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ABSTRACT

Keywords: The paper investigates the influence of adaptive sampling strategies on the generation of
Metamodel a metamodel based on Non-Uniform Rational Basis Spline (NURBS) entities, obtained from
Surrogate model unstructured data, with the purpose of improving accuracy while minimising computational
NU?‘B‘? X resources. The metamodel is defined as solution of a constrained non-linear programming
Opnm.l sation problem and it is solved through a three-step optimisation process based on a gradient-based
Adaptive sampling

Unstructured data algorithm. Moreover, this paper introduces a generalised formulation of the NURBS-based

Additive manufacturing metamodel capable of handling unstructured sampling data, enabling simultaneous optimisation
of control points and weights. Sensitivity analyses are performed to evaluate the influence
of various adaptive sampling techniques, including cross-validation-based and geometry-based
strategies, on the resulting metamodel, in terms of accuracy and computational costs. Analytical
benchmarks functions and a complex real-world engineering problem (dealing with the non-
linear thermomechanical analysis of a part produced with the fused deposition modelling
technology) are used to prove the effectiveness of the NURBS-based metamodel coupled with
adaptive sampling strategies in achieving high accuracy and efficiency.

1. Introduction

With increasing process complexity and the need to enhance manufacturing speed and understanding, fast and accurate Finite
Element (FE) analyses have become essential in many industrial sectors. However, the high computational costs associated with
complex physics-based simulations make these models unsuitable for optimisation, sensitivity analysis, and model calibration [1-3].
To address this challenge, metamodels (surrogate models) can be employed to substitute the costly simulation with an approximation
derived from a suitable training dataset [4-6]. Among the broad variety of metamodeling strategies available in the literature,
one can find reduced-order models [7,8], which retain the underlying physics but are limited to cases with accessible governing
equations, making them unsuitable for complex models defined by commercial software. Common alternatives are response surface
methods, such as Kriging [1,9-11], Artificial Neural Networks [12], Polynomial Chaos Expansions, Polynomial Chaos Expansion
based kriging [13], kriging combined with partial least-squares and its gradient-enhanced version [14], and metamodels based on
various basis of functions [4,14-17]. These approaches rely on a predefined training dataset and involve two main steps: (a) selecting
an adequate Design of Experiments, and (b) choosing an approximation technique to model the desired response.

Consequently, research is ongoing on finding the most effective methods for creating accurate metamodels with a minimum
amount of sample points and optimal approximation techniques. Despite progress, challenges remain, such as handling highly non-
linear responses, limited training datasets, and the time required to generate them. In particular, in engineering applications, the

* Corresponding author.
E-mail addresses: marco.montemurro@ensam.eu, marco.montemurro@u-bordeaux.fr (M. Montemurro).

https://doi.org/10.1016/j.cma.2025.117781



Acronyms

AE Accumulative Error

B-spline Basis spline

CNLPP Constrained Non-Linear Programming Problem
CP Control Point

Ccv Cross Validation

Cvv Cross Validation Voronoi

FDM Fused Deposition Modelling

FE Finite Element

GC-MMA Global Convergent Method of Moving Asymptotes
LHD Latin Hypercube Distribution

LOOCV Leave-one-out cross validation

NRMSE Normalised-root-mean-squared error

NURBS Non-Uniform Rational Basis Spline

RBF Radial Basis Function

TEAD Taylor-Expansion Based Adaptive Design

TP Target Point

WAE Weighted Accumulative Error

greatest computational expense is associated with the evaluation of the high-fidelity responses of sample points, which are used to
construct the surrogate model. Additionally, the position of sample points in the design domain can significantly affect the accuracy
of the resulting models [2,18].

From the literature, sampling methods can be categorised into one-shot and adaptive sampling [19]. In one-shot sampling, the
sample size and dataset are selected before model evaluation, without considering model error or accuracy. Common approaches
include “space-filling” methods [20], like Latin Hypercube Distribution (LHD), orthogonal arrays, Hammersley, Sobol sequences,
and uniform sampling [2,21]. However, determining the optimal sample size without prior knowledge of the target function is
challenging. Adaptive sampling addresses this by iteratively updating the dataset based on the constructed metamodel, improving
accuracy with fewer points [3,19,22]. The interested reader can find a detailed description of different types of sampling techniques
in [2,21].

The strategy for selecting new points in adaptive surrogate models depends on its final objective. For regions with high error
prediction or strong non-linearity, the focus is on local accuracy, using methods like Cross Validation (CV) errors [19] or gradient-
based criteria [2,23]. However, pure local searches may cause samples clustering and poor global representation [21]. If the goal
is high precision across the entire design space, a global search based on distance criteria may be more effective [19,21,22]. To
improve overall accuracy, a combination of local and global search strategies is typically needed [19,21,22,24,25].

Lastly, it is noteworthy that for non-intrusive response surface methods a key challenge is the ability to approximate highly
non-linear functions without overfitting, particularly with sparse data. Overfitted metamodels often fail to capture the underlying
features, resulting in artificial, non-smooth responses and reduced ability to be generalised. To mitigate this, various techniques have
been proposed, including early-stop methods, re-sampling, domain partitioning [13,26,27], and regularisation techniques [28,29].
Accordingly, different regularisation and domain partitioning techniques can be found in the literature in the context of kriging meta-
models [30,31], polynomial chaos expansion based kriging metamodels [13], and metamodels based on basis of functions [32,33].
In general, in these works the different smoothing techniques allow obtaining a better global approximation of the output response.

