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ABSTRACT

When performing upscaling of transport phenomena in multiscale systems it is not uncommon that terms of
different physical nature than those present at the underlying scale arise in the resulting averaged differential
equations. For diffusive species mass transfer with heterogeneous reaction and conductive heat transfer,
additional terms result from upscaling using the volume averaging method, which are classically discarded
by means of orders of magnitude estimates. In this work, these two cases are revisited and it is shown that,
for single and two-species diffusive mass transfer with heterogeneous nonlinear reaction, the additional term
is exactly zero using Green’s formula. This conclusion is shown to also be applicable when using the periodic
homogenization method. Nevertheless, for heat conduction, with and without considering interfacial resistance,
only the dominant conduction-corrective terms are shown to be zero also using Green’s formula. In contrast, the
contribution of the co-conduction-corrective terms may be relevant depending on the systems characteristics,
the properties of the phases and the macroscopic boundary conditions. This is exemplified by performing

numerical simulations in a non-symmetric unit cell.

1. Introduction

The study of transport phenomena in multiscale systems requires,
in many practical situations, the use of upscaling methods that allow
deriving the governing equations at the desired scale level. Nowa-
days, upscaling can be performed by multiple approaches as revised
by Battiato et al. (2019), in order to capture the essential information
at the microscale and bring it to the macroscale. While perform-
ing upscaling of transport phenomena in multiscale systems, it is not
uncommon that additional terms arise in the macroscale models in
contrast to those present at the microscale. An example is Eq. (6.12)
in Wood and Valdés-Parada (2013), which is a somewhat general up-
scaled model resulting from volume-averaging a convection-diffusion
equation with homogeneous and heterogeneous source/sink terms. In
particular, for diffusive mas transfer with heterogeneous reaction, the
reaction term is present in the upscaled differential equation, albeit
it was absent in the governing balance equation at the microscale
as reported in many works using both the volume averaging and
homogenization methods (Ryan et al.,, 1980; Whitaker, 1999; Wood
et al., 2007; Valdés-Parada et al., 2011, 2017; Bourbatache et al., 2020,
2021; Le et al., 2023; Bourbatache et al., 2023). This particular process
is also interesting because a convective-like term was reported to arise
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by Whitaker (1999) (see, equation (1.4-64) therein). This term was
shown to be exactly zero in symmetric unit cells and, when this is
not the case, it was neglected on the basis of separation of length
scales between the macroscale and the microscale. For this process, the
macroscopic model obtained from the homogenization technique in the
mass transfer-limited regime, i.e., for a Damkholer (or kinetic) number
smaller than unity, does not include such a convective-like term (see,
for example, section 2.3 in Gerisch et al., 2017). Out of this regime,
however, some issues with the traditional use of homogenization have
been recently discussed by Bourbatache et al. (2021) following Mauri
(1991). A modification was introduced when the characteristic times
of diffusion and reaction are comparable, making use of a spectral
approach (Bourbatache et al., 2023; Le et al.,, 2023). This has been
recently discussed in Valdés-Parada and Lasseux (2025).

For heat transfer with non-local thermal equilibrium, several ad-
ditional terms have been kept in the macroscopic models (Quintard
and Whitaker, 1993; Quintard et al., 1997) even if they were shown
to be zero for particular microstructures having specific symmetry
properties (Whitaker, 1999). Although the cited works result from
using the volume averaging method, these additional terms can also
arise in the homogenization approach. Indeed, with this technique, the
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information contained at different orders of magnitude of the scale
ratio used as the small parameter for the asymptotic expansion is
systematically captured. Therefore, it is possible that, at a given order
of magnitude, some terms arise although they may actually cancel
between each other. In the general case, it is unclear which ones are
relevant and if some can be safely discarded. Furthermore, relating
these terms to convection is misleading, in general, because they appear
even in situations when there is no fluid flow. The motivation to further
analyze the effective-medium coefficients stems from the possibility of
clarifying whether some of them are actually zero or can be related to
other terms. In both cases, this yields a reduction in the computational
cost to use the upscaled model and also avoids associating a physical
meaning to quantities that are potentially zero.

In this work, the additional terms involved in (single and two-
species) mass transport with heterogeneous reaction and also in non-
thermal equilibrium heat conduction (with or without interfacial heat
transfer resistance) are physically re-interpreted and analyzed. The
motivation for studying these two problems in specific is because
they are archetypes for many applications of interest in porous media
systems. For diffusive mass transfer with heterogeneous non-linear
chemical reaction, it is found that the corrective term for diffusion
is exactly zero using both the method of volume averaging and the
homogenization technique. For conductive heat transfer, four correc-
tive terms arise, two dominant conduction-corrective terms and two
co-conduction-corrective terms. The first two are demonstrated to be
exactly zero, but the last two are only zero in symmetric unit cells. This
conclusion is applicable with and without considering interfacial heat
transfer resistance. The outcome of the present work is relevant as it
has consequences when it is not possible to neglect terms on the basis
of orders of magnitude estimates as it is typically the case when using
the volume averaging method. Some examples of this are the derivation
of jump conditions (e.g. Valdés-Parada et al. (2006)), mass transfer and
reaction near zones of intense chemical reaction (Battiato et al., 2009),
heat transport processes with rapid changes in the macroscopic heat
flux (Pietrzyk et al., 2023), among others.

The present analysis is organized as follows. In Section 2, the
process of single species diffusion undergoing a nonlinear and hetero-
geneous chemical reaction is addressed. Only the key elements of the
upscaling process using the volume averaging method are recalled here
as they have been reported in detail in the literature (Ryan et al., 1981;
Whitaker, 1999; Valdés-Parada et al., 2011, 2017). In this section, a
new integral relationship between the two closure variables involved in
the macroscale model is derived using Green’s formula. In addition, it is
shown that this simplification approach using Green’s formula can also
be used to simplify the upscaled model resulting from using periodic
homogenization (Appendix A). This section is concluded with a discus-
sion about the extensions to diffusion and convection (Appendix B) and
to multispecies cases. Following the same approach, in Section 3, the
upscaling process for non-thermal equilibrium is recalled and analyzed
for the case in which there is no interfacial heat transfer resistance.
Since the co-conduction-corrective terms are non-zero, in general, they
are predicted by solving the associated closure problems and this is
illustrated in a particular non-symmetric unit cell, together with the
other effective-medium coefficients involved in the macroscale model.
This is reported in Section 3.3. Furthermore, to assess the relevance
of each term in the model, a case study is considered and analyzed
in detail that clearly shows the relevance of these corrective terms.
This analysis is extended to situations in which there is interfacial heat
transfer resistance in Appendix E reaching similar conclusions as in the
case discussed in Section 3. Finally, the corresponding conclusions are
presented in Section 4.

2. Chemical species diffusion with heterogeneous non-linear reac-
tion

Macroscopic region

R
Averaging domain, V

Fig. 1. Sketch of a porous medium saturated by a single fluid phase (the p-phase) and
of a representative averaging domain, including the characteristic lengths associated
to the macroscale (i.e., L), the averaging domain (ry) and the microscale (¢, and ¢,).
Note that the unit normal vector n is directed from the fluid towards the solid phase.

2.1. Single chemical species

Consider a rigid and homogeneous porous medium (of characteristic
length L) saturated by a single fluid phase (i.e., the g-phase) as the
one sketched in Fig. 1. The characteristic length scales associated
to the fluid and solid phases at the microscale (i.e., the pore-scale)
are £; and ¢, respectively. The first case of interest in this work
corresponds to diffusive mass transfer of a dilute chemical species in
the fluid phase undergoing a nonlinear chemical reaction at the solid-
fluid interface. Assuming that Fick’s law is applicable, the governing
differential equation and interfacial boundary condition, on a molar
basis, can be written as follows
Z—j =V-(@V0), i, (1a)

B.C. —n-ZVe=R, atdp,. (1b)

Here ¢ denotes the molar concentration of the chemical species, while
2 and R respectively denote the molecular diffusion coefficient and
the heterogeneous reaction rate term. This term is assumed to be
a known non-linear function of ¢ and infinitely differentiable with
respect to this variable. Note that this is a generic formulation that
encompasses the classical case of a linear first-order reaction. Although
these equations are applicable in the entire porous medium, they have
been conveniently written in the space ¥} (of volume V}), occupied by
the fluid phase within a representative averaging domain, ¥ of volume
V and size r (see Fig. 1). In addition, Ao (of area A o) TEpresents the
solid—fluid interface contained in the averaging domain. Finally, the
nomenclature

n=ng,, (2)
is employed throughout this work to designate the unit normal vector
at o/, directed from the f-phase towards the o-phase.

Using the volume averaging method, the intrinsic averaging opera-
tor

.ﬂ=i/ -dV, 3
) v, |y,

is applied to Eq. (1a), along with the spatial averaging theorem (see,
for instance, (Howes and Whitaker, 1985)), taking into account the



interfacial boundary condition given in Eq. (1b). This procedure leads
to the following unclosed macroscale model (see details in Whitaker
(1999), Valdés-Parada et al. (2011, 2017))

IO s 1 i 1
T—V |:@<V<C> +7ﬁ/dgnCdA>:|—7ﬂ/daRdA (4)
—_—

diffusive filter

To obtain this equation, the fact that average quantities (and/or their
gradient) can be considered as constants within the averaging domain is
used on the basis of the length-scale separation #; < r, < L inherent to
any upscaling process. Note that in the interfacial integral term (i.e., the
diffusive filter of information from the microscale (Whitaker, 1999)),
the pore-scale concentration was decomposed according to (Gray,
1975)

c={cf +¢ 5)

Moreover, the fact that the medium is spatially homogeneous was
employed, implying [, ndA=0.
. . b . .
At this point, no simplification has been made regarding the nonlin-
ear reaction term. One simple way to handle it is to follow Lugo-Méndez
et al. (2015), and expand the reaction term using the following Taylor
series about (c)?

JR

R|. = R|,, — ¢ 6.

le [eys + o | ey c+ (62)
or,
R, =R+Ré+..., (6b)
with the nomenclature
R = Rl (60)
R’ = R . (6d)

oc ley

With the intention of keeping the model linear in ¢, only the first
two terms in the above expansion are maintained, which constitutes a
linear approximation. This is compliant with the idea that the overall
closure development is carried out at the first order in ¢ (see Section
7 in Lugo-Méndez et al. (2015) for further details). Adopting this
approximation, and considering the length scale constraint £; < L,
Eq. (4) takes the following form

6(0)‘7 _ . 1 N
5=V [9 <v<c>” + v, /$z¢ ] né dA>]

_BR_ &'/ ZdA. @
¢ Vﬂ =7

Here ¢ = ¢, = V;/V is the volume fraction of the f-phase within 7/,
which, in this case corresponds to the porosity. In addition, a, = A, /V
is the interfacial area per unit volume in the averaging domain.

