arrays of cylindrical fibers
u@(x,y)=2-x+u'"(y) (1)

In the above equation, = f,m indicates the fiber and matrix, respectively. X=(X1,X2,X3)

denotes the global coordinates and Yy = ( Y, Yo, y3) represents the local coordinates with the origin
positioned at the fiber center. The unit cell is loaded by the homogenized strain tensor €. The

u'@ (y) indicates fluctuating displacement field induced by the microstructures and the



macroscopic strain. The above displacement field yields the local strain distributions in the two-

scale form:
gV =g+g = €+%(Vu’(q) +Vu’T(q)) ()

The constitutive equation for the fiber and matrix phases under infinitesimal deformations
and rotations can be written as:
O.(q) _ C(q) _S(q) _ C(q) ‘'z +C(q) _SI(Q) (3)

(a)T ()T
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where 6¢'Y =[0,,,0,,,04,0,5,0,,0,] denote stresses, €9 =[g,,,&,,, 53,265,265, 26, |

denote strains, and u'® = [ul', u,, ué](q)T denotes displacements. V indicates the gradient operator.

cl represents the fourth-order elastic stiffness tensor. The superscripts 0 = f,m denote the fiber

and matrix, respectively. In the case of a transversely isotropic bulk phase and the axis of symmetry

aligned to the x; axis, the elastic stiffness tensor can be represented by:
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where E,, K, . g4 , u, and v, are the axial Young’s modulus, transverse plane strain bulk

modulus, transverse shear and axial shear moduli, and axial Poisson’s ratio, respectively.
Before passing to the actual boundary value problem, it is crucial to represent all the fields

and constitutive law, namely, in Cartesian coordinates with their cylindrical coordinate



counterparts. The axes in the Cartesian coordinates (yl, Y, y3) and the cylindrical coordinates

(Z, r, 0) are related via the following equations:
Y, =2, Yy,=rcosé, y,=rsing (5)

Accordingly, the stress and strain vectors in Voigt notation are transformed between the

cylindrical (indicated by the tilde symbol) and Cartesian coordinate systems as:

U=R-U, £=Q, ‘g, 6=Q,_ o, ©)
uU=R"-0', €=Q!& 0=Q! 6
~1 ' v (@7 ~ _ T b N 2 2 2 T
Where u =[uz’ur7u9] > 6_[ ZZ’UFI”GHH’O-I’H’GZI”JZH] b 8_[ zz’grr’gee’ gr&' gzr’ 826] - R
denotes the second-order rotator:
1 0 0
R=|0 cos@é sind (7)

0 —sind cosé
Q, and Q_ denote proper fourth-order rotators (Chatzigeorgiou et al., 2018; Chen et al., 2022):
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In the theory of elasticity, the stress tensors ¢'? in the fiber and matrix obey the following
equilibrium equations:

V.69 =0 (10)

where V- denotes the divergence operator. The use of generalized Hooke’s law and the strain

displacement relations:
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in the equilibrium equations in the cylindrical coordinates produces the Navier’s displacement

equations for the three unknown fluctuating displacements in each phase:
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The solution for the unknown fluctuating displacements u;(q)(r,e) , u;(q)(l’ﬁ) and

(q)(l’,ﬁ) is obtained subject to the periodicity boundary conditions of displacements and
tractions, along with the continuity conditions at the fiber/matrix interface described in the sequel.

It should be noted that the out-of-plane displacement u;(‘”(r,é?) and in-plane displacements

(‘”(r,e) and u;(q)(r,e) are uncoupled in the differential equations. Hence, they are solved
independently for the displacement fields associated with respective loading as described in the
following sections.

2.2 Axial normal and transverse loading
Under axial normal and transverse normal and shear loading, the fully coupled fluctuating

displacements u (r 9) and u (I’ 9) for the fiber (q = f) and matrix (q :m) phases that

fulfill the in-plane Navier’s displacement equations take the form (Wang and Pindera, 2016):

W (r,0)=FYas +Fas" +iz4:a p"l[ Jcosng+G° smn&}

n=2 j=1

iia g™ [Fn(,-q) sinnd -G\ cos ne}

n=2 j=1

(13)

where ¢ =r/a denotes the normalized radial coordinate with regard to the fiber radius a.