This paper presents a metamodeling technique based on Non-Uniform Rational Basis Spline (NURBS) entities enriched with
regularisation terms and integrated in an adaptive sampling strategy extending the works proposed by Vuillod, Zani et al. [4,5].
The metamodel is integrated in an adaptive sampling strategy, and following the work of Turner et al. [24], the most suitable
adaptive sampling method for a NURBS-based metamodel are those based on k-fold CV, and those based on geometry features,
such as distance and gradient criteria. Adaptive sampling strategies based on k-fold CV [34-36] allow to maximise the utilisation
of training database saving computational resources, whilst the geometry-based strategies allow to fully leveraging the properties
of NURBS entities, such as local support property and its analytical and deterministic natures. Regarding the construction of the
NURBS-based metamodel, in [5], the metamodel is generated as a solution of a Constrained Non-Linear Programming Problem
(CNLPP) whose resolution requires a three-step optimisation process of the continuous design variables of NURBS entities using the
dimension separation formulation [37]. However, the strategy presented in [5] is applicable only for a structured domain which
limits the possible gain in computational resources and limits the number of input variables that can be considered. The interested
reader can find a detailed description of the previous formulation in [5,37]. To overcome this limitation, in this work the metamodel
formulation is generalised to dataset obtained with unstructured and sparse domains. Moreover, the third step of the optimisation
process [5] is improved by optimising concurrently both CPs coordinates and weights considering the correlation between these
quantities due to the use of the adjoint method to derive the gradient of the model output responses. By allowing simultaneous
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Fig. 1. Workflow of the general adaptive sampling process and of the three-step optimisation process used to generate the NURBS-based metamodel.

optimisation of weights and CPs coordinates, the metamodel can potentially capture highly non-linear trends, improving its fidelity
in representing complex response hyper-surfaces with fewer computational resources. Finally, the regularisation term used to avoid
overfitting, initially introduced in [26,38] to obtain smooth surface in the context of surface fitting problem, is here generalised by
considering unstructured sampling techniques and the general formulation of the three-step optimisation process to generate the
NURBS-based metamodel. To identify the most appropriate adaptive sampling method, a sensitivity analysis of the NURBS-based
metamodel outcomes to one-shot strategies and sequential strategies is conducted. The aim of this sensitivity is to determine the
sampling technique that concurrently enhances the accuracy of the metamodel and reduces the required number of samplings.
Finally, the effectiveness of the proposed approach is evaluated through analytical benchmark functions and a complex real-world
engineering application.

The remainder of this paper is organised as follows: Section 2 introduces the NURBS-based metamodel formulation and the
related numerical strategy. The different adaptive sampling strategies are introduced in Section 3, and compared on different test
functions in Section 4. Section 5 shows the application of the adaptive NURBS-based algorithm to a real-world application. Lastly,
Section 6 ends the paper with conclusions and perspectives.

Notation. Upper-case bold letters and symbols are used to indicate matrices, lower-case bold letters and symbols indicate column
vectors.

2. Surrogate model based on non-uniform rational basis spline

The main purpose of this section is to present the theoretical fundamentals of the metamodel based on NURBS entities. The
workflow of the general methodology is shown in Fig. 1. The adaptive technique is integrated into the three-step optimisation
process [5] and new samples are added when the accuracy criteria are not satisfied. More precisely, the main steps are (i) metamodel
initialisation; (ii) construction of the surrogate models using the three-step optimisation strategy, and (iii) adaptive sampling
approach.



2.1. Fundamentals of non-uniform rational basis spline hyper-surfaces

A NURBS hyper-surface is a vector-valued function that maps a subset of an N-dimensional domain onto a subset of an
M-dimensional co-domain, denoted as h : A C RY — B C RM [5,37,39]. The explicit form of a NURBS hyper-surface reads:

n nN
h(¢},....¢n) = Z Z LR (S PR YD) TR 1
i1=0  iy=0
where h € BB represents the coordinates of the NURBS hyper-surface evaluated at the normalised parametric coordinates (¢}, ..., &y)-

The term R; ;. is the rational basis function defined as:
N
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In Eq. (1), p;,..i\ € RM denotes the coordinates of the generic Control Point (CP). The total number of CPs forming the control
hyper-net of the NURBS entity is ncp := H/’{V: (e + 1). Each CP has an associated weight w;, ;> 0, and all weights are stored
in the array @ € R"». The functions N; , are Bernstein polynomials of degree s, recursively computed using the Cox-De Boor
formula [39], based on the i, th knot vector component v; . The knot vector VZ € R"™*! is given by:
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The basis functions possess several key properties, such as the local support property, which allows for local modifications of
the NURBS entity without affecting regions outside the local support [5,39]. This property is useful for modelling localised strong
non-linear behaviour. Another important property is the partition of unity, meaning that when all weights are equal, the NURBS
hyper-surface reduces to a B-spline hyper-surface [39].

Generally, NURBS entities are widely applied in various fields, including topology optimisation [40,41], curve and surface fitting
problems [26,42], anisotropy optimisation for composite structures [43], and generating surrogate models [5,37]. For a deeper
insight in NURBS entities, the interested reader is referred to [5,24,39].

2.2. Surrogate modelling: Generation of the metamodel as a solution of a three-step optimisation problem

As discussed in [5] and shown in Fig. 1, the NURBS-based metamodel is generated by solving a three-step optimisation process
using information from a training dataset Q,, made of npp Target Points (TPs). As shown in Fig. 1, the number nyp of TPs composing
the training set is determined iteratively when considering an adaptive sampling technique.

Specifically, starting with an initial dataset Q,, of size nyp, and the normalised design of experiments ¢, € RY, where
normalisation is applied over the range [0, 1] or through distance-based methods [44], the metamodel is initialised by setting the
values of the integer parameters ny, s, according to [37,39,42]. The number of CPs along each parametric dimension is calculated
using the formula

me =t /np] — 1, (©)]

n
where -] is the floor function, and r = —= represents the ratio between the number of CPs and TPs in dataset Q,. This ratio is

generally set as = > 1/3, following literatur;‘TePguidelines [5,37,42], as it provides a good balance between accuracy and manageable
data size. Lastly, the degree of the basis functions, s, is typically set to 2 or 3, depending on the problems non-linearity. The objective
function is usually formulated as an £2 norm, as in least-squares problems, but modifications are required when incorporating a
smoothing term. Finally, the weights w; _;  associated with each CP can either be initialised to the same value (e.g., the unity),
which leads to B-spline hyper-surfaces, or determined using empirical rules [45].

As mentioned above, the initialisation of the variables tuning the metamodel is highly dependent on the training database Q,,
that is provided as input to the problem at hand. For the applications proposed in this paper, the initial training database is generated
using a space-filling sampling, such as Latin Hypercube Distribution (LHD), and a low-discrepancy one, such as Hammersley
sequence [46]. Moreover, corner points have been added a posteriori to the initial sampling techniques to be more suitable for
a NURBS-based metamodel.