Note that R depends only on the macroscale space variable, x,
through (c)”. This type of linear approximation has been validated for
both homogeneous (Lugo-Méndez et al., 2015) and heterogeneous (Lenne
et al., 2024) reactions in porous media. Note that, in the particular case
of first-order kinetics (R = kc), it follows that R = k(c)’ and R’ = k
making the linearization exact.

Eq. (7) is classified as unclosed because it is written in terms of
both (c)? and é. The last term on the right-hand side was discarded
by Whitaker (1999) under the assumption that ¢ < (c)”, while consid-
ering a linear reaction rate. However, in this work, such assumption
is not made so that the model has both diffusive and reactive filters
of pore-scale information, as they are necessary for the rest of the
derivations.

In order to close the model, it is necessary to perform a closure
procedure that consists in: (1) Deriving and (when pertinent) simplify-
ing the governing equations and boundary conditions for the deviation
variable, (2) Finding the formal solution of the resulting problem for
the deviation in a periodic unit cell, (3) Deriving the associated closure

o

problems, and finally substitute the formal solution into the unclosed
equation to obtain the macroscale balance equation. To perform step
(1), the decomposition given in Eq. (5) is substituted into Egs. (1) from
which Eq. (7) is subtracted, to obtain

~ R
% _gvie_v. 2/ nédA |+ 2
ot Vs Jer,, n

Rl
+7/ adA, in 7. ®)
B J s

To simplify this equation for ¢, it is assumed that the reference time,
tref» at which the model is applicable is much larger than the one for
pore-scale diffusion, i.e., tfef = f;/@ <ty With this constraint,
the problem for ¢ remains quasi-steady. This means that the resulting
upscaled model should not be expected to perform well at time scales
smaller than tfef' This claim may appear to be overly severe, as the
model may still provide accurate results for time scales of O(t;’ef),
especially if R' > %/£;. In this case, the corresponding time-scale
constraint is #;3/R’ < 1. In addition, the field of ¢ is determined
within a periodic unit cell that is representative of the system (see an
example in Fig. 2), so that ¢ is assumed to be periodic at the external
boundaries of this unit cell. This means that, if both ¢ and the geometry
are assumed to be periodic, then the integral terms containing ¢ and né
can be considered as constants at the unit cell level. It is pertinent to
emphasize that the periodicity assumption is imposed here to provide a
local description of the field of ¢. This does not imply that the resulting
macroscale model is only applicable to periodic media.

On the basis of the above, the corresponding differential equation
and boundary conditions for the concentration deviation can be written
as follows (Valdés-Parada et al., 2011, 2017)

2~ a,R R’ ~ .
0=9Ve¢+ — + — ¢dA, in 7Yy, (9a)
Vs J e,
BC. —-n-9Ve-R'é=n-2V(c)) +R, at o, (9b)
ér)=ér+1), i=123, (90)
@’ =o. (9d)

The boundary condition in Eq. (9b) results from substituting the decom-
position given in Eq. (5) into Eq. (1b) together with the linearization of
the reaction rate term. The average constraint in Eq. (9d) results from
applying the intrinsic averaging operator to Eq. (5). It is necessary to
well-pose the problem in the absence of chemical reaction.

The next step in the closure process is the formal solution of the
problem given in Egs. (9). This can be achieved by noticing that the
problem for ¢ is linear and is made non-homogeneous by two sources
(namely, R and V(c)?), which are constant at the unit cell level.
Therefore, the formal solution can be expressed under the form of a
linear combination of these sources. The same result can be obtained by
using Green’s formula (Valdés-Parada, 2010). The resulting expression
is

c=d-V{c) +sR. (10)

Here,d and s = (f — 1)/R’ are closure variables that solve the following
boundary-value problems in a periodic unit cell that is representative
of the microscale, such as the one sketched in Fig. 2.

Problem d
0=2Vd+ 7’ ddA, in ¥, (11a)
p Ity
BC. -n-2Vd-R'd=9n, ataj,, (11b)
d(r)=d(r+1,), =123, (110
(dy? =o. (11d)
Problem f
0=9Vf + R fdA, in%j, (12a)

B J s



Averaging domain, V

Unit cell

Fig. 2. Sketch of a two-dimensional periodic unit cell for the closure problems solution.

BC. -n-9Vf=R'f, atd, (12b)
fe)y=f@x+1), i=123, (12¢)
(ff=1. (12d)

These problems are obtained by substituting the formal solution in the
problem for ¢ and separating the contribution of each source. It is worth
noting that the above problems depend on (c)? due to the presence of
R’, except in the case of a first (or even zeroth)-order reaction. This
situation can be handled by recursively solving the closure problems for
a collection of values of a Damkdhler number defined as R'#,;/ 2. With
this information at hand, it is possible to determine the dependence
of the effective-medium coefficients on this dimensionless number.
This approach was used by Lugo-Méndez et al. (2015) to validate
the resulting upscaled model while considering a homogeneous and
nonlinear chemical reaction in the fluid phase saturating homogeneous
porous medium.

Substitution of the formal solution given in Eq. (10) into the integral
filters present in Eq. (7), leads to the following macroscale model (see
Appendix C.1, for details)

a{c)?
Tor

2 VR (R TR
+<Vﬁ /dunfdA> = <Vﬂ /dﬂuddA> V(c)’. 13)

In the above equation the effective diffusivity tensor Deg; is defined as

1
D = @(1 + v, /g{ nddA), a4

4

=V. (Deﬁr . V(c)ﬂ) - #R

and (f)y, = AL fdﬁ fdA. As shown in Valdés-Parada and Lasseux
(2025) (see Appendix C), D, fr is a symmetric positive tensor.

At this point, it is worth noting that, due to the chain rule
VR

= = Ve, 15
so that Eq. (13) can be written as
a{c)? a,{f)po
-5 =V (Degir - V() — TR + Ju-V{c)’. (16)
The effective-medium coefficient u is defined as follows:
1 R 1
u=— nfdA———/ ddA. a7
Vﬁ dﬁo— Z Vﬂ dﬂa

Note that u has the unit of the inverse of a length.
The first two terms on the right-hand side of Eq. (16) correspond
to effective diffusion and effective reaction. The term effective is used

here not only to make it clear that the model contains the neces-
sary pore-scale information but also to emphasize that the apparent
effective diffusion tensor, D,y and the effective reaction rate coef-
ficient, (f);,R, depend, in general, on both diffusion and reaction
processes at the microscale. Finally, the last term may be conceived
as a diffusion-corrective term, although it has been referred to as “a
convective transport term that is generated by the heterogeneous reac-
tion” (Whitaker, 1999). However, it is physically misleading to consider
this term as a convective one as there is no momentum transport
associated to it. This term is usually neglected in comparison to the
previous two other ones on the basis of orders of magnitude estimates
relying on the separation of length scales between the microscale and
the macroscale (Whitaker, 1999; Valdés-Parada et al., 2011, 2017).
However, such arguments are not necessary as it will be shown below.

Special attention shall be dedicated to the situation where the char-
acteristic time of diffusion t;’e is much smaller than the characteristic
time of reaction, t:ef = ¢5/R’, which corresponds to a Damkhéler
number, Da= t‘r’ef/t:ef =¢4R'/%, much smaller than unity. In this
particular case, the source (c)? is no longer relevant in the deviation
problem given in Egs. (9). Therefore, f = 1, and the effective diffusion
coefficient is the same as in the absence of reaction. Moreover, u
appears to be evanescent as it is proportional to Da. This explains why
the macroscopic model obtained from asymptotic homogenization in
this limit of Da does not include the corrective term Zu - V(c)? (see,
for example, Chapter 2 in Gerisch et al., 2017). Nevertheless, using
periodic homogenization for Da = O(¢,;/L), it is possible to obtain an
upscaled model with the same structure as the one given in Eq. (16),
albeit the closure problems are different due to the constraint in the
Damkohler number as shown in Appendix A for a first-order reaction.
This model is different from the one reported by Bourbatache et al.
(2021) because the time variable is not made dimensionless by the
diffusion time but by the reaction time. The resulting model and closure
problems correspond to those previously reported by Valdés-Parada
et al. (2017) using the volume averaging method.

To further analyze the diffusion-corrective coefficient, u, it is conve-
nient to consider the following Green’s formula that relates piece-wise
continuous scalar, a, and vector, a, fields that are periodic at the
external boundaries of a unit cell (Polyanin and Manzhirov, 2006)

/ (aVa—VZaa) dV = / n-(aVa-Vaa) dA. 18)
7, Ay
Note that periodicity reduces the area integral to .7, in this formula.

Setting a = f and a = d in the above equation leads, after
substitution of the corresponding differential equations and boundary
conditions, to

R’L/ (f/ ddA—d/ fdA)dV=/ nf dA. 19
2 Ve S\ J o, o, ,

4 4 4

Note that the area integral terms containing d and f on the left-hand
side of the above equation are constants within ¥; and can be safely
taken out of the volume integral on the left hand side of Eq. (19). After
dividing both sides of the resulting equation by V; and recalling the
average constraints given in Egs. (11d) and (12d), the following result
is obtained

&'i/ dda=L [ nfda (20)
7 Vg A, Vs Ay

Substituting this expression into Eq. (17) proves that u = 0. In other
words, there is no correction to diffusion resulting from the upscaling
process and therefore, Eq. (16) can be simplified to

alc)P
p2E v (4D - V() ~ a1y R. @1)

Note that this demonstration would not have been possible if the
reactive filter in Eq. (7) is discarded as reported by Whitaker (1999).
This means that, in the volume averaging method, it is more con-
venient to avoid making simplifications until reaching the derivation



of the deviation variables problem. In Appendix A it is shown that
a similar simplification is applicable to the upscaled model resulting
from periodic homogenization for a first-order heterogeneous reaction,
despite the fact that the closure problems are different from the ones
presented here because the model is constrained to Da = O(¢/L). The
extents and limitations of this particular upscaled model were studied
by Valdés-Parada et al. (2017).

At this point, it is worth mentioning that if convection is present,
then a convective filter appears in the unclosed model, which after sub-
stitution of the formal solution of the concentration deviations, leads
to an effective velocity vector containing the diffusive, reactive and
convective filters of microscale information (see Eq. (19a) in Valdés-
Parada et al. (2020)). In this case, the simplification provided here does
not apply and this is detailed in Appendix B where an alternative form
of the expression of the effective convective velocity present in the
macroscopic model is derived. Consequently, the macroscopic model
reported in Eq. (20) in Valdés-Parada et al. (2020) is the pertinent one
to use, in general. Nevertheless, in some situations, analyses based upon
orders of magnitude estimates can help derive a simplified version of
this model as reported in this reference.