p,=n+1 p,=n-1 p,=—(n+1), p,, =—-("-1) denote the four eigenvalues, and



N A p;)+‘4q)n2 (14)
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In the above equations, Fn(jq) and G,E?) (1=12,34) indicate unknown coefficients. It should be

noted that F02 =0, F F(4f )20, and Gg) = Grgp =0 such that the fiber displacement remains

bounded at r=0. Using the strain-displacement relation in Eq. (11), the fluctuating strain

components in the cylindrical coordinates read:
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The stress components in the cylindrical coordinates read:
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where Rr(”.q) = ﬂ@ [( Py —1) ,B,E,q) - n] , Pn(jq) = (kr + 44 )(Q) Py + (ke — 4 )(q) (1+ nﬂrsjq)) )
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It should be noted that while the stresses and strains in Egs. (15) and (16) can be evaluated

analytically once the Fourier series parameters are obtained, the present work seeks to exploit the



automatic differentiation to compute effortlessly displacement partial derivatives with the Pytorch
library. This greatly simplifies the construction of the network loss function and post-processing,
with minimal human input. In this manuscript, we focus on a single circular fiber in a hexagonal
or square unit cell. For multi-inclusion cases, the interactions between different inclusions
introduce additional complexity. The current displacement functions in the matrix phase may

require significant modifications and cannot be directly applied to such scenarios.
2.3 Axial shear loading
Under axial shear loading, the displacement field u (I’ 9) (or u (r 0)) for the fiber and

matrix phase that satisfies the out-of-plane Navier’s displacement equations can be expressed as

(Wang and Pindera, 2016):

w9 (r,0)=HY +ia[(;"H§§> +¢THI Jeosno +(¢THE + ¢ HI Jsinng | (17)

n=1

where H (j =1,2,3,4) are the unknown coefficients. Hr(]g) = H,(]j) =0 to ensure that the axial

displacement u;(q) (r, 0) is a finite value at r =0. Subsequently, the axial shear strain components

in the cylindrical coordinates are obtained as:
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The stress components in the cylindrical coordinates read:
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3. Fourier homogenization network

In this section, the machine learning technique is harnessed to represent the fluctuating
displacements in the fiber and matrix phases that satisfy the periodicity boundary conditions and
the continuity conditions at the fiber/matrix interface. We aim to establish the following mapping

functions:

[u,u 1 =FHNO[r,0],  [u,uy]™ = FHN(™[r, 6] (20)
namely, a mapping from R? — R*. The in-plane fluctuating displacement fields [u; , u;](q) under
in-plane loading by &" =[§11,§22,§33,2523]T are obtained by minimizing the following loss

function:
ArgMin: £(u;,up) =4 + 4 1)

where

0 k= 24 (22)
1 k=N, \ ,(f) o(m 2 o J(m 2
+N_ Yok [(ur (Sok) u, (Sok)) +<u9 (Sok) Uy (Sok)) }
o k=1
for the hexagonal arrays £ = £ ¢ +4£ s + 4 5 with:
2
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(24)

(25)
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(26)

27)

In the above equations, S, denotes the kth collocation points on the S, face. N, and N, denotes
the total number of collocation points on the fiber/matrix interface S, andthe S; face, respectively.
t; =oyn; denotes the traction components from Cauchy’s relation. y;; and y, are trainable

weights associated with kth collocation point on the ith face in each traction and displacement

loss term, respectively.

Similarly, under out-of-plane loading by €™ =[2&,, 2513]T , we have



[W]"” =FHND[r 6], [u]™ =FHN[r,6] (28)
namely, a mapping from R?> — R*. The out-of-plane fluctuating displacement fields [ul'](q) are

obtained by minimizing the following loss function:

ArgMin: £(uy) =4 +4 (29)

where
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In summary, the trainable parameters of the Fourier homogenization network include:
In-plane loading: Fo(lm), Fo(zm), Fn(lm), Gr(f ) , Fn(zm ) , Gr(]';), Fn(,;n ), Gr(]':), Fn(f ), Gr(]T), Fo(lf), Fn(lf), Fn(zf),

G(m) G(

m)
nl » n2

o u
> Yik > Vik

Out-of-plane loading: HM™ Hm g HéT) H Hﬁé),%‘k’, Vi

nl » n2 > 'n3 » nl »

During the training of the network model, we attempt to minimize the total loss function
£(uy,uy) or £(uy) with regard to the Fourier series parameters 0 based on the gradient descent,

but concurrently maximize the total loss function about the adaptive weights y based on the
gradient ascent as follows (Chen et al., 2024; McClenny and Braga-Neto, 2023; Wu et al., 2024):

0" =0'—7,V,0,1),

36
Mt=A+pV,40,1) G0

where | indicates the Ith training epoch. 7, and p, indicate the non-negative learning rates for
the Fourier series parameters and adaptive weights y , respectively. Fourier series parameters

under arbitrary strain components, and hence the fluctuating displacement fields, can be obtained
when the total loss function is minimized. The strain field can be calculated by using the automatic

differentiation in PyTorch library, verified using the analytical expressions.