Regarding the workflow implemented for the generation of the NURBS-based metamodel shown in Fig. 1, while the stopping
criteria are not met:

» Generate the metamodel optimising the coordinates of CPs.

« If the accuracy metrics are not satisfied, the inner components of the knot vector are optimised. The inner knot vector
components of v, can be initialised uniformly or using De Boor’s algorithm [13] and optimised using a gradient-based
algorithm, as discussed in [5].



« If the accuracy of the optimised B-spline with respect to CPs coordinates and v, is worst than the B-spline obtained only after
optimisation of CPs coordinates, the training database is updated using the adaptive sampling technique. Otherwise, the stop
criteria are checked and if they are not met, the weights associated to the CPs are included in the problem formulation and
optimised using a gradient-based algorithm as discussed in [5].

« If the stop criteria are not satisfied, the training database is updated using the adaptive sampling technique, and the integer
variable n, is updated as a function of npp.

For each step of the three-stage optimisation process an appropriate problem formulation and a dedicated resolution strategy has
been implemented based on the approach presented in [26,42]. Specifically, the optimal coordinates of CPs are computed analytically
from TPs by solving a least-squares minimisation problem [5,26]. On the contrary, for both second and third optimisation phases,
the Global Convergent Method of Moving Asymptotes (GC-MMA) algorithm [47,48] is used and the gradient of the cost function
with respect to knot vectors components and weights is analytically derived, as presented in [5].

Regarding the stop criteria of each step of the optimisation process, the accuracy of the resulting metamodel, which is measured
with respect to the control (or validation) database Q,, has to be greater than a threshold value and it is measured through the
use of accuracy metrics. Moreover, if there is no increase in accuracy between two successive steps of the optimisation process, the
training database is enriched as it does not contain sufficient sample points to build the hyper-surface response. In the following of
this work the considered metrics are:

+ Determination coefficient R2 along a output direction defined as

2 (aay = o (10 )
q Clis e Cni))
2 _ a,i o N N
RZ=1-) — : ©)
i=1 (qnt,i - th)
where h, refers to the metamodel prediction assessed for the generic point of the validation database Q., whereas g, is the
arithmetic mean of the considered output values g, ; associated to the TPs belonging to Q..
+ The mean relative error £, along a output direction defined as

Qa,i — hy (Cl,i’ a(N,i)‘

ntp

1

Ey = — ) (6)
 onpp & 40,
+ The local, i.e., point-wise, error expressed as:
er,, = gy = dogl. =1, ngp, )
» The normalised-root-mean-squared error (NRMSE) along the general « output direction that can be calculated as follows:
np 2
iny (@i =1y Cn )
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The NRMSE allows comparison of the metamodels error values with regard to different results.

Of course, not all considered problems require the resolution of the three steps of the optimisation process. As it will be shown
in Section 4, very often a B-spline entity with only CPs and knot-vector components included in the vector of the design variables
is enough to satisfy the above accuracy metrics.

2.2.1. Optimisation process implementation

This section provides a brief overview of the various optimisation steps depicted in Fig. 1 and described in detail in [5].
Nevertheless, the extension of the formulation presented in [5] is presented more comprehensively. It is noteworthy that this
work fully generalises the formulation of the metamodel generation, making it suitable for use in an adaptive workflow and
unstructured domain, in contrast to previous works [5,26,37], which addressed the generalisation of the metamodel to multiple-
inputs multiple-outputs problems using the dimension separation formulation and defined the smoothing term specifically for surface
fitting problems.

The expression of the cost function in the most general case is:

| v o [ 2
fori =7 2 fovia =7 20 | 2 (halCris s En) = dui)” + Ao | 5 9
fo 2ol haa S
where « is the generic output coordinate in the co-domain, 4,(¢; ;. ....{y ) is the ath coordinate of the ith point of the hyper-surface

evaluated at normalised parametric coordinates ¢, ;, and ¢, ; is the corresponding TP. The term f, stands for the initial value of
the objective function at the beginning of the optimisation. The term J, is the smoothing term in the output direction «, and 1 is
a coefficient that aims at balancing the contributions of the first term, which is related to the distance between the NURBS entity
and the TPs, and the second term, which is related to the local oscillations of the NURBS entity. The coefficient 1 is assessed



according to the strategy discussed in [26,38] for surface fitting problems by generalising the theoretical framework to the case of
hyper-surfaces. The general expression of the smoothing term J, [49] is:

2
L d 0 ho(Cy. - EN)
Ja = _— deé, - , 10
¢ /0 /0 Z (dl,...,dN><a§]d1 e O IN SRIIY (10)

di+--+dy=d

where d = Zﬁ:] d, is the maximum derivative order, which is set to d = 2 in the following of this paper. Quantities d, (k=1,..., N)
in Eq. (10) are the partial derivative orders.

The following linear index is introduced to use a more compact matrix notation:

N j-1
KCP=1+Z<ij H(nk+l)>. an
j=1

k=1
By using the linear index of Eq. (11), the expression of the cost function in Eq. (9) can be written in a compact form as:

1

M
o Y [Rp, —q,)" Rp, —q,) +4J,], (12)

a=1

Sobj =

where h, = Rp, is the ath component of the NURBS entity computed at the parametric coordinates obtained from the input variables
values used to generate the training dataset Q,, whilst q, € R"™ is the vector that collects the ath component of the TPs in the
training dataset obtained for various combinations of the input variables. The vector p, € R"cP contains the ath coordinate of CPs,
whereas matrix R € R"™*"cp s the matrix of the basis functions whose components are defined as:

RKTP,KCP = RilA.,iN (gl,l("rp’ 7¢N,KTP) ) 13)
where the link between the indices i; and xcp can be deduced from Eq. (11). Moreover, using the linear index, the smoothing term
can be conveniently expressed in matrix form [26,38] as:

J, = szpa. 14

Matrix E € R"cp*"cp is built directly from the matrix of basis functions R and its components read:

E, ,=

d d
D O A O A e e )
e
dy+ordy=d N1 dN ) Jo o Jo 0 agldl ..‘gl‘ffN agldl ..‘gl‘ffN

In the above formula, indices y, and y, vary like the linear index xcp of Eq. (11), whilst indices i, j, vary like indices i, of Eq. (1).