2.2. Two-species diffusion and heterogeneous reaction

The analysis presented so far has been limited to the transport and
reaction process of a single chemical species. However, many relevant
processes of practical interest involve at least two chemical species
and for this reason it has recently received considerable attention in
the derivation of upscaled models (see, for example Qiu et al., 2017;
Bourbatache et al., 2023; Pietrzyk and Battiato, 2023). A simple case
consists in the diffusive transport of two chemical species undergoing
a first-order reaction as studied by Qiu et al. (2017) using the volume
averaging method, more recently by Bourbatache et al. (2023) using the
homogenization technique, and in a broader context by Pietrzyk and
Battiato (2023). Motivated by the above, consider the diffusion process
of two chemical species (4 and B of molar concentration ¢, and cp)
undergoing nonlinear chemical reactions at the solid—fluid interface in
a homogeneous porous medium. The governing differential equations
for the chemical species are

)
A =9V, i), (22a)
deg o i

5 = PV=cp, inY. (22b)

Note that the molecular diffusion coefficient has been set to be the same
for both chemical species, which is an assumption used by both Qiu
et al. (2017) and Bourbatache et al. (2023). The interfacial boundary
conditions are

B.C.1,
B.C.2,

-n-9Vey, =R, — Rp, (22¢)

(22d)

at giﬂ”,
-n-9Veg=Rg— Ry, at o,

In the above equations, R, and Ry are nonlinear functions of ¢, and
cp. As in the previous case, a linearization scheme is proposed so that

(23a)
(23b)

Ry~ R4+ Ry,
R~ Rp+ Riép.

Following Bourbatache et al. (2023), it is convenient to introduce the
following changes of variables in order to decouple the problem

E=cy+cp, (24a)
{=Rcy—Ryep. (24b)
The new variables & and ¢ solve the following problems

o .

= = PV, in ¥, (25a)
B.C. —n-9VE=0, atdj,. (25b)

9¢

5 = PV, in ¥, (26a)
B.C. —n-2V¢=R,R_+R,, atd,. (26b)
In this last equation, the following definitions were used:

R, =R +R), (27a)
R_=R,-R,. (27b)

Details on the derivation of Egs. (26) are available in Appendix C.2. The
mathematical structure of the problem given in Egs. (25) corresponds
to passive diffusion in porous media and the upscaled model does not
have a corrective term that is subject to simplifications using Green’s
formula. In contrast, the problem given in Egs. (26) has the same
mathematical structure as the one given in Egs. (1) after substituting
the linear approximation for R given in Eq. (6b) into the interfacial
boundary condition. Hence a corrective term is obtained from the
upscaling process but is indeed zero upon use of Green’s formula as
explained above.

3. Non-thermal equilibrium heat conduction

The second case of interest in the present study corresponds to
heat transfer by conduction in a homogeneous porous medium un-
der non-thermal equilibrium conditions. The upscaling process of this
problem was reported by Quintard and Whitaker (1993), and later
in Quintard et al. (1997) under convective conditions using the volume
averaging method. The reader interested in the derivation using the
homogenization method is directed to the monograph by Auriault et al.
(2009).

3.1. Pore-scale model

Assuming that Fourier’s law is applicable in both the g and ¢ phases,
and neglecting interfacial resistance to heat transfer, as well as jump
terms in the interfacial heat flux, the governing pore-scale equations
and interfacial boundary conditions for this process can be written as

T} o

Poc =V (kgVTy), in ¥, (28a)

B.C1 T;=T, atd, (28b)

B.C2 —n-k)VTy=-n-k,VT,, at,, (28¢)
ar, ,

p”c"“a_: =V (k,VT,) + @, in¥,. (28d)

Here, T, p,, c,, and k, (a = §, o) respectively denote the temperature,
density, heat capacity and thermal conductivity of the a phase. As in
the previous section, n is used to denote the unit normal vector at <7,
directed from the g-phase towards the s-phase. In the energy balance
equation for the o-phase, a constant source term, ¢, is introduced
with the idea that this term may play a significant role in triggering
non thermal equilibrium effects. Such a situation may be envisaged,
for instance, in a composite system (made of two solid phases) placed
in a modulated electromagnetic field and for which the o-phase has
magnetic properties whereas the g-phase has not. This problem differs
from the one studied by Whitaker (1999) (see Chapter 2 therein) and
more recently by Davarzani et al. (2021) (to study thermo-diffusion in
porous media) only due to the presence of the source term in the o
phase. Note that the structure of this problem resembles the one used to
study single-phase flow in heterogeneous porous media (see equations
(5.2-14)-(5.2-17) in Whitaker, 1999). Recently, Pietrzyk et al. (2023)
used the software Symbolica to develop an upscaled model for a more
general situation that incorporates another solid phase and heat trans-
fer resistance at «7;,. Although this problem is more complicated than
the one stated above, the procedure to simplify the resulting upscaled
model is the same as for the problem discussed here. For the sake
of brevity in presentation, the case in which interfacial heat transfer
resistance is relevant is presented in Appendix E.



3.2. Upscaling

Following the volume averaging method, the intrinsic averaging
operator corresponding to each phase is applied accordingly, along
with the use of the spatial averaging theorem and the decomposition

= (T)Y*+T, (a = §,0). Recalling the separation of length scales allows
regarding average quantities and their derivatives as constants within
the integral filters. The resulting set of unclosed equations is given by

0<Tﬂ>p 1 -
Ppeyp—y— =V [k,,(V(T,,)ﬂ + 7 /ﬂ Ty dA)]
fo
n-k;,VT,dA, (29a)
Vo Loy, "0
oT,)° 1 .
Potpe—ar— =V [kJ<V(T6)” - /d nT, dA
o o
- L) nk VT, dA+e,. (29b)

Va Jd/)g

To achieve a closed macroscopic model, a closure procedure is required,
which follows the same steps and assumptions as those used in Sec-
tion 2. Under quasi-steady conditions at the level of a unit cell, which
can be assumed if the process is observed at the time scale t,,¢ such that

2
Pp<op?s

tof > max | —= (1,

ref [ k/; ( PRCHp K/% kg

>] , the governing equations for the

temperature deviations are (Whitaker, 1999, see Sec. 2.4 for details)

- 1 ~ .
0=kyV?T, — — n-k;VT,dA, in ¥, (30a)
sV 1p pVipda, s
Vs Ay
B.C1T, =T, - ((Tp)! —(1,)°). at o, (30b)
B.C.2 —n-k;VTy=—-n-k,VT,
+ - (kyV(Tp)? — k,V(T,)?),  at @, (30c)
0=k, V2T, + Vi n-k,VT,dA, in?,, (30d)
Ay
T,0)=T,x+1), i=1,23,a=p0, (30e)
(T,)*=0, a=po. (301)

Note that the temperature deviations are not influenced by the source
term, nor by PaCpe (@ = f,0). The former is a consequence of as-
suming that this source term is constant and the second stems from
not including convective heat transport and restraining the analysis to
quasi-steady conditions at the closure level. The latter implies that the
resulting upscaled model should not be expected to perform well at

—pﬂL” ’ fﬁ —”" L7 o ). At these
k
p

times scales, the values of PuCpy (@ = f,0) should play a role in the
values of the effective coefficients.

The problem given in Egs. (30) is linear and has two source terms,
namely, (T;)? —(T,)° and k;V(T})? — k,V(T,)°. Therefore its solution

can be expressed as follows

early times, i.e., at time scales below max

5 b
Ty= L (kyV(Tp) —k,V(T,)°) =55 ((Ty)P = (T,)°).,

, (31a)

~

btf o o
o == (kg V(Tp) = ko VAT,)7) + 55 ((Tp) = (T,)). (31b)
Here, b, and s, (a = f, 0) are closure variables that solve the following
closure problems that are obtained from the substitution of the above
formal solutions into the deviations problem given in Egs. (30) and

splitting according to each source

Problem b

1 .

0=V%,— — n-Vb,dA, inY, (32a)
p p > p

Vg Ay

kg
B.C.1 bﬂ = —Ebo-, at %ﬁo., (32b)
B.C.2 —n- Vb,, =n-Vb, +n, at .Q{ﬂ{,, (32¢)

1

0=V2b, + A n-Vb,dA, in ¥, (32d)

dﬁ,,
b,(r)=b,(r+1), i=1,23,a=40, (32e)
<b(l>a = o’ a = ﬂ’ 6‘ (320

Problem s
0=V2s; — — n-Vs;dA, in¥, (33a)
B B ’ B

4] Ay
B.Clsy=1-s, at Mﬂa, (33b)
B.C.2 —n- kgVsy=m-k,Vs,, at @/pg, (33¢)
0=V2s, + Vi /M n-Vs,dA, in¥,, (33d)
s,(r)=s,(r+1), i=1273,a=p,0, (33e)
<S(1>a = O’ a = ﬂ’ 6‘ (330

Substitution of the formal solution given in Egs. (31) into the unclosed
model (Egs. (29)) yields the following macroscopic thermal energy
balance equations

/’ﬂcpﬁ()(g—fw =V (Ky - V(Tp)! + Ky, - V(T,)7)
gy VO Y= SR (@) - ). G4
PoCpo ag:)” =V (Kyp - V(T,)° + K, - V(Tp)P)
U, VT, V(T = 28 (1) (1)) 4 g,
’ (34b)
Here, ¢, = V,/V (a = p,0) is the volume fraction of the « phase.

In addition, the effective-medium coefficients present in the above
two-equations macroscopic model are defined as

1
Kﬁﬁ:kﬁ<1+7ﬂ/d nhﬁdA>, (35)
k,
Ky = =77 L, M4, (35b)
Kal,:kU(I—Vi/d nbadA>, (35¢)
c o
k
Koy = — / nb, dA, (35d)
Vs =7
k
g = —ﬂ/ (~Is; + Vby) dA (35€)
Vi Jety,
k
u, = —ﬂ/ Is; — —Vbﬂ (356)
Vo J sty kg
k
I / ~Vb,) dA (359)
VJ 7
k k
uaﬂ:_a/ n-(-Is, + L Vb, ) da (35h)
Vs =M ks
k k
h=-L[ n.vVsydaa=-—= [ n.Vs,da. (350)
Aﬂo‘ Ay po J oy,

The coefficients K, (a,x = f,0) given in Egs. (35a)—(35d) are the
dominant (a = x) and coupled (a # k) heat diffusion (or conductivity)
tensors. In Appendix D, these second-order tensors are shown to be
symmetric (see also, Lasseux and Valdés-Parada, 2017, Sec. IIl A) and
positive. It should be noted that the two coupled heat conductivity
tensors are simply related to each other by

¢ﬁKﬂo' = ¢5Ko'ﬂ = Kc’ (363.)
whereas the dominant ones are related by
bpky (Kpp = kpl) = bk (Koo = ko1) - (36b)



In addition, u,, (a,x = f,y) expressed in Egs. (35e)-(35h) are the
dominant conduction-corrective (« = k) and co-conduction-corrective
(e« # k) coefficients, whereas i in Eq. (35i) is the effective inter-
facial heat transfer coefficient. Consistently with the mass transfer
case (see Appendix B), if convective heat transport is taking place,
then no further simplifications of the corresponding model (see, for
example, Quintard et al.,, 1997) are possible using Green’s formula.
Nevertheless, it is possible that in some situations the conduction
and co-conduction-corrective terms may be discarded using orders of
magnitude analyses.