4. Verifications

In this section, we examine the modelling and predictive capabilities of the Fourier
homogenization network model by comparison against the benchmark results generated by the
finite-element simulation of hexagonal and square arrays of cylindrical fiber with several volume

fractions and loading scenarios. The material system employed in this manuscript is a



graphite/epoxy composite whose constituent phase moduli are listed in Table 1. While the AS4
graphite fiber is transversely isotropic, the epoxy matrix is isotropic.

Table 1 Elastic fiber and matrix properties employed in the calculations

Material E.(GPa)  E (GPa) 4, (GPa) i (GPa) Va
AS4 graphite fiber 225 15 15 7 0.2
Epoxy 4.2 4.2 1.567 1.567 0.34

First of all, a hexagonal unit cell with 20% of fiber volume fraction was considered. A
uniaxial transverse strain &, =1% was applied with all other strain components set to zeros. To
investigate the effect of harmonic term numbers on the accuracy of the Fourier homogenization
network, four network models with increasing number of harmonic terms were constructed,

namely, N=2, Nn=5, N=8 and N=12 . The network was trained with Adam Optimizer in

PyTorch. The initial learning rate 7, for unknown Fourier series coefficients was set to 0.01 and
decreased by 50% for every Sk epoch. The initial learning rate p, for collocation point weights
was set to the same value and decay rate but it remains constant after 15k epochs.

The number of residual points in the fiber/matrix interface is N, =360 while the number
of points at the unit cell six edges is N; =N, = N, =200. These points are evenly distributed along

their respective surfaces. The network performance as a function of training epochs is illustrated
in Figure 2. It is observed that as the number of harmonic terms increases, there is a tendency for
the predicted loss residuals to decrease, although accompanied by a noticeable rise in the

fluctuation of loss values.
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Figure 2 Loss values as a function of training epoch for four different numbers of harmonic terms
Figure 3 presents comparison of fluctuating displacement component U, distributions with
the studied harmonic terms, taken from the checkpoint at 30k epochs. Figure 4 shows the

difference in fluctuating displacement U, distribution between the Fourier homogenization

network and the 8-noded finite-element reference results. As anticipated, the utilization of 2
harmonic terms is inadequate in capturing displacement field distributions. Conversely, when
employing 5, 8, and 12 harmonic terms, the results for the fluctuating displacement distributions
appear almost identical. As the number of harmonic terms increases, the network solution
gradually converges towards the finite-element solution (see Figure 4). Notably, with the
application of 12 harmonic terms, any distinctions between the network model and finite element
prediction become imperceptible. Therefore, unless otherwise stated, 12 harmonic terms will be

utilized in generating the results that follow.
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Figure 3 Comparison of fluctuating displacement U, (1073 ,um) in a hexagonal unit cell as a function of the
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Figure 4 Comparison of difference in fluctuating displacement U, (><1000) with respect to FEM

predictions in a hexagonal unit cell as a function of the number of harmonics at the applied strain &,, =1%



Comparison of the local stress field 0,,, 03, and 0,; generated by the network and finite-

element results for two specific harmonic terms N=5 and N=12 is presented in Figure 5. The
absolute differences between the network and finite-element predictions are displayed in Figure 6.
Once again, the network approach shows a high level of accordance with the finite-element results
even with only 5 harmonic terms. When the harmonic terms increase to 12, the differences between
the proposed method and the reference solution vanish.
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Figure 5 Comparison of local stress field predictions in a hexagonal unit cell with 5 and 12 harmonics and

finite-element simulation at the applied strain &,, =1%
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Figure 6 Comparison of difference in stress distributions with respect to FEM predictions in a hexagonal

unit cell as a function of the number of harmonics at the applied strain &,, =1%

As depicted in Figure 7, in order to demonstrate the fulfillment of the continuity condition

at the fiber/matrix interface, we compare the interfacial radial and tangential stresses o,,, ,, and

fluctuating displacements U, and U, as a function of angular position. Exceptional correlations

are observed in the generated stresses and displacements on both the fiber and matrix sides of the

interface, suggesting the continuity conditions are indeed satisfied by the network models.
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Figure 7 Comparison of the difference in interfacial normal and tangential stresses and displacements at the
fiber and matrix sides in a hexagonal unit cell with 12 harmonics