Following the guidelines in [38], the constant A, which controls the trade-off between smoothness and fit, is calculated as:
_IR™R |,
~ IEIlf

where || - || stands for the Frobenius norm [38].

; (16)

If the weights associated with CPs are all equal, Egs. (12), (13), (15) and (16) can be simplified. Specifically, matrix R simplifies
to matrix N € R"Tp*"cp of Bernstein polynomials whose components read

N
NKTPJ(CP = HN"/ij (C/vKTP) : a7)
j=1
Consequently, the components of matrix E € R"cP*"'cP become
Ey iy =

2 ([ e )
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where the maximum value for the derivative d; + -+ + dy =2 in the following of this paper.

Following the work of Bertolino et al. [26], the matrix E, for a surface, can be defined as E = A +2B + C with A, B, C € R"cp*"cp,
In the general case of a hyper-surface of dimension M with N inputs, the numerical implementation of the term E becomes very
complicated. However, in the case of a B-spline, the matrix E can be expressed as

N N
E= Z(Ak+22Bk,q>, (19)
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Table 1
Parameters of GC-MMA algorithm [47]. The variables n;, depends on the problem at hand,

whereas the variable n,,, depends on the optimisation step.

Parameter Value
move 0.1
alpha 0.1

Stop criterion Value
Max evaluation of f; 100 X ny,,
Max number of iterations Piter
Threshold f,; 1078
Threshold optimised variables 1078
Threshold on KKT norm 10-°

where A, B, , € R'ceX"ce have components defined as follows

1
Ay, y2=(H / N5, €Dd¢; /0 0;’" dg, H /0 N,-,,s,(c,)dc:,>
P I1=k+1
<H / N, (€, / ag“kdck il / s,@,)d;),

k r=k+1

(20)
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In the first step of the optimisation process only B-spline entities are considered as the weights associated to CPs coordinates are
set all equal to the same value. Following the approach presented in [5], the optimal values of the CPs coordinates are computed
through the following formula:

= (N'N+JE) "' NTq,, (22)

where matrix N € R"TP*"cP has components defined in Eq. (17). Eq. (22) results from the analytical resolution of a CNLPP problem
of Eq. (12) with CPs as design variables.

After evaluating the optimal values of the CPs coordinates using the analytical approach, the inner knots and weights are
optimised in the second and third optimisation phases of the process shown in Fig. 1, respectively. The solution of the optimisation
problem is found using the GC-MMA algorithm [47], of which the parameters and convergence criteria used in this work are listed
in Table 1. In order to solve the CNLPP problem by means of the GC-MMA algorithm, the partial derivatives of the objective function
fobj of Eq. (9) with respect to inner knots (&) and weights (&,) variables must be computed. Employing the linear index of Eq. (11),
the partial derivatives can be expressed as follows:

0 f obj 6]
= 2Rp, - 4, = =) (23)
0% Z o 05 043-,1
with / = 1,...,n,, when j = 1 (second optimisation phase) and / = 1,...,ncp when j = 2 (third optimisation phase). For j = 1

(second optimisation phase) the matrix R simplifies to matrix N of Bernstein polynomials whose components are defined in Eq. (17).

Specifically, in [5], in the last step of the optimisation process the CPs coordinates where not updated at each iteration of the
optimisation process. In this work, on the other hand, the user can choose to dynamically adjust the coordinates of CPs by replacing
matrix N with matrix R in Eq. (22) as a function of the optimised values of the weights for each iteration of the optimisation
process. This improvement allows to obtain better results at the end of the third optimisation step as the metamodel is able to
capture non-linear trends, improving its accuracy in representing complex response surfaces. Moreover, the contribution associated
to smoothing term is neglected by setting 4 = 0. The analytical expression of the derivatives of quantities h, and J, in Eq. (23) is
provided in Appendix.

The effectiveness of the dynamic optimisation of CPs and weights is shown through a numerical application on a benchmark
function. The problem studied corresponds to the Drop-Wave function already used in [5] to show the influence of the optimisation
of the knots and weights on the metamodel accuracy.



Table 2
Parameters of the metamodel, training database size, input variables and bounds for the Drop-Wave function

problem.
Input variables Sk nrp ny T B @iy
M3 (x1,%5) 2 225 12 4/5 10, 1] [1,10]
Table 3

Results in terms of f;, R? and ¢ for the Drop-wave function assessed on the corresponding training dataset
Q,. The gain is evaluated comparing the value of the objective function at the end of the first phase of the
optimisation process with that found at the end of the third phase.

First step Second step Third step Gain [%] Formulation [5]
Sob 1.000 0.201 0.058232 94.2 -
2 0.6 0.9357 0.983 - 0.948
£ 0.256 0.0742 0.0224 91.25 0.0705
10 Initial B — spline Optimised B — spline 10 Optimised NURBS
0.8
3 ’ o
-
° 0.6
0.5
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Fig. 2. Contour plot of the local error e, ~with ratio r = 4/5 for the approximation of drop-wave surface using the general formulation for the weights
optimisation.

The non-linear 2D function f(x;,x,), with N =2 and M =1 reads:

F(xp,x,) =1—cos <2m/x%+x§>+0.l\/xf+x§, (24)

with x,,x, € [-10, 10].

The parameters used to generate the metamodel along with the bounds of the inner knots and weights used during second and
third optimisation phases, and the size of the training database are reported in Table 2. It is noteworthy that the TPs forming the
training database have been obtained via uniform sampling technique. The whole optimisation process has been carried out without
including the smoothing term in the formulation of the cost function.

Fig. 2 shows the local error for metamodel M3 for each optimisation phase between the points of the training set Q, and the
metamodel. The associated performances assessed on the corresponding training dataset, in terms of £ and R?, are reported in Table 3
for both the problem formulation presented in [5] and that proposed in this paper.

By comparing the results listed in Table 3, one can notice that updating the coordinates of CPs during the third optimisation
step has a considerable effect on the results.

Lastly, Fig. 3 shows the effects of CPs coordinates calculation during optimisation plotting the local error e, . between the
points of the training set Q, on metamodels obtained at the end of the third optimisation phase with the formulation presented in
this paper and the dimension separation formulation presented in [5].