At this point, it is convenient to reconsider Green’s formula in the
form given in Eq. (18) and use it in "I/ﬁ, setting a = s, and a = by. After
substitution of the corresponding differential equations and boundary
conditions along with the corresponding average constraints for the
closure variables, the following integral relation results

0:/ (n-Vb,s, —n-Vs,b,) dA
o

- / n-VdeA+/ ns, dA. 37)
Ay Ao

To simplify the above equation, Green’s formula in Eq. (18) is now

applied over 7, taking a = s, and a = b,. Employing the same

mathematical steps as those used in Section 2.1, the following equation
results

0 =/ (n-Vbys, —n-Vs,b,) dA. (38)
o,

o

Consequently, Eq. (37) reduces to

/ ns, dA:/ n- Vb, dA.
o, =

4 o

(39a)

In addition, since all the equations in the closure problems satisfy
reciprocity between the two phases, i.e., are unchanged upon switching
p and o, the following result is straightforwardly obtained from the
above relationship

ns dA=/ n- Vb, dA.
Ly mooa= [

- Bo

(39b)
When these last two expressions are substituted back into Egs. (35e)
and (35g), one readily obtains

(40a)
(40b)

upp =0,

u,, =0.

Furthermore, adding up Egs. (35¢e) and (35f), on the one hand, and
(35g) and (35h), on the other hand, yields

ky = k ky — k
uy, = - "/ nsﬂdA:u/ n-Vh,dA,
Vo ety Vo ety

ky—k ky— k
= ”V “/ ns, dA = ”V "/ n- Vb, dA.
o ol o A

The boundary condition given in Eq. (32¢) can now be substituted into
the last expression of either ug, or u,4, and, recalling the assumption
of a spatially homogeneous medium, which implies [, R dA =0, this
allows writing

¢ﬁuﬂa = _¢o'uo'ﬁ' (42)

The conclusions reached here on the coefficients u,, (a,x = f,0)
confirm and clarify the result that ¢, (us+ug,)+d,(u,,+u,4) = 0, which
corresponds to Eq. (150) in Quintard and Whitaker (1993). Finally, the
macroscopic model for non-thermal equilibrium heat conduction in a
homogeneous porous medium is given by

(41a)

(41b)

HTy)?
¢ﬂpﬂcpﬂa—l: =V (dgKpy - V(Tp) + K. - V(T,)7)
+ (kp — ku, - V(T,)° —a,h ((Ty)! —=(T,)°), (43a)
HT,)° - s
¢apo'cpa =V (¢0'Kao- : V<Ta> +K,. - V<Tﬁ) )

ot

+ (kg = kpu, - V(Tp) — a,h ((T,)° = (Tp)’) + d, 0,
(43b)

In this two-equation (non-thermal equilibrium) model, K, is the co-
conductivity tensor defined in Eq. (36a) whereas u, is the co-conduction-
corrective coefficient that has units of the inverse of a length, and is
defined as

(kp = kgu, = ppuy, = —d,u,p. 44

The term (k, — kJu, - V(T.)* (a,k = p,0, a # k) is a co-conduction-
corrective term that is not zero in the general case. The exception is
when the thermal conductivities in both phases are equal. Moreover,
the ith component of the co-conduction coefficient is zero if the unit cell
is symmetric in the ith direction, in accordance with the proof provided
by Whitaker (1999).

This model shows that, when studying conductive heat transfer in
porous media, it is not only necessary to consider heat exchange be-
tween the phases induced by their average temperature difference, but
also co-conduction including the corrective term, the latter being trig-
gered by the thermal conductivity contrast between the two phases. The
last three terms on the right-hand side of Eq. (43a) are clearly the result
of the upscaling process and they should all be considered, in general,
when studying non-thermal equilibrium, i.e., when <Tl,)/3 #(T,)° and a
similar conclusion applies to Eq. (43b). These conclusions are extensible
to the case in which there is an interfacial heat transfer resistance as
shown in Appendix E with the only exception that K,; and K, are
not symmetric tensors, in general. This case is a subset of the process
investigated in Pietrzyk et al. (2023) and the results in Appendix E are
in full agreement with what was reported in this reference. However,
in their work, these authors kept the dominant conduction-corrective
terms (which they refer to as “effective advection terms”) and found
them to be zero when the phase under concern has a circular shape,
in agreement with the proof provided by Whitaker (1999). The results
reported in Appendix E provide a systematic analysis of the coefficients
that allows clarifying the upscaled model, and answer the remark in
the above mentioned reference (end of section 4.2.2) as “we suggest
that further investigation could [... ] provide simplifications of the effective
velocities”.

For conditions in which the properties and sources of both phases
are sufficiently similar, or when the volumetric fraction of one phase
is much larger than the other, or when some length scale constraint
is applicable (see an extensive discussion in chapter 2, section 2.3 in
Whitaker, 1999, for details), it is reasonable to assume local thermal
equilibrium, i.e., (Tﬂ)ﬂ = (T,)° = (T). In this case, the macroscopic
model results from adding up Egs. (43a) and (43b), leading to an
average thermal energy balance equation that simply reads

oT
0 B v (g + 2K+ 9,K,) - V(D))
+ ¢, (45)
with the following nomenclature
— l _ i} o
W)= </ﬂy/ wﬁdV+/Vg ufodV) =) + by, (46)

This last model is in agreement with the result reported by Whitaker
(1999) and it does not involve any correction or exchange terms
because they cancel in the summation operation (see also Section 4.2.2
in Auriault et al., 2009). Note that this equilibrium one-equation model
is likely to be accurate when ¢, = 0 and when the thermal properties
between the two phases are not too contrasted.

3.3. Illustrative results

To illustrate about the non-zero nature of the co-conduction
-corrective coefficient, u,, and the importance of the co-conduction-
corrective term in the energy balance equation in each phase, a case
example is studied numerically. This case corresponds to a macroscopic
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Fig. 3. Sketch of the periodic and non-symmetric unit cell used for the closure problem
solution. In this geometry ¢, = 0.723.

system for which the periodic non-symmetric unit cell is represented
in Fig. 3 whose f-phase volume fraction is ¢, = 0.723. To this end, the
following procedure was carried out.

First, Problem b and Problem s were solved on the unit cell of Fig. 3,
using Comsol Multiphysics 6.2, employing the heat transfer module and
checking mesh convergence. Using the size of the unit cell, ¢, as the
reference length, all the dimensionless effective coefficients appearing
in the macroscopic two-equation model were computed (the superscript
* denotes dimensionless quantities), namely K:, = Kyo/ky (@ = B,0),
Ky = K./ky, i = £, = 35 [, ns;dA*, h* = ht[ky and a} = a,.
Moreover, the thermal conductivity ratio is defined as r = k, /k;.

Second, with the effective coefficients at hand, the macroscopic
model given in Egs. (43) was solved in its dimensionless form, taking a
reference temperature, T, and assuming steady-state. The macroscopic
domain under consideration is made of 20 unit cells in the x-direction
and only one unit cell in the y-direction upon assuming the medium
is y-periodic. The problem is therefore 1D (in the x-direction) only
requiring the xx-components of K, (@ = f,0) and K?, as well as the
x-component of u?. The dimensionless energy balance equations to be
solved can therefore be written as

. T oT*)” L AT
0 =¢ﬁKﬂﬂxx o2 exx T2 — i, ox*
Mg Moy M3p
—a*h* ((T;y’ - (T;‘)"), (472)
Map
2/ \o ITH\P NT*\P
i L (Y P
M, g My, ) M3, ’
~Lae (2 =) ) ol (47b)
Mys
with ¢ = (::;z The associated boundary conditions are given by
(T7)*=1, atx*=0, a=p7, (47¢)

(T7)* =0, atx*=20, a=p,y. 474d)

Note that, although not restricted to a periodic system, the macroscopic
model is not expected to be accurate at a distance from the macroscopic
boundaries typically smaller than the size of one unit cell (see an
illustration for a diffusion reaction problem in Valdés-Parada et al.
(2017)). Moreover, ¢,¢; was taken equal to 1000 with the intention
of highlighting the contrast of heat transfer between the two phases.

The numerical solution of the above problem was carried out using
Comsol Multiphysics 6.2 with the 1D mass transport module using
sufficient discretization elements to ensure independence of this degree
of freedom. In addition, a quintic discretization approach was used for
both dependent variables in order to obtain accurate predictions of the
second-order spatial derivatives.

3.3.1. Effective coefficients

Results on the xx-components of the dimensionless dominant con-
ductivity (K @ = B,7) and co-conductivity (K?,,) tensors together
with the x-component of the co-conduction-corrective coefficient, u} ,
and effective heat transfer coefficient (multiplied by ), ajh*, are
reported in Fig. 4(a)-(d) for r ranging between 1073 and 10°. These
results, obtained for the unit cell represented in Fig. 3, call upon the
following comments

. K;ﬂxx continuously increases with r between a finite value for
r=1073 to 1 for r = 103, with an asymptotic behavior in the limit
of both large and small values of r (see Fig. 4(a)). The asymptotic
value of 1 for large values of r is to be expected since, in this limit,
the conductivity of the trapped phase (the o-phase, see Fig. 3)
is extremely large compared to that of the g-phase so that the
effective heat conductivity of the later is not perturbed by that of
the former.
Conversely, K* . reaches an asymptotic value of 1 in both limits
of extremely small and extremely large values of r (see Fig. 4(a)).
It decreases and then increases with r, and reaches a minimum
for r ~ 1.6.
K. reported in Fig. 4(b) shows a decreasing behavior when
r increases and reaches a zero asymptotic value in the limit
of large values of r. This indicates that, when the trapped (c-)
phase is much more conductive than the continuous ($-) phase,
co-conduction is likely to be unimportant.
The x-component of the co-conduction-corrective coefficient, u? ,
remains positive over the whole range of r and exhibits a bell
shape with a maximum value for r ~ 5.6 and a zero asymptotic
value in both limits of exceedingly large and exceedingly small
values of r. For these two limits, the co-conduction-corrective
term is hence expected to play a very minor role.
Finally, the heat transfer coefficient, a}h*, represented in Fig. 4,
is shown to remain positive. This coefficient exhibits a similar
dependence on r as K%, , ie., it increases with r between two
finite values in the limits of extremely small and extremely large
values of r, respectively.