Figure 8 shows comparison of the Fourier homogenization network’s prediction of

transverse shear stress distribution o,, with finite-element results, subjected to transverse shear

loading &,; =1%. Hexagonal and square arrays with a high fiber volume fraction (60%) were

employed to highlight the important adjacent fiber interactions. This choice also serves to create a
more challenging and thorough evaluation of the network's capability to accurately represent
interfacial continuity and periodicity boundary conditions at high-volume fractions. Figure 8
suggests that both qualitative and quantitative characters of the stress field are well-captured by
the network approach relative to the finite-element simulations. The absolute differences of the
predicted transverse shear stresses by the two approaches are depicted in Figure 9. These

differences are negligible relative to actual values of the stress magnitude.
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hexagonal and square unit cells at the applied strain €,; =1%

The corresponding stress distributions o, and 0;; under the out-of-plane axial shear

loading &, =1% are presented in Figure 10. A hexagonal unit cell with 20% volume fraction was

considered. The presence of an offset fiber within the unit cell introduces additional complexity,

posing a challenge to ensuring the fulfillment of periodicity boundary conditions using the network



approach. This challenge arises from stress localization occurring near the edges of the unit cell.

Once again, the proposed method correlates well with the finite-element predictions.
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5. Transfer learning

In this section, we propose a transfer learning strategy to mitigate the computational challenges of
the FHN approach. The core idea is to leverage the trained parameters of a pre-existing neural
network for efficiently training models with new geometries. This is inspired by the observation
that, under similar loading conditions, changes in the fiber volume fraction, or adjusting the fiber
center position, the spatial distributions of stresses inside the unit cells are not fundamentally
altered.

Herein, we consider a hexagonal unit cell with a 25% fiber volume fraction at the applied

strain €,, =1% . The fiber center is translated from the origin to the new position (0.2,0.2). Instead



of directly training a new FHN model from scratch, we first copy all the trained network
parameters from the network in Figure 2. In the second step, during the re-training of the new
geometries, these network parameters are fine-tuned. It should be emphasized that a smaller
learning rate (namely, 0.001) was utilized in the transfer learning procedure to avoid significant
updating of the parameters copied from the trained model. Figure 11 compares the transfer learning
loss function with that from direct training of the neural network model. The results show that the
transfer learning loss decreases rapidly, reaching a value below 107 after around 4k epochs. In
contrast, direct training of the same FHN model from scratch results in a significantly higher loss

value. Figure 12 shows the distributions of transverse normal stresses o,, generated with the

transfer learning FHN and the FEM results. The direct training results have not been shown due to
significant discrepancies with the FEM benchmark solutions. As anticipated, the transfer learning
FHN predicted stresses show a high level of accordance with those of FEM.

It 1s worth noting that, despite the demonstrated accuracy, the proposed FHN technique
cannot compete with traditional approaches such as FEM in terms of computational efficiency
since the FHN transforms a linear elasticity unit cell problem into a nonlinear optimization
problem. To obtain the unit cell solutions for up to 30k epochs, as shown in Figure 5, the FHN
training process consumes 3300 seconds, while the FEM takes only 27 seconds based on 2880
eight-node quadratic elements. These simulations are performed on a personal computer with 13
Gen Intel(R) Core (TM) 19-13900H @ 2.60 GHz, 32 GB memory, NVIDIA@ RTX TM4070 GPU,
24 GB memory, 64-bit operating system, and x64-based processor. Using the transfer learning
technique, the solution for new geometries can be significantly sped up, which takes 1078s to
retrain the neural network model for up to 10k epochs, offering a substantial acceleration compared

to the direct training of the original model.
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6. Cohesive interfacial damage

The interface between the fiber and matrix plays an indispensable role in affecting the stress
transfer mechanism and thus the failure behavior and the overall response of the composites. To
naturally track the interfacial debonding, the interface can be modelled by the cohesive zone model
(CZM) originally proposed by Barenblatt (1959) and Dugdale (1960). The contributions of

Needleman and coworkers (Needleman, 1987; Xu and Needleman, 1994) and Ortiz and coworkers