The associated performances in terms of £ and R? for the two metamodels are R> = 0.983 and £ = 0.0223 for the general
formulation, and R? = 0.948 and £ = 0.0705 for the dimension separation formulation. These last results, in accordance with Fig. 3,
show that updating the coordinates of CPs in the last step of the optimisation process remarkably improves the final results.

The use of the general formulation, however, highly increases the computational costs and memory usage making it impractical
for high-dimensional problems or with a large number of variables. For this reason, different sampling strategies must be employed
to train the metamodel on training set of reduced size to overcome this problem.

3. Adaptive sampling strategies for a NURBS-based metamodel

The main idea at the basis of an adaptive sampling method is that for a transfer function h : A € RY — B C RM, the initial
training dataset Q, is constituted of ngpy TPs {. The new sample (., is iteratively updated by solving an optimisation problem
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Fig. 3. Contour plot of the relative error e, ~for general formulation and the dimension separation one [5] at the third step of the flowchart in Fig. 1 on
reduced training database and ratio v =4/5.

based on a global-local sampling criterion and defined as follows [19]:

& pew = Argmax (w,loc(f) + a)globalglob({)) , (25)
¢*eRN

where ¢* is the feasible optimal solution, and wj,., and wg, are the weights used for the local exploitation and global exploration
criteria, indicated as loc and glob, respectively.

For a NURBS-based metamodel, as stated in [23], the most suitable local-global adaptive techniques can be classified with respect
to two main categories:

» The Cross Validation (CV) based adaptive sampling methods that use the k—folds cross validation error as a local exploitation
predictor, since it allows measuring the sensitivity of the metamodel to the lack of information, and a distance-based criterion
as a global exploration predictor. The distance-based allows unveiling regions of the input domain with high prediction error
adding distance constraints in the optimisation problem [19,21]. The distance criterion can be continuous and defined using
a £? norm operator, or discontinuous (e.g., Voronoi tessellation [50], Delaunay triangulation [21]). The CV-based approaches
adapted for NURBS-based metamodels are detailed in Section 3.1.

The geometry features based adaptive samplings techniques use a gradient-based search for the local exploitation predictor,
and a distance-based criterion for the global exploration predictor. The geometry features based approaches employed for
NURBS-based metamodels are detailed in Section 3.2.

The interested reader is referred to [19,21,23] for a survey on the adaptive sampling techniques available in the literature.
Moreover, from a numerical point of view, the optimisation process is performed using GC-MMA algorithm [47] with parameters
and convergence criteria listed in Table 1. The maximum number of iterations is set to n;,. = 100 to reduce computational costs.

3.1. CV-based adaptive sampling methods

The adaptive sampling techniques based on the CV approach allow for a maximum utilisation of the training database. Generally,
among the k—folds approaches, the most used one is the leave-one-out cross validation (LOOCV) error in which k is equal to the
size of Q,. In fact, the entire dataset Q, of size nyp is divided in k mutually exclusive subsets Q, and, Vj € [1,npp], an auxiliary
metamodel h_; is trained on npp — 1 samples. The LOOCV error e; oocy(¢;) is then evaluated at point ¢; as

eroocy,i (€)= h() —h_;¢)l, V) € [1,nppl. 26
This local measure is repeated for all the samples and the total LOOCV error is evaluated as:
1 ntp 5
ocy =\ e 2 (€D —hy0)" on
i=1

However, to make the value of LOOCV error continuously available over the entire domain, a degree of influence criterion is
introduced to estimate the error of any unobserved points as a function of e; gocv ;(§;) [21,34,35]. Lastly, a distance-based criterion
is used for the exploration part to avoid clustering phenomenon (points too close to each other). In general, the new sample point
is defined as a solution of the constrained optimisation problem

Cnew = cine%év eroocy,j(§1)s -+ eLoocy,j (€ngp)s 28)
subject to: min £2(¢) > S,



with S a space-filling metric value that is defined as a distance threshold.

Among the existing strategies [21], in this paper the Accumulative Error (AE) [35], Weighted Accumulative Error (WAE) [34],
and the Cross Validation Voronoi (CVV) [50] adaptive sampling techniques, initially implemented for kriging metamodels, are
adapted to NURBS-based metamodel. For every strategy, the CV criterion is used for exploitation, and a distance-based criterion
is employed for exploration of the design domain, and the new sample point is obtained by solving a constrained optimisation
problem. The numerical implementation of these techniques can be found in [21,34,35,50]. When applied to a metamodel based
on NURBS entities the gradient of the optimisation problem is obtained analytically. Moreover, for a metamodel based on NURBS
entities, this method only works correctly by keeping the samples on the boundaries during calculation. It is noteworthy that, when
employing the Cross Validation Voronoi (CVV) technique, for high dimensional problems, the discontinuous distance criterion is
more complex than in 2D or 3D due to the nature of N-D manifold. In fact, instead of a polygon (2D) or polyhedron (3D) the search
has to be done in a polytope with a method based on the concept of half spaces [51].

3.2. Geometry-based adaptive sampling methods

Adaptive sampling methods based on exploitation of geometric features are the most suitable for a metamodel based on B-spline
or NURBS entities as they allow the exploitation of their analytic nature and the local support property [23]. Among the different
approaches available in the literature [21], in this work only the Taylor-Expansion Based Adaptive Design (TEAD) is used and
discussed.

The TEAD technique, initially introduced by Mo et al. [25] for kriging, uses a gradient-based criterion for exploitation and a
distance-based criterion for exploration with non-fixed balance between the two contributions. The new sample point is obtained
solving a discontinuous optimisation problem defined as follows

Dyin(§) R(&®)
Cnow = max | —=—— + wipap(§*) ————|. (29
e | X Dpin(4) (max R(&)
min(§™) . . . e . . N -
The term is the normalised distance metric defined as the minimum distance between sample points in the existing
MaXg g Drin (§)

design of experiments and a set of candidate points ¢ € C,,4, uniformly distributed in the domain (by considering the LHD sampling
technique in the following of this work). In general, the number of candidate points n,,, is a multiple of TPs, for which the output
responses are not evaluated. Accordingly, they are points only added in the input domain that do not have a calculated image in
the co-domain.