From the above observations, it is clear that three ranges of r can be
identified. For r < 1072, where the solid phase is much less conductive
than the fluid phase, it is found that K;ﬁxx and a}h* acquire their
minimal values, whereas the opposite happens for K}_ , u and K* .
Then for r* € (0.1,10%), u; . exhibits a maximum, whereas a minimum
is found for K . Finally, for r > 102, the solid phase is much
more conductive than the fluid and K*_ , K;;ﬁxx and a}h* have their
maximum values, whereas K . and u} tend to zero. From here, it is
evident that, depending on the values of the thermal conductivity ratio,
some coefficients can become more active than others. However, at this
stage, it is not clear how these changes in the values of the effective
coefficients affect the terms in the upscaled model. For this reason, in
the following paragraphs, the weight of each term is pondered for two
values of r, one in which the co-conduction corrective coefficient has a
vanishingly small value (+* = 0.1) and another one where it is near its
maximum value (+* = 10).
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Fig. 4. Predictions of (a) the xx component of (a) the effective conductivity tensors K’ (a = f§,0), (b) the xx component of the co-conductivity tensor K*, (c) the x component
of co-conduction corrective coefficient, u} and (d) the exchange coefficient a}h* as functions of the ratio of thermal conductivities r = k,/k;. Results were obtained from solving

Problem b and Problem s in the unit cell depicted in Fig. 3.

3.3.2. Terms in the energy balance equations

At this point, it is of interest to analyze the contribution of each of
the terms identified as M;, (« = §,0,i = 1,...4) in Egs. (47a) and (47b),
with a special attention to those specific to the non-thermal equilibrium
effect, namely M,,, M3, and M,, (a = B, c). For this purpose the four
terms are represented versus 0 < x* < 20 for each phase (Figs. 5(a) and
(c) for the p-phase and Figs. 5(b) and (d) for the s-phase) considering
two values of r, i.e., r = 0.1 (Figs. 5(a) and (b)) and r = 10 (Figs. 5(c) and
(d)). Since the macroscopic model is not supposed to provide accurate
solutions close to the boundaries x* = 0 and x* = 20, the behavior
of each term close to these locations, more specifically for x* < 1 and
x* > 19, are not commented.

When the continuous phase is much more conductive than the
trapped (6—) phase (r = 0.1, Figs. 5(a) and (b)), it is observed that both
the co-conduction (M,,) and co-conduction-corrective (M3,) terms
(@ = p,0) are not very significant. More specifically the co-conduction
term remains smaller than the co-conduction-corrective one. The most
important terms are the dominant conduction and heat exchange terms.
Moreover, in this situation, the dominant conduction term is not vary-
ing significantly along the domain, whereas the heat exchange term
slightly increases in magnitude along x*. However, in the opposite
situation with r = 10, a totally different behavior is obtained as shown

in Figs. 5(c) and (d). Indeed, in that case, both the co-conduction-
corrective and heat exchange terms are playing a major role in the
energy balance in both phases. Note that, the co-conduction-corrective
term increases with x* in the g-phase, but decreases in the o-phase.
This can be explained by the prefactors (1 — r) and (I — 1/r) in
Egs. (47a) and (47b), which change signs between the two phases.
Moreover, the heat exchange terms exhibit the opposite behavior.
In addition, the co-conduction term is the smallest one whereas the
dominant conduction term remains almost constant along the domain.
This example highlights the fact that, under certain circumstances,
the co-conduction-corrective terms are crucial in the macroscopic heat
balance equations.

4. Conclusions

The upscaling of diffusive mass transfer of single or two-species
undergoing nonlinear heterogeneous chemical reactions and of two-
phase heat conduction under non-local thermal equilibrium conditions,
including interfacial heat transfer resistance or not, in homogeneous
porous media is revisited in this work showing two important fea-
tures. In the former case, the diffusion-corrective term resulting from
upscaling is shown to be zero regardless the porous structure under
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¢, % = 1000.

consideration and the Damkohler number value. This was made possi-
ble by using a linearization approximation of the reaction terms and a
combination of the two closure variables involved in the macroscopic
model using Green’s formula. This clarifies the macroscopic models
for which such physical processes are under concern (Ryan et al.,
1981; Valdés-Parada et al., 2011; Whitaker, 1999). This simplification
is shown to also apply to the upscaled model resulting from peri-
odic homogenization corresponding to non exceedingly small values
of the Damkohler number (see Appendix A). However, when mass is
transported due to the combination of diffusion and convection, this
simplification is no longer applicable, as shown in Appendix B.

In the case of conductive heat transfer under non-local thermal
equilibrium, the dominant conduction-corrective coefficients induced
by upscaling are shown to be zero, whereas a co-conduction-corrective
coefficient remains in each phase, the two being related by a simple
expression. This conclusion was shown to be applicable with and with-
out considering interfacial heat transfer resistance. This result brings
new light to the development reported by Quintard and Whitaker
(1993) and more recently by Pietrzyk et al. (2023). When the (peri-
odic) unit cell representative of the porous structure is symmetric in
a given direction, the corresponding component of the co-conduction-
corrective coefficient is zero. In the general case, this term should not
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(47b) (b) and (d) taking r = 0.1 (a) and (b) and r = 10 (¢) and (d). In all the simulations

be ignored as its contribution may not be negligible depending on the
microstructure, thermal conductivity contrast between the two phases,
the macroscopic system and macroscopic boundary conditions under
consideration. This last point deserves a more extensive investigation
depending on these parameters, an analysis that is, however, beyond
the scope of the present study.

It is worth noting that in order for the simplifications resulting from
the use of Green’s formula to be applicable, it is convenient that the
number of simplifications are kept to a minimum to derive the unclosed
model in the volume averaging method. In other words, it is more
convenient to not impose simplifications until the derivation of the
problem for the deviations variables. Another relevant contribution
from this work is that the corrective terms in the upscaled models for
heat and mass transport in porous media are no longer interpreted as
convective-like terms. This is because this terminology may be mislead-
ing. A clear evidence of this is heat transfer in a composite system
where, at least, one of the two phases is a solid, where convection
cannot be a transport mechanism.

As a final note, the results from this work suggest that it is advisable
to use Green’s formula to relate the closure variables involved in
upscaled models, as, in some cases, this can lead to simplifications
which have a formal exact basis that avoids using orders of magnitude



estimates. This conclusion is applicable to models resulting from both
the volume averaging and the homogenization methods. Of course,
if there is interest to further simplify an upscaled model, orders of
magnitude estimates may be used with caution, and should be verified
whenever possible (see, for example, Appendix A in Valdés-Parada
et al., 2020). Finally, it is worth recalling that this work is constrained
to the bulk of a homogeneous porous medium. In other words, if the
porosity exhibits spatial variations, the conclusions reached here may
be revisited.
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Appendix A. Upscaling diffusion and reaction using periodic ho-
mogenization

The purpose of this appendix is to derive an upscaled model for
diffusion and first-order heterogeneous reaction that is not limited
to vanishingly small values of the Damkdhler number using periodic
homogenization. To this end reconsider the pore-scale problem given
in Egs. (1) in the main text, which can be rewritten in the following
dimensionless form

Da oc* W2 w i
6—2 oo =V*c*, in 7/1, (A.1a)
BC —n-Vier=22 at, (A.1b)
€
using the following definitions
k¢
c*=i, V* =1LV, t*=rL, Da=—ﬁ,
Cref trEf 9
i A2
e=—. (A.2)

Note that, contrary to previous studies of homogenization of diffusion
and heterogeneous reaction (Gerisch et al., 2017; Bourbatache et al.,
2021), time was made dimensionless using the characteristic time for
reaction. This is convenient since the interest lies in cases in which the
characteristic time for diffusion is smaller than the characteristic time
for reaction only by a factor of ¢, this is, Da = e. Taking this estimate
into account, Egs. (A.1) can be further developed by substituting the
following expansion for the dimensionless concentration

c* =cé‘+€cf+ezc§+..., (A.3)
and the decomposition V* = V}+e~! Vs, in order to obtain the following

set of equations

1 0 * * * - * * - *
Sople e+ )= (Vy+e VY (Vi + eIV
2 .
(c(’)‘ +ec;‘ +e c;‘ +...), in Vﬂ (A.4a)
-1 -2 2 _
B.C. —-n-(e Vi +e V;)(cg+ecf+e G+ =
-1 L2
€ (cg +€c1* +e c; +...), at %5, (A.4b)
c;(r*) = cj.‘(r* +lj), i=1,2,3,j=0,1,2,3,.... (A.4c)

Note that the periodicity condition was incorporated in order to com-
plete the problem statement. It is worth mentioning that the operator
V; captures the spatial variations of slow-changing variables (such as
macroscale variables), whereas the operator V3 captures the spatial
variations of rapid-changing variables (such as microscale variables).
From the above problem, a series of boundary-value sub-problems can
be extracted at the successive orders in e. At the largest order (ie., at
0O(e~?2)), the resulting problem is
Problem at O(¢72)

0="Vic, in7, (A.5a)
B.C. —n-Vi¢ =0, atd, (A.5b)
) =@ +1), =123 (A.5¢)

This problem leads to the conclusion that ¢ is a macroscale variable,
Le., cy(x*,y*, 1) = cj(x*,1). Moving on to the problem at the next order
in ¢, the following problem results

Problem at O(¢™1)

ock

=Yy (Vg + Vye)). in ¥, (A.62)
B.C. —-n- (Vic(’; + V;c;‘) = c;, at o, (A.6b)
@) =@t +1), i=1,2,3. (A.6¢)

At first glance, this problem has three source terms and the compat-
ibility between the differential equation and the interfacial boundary
condition does not seem obvious. The latter can be overcome by
applying the intrinsic averaging operator to Eq. (A.6a), which, together
with the divergence theorem and the boundary conditions, leads to

6c6‘ _ _A;gc(’)‘ _ _azc:; (A7)
or* vy ¢ ’
Substitution of this result into Eq. (A.6a), yields

atc*
- L¢ $ =V (Viey +Vic), in7 (A.8)

With this expression, it is now clear that the problem has only two

source terms, namely c; and Vic, and the differential equation is

compatible with the interfacial boundary condition. Since the problem
is linear, its formal solution can be written as

Y1) =Dy - Vi (X 1) + 5Ty )en (", 1)
P ). (A.9)

Here, b* and s7 are closure variables that solve the following problems
Problem b*

0="Vyb*, in 7, (A.10a)
—n- (14 V) =0, in ), (A.10b)
b*(r*) =b*(r* + l;k), i=1,2,3, (A.10¢)
(b*y? = 0. (A.10d)
Problem s}
V*Z*——a—: in ¥ (A11
Y5 = 3’ in 7, .11a)
-n-Visi=1, at g, (A.11b)
s*l‘(r*) = s’l‘(r* +l;‘), i=1,2,3, (A.11¢)



(spf =o0. (A.11d)

This last problem corresponds to the closure problem given in equations
(81)-(84) in Valdés-Parada et al. (2017) for j = 1. In addition, Problem
b* is the dimensionless version of the closure problem for passive
diffusion in homogeneous porous media (Whitaker, 1999).