(Camacho and Ortiz, 1996; Ortiz and Suresh, 1993) have significantly advanced the utilization of
CZM in modeling fracture phenomena across various material systems. In the CZM model, the
displacement discontinuity is admissible while the traction continuity condition is preserved for
the interface undergoing separation, described by a traction separation relation. To further
demonstrate the capabilities of the FHN method for modelling evolving interfacial damage in
composites, we introduce the cohesive interface into the developed framework. Hereafter, we

examine an exponential cohesive law as follows (see Figure 13):
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Figure 13 Normal and tangential traction-separation relations
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In the above equations, t, and t, are the normal and tangential tractions. AU; = U/ () —ui'(f) . Oy,

o,, AU, and Au, denote interface failure (critical) stress and separation distance respectively for

normal and shear directions. The majority of the CZM applications are based on the numerical
approaches, in particular, the finite-element/finite-volume based methods. It is noted that when the

interface is under compressive normal stress, the displacement discontinuity needs to be set to zero
directly, Au, =0, in order to avoid material interpenetration. To implement the cohesive interface
model in the proposed approach, only the interface loss term needs to be modified while other loss

terms remain intact:

for in-plane loading:
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This straightforward way of implementing the cohesive interface model stands in contrast to the
elasticity-based approaches, where only a constant interfacial stiffness can be applied at every
angular position. It is also in contrast with the finite-element-based implementation, wherein
significant stiffness is utilized within the interfacial traction-separation law under compressive

conditions.



Table 2 Cohesive interface parameters

Parameters GO(MPa) AUO(,Um) O'l(MPa) Aul(ym)

Values 40 0.04 15 0.015

1T

I

(a) Square array (b) Hexagonal array
Figure 14 Unit cell discretization in FVDAM analysis

We consider hexagonal and square arrays with 30% fiber volume fraction, with interface

parameters listed in Table 2. The fiber has a radius of 1um. For direct comparison with the FHN

model, we employ the finite-volume direct averaging micromechanics model (FVDAM) with the
cohesive zone model developed by Tu and Pindera (2016; 2014) and Tu and Chen (2020a, b). It
should be noted that the FVDAM with CZM capability necessitates the use of row-wise and
column-wise mesh discretization, as shown in Figure 14. Therefore, for the hexagonal periodic

array of fibers, a multi-inclusion unit cell needs to be considered. Figure 15(a) illustrates the

comparison of normal and tangential stresses o,, and 0,, as a function of angular position on the
interface, for both square and hexagonal arrays, under biaxial loading &,, =—2&,; =1%. Figure

14(b) shows the comparison of normal and tangential displacement discontinuities AU, and Au/

distributions across the interface for both arrays. Thorough scrutiny of the interfacial stresses and



displacements unveils excellent correlations between the FHN and FVDAM results. Distinctions
between the square and hexagonal arrays arise from the interactions among the fibers. Figure 16
and 17 compare the FHN prediction of local stress field o0,,, 03, and o,; distributions against
the FVDAM results for the square and hexagonal arrays of fibers, respectively. It is noted that the
load-bearing capacity of the fibers diminishes as a result of interface decohesion. The significant
stress concentration within the fiber phase in the shear stress component distinctly signifies the

opening of cracks around the fiber.
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Figure 15 (a) Interfacial radial and tangential stress distributions; (b) Interfacial radial and tangential
displacement discontinuities distributions. Comparison of the square and hexagonal arrays of fibers

undergoing interfacial debonding under biaxial strain loading &,, = —2&,, =1% . It is noted that when the

interface is under compressive radial stress, the radial displacement discontinuities are eliminated in the
prediction
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Figure 16 Selected local stress field 0,, , 033 , O, distributions under biaxial strain loading

&,y =—2&;,;, =1%. Comparison of FHN prediction with FVDAM technique for square arrays of fibers
undergoing interfacial debonding.

In the last numerical experiment, the unit cells are subjected to biaxial shear loading
&, = 28,3, =1% . Comparison of interfacial axial shear stress o, and displacement discontinuity
U, generated by the FHN and FVDAM approaches is presented in Figure 18. Under axial shear

loading, the hexagonal and square arrays predict nearly identical results, indicating the fiber-fiber

interaction is negligible at this volume content. Figures 19 and 20 show comparison of local stress



0,, and o, distributions within the unit cell microstructures generated by the FHN and FVDAM

for square and hexagonal arrays, respectively. Once more, the FHN demonstrates an excellent
correlation with the FVDAM results. The occurrence of interface debonding contributes to the

diminishment of the load-bearing capacity within the fiber phase.
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&y =285, =1% . Comparison of FHN prediction with FVDAM technique for hexagonal arrays of fibers

undergoing interfacial debonding.