The gradient-based exploitation, defined as a Taylor-expansion based scheme, is used to obtain the local information through
the metamodel gradient. Thanks to the nature of NURBS entities, the gradient is evaluated analytically. The term R({) represents
the local residual and it can be formulated as

R(&) = |h(&) —1(D)I, (30)
where #(¢) is the first-order Taylor expansion of h(¢) defined as
#(§,a) = h(a) + Vh(a)({ —a), (31

where a is the sample having the smallest distance to ¢, and Vh(a) is the gradient of h(¢) in a [25]. It is noteworthy that the
exploitation term is weighted using the weight wrg,p(¢) given by
D, min(g)
-

max

wrpap(§) =1~ (32)

with L, the maximum distance between two points in the domain. The weight allows for an optimal compromise between
exploration and exploitation criteria.

4. Application of adaptive samplings techniques to analytical functions

The aforementioned adaptive sampling methods are adapted to the NURBS-based metamodel and tested on several analytical
functions taken from the literature. The test functions are shown in Fig. 4 and their analytical form is reported in the following.

+ Droplet function [20]
125

Dy, &) = —de~ T EHD 47 PG, -
with (¢, &) € [-1, 11 X [~1, 1] and represented in Fig. 4(a).
« Franke’s function [20]
FE0) = 3 |1 (00-22406-22) | =55 00+17- 500417 | |
’ 4

i (34
1 1 (06-12406-37) _ 1 ~06-47-05-7?
2 5 ’

with (£,¢,) € [0,1] X [0, 1] and represented in Fig. 4(b).
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Fig. 4. Test functions for comparing sampling methods on the generation of a NURBS-based metamodel.

» Rastrigin function [2]
R(&1,8) =20+ 2 + 2 — 10 (cos (278)) + cos (278,)) , (35)

with (£;,¢,) € [-0.8,0.8] x [-0.8,0.8], represented in Fig. 4(c).
« the Griewank’s function with N =4 [35]
N2 N ¢
G = L _ =L 1
(9] 2 2000 ’11005<\/l__>+ , (36)

i=1

with ¢; € [-4, 4] and represented in Fig. 4(d), for N = 2.

The test functions are chosen to represent non-linear multi-modal problems. The initial training database Q, is defined using
Hammersley low-discrepancy distribution and the optimised LHD distribution. The stop criterion in terms of maximum number of
samples is set as nE* =150 for the 2D cases, and nEx = 200 for the 4D one, to limit the computational costs. Moreover, for the TEAD
adaptive sampling technique, a number of candidate samples equal to n.,,q = 200np is considered for the different test functions
of this section. The accuracy of final results is evaluated on a validation database O, obtained from fine grid of 50 x 50 evaluation
points for 2D cases, and 50* points for the 4D one, in terms of £ and NRMSE of Egs. (6), and (8), respectively. The metamodel is
considered accurate enough when € < 5% and NRMSE< 2% for 2D cases, and when £ < 10% and NRMSE< 5% for the 4D case.

For the 2D test cases, the initial number of samples is set as npy = 29 (25 samples + 4 samples at design space corners), while
for the 4D case it is considered an initial number of samples of npp, = 100. For computational reasons, the adaptive techniques on
the Griewank’s function are compared only for Hammersley distribution.

Lastly, the training is performed by only considering the formulation of the problem without the smoothing term. The parameters
used to generate the metamodel along with the bounds of the inner knots and weights used during second and third optimisation
phases are reported in Table 4. The number of CPs along each input direction is evaluated using Eq. (4) for each iteration of the
training process.

The results obtained after constructing metamodels through four different adaptive sampling methods are listed in Table 5,
together with the gain (in brackets) in accuracy compared to the beginning of the training. For the 2D cases, it can be seen that
TEAD and CVV techniques bring the best performances after convergence in spite of a slight higher number of samples, as listed in
Table 5. Moreover, all the methods have relative improvement of £ from the initial metamodel based on 29 samples. Specifically,
for the Hammersley sampling the relative improvement ranges from 7% for AE technique to 97% in the case of TEAD technique,
whereas for the LHD the minimum improvement is of 33.7% for TEAD strategy and the maximum one is 96% for WAE technique.



Table 4
Input variables and bounds for the benchmark function problems.
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Table 5

Results in terms of npp, £, and NRMSE at convergence for the benchmark functions. The gain (in brackets) is evaluated
comparing the value of the metric at the beginning and at the end of training. The worst and best results for each
considered case are highlighted using red and green colours, respectively. (For interpretation of the references to colour
in this table, the reader is referred to the web version of this article.)

Test function LHD Hammersley
nrp E% NRMSE% nrp % NRMSE %
ACE 69 4.71 (96%) 1 (96%) 69  4.23 (97.1%) 0.8 (93.9%)
Droplet WAE 100 1.73 (93%) 88  3.897 (97.3%)  0.76 (94.2%)
P CVVor 76 4.617 (96.15%) 1.61 (96.9%) 89 4.03 (97%) 1.491 (88.6%)
TEAD 71 4.768 (95%) 77
ACE 49 4.71 (82%) 1.81 (69.2%) 98 3.67 (85.1%) 1.508 (76.44%)
Franke WAE 107 3.42 (86.9%) 0.54 (90.8%) 77 2.17 (66%)
CVVor 86 72 4.74 (80.73%)  1.697 (66.1%)
TEAD 128  3.29 (87.4%) 0.63 (89.3%) 78  4.92 (80%)
ACE 33 4.14 (41.2%) 1.9 (51.1%) 33 4.35 (7.2%) 1.999 (10.4%)
Rastriein WAE 33 4.96 (29.6%) 1.85 (52.4%) 38 4.19 (10.7%) 1.87 (16.1%)
g CVVor 36 1.97 (49.3%) 41 4.14 (11.73%) 1.98 (11.2%)
TEAD 33 4.669 (33.7%) 36

Fig. 5 shows the relative improvement in terms of €, and NRMSE compared to the metamodel generated using the one-shot
sampling strategy. Nevertheless, as the metamodel is run until achievement of convergence criteria in terms of ¢ and NRMSE, the
results of each technique shown in Fig. 5 are not obtained under the same conditions, neither for the number of CPs nor for the
step of the adaptive optimisation process at convergence. Accordingly, the improvement shown in Fig. 5 is obtained generating the
one-shot metamodel with the same number of nyp and ncp and optimisation step after convergence for each adaptive techniques.