Finally, the problem at order ¢° is given by

Problem at O(c%)

0 _ g (vie; + Vi)

o y x€1 v&2

+Vi- (Vi +Vyer). in (A.122)
-0 (Viet+ Vi) =cf at (A.12b)
S =t 1), =123 (A120)

Application of the intrinsic averaging operator to Eq. (A.12a), using the
divergence theorem and the corresponding boundary conditions, leads
to
o{(c*)P 1

1 u* * % * %\ f * *

=V -(Vc +<VC>>——/ ctdA*,
* X x 0 yl * 1

ot Vy ),

(A.13)

After substitution of the formal solution given in Eq. (A.9), this last
equation yields
Ae) . p 1
_ . ] By _ L * * %
= v (@ vy i) v /ﬂ st dA*c

o

az‘,(c;‘)ﬁ 1
- Vst - — b* dA* |- Vi,
o T\ /g{,,,, X0

Defining ¢* = cj +ecy + O(e?), the macroscopic model, approximated at
O(e?), can be formed by adding the above equation, pre-multiplied by
€, to Eq. (A.7). The resulting equation can be written as

k7% *\f
a<C*>ﬂ * * 7 %\f avkeff<c >

+eu* - V;’(c*)p.

(A.14)

(A.15)

The dimensional version of the above equation has the same structure
as the one given in Eq. (16) in the main text for a first-order reaction.
In the above equation, the following definitions were employed

D,
Dl = %f = (1+V;b*), (A.162)
keﬁc €
k¥, = =1+ — / sTdA*, (A.16b)
eff k A;g oty 1
w0 s k\f 1 * *
=—-=(V - — b*dA*. A.16
ut= o (Vys)) v /m (A.16c)

To simplify Eq. (A.15), Green’s formula can be used in the form given

in Eq. (18) taking a = s} and a = b*. Performing the corresponding

substitutions, it results that

0:/ (-ns* +b*)dA".
oy,

(A.17)

Use of the divergence theorem on the first term leads to the conclusion
that u* = 0 and this allows simplifying Eq. (A.15) to
* ]k #\f
UMY v (b ey e
o = <Va (Ol Vi) - —o—
The dimensional version of the above equation corresponds to Eq. (94)
in Valdés-Parada et al. (2017) for m = 1.

(A.18)

Appendix B. Mass dispersion coupled to a linear first order het-
erogeneous reaction

In this appendix, the case of mass diffusion and advection of a
single chemical species of local molar concentration ¢, coupled to a
first-order linear heterogeneous reaction is reinspected. This problem
has been explored in detail by Valdés-Parada et al. (2020) considering

a Navier-type slip boundary condition at the solid—fluid interface and

the macroscopic model in the general case takes the following form
a{c)? _
5 Vet V(e)! =D* : VV(c)! — kea e (c),
where D*, v and k. are the effective dispersion tensor, convective

velocity and reaction rate respectively given by

(B.1a)

D=2 1+i/ nbdA | — (v, (B.1b)
Vi ey,

[

Veir = (W) + (¥s) - ﬁ/ nsdA + < bdA, (B.1c)
Vs s pJ Ay

k
ko = / sdA, (B.1d)
eff Aﬂg Ay

with k being the reaction rate at the pore scale. In these expressions,
the vector b and scalar s are closure variables that solve the following
closure problems

Problem b
FHV-Vb=9Vh+ [ baa, inv, (B.2a)
b J sty
—n-2Vb—-kb=n%, at .Q{ﬁa, (B.2b)
b(r +1)=b(r), i=1,2,3, (B.2¢)
by =o0. (B.2d)
Problem s
v-Vs=9Vis+~ [ sda, inv, (B.2¢)
pJ Ay,
—n-9Vs=ks, at %ﬂa, (B.2f)
s(r+1)=s(), =123, (B.2g)
()P =1. (B.2h)

When Green’s formula given in Eq. (18) is employed, taking a = s
and a = b, making use of the differential equations and boundary
conditions of Problem b and Problem s, and after division of the result
by Vj, the following relationship is obtained
(¥5)P + (sv- VbY —(v-Vsb) =

k[ paa-Z
B J Ay, pJ Ay,

nsdA. (B.3)

The last two terms on the left-hand side of the above equation can
be related by noticing that

(V- (svh))? = (sV - vb)? + (v Vsb)’ + (sv- Vb)’. (B.4)

Since flow in the p-phase is assumed incompressible, the first term on
the right-hand side of this last equation is zero. Moreover, by making
use of the divergence theorem and taking into account the fact that
), is impervious and that svb is periodic, the left-hand side of this
equation is also zero and, therefore,

(v-VsbY? = —(sv- Vb). (B.5)

When this result, together with Eq. (B.3), are substituted back into
Eg. (B.10), the expression of v, takes the following form

Ver = (V! +2(s (T +v- Vb)), (B.6)

This alternative expression of v,y shows that the effective convective
velocity explicitly contains the influence of diffusion and reaction. In
the absence of convection (v = 0), Ve = 0, in agreement with the result
developed in Section 2.1 (see Eq. (20) and the ensuing conclusion). In
the absence of reaction (k = 0), the solution to the closure problem
for s is s = 1. Consequently, since (¥) = 0 and due to Eq. (B.2h),
Ve = (V)/ +2(v - Vb)P. However, (v- Vb)! = (V- (vh))/ =0, due the
solenoidal character of v, as well as the periodicity of the product vb
and the fact that &7, is impervious. Therefore, vy = (v)? in the case of



dispersion without reaction, a result in agreement with the macroscopic
model for this mass transfer process reported in the literature (see, for
example Whitaker, 1999; Auriault et al., 2009).

Appendix C. Simplifications of the reaction rate for single and
two-species transport

The purpose of this appendix is to provide some details of the
simplifications involved in the treatment of the non-linear reaction rate
term present in the analysis of single and two-species mass transport.
The Taylor series expansion given in Eq. (6b) can be written as

Rl,=R+R'¢+0(R"&?), c1

with the definition R” = ZZTI; . A sufficient assumption to keep only
()

the first two terms in the above expansion is the following one

O(R"é) <R (C.2)

In the applications considered in this work, it is reasonable to assume
that ¢ is, at most, of the same order of magnitude as (c)?. Hence, the
above expression can also be written as

0 (R"(c)’) <R/, (C.3)

in which the term in the left-hand side is probably overestimated. In the
following paragraphs this information is used to make simplifications
in the derivations used for single and two-species transport.

C.1. Single species mass transport

In the derivation of Eq. (13), the factor V(R /R') results, which can
be developed as follows

RY_VR R .,
(=)= % = %z "%" o
After using the chain rule of derivation, this can be written as
RY_VR R ug, .y
() = 7 — ma RV €

To simplify this equation, the following orders of magnitude estimates
are proposed:

VR R
7 =) (C.6a)
R 5 R R"(c)f

ER/v<c> =0 <LR’ R . (C.6b)

Hence, on the basis of the assumption given in (C.3), it is reasonable
to also assume that

R onosnp . VR
ﬁR V{e) <« R (C.7)
and consequently simplify Eq. (C.5) to
R VR
(E) == C.8)

This result was considered in writing Eq. (13) in the main text.
C.2. Two-species mass transport

The derivation of Egs. (26) commences by respectively multiplying
Eq. (22a) by R; and Eq. (22b) by R;;. This is,
R % gRIN, in7, a=AB (C.9)
Pl WVicy, in¥; a=AB. .

a
Focusing for the moment on the accumulation term, the following
identity is applicable
o O _ R IR,

— _ —c, —2, C.10
* ot ot oy ( )
or, after using the chain rule of derivation,
adc, o0R!c o{c)?
’ 3 o a "
e _ - , Cc.11
* ot ot e Ty ( )

%R,

where R/ = —;
@ dc,
a

. To simplify this equation, the following orders
(ca)®
of magnitude estimates are proposed

0 R c
R, =% =0 <IL"> , (C.12a)
c
e\ R"e ()P
e r! L _o( L ACIY (C.12b)
ot Ty

In the above expressions, 7, = O(fﬁ/@) and 1,5 = O(L?*/9) respec-
tively represent the characteristic times related to species mass trans-
port at the microscale and macroscale. On the basis of the following
inequality

fz
B n ’
ERG<C>ﬂ <R,

(C.13)
it is reasonable to assume that
o{c)? oc
1 ! _(l
R, p” <R, Pt (C.14)
and thus, simplify Eq. (C.11) to
dc R ¢
’ [ a @
— = . C.15
ot ot ( )
In this way, Eq. (C.9) takes the following form
oR’ c, )
—= =9R! V¢, in¥; a=AB. (C.16)

ot
Directing now the attention to the diffusive transport term, the follow-
ing identity applies

IR V?cy = P [V2(Rlc,) —2Vc, - VR. — ¢, VPR!]. (€17
After using the chain’s rule of derivation, this yields,
IR V2 ey = D [VE(RLe,) — 2RIV (c) - Ve,

= RyVH) — e, RYIV() I (€.18)

To simplify this equation, the following orders of magnitude estimates
are proposed

R DR c,
IR Ve, =0 —— |, (C.19a)
fﬂ
ol s @Rfl’ca(c)ﬂ
jRaV<C> . VCa =0 fﬁ—L N (Clgb)
DR c,(c)?
De,RIVHc) =0 (%) , (C.19¢)
GR" ¢ (e £N2
De R" V() ||> =0 <L<>) . (c.19d)
a L2
Hence, on the basis of the following inequalities
14
T”R;’ () <R, (C.20a)
fz
L—‘;Rg’(<c>ﬂ)2 <R, (C.20b)
Eq. (C.18) reduces to
IR Ve, = DVAR!c,), (C.21)

and thus Eq. (C.16) gives rise to the following balance equations

!

IR aca =9V R c,), inY¥ (C.22a)
ot ATA% r

OR' cp
; = PV (Rlyep), in 7. (C.22b)

Subtracting Eq. (C.22b) to Eq. (C.22a), recalling the definition given in
Eq. (24b), allows retrieving Eq. (26a) in the main text.

Finally, directing the attention to the interfacial boundary condi-
tions, the expression resulting from adding Eq. (22c), premultiplied
by R’, and Eq. (22d), premultiplied by —R',, taking into account the



approximations given in Egs. (23b), can be written as
B.C..—n-Z (R Ve, — R Vep) =R, R_+
R.C.  at ), (C.23)

in which R, and R_ are given by Egs. (27), whereas ¢ follows from the
definition of ¢ provided in Eq. (24b), i.e., = R’Ac" = R’BéB. To further
simplify this result, it is convenient to note the following identity

R Ve, = V(RLc,) — ¢, VR, (C.24)
or, after application of the chain rule of derivation,
RIVe, = V(Rlc,) — c,RIV(c). (C.25)

At this point, the following order of magnitude estimates are proposed

R c
R! Ve, =0 (Tﬁ) . (C.26a)
R"c ()P
cRIV(c) =0 <%> ) (C.26b)

Hence, on the basis of the constraint expressed in (C.20a), Eq. (C.24)
reduces to

R! Ve, = V(Rlc,). (€.27)

Consequently, Eq. (C.23) takes the form given in Eq. (26b) in the main
text.