16 T r
.. (FHN : square) o (FHN : square)
.,(FHN : hexagon) o (FHN : hexagon)
O 0., (FVDAM :square) | O .. (FVDAM : square)
O 0. (FVDAM : hexagon) Ve O o (FVDAM : hexagon)
8 ' 15
— g
fed =
a, o
=
& 0 = 0
<
-8 -15
-16 ' ' L 230 ' L
0 1.5 3 4.5 6 0 15 3 4.5 6
f(rad) f(rad)
(a) (b)

Figure 18 (a) Anti-plane interfacial tangential stress distributions; (b) Interfacial axial displacement
discontinuities distributions. Comparison of FHN predictions with FVDAM techniques for square and

hexagonal arrays of fibers undergoing interfacial debonding under biaxial strain loading &, = 2&,; =1%
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Figure 19 Local stress field 0,, , 0, distributions under biaxial strain loading &, =2&,=1% .

Comparison of FHN prediction with FVDAM technique for square arrays of fibers undergoing interfacial

debonding.
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Figure 20 Local stress field 0y, , 0y, distributions under biaxial strain loading &, =2&, =1%

Comparison of FHN prediction with FVDAM technique for hexagonal array of fibers undergoing interfacial
debonding

7. Summary and Conclusions

A novel physically informed machine learning framework has been proposed to predict
displacement and stress fields in microstructured materials with periodic distributions of
unidirectional fibers. In the theory of elasticity, the Fourier series solutions to Navier’s
displacement differential equations were exploited to form network models for the fiber and matrix
phases, respectively. The network loss function was constructed as mean square differences of
traction and displacement at the fiber/matrix interface as well as at the exterior mirrored faces of
repeating unit cells, evaluated over a set of weighted collocation points. The automatic
differentiation was exploited to construct the loss function, which significantly simplifies setting

up the network model. To alleviate the adverse competition of multiple loss terms, the collocation



point weights were trained concurrently with the network parameters. We also demonstrate that
the transfer learning technique can be explored to speed up the training of new geometries after a
similar model has already been trained. The predictive capabilities of the FHN model were
demonstrated upon comparison with the finite-element unit cell solutions for several
microstructural configurations and loading conditions.

The incorporation of a cohesive zone interface model within the FHN framework, verified
against comparison with the finite-volume based technique, provides an additional novelty to the
present manuscript. The interfacial normal and tangential tractions and displacements can be
directly evaluated at each collocation point, allowing straightforward incorporation of arbitrary
interfacial traction-separation relations. It stands in contrast to the elasticity-based solutions,
wherein only the spring interface with constant interfacial stiftness at all angular positions can be
applied. Additionally, when a collocation point on the interface is under compressive normal stress,
the normal displacement discontinuity can be directly set to zero at the associated collocation
points to avoid material interpenetration. The latter offers a distinct advantage relative to the finite-
element-based cohesive interface implementation that requires a high interfacial stiffness within
the interfacial traction-separation law under compressive conditions.

Despite challenges in computational efficiency, the proposed method offers several distinct
advantages relative to the classical approaches such as FEM. For instance, the FHN framework
ensures the local satisfaction of the stress equilibrium equations while the traditional FEM enforces
equilibrium in an approximate fashion with sufficient mesh refinement. Moreover, the FHN-
generated displacements are infinitely differentiable. Hence the predicted stresses are continuous
and smoothly varying in the fiber and matrix domains. Conversely, the FEM can only fullfill C°

continuity of displacements while the calculated stresses are not necessarily continuous from one



element to another. Lastly, the proposed FHN homogenization method is a mesh-free technique,
requiring only interface collocation points to formulate the loss function. The construction of the
input file in FHN is much simpler than the FEM-based homogenization method. Thus, the
proposed FHN framework has a valuable role in micromechanics theories and shows promise for

further development.
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Highlights

An celasticity-inspired machine learning approach is developed for the
homogenization of composites

Boundary conditions are implemented using the collocation method

A cohesive zone model is incorporated to simulate interfacial damage

Comparison with finite element/volume-based solutions showcases the

computational capability of the proposed method
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