From Fig. 5, it can be observed that only TEAD technique presents an improvement in terms of performances if compared to
the one-shot strategy for all the presented 2D test cases. Lastly, it can be noticed that the stronger the non-linear behaviour of the
function, the more samples are needed to satisfy the convergence criteria.

The results reported in Table 5 and shown in Fig. 5 for the LHD initial sampling cannot represent the advantages and
disadvantages of different sampling methods adequately because the samples are generated randomly when considering the LHD
technique. Accordingly, every metamodel is constructed 10 times with the same sampling method with a stop criterion for the
maximum number of samples at n[;* = 50 for computational reasons. The results are shown in statistical graphics of Fig. 6, in terms
of NRMSE, to illustrate the deviations of the accuracy of each metamodel. Boxplots allow splitting numerical data in quartiles. The
50th percentile value (median) is indicated by the centre line of the boxplot, while the 25th and 75th percentiles are shown by the
bottom and top lines of the box, respectively. Small boxes represents results with low standard deviations, exhibiting, hence, low
uncertainty in the predictions. The points outside the horizontal lines indicate erroneous/unexpected results. From the results shown
in Fig. 6, one can notice that the median values of NRMSE for TEAD technique is smaller compared to the other methods for the
Franke’s function (Fig. 6(b)), and Rastrigin function (Fig. 6(c)), whilst for the Droplet function, the lowest median value of NRMSE
is found for the CVV method. Nonetheless, the size of the box for this method is important suggesting high variability of the results.
Accordingly, also for this test case, the TEAD predictions have a higher level of confidence and global accuracy. Lastly, outliers occur
because, with a limited sample size and the randomness of initial sampling, not all 10 runs meet the accuracy criteria. As a result, the
algorithm reaches the maximum number of samples allowed before achieving the desired accuracy. Nonetheless certain techniques
offer better approximation capabilities with reduced variability and among the strategies proposed, the TEAD method consistently
exhibits lower discrepancy (smaller box) and a reduced overall median compared to the other adaptive sampling methods for a
NURBS-based metamodel. Moreover, the erroneous points for this method are very close to the average value.

For the 4D benchmark function, on the other hand, it is noteworthy that only TEAD sampling method allows respecting the
imposed convergence criteria, in terms of € and NRMSE, for a number of samples npp < 200, as listed in Table 6. However, all the
adaptive sampling strategies have relative improvement from the initial metamodel based on 100 samples.

Lastly, Fig. 7 shows the improvement in performances if compared to the one-shot strategy with the number of samples after
convergence or after meeting the stop criterion (maximum number of samples) for the 4D Griewank’s function. For this case, the
results are obtained after the third step of the optimisation process of flowchart of Fig. 1. As for the 2D cases, the TEAD technique
is that ensuring the best improvement compared to the one-shot technique with same initial conditions.

In conclusion, the TEAD method guarantees better final results compared to the other proposed strategies and it is used in the
following of this paper as adaptive sampling method for a NURBS-based metamodel. In fact, on the one hand, this strategy allows
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Fig. 5. Performance evolution in terms of £, and NRMSE from the one-shot strategy to the metamodel generated using adaptive sampling using the same
number of samples and at the same step of flowchart of Fig. 1. The worst and best results for each displayed case are highlighted using red and green colours,
respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 6. Assessment of metamodels: mean NRMSE between different adaptive samplings designs.



Table 6

Results in terms of npp, £, and NRMSE at convergence for the 4D
benchmark function. The gain (in brackets) is evaluated comparing
the value of the metric at the beginning and end of training. Red and
green colours represents the worst and best results. (For interpretation
of the references to colour in this table, the reader is referred to the
web version of this article.)

Hp E% NRMSE %
AE 200  9.58 (70.6%) 6.88 (73.54%)
Griewank  WAE 200 8.2447 (74.2%) 512 (80.3%)
TEWANXcyv 200  8.56 (73.2%) 6.97 (80.4%)
TEAD 168
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Fig. 7. Performance evolution from the one-shot strategy to the metamodel generated using adaptive sampling using the same number of samples for the 4D
Griewank’s function. Red and green colours represents the worst and best results. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

Table 7
Design variables for the training of the considered metamodeling strategies. All the other
parameters are equal to their default values [14].

Kriging RBF
0=10"2 dy =4

obtaining results with less variability and a positive improvement for all the presented examples by considering, on the other hand,
a slightly higher number of added samples. Moreover, it uses the gradient information thereby making it particularly suitable for a
NURBS-based metamodel.

4.1. Comparison with classical approaches

The effectiveness of TEAD adaptive sampling method coupled with the NURBS-based metamodel is further assessed by comparing
it with classical surrogate modelling techniques, specifically Kriging and RBF, which are, of course, coupled with the same adaptive
sampling method. Two benchmark functions are used for this analysis: the 2D analytical function of Eq. (34) and the 4D analytical
function of Eq. (36).

The classical approaches were implemented using the Python surrogate modelling toolbox [14], with the primary hyperparam-
eters detailed in Table 7. The mathematical formulations and implementation details of Kriging and RBF are provided in [14] to
which the reader is addressed for a deeper insight in the matter.

The results, summarised in Table 8, demonstrate that NURBS-based metamodel has better performances compared to classical
surrogate models in terms of both accuracy and computational efficiency. For the 2D case, the NURBS-based metamodel with the
LHD initial training database achieves the lowest NRMSE of 0.63% (89.3% improvement) and an error reduction of 3.29% (87.4%
improvement). Using the Hammersley initial training database, Kriging exhibits more accurate solutions with fewer needed samples.
RBF shows lower gains and fails to meet the imposed stop and convergence criteria satisfactorily.

For the 4D case, the NURBS-based metamodel shows clear advantages when coupled with TEAD adaptive sampling, achieving
an NRMSE of 4.96% compared to 9.68% and 22% for Kriging and RBF, respectively.

Nonetheless, all the proposed metamodeling strategies have relative improvement of € and NRSME from the initial metamodel
based on 29 and 100 samples for the 2D and 4D case, respectively.