Appendix D. Symmetry and positiveness of the effective heat con-
duction tensors

This appendix is dedicated to the proof that the four effective
heat conduction tensors given in Egs. (35a) to (35b) are positive (and
symmetric). To this aim, it is convenient to consider the following
Green'’s formula that is written for any second order tensor A and vector
a, both being sufficiently regular and periodic over the outer boundaries
of the volume under consideration

/(V~Aa+AT~Va)dV=/ n,-AadA, a=pforo. (®.1)
v, o,

a o

Here, ¥, is understood as the domain occupied by the a phase inside
the unit cell in which the closure problem given in Egs. (32) is defined,
and n, is the unit normal vector at </, pointing out of 7.

Considering this formula in 7}, taking A = Vb, and a = b, making
use of Egs. (32a), (32b) and (32c) and dividing the resulting equation
by V leads to

k
T _ %1 1
(Vb - Vby), = Z(V /w,, n-Vb,b,dA+ ” nb, dA>. (D.2)
Repeating the same operation in ¥, with A = Vb, and a = b, yields
(VBT - Vb,), = —% PERLERZ (D.3)
Ay,

In the above two equations, the following definition was used for the

superficial averaging operator

(Ya = i/ -dV, a=p.o. D.4)
Vs,

Substituting Eq. (D.3) into Eq. (D.2), while noticing from the divergence
theorem (taking into account the facts that the closure variable and the
geometry are assumed periodic) that $ /. o nb, dA = —(Vb,),, and

multiplying the result by - allows one to write

123
kp
ka T T

k_/,<Vbﬁ . Vbﬁ)ﬂ+(Vb6 - Vb,)s +(Vby), = 0. (D.5)

Taking the transpose of the above and adding it to an alternative
expression of K, which gives ‘f—"Kw = (I + Vb,),, allows writing

Po (VDT 1) ke (ot
Ko = ((VBL +1) - (Vb, +1)), + T (vby Vbﬂ>ﬂ. (D.6)

o

This expression clearly shows that K, is a symmetric tensor that is
also positive since, for any arbitrary constant and non-zero vector A,
Lo Kog 2= (W, +1)-2)7) +32((VB;-2)7) >0,
Furthermore, from Eq. (D.5), it is also deduced that
1 kg T T
v mb,, d A = 2% (Vb - Vby); + (Vb] - Vb, ). (D.7)
Po )

Since the terms on the right-hand side of this equation are symmetric
and positive, it can be concluded, from Eq. (35d), that K, is also sym-
metric and positive. The demonstrations of symmetry and positiveness
for the remaining two effective conductivity tensors is straightforward
due to reciprocity between the two phases.

Appendix E. Non-thermal equilibrium heat transfer with interfa-
cial resistance

In this appendix, the problem analyzed in Section 3 is re-examined
by considering interfacial heat transfer resistance. This means that the
governing equations at the pore-scale (see Egs. (28)) remain the same,
except that Eq. (28b) is changed to

B.C1 —n-k,VTy=h(T;~T,). at.dj,. (E.1)

Here h; is the pore-scale interfacial heat transfer coefficient that should
not be confused with its macroscale counterpart h.

Using the volume averaging method, the same unclosed model
given in Egs. (29) is obtained. Furthermore, the quasi-steady Egs. (30)
governing the fields of Tp and T, are still valid under the same time-
scale constraint expressed just before Egs. (30), with the exception that
Eq. (30b) is replaced by

B.C.1 —n-kyVTy = h(Ty = T,) +n-kyV(Ty)!
+h; ((Tp)! —(T,)7),  at . (E.2)

Since there are now three source terms for the temperature deviations,
the formal solution of the linear problem for T and 7, is given by

(E.3a)
(E.3b)

Ty =bys - V(Tp) +by, - V(T,)" =55 ((T)! =(T,)°).,
TG = bo‘ﬁ . V<Tﬁ>ﬁ +b0‘0‘ - V<To—>0- + 56 ((Tﬂ>ﬂ - <T5>U) .

The new closure variables b,, and s, (¢« = §,0) solve the following
boundary-value problems in a periodic unit cell
Problem by, b,

1 )
0=V2by, - 7 n-Vby,dA, in 7, (E.4a)
B.C.1 —n- kﬂVb,,ﬂ = h[(hﬂﬂ - h”,,) +kyn, at %ﬁa, (E.4b)
B.C.2 —n- kﬂVb,,ﬂ =-n- k”Vbaﬂ +kyn, at %G, (E.4¢)
0=V, + VL/ n-Vb,,dA, in7, (E.4d)
o J Ay,
byp(r) =by(r+1), i=123.0a=p.0, (E.4e)
<baﬂ>a =0, a= ﬂa o. (E4f)
Problem by, b,
1 .
0=V2b,, - 7/ n-Vb,, dA, in%¥, (E.5a)
pJ ety
B.C.1 —n-k;Vby, = hy(by, —b,,). at o, (E.5b)
B.C.2 —n-kzVbg, = -n-k,Vb,, —ksn, at o, (E.50)
0=V, + Vi / n-Vb,,dA, in7,, (E.5d)
o J oy,
by () = by (r+1), i=123,a=40, (E.5e)
(beo)* =0, a=4p,0. (E.5f)



Problem sg, s,

0=V2s,— L [ n.Vsyda, in7, (E.62)
b J g,

B.C.1n-kyVsy = hi(1 —s5—5,), at o, (E.6b)

B.C.2 —n- kgVsg=mn-k,Vs;, at .Q{ﬁa, (E.6¢)

0=V, + L/ n-Vs,dA, in?,, (E.6d)
Vs ol

s,y =s,r+1), i=123a=p,o0, (E.6e)

(s4)=0, a=po0. (E.61)

Substitution of the formal solution given in Egs. (E.3) into the unclosed
model expressed in Egs. (29) leads to a closed model that is exactly the
same as that given in Egs. (34), albeit the effective-medium coefficients
are now defined as follows

1
Ky, =k (I + —/ nb dA) (E.7a)
B p B >
Vs 7
k
Kjo= — | mby,da, (E.7b)
Vs o
Koo =k, [ I- 1 / nb,, dA ), (E.7¢)
Vs Ay
k
K,=——= b,;dA, E.7d
o’ VO‘ = e ( )
k
B
Ugy = — n- (=Is;+Vby,) dA, (E.7€)
Vs Ay
k
p
U, = — n-(Is, + Vb dA, (E.7f)
po Vﬁ .Qfﬂ,, ( p ﬂJ)
k
u,, = —7" . n- (=Is, + Vb,,) dA, (E.78)
o bo
kO'
=—-— (I Vb, ;) dA, E.7h
Usp v, dﬁg“ (Iss + Vbgy) (E.7h)
k
B .
(E.71)

k
h= / n-VsydA=— "/ n- Vs, dA.
Apo 7 Apo 7

At this point, it is of major interest to investigate the properties that
these coefficients satisfy. This is done in the following paragraphs using
the same methodology as that applied for the case in which there is no
interfacial heat transfer resistance.

E.1. Conduction-corrective coefficients

To begin with, let the attention be focused on the conduction-
corrective and co-conduction-corrective coefficients u,, (a = g,0). To
do so, consider Green’s formula in the form given in Eq. (18) in 7//; and
take a = 5s; and a = by, to obtain, after substituting the corresponding
differential equations and boundary conditions
0= /M [Ri(sgbgp + 55bpp —byp) — kynsg] dA. (E.8)

o
In addition, using once more Green’s formula (Eq. (18)) in ¥, with
a=s, and a = b,;, and making the corresponding substitutions of the
governing equations and boundary conditions, the following identity
results

/%H hi(s5bgp + 5,bg) dA = /d  Hibop . (E.9)

Inserting this expression into Eq. (E.8) leads to

/Q¢ hi(baﬁ—hw)dA:/d kpns; dA,

po po

(E.10)

or, after substitution of Egs. (E.4b) and (E.4c), taking into account the
spatial homogeneity assumption, i.e., V¢, = V¢, = —% / o ndA =0,

n-ky;Vb dA:/ kgns dA:/ n-k;Vb,zdA. (E.1D)
/da BB Ay [t oy, o' Vof

From the first equality of the above expression and the definition of the
dominant conduction-corrective coefficient provided in Eq. (E.7e), it is
concluded that ug; = 0.

Following similar steps to relate the problems given in Egs. (E.5)
and (E.6), it results that

/ n-kUVbMdA=/
=% =4

o

kons, dA = / n-kyVbg, dA. (E.12)
=4

As before, substitution of the first equality into Eq. (E.7g) leads to
conclude that u,, = 0. Finally, inserting the last equalities of the
identities given in Eqgs. (E.11) and (E.12), into Egs. (E.7f) and (E.7h)
leads to a relationship similar to that given in Eq. (42) in the main text
when there is no interfacial heat transfer resistance, i.e.,

1
PpUpe = ~beVop = 3 /M n (kysp+k,s,) dA. (E13)
fo

E.2. Effective conductivity tensors

The analysis is now dedicated to the coefficients K,, (a.x = f,0)
considering Green’s formula given by Eq. (D.1). First, let this formula
be used in ¥; with A = Vb, and a = by, Taking into account
the corresponding differential equations and boundary conditions, in
particular the one given by Eq. (E.4c), yields

T
kﬂ/ wa~VbﬁﬁdV=/ (n-k,Vb,s —ksn) by dA.
Y Ao

Similarly, the same Green’s formula is now used in 7, taking A = Vb,
and a = b, leading to

k, /% Vb, - Vb, dV:—/d n-k,Vb,sb,, dA.

o

(E.14)

(E.15)

Adding the above two relationships, making use of the boundary con-
ditions expressed in Egs. (E.4b) and (E.4c), dividing the result by Vs
and taking the transpose of the ensuing expression, allows writing

— T T
0 =kp(Vbj, - Vbys)! +kp(Vby )P
¢
+ k%—;(w{ﬂ - Vb,4)°

11

h_,~7ﬁ v (n-k,Vb,g) (n-k,Vb,s) dA,

(E.16)
in which it was made use of the fact that /ﬂfﬁa nb, dA = f% Vb, dV,
as a result of the divergence theorem and periodicity of bg;. With
the same last arguments, K;; given in Eq. (E.7a) can alternatively be
written as Ky = ky(I + Vbﬂﬂ)/’ and when added to Eq. (E.16), the
following expression is obtained

B
— T
Kgp =y (Vb +1) - (Vbyy +1))
¢
+ k‘,d)—;(Vbzﬂ “Vb,;)°

11

W7, |, (n-k,Vb,g) (n-k,Vb,z) dA.

(E.17)
This result clearly indicates that K;; is a symmetric positive tensor.
Moreover, since all equations reported so far in this appendix satisfy
reciprocity between the two phases # and o, it can be readily concluded
that K has the same properties.

Finally, a relationship between K, and K, can now be derived,
and for this purpose, it is convenient to introduce the following Green’s
formula between two arbitrary vector fields u and v with sufficient
regularity and satisfying periodicity on the unit cell ¥

/ (Vuv —uVv?v) dV:/ (ng - Vuv—un, - Vv) dA.
YV s

(E.18)

Using this formula in ¥; with u = kb, and v = b, and employing the
corresponding differential equations and boundary conditions, yields

/g% h; (bsgbgs —bgsb,,) dA = /d,,” kynby, dA.

(E.19a)



Repeating the same procedure, but this time in ¥, taking u = kb,
and v =b_,, leads to

(o]

h; (b sbs, —bysb,, dA:—/ kb, mdA.
/ﬂf/}g ( Ulnd] B ) A P

(E.19b)

The above two results and the definitions of K;, and K, given in
Egs. (E.7b) and (E.7d) indicate that

— T
bpKps = 0oKsp

Note that K, is not a symmetric tensor when there is interfacial heat
transfer resistance. To prove this point, commence with Eq. (E.16) and
take into account the fact that kﬂ(Vb;ﬂ)ﬁ is a symmetric tensor (this is
due to the fact that K is also a symmetric tensor), so that this equation
can be rewritten, after multiplying it by ¢;/¢,, as

(E.20)

by kg
0 =kz——(VbT . Vb >ﬂ+—/ nby, dA
ST e 7 )y, 5P
+ ko (Vb - Vb )7
11

+ ——

(E.21)
hi Vs Ay

(n-k,Vb,g) (n-k,Vb,z) dA.
From the interfacial boundary conditions it results that, at 7;,, by, =
-n - %thﬁ + b, ;. Therefore, on the basis of the definition given in
Eq. (E.7d), the following expression is obtained

k b Kk
B _ B T p p o‘/

—K, 5 =kz—(Vb,, - Vb - nn- Vb, ,dA
ks o ﬂ¢g< bp ﬂﬁ) hV, =7 o

+ ko (Vb], - Vb,5)°
11
+ _—

(E.22)
hi Vo‘ Ay

(n-k,Vb,g) (n-k,Vb,;) dA.
Solving the closure problem given in Egs. (E.4) in the periodic unit
cell depicted in Fig. 3 indicates that the second term on the right-
hand side is not symmetric. Certainly, this term can be ignored when
there is no interfacial heat transfer resistance (ie., when h;, - ),
therefore leading to the conclusion reached in the last paragraph of
Appendix D. Note, however, that the coupled heat conduction term,
that writes K, : VV(T,.)*, (a,x = fo, a # k), is such that the non-
symmetric part of K, plays no role. This is due to the fact that VV(T, )*
is a symmetric tensor.

Data availability

Data will be made available on request.

References

Auriault, J.L., Boutin, C., Geindreau, C., 2009. Homogenization of Coupled Phenomena
in Heterogenous Media. ISTE LTD, London.

Battiato, 1., Ferrero, V., P.T., Malley, D.O., Miller, C.T., Takhar, P.S., Valdés-Parada, F.J.,
Wood, B.D., 2019. Theory and applications of macroscale models in porous media.
Transp. Porous Media 130, 5-76. http://dx.doi.org/10.1007/s11242-019-01282-2.

Battiato, 1., Tartakovsky, D., Tartakovsky, A., Scheibe, T., 2009. On breakdown of
macroscopic models of mixing-controlled heterogeneous reactions in porous media.
Adv. Water Resour. 32, 1664-1673. http://dx.doi.org/10.1016/j.advwatres.2009.
08.008.

Bourbatache, M.K., Le, T.D., Millet, O., Moyne, C., 2021. Limits of classical homoge-
nization procedure for coupled diffusion-heterogeneous reaction processes in porous
media. Transp. Porous Media http://dx.doi.org/10.1007/5s11242-021-01683-2.

Bourbatache, M.K., Millet, O., Moyne, C., 2020. Upscaling diffusion-reaction in
porous media. Acta Mech. 231, 2011-2031. http://dx.doi.org/10.1007/s00707-
020-02631-9.

Bourbatache, M., Millet, O., Moyne, C., 2023. Upscaling coupled heterogeneous
diffusion reaction equations in porous media. Acta Mech. 234, 2293-2314. http:
//dx.doi.org/10.1007/s00707-023-03501-w.

Davarzani, H., Marcoux, M., Quintard, M., 2021. A local thermal non-equilibrium model
for coupled heat and mass transfer with dispersion and thermal diffusion in porous
media. J. Porous Media http://dx.doi.org/10.1615/jpormedia.2021037810.

Gerisch, A., Penta, R., Lang, J. (Eds.), 2017. Multiscale Models in Mechano and Tu-
mor Biology: Modeling, Homogenization, and Applications. Springer International
Publishing, http://dx.doi.org/10.1007/978-3-319-73371-5.

Gray, W.G., 1975. A derivation of the equations for multi-phase transport. Chem. Eng.
Sci. 30, 229-233. http://dx.doi.org/10.1016/0009-2509(75)80010-8.

Howes, F.A., Whitaker, S., 1985. The spatial averaging theorem revisited. Chem. Eng.
Sci. 40, 1387-1392. http://dx.doi.org/10.1016/0009-2509(85)80078-6.

Lasseux, D., Valdés-Parada, F.J., 2017. Symmetry properties of macroscopic transport
coefficients in porous media. Phys. Fluids 29, 043303. http://dx.doi.org/10.1063/
1.4979907.

Le, T., Moyne, C., Bourbatache, M., Millet, O., 2023. Upscaled model for the diffu-
sion/heterogeneous reaction in porous media: Boundary layer problem. Adv. Water
Resour. 179, 104500. http://dx.doi.org/10.1016/j.advwatres.2023.104500.

Lenne, G., Woillez, E., Chandesris, M., 2024. Modeling of Li-ion battery electrodes
accounting for microstructure properties: The Newman’s model revisited. J.
Electrochem. Soc. 171, 070507.

Lugo-Méndez, H.D., Valdés-Parada, F.J., Porter, M.L., Wood, B.D., Ochoa-Tapia, J.A.,
2015. Upscaling diffusion and nonlinear reactive mass transport in homogeneous
porous media. Transp. Porous Media 107, 683-716. http://dx.doi.org/10.1007/
511242-015-0462-4.

Mauri, R., 1991. Dispersion, convection, and reaction in porous media. Phys. Fluids A
Fluid Dyn. 3, 743-756. http://dx.doi.org/10.1063/1.858007.

Pietrzyk, K., Battiato, 1., 2023. Automated symbolic upscaling: 1. model generation for
extended applicability regimes. Water Resour. Res. 59, e2022WR033600.

Pietrzyk, K., Bucci, G., Behandish, M., Battiato, I., 2023. Automated upscaling via
symbolic computing for thermal runaway analysis in Li-ion battery modules. J.
Comput. Sci. 74, 102134.

Polyanin, A.D., Manzhirov, A.V., 2006. Handbook of Mathematics for Engineers and
Scientists. Chapman and Hall/CRC.

Qiu, T., Wang, Q., Yang, C., 2017. Upscaling multicomponent transport in porous media
with a linear reversible heterogeneous reaction. Chem. Eng. Sci. 171, 100-116.
http://dx.doi.org/10.1016/j.ces.2017.05.018.

Quintard, M., Kaviany, M., Whitaker, S., 1997. Two-medium treatment of heat transfer
in porous media: numerical results for effective properties. Adv. Water Resour. 20,
77-94. http://dx.doi.org/10.1016,/50309-1708(96)00024-3.

Quintard, M., Whitaker, S., 1993. One- and two-equation models for transient diffusion
processes in two-phase systems. In: Advances in Heat Transfer, vol. 23, Elsevier,
pp. 369-464. http://dx.doi.org/10.1016/s0065-2717(08)70009-1.

Ryan, D., Carbonell, R., Whitaker, S., 1980. Effective diffusivities for catalyst pellets
under reactive conditions. Chem. Eng. Sci. 35, 10-16. http://dx.doi.org/10.1016/
0009-2509(80)80064-9.

Ryan, D.J., Carbonell, R., Whitaker, S., 1981. A theory of diffusion and reaction in
porous media. AIChE Symp. Ser. 71, 46-62.

Valdés-Parada, F., 2010. Formulacién integral para la solucién de problemas de
cerradura en procesos de escalamiento. Rev. Mex. de Ingenieria Quimica 9, 53-66.

Valdés-Parada, F., Aguilar-Madera, C., Alvarez-Ramirez, J., 2011. On diffusion, dis-
persion and reaction in porous media. Chem. Eng. Sci. 66, 2177-2190. http:
//dx.doi.org/10.1016/j.ces.2011.02.016.

Valdés-Parada, F.J., Goyeau, B., Ochoa-Tapia, J.A., 2006. Diffusive mass transfer
between a microporous medium and an homogeneous fluid: Jump boundary
conditions. Chem. Eng. Sci. 61, 1692-1704. http://dx.doi.org/10.1016/j.ces.2005.
10.005.

Valdés-Parada, F.J., Lasseux, D., 2025. Clarifications about upscaling diffusion with
heterogeneous reaction in porous media. Acta Mech. http://dx.doi.org/10.1007/
s00707-024-04214-4.

Valdés-Parada, F.J., Lasseux, D., Whitaker, S., 2017. Diffusion and heterogeneous
reaction in porous media: The macroscale model revisited. Int. J. Chem. React.
Eng. 15, http://dx.doi.org/10.1515/ijcre-2017-0151.

Valdés-Parada, F.J., Lasseux, D., Whitaker, S., 2020. Upscaling reactive transport under
hydrodynamic slip conditions in homogeneous porous media. Water Resour. Res.
56, e2019WR025954. http://dx.doi.org/10.1029/2019wr025954.

Whitaker, S., 1999. The Method of Volume Averaging. Springer Netherlands, Dordrecht,
http://dx.doi.org/10.1007/978-94-017-3389-2.

Wood, B.D., Radakovich, K., Golfier, F., 2007. Effective reaction at a fluid—solid
interface: Applications to biotransformation in porous media. Adv. Water Resour.
30, 1630-1647. http://dx.doi.org/10.1016/j.advwatres.2006.05.032.

Wood, B.D., Valdés-Parada, F.J., 2013. Volume averaging: Local and nonlocal closures
using a Green’s function approach. Adv. Water Resour. 51, 139-167. http://dx.doi.
org/10.1016/j.advwatres.2012.06.008.