The plots in Fig. 8 show the relative improvement in terms of €, and NRMSE for each surrogate model against the one-shot
training database using the same number of samples after convergence.

As shown in Fig. 8(a) for the 2D case, only the NURBS-based metamodel demonstrates consistent improvement over one-shot
strategies. This can be attributed to the analytical evaluation of gradients in the proposed approach, which provides a significant
advantage over numerical gradient evaluations used in Kriging and RBF.



Table 8

Comparison of different metamodels. Results in terms of np, £ and NRMSE at convergence for benchmark
functions of Egs. (34), (36). The gain (in brackets) is evaluated comparing the value of the metric at the beginning
and at the end of training.

Type of metamodel

Hp % NRSME %
2D case (Eq. (34))
NURBS Hammersley 78 4.92 (80%) 1.01 (84.2%)
LHD 128 3.29 (87.4%) 0.63(89.3%)
Krigin Hammersley 67 4.34 (63.8%) 0.84 ( 70%)
ging LHD 60 477 (74.8%) 0.69 (73%)
RBF Hammersley 150 16.8 (39.3) 2.52 (59.02%)
LHD 150 16.7 (44.8%) 2.45 (47.5%)
4D case (Eq. (36))
NURBS 168 7.638 (76.5%) 4.958 (80.9%)
Kriging Hammersley 143 14.75 (26%) 9.68 (76.7%)
RBF 200 32.57 (38.7%) 22 (47.6%)
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Fig. 8. Comparison of different metamodels. Performance evolution from the one-shot strategy to the metamodels generated using adaptive sampling using the

same number of samples. Red and green colours represents the worst and best results. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

For the 4D case, Fig. 8(b) shows that an adaptive sampling training improves the accuracy of all proposed metamodels compared

to the one-shot training database. However, the NURBS-based metamodel achieves the best balance of accuracy and number of
samples.

In conclusion, the NURBS-based metamodel, when coupled with an adaptive sampling strategy, consistently demonstrates higher
accuracy and efficiency, particularly in multi-dimensional applications. In comparison, classical approaches, such as Kriging, provide
satisfactory results in lower dimensions, but their precision and scalability are considerably reduced in higher dimensions. In

addition, the RBF approach does not meet convergence criteria, thus highlighting the limitations of this method for the complex
databases.



Fig. 9. Example of a 3D printed part built on a raft.
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Fig. 10. Geometry of the planar spring in ABS material. The points S-i (i = 1, ...,8) represent the nodes where the output is extracted at the end of the simulation.
The part thickness is 0.95 mm.

5. Evaluation of the warpage of a 3D-printed planar spring

In this section, the effectiveness of TEAD adaptive sampling method for a NURBS-based metamodel is tested on a complex
numerical problem involving N = 3 design variables. The problem aims to evaluate the warpage of the part after cooling as a
function of the selected Fused Deposition Modelling (FDM) process parameters [52]. FDM is a cost-effective and versatile additive
manufacturing technology widely used in aerospace, automotive, and medical sectors [53] due to its easy integration into the
design processes [54], ability to print various materials, and low cost [55]. FDM creates 3D structures through the layer-by-layer
melt-extrusion of plastic filament.

Several process parameters and printing strategies may significantly affect the quality of FDM-printed parts, necessitating an
investigation of the design space to enhance accuracy, mechanical properties, and efficiency, in particular for high performing
filaments such as PEEK, ABS and other composite reinforced filaments. The studied numerical problem focuses on the geometrical
accuracy related to the thermomechanical phenomena involved in the printing process. Specifically, the combination of temperature
gradients and printing strategies leads to part distortion, known as warpage, which arises from thermal shrinkage and stresses during
manufacturing. Factors influencing warpage include part geometry, material properties, and deposition parameters, such as layer
thickness, chamber temperature, deposition speed, strategy, and building plate temperature [52,55,56]. Experimentally, to prevent
detachment and help with bed adhesion, support structures known as rafts and skirts are typically used. Specifically, a raft is a
horizontal latticework of filaments on which the part is printed, as shown in Fig. 9.

In this section, the thermomechanical simulation of FDM process is presented and applied to a simple 3D part manufactured by
using an Acrylonitrile Butadiene Styrene (ABS) filament. The purpose is to simulate the post-cooling residual distortion of the part
as a function of the selected process parameters. The commercial software ABAQUS is used to perform the analyses and simulate
the printing process through the progressive element activation technique [4,57]. The FE thermomechanical model is inspired of
that presented in [54]. Finally, the simulation results are compared and validated against data available in literature [54].

5.1. Thermomechanical model and validation

The thermomechanical FE model presented in this section simulates the manufacturing of a thin planar spring as shown in
Fig. 10. Furthermore, no bed adhesion structures, such as raft or skirt, have been considered in the proposed model.

The printing strategy is extracted from the G-code generated from the 3D printer slicer RepetierHost! and converted, through
Python scripts, into the definition of the printing strategy used to generate the FE model. The analysis involves a weak coupled
thermomechanical simulation where nodal temperatures obtained in the thermal analysis are transformed in equivalent nodal forces
for the mechanical analysis. The model outputs are the out-of-plane displacements at nodes s-i (i = 1,...,8) shown in Fig. 10.
Furthermore, to simulate the bed adhesion, the bottom surface of the part is constrained throughout deposition and cooling, as
shown in Fig. 11(a). After cooling, constraints are released allowing for part deformation, as shown in Fig. 11(b).

1 www.repetier.com.
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(a) Bottom surface of the planar spring (b) Sets of nodes deactivated after
fully constrained during printing and cooling to simulate the distortion of the
cooling phases. part [54].

Fig. 11. Employed mechanical boundary conditions for the planar spring warpage simulation.

Fig. 12. Structured mesh of the planar spring model.

The thermomechanical simulation is performed with a transient non linear thermal analysis followed by a steady state structural
analysis with plasticity. The equations governing the thermal and structural analyses are outlined in [4,54]. The ABS filament
material properties are specified in [54] and they are temperature-dependent with elasto-plastic behaviour. During the printing
process, the filament is extruded in a semi-molten state and deposited onto a substrate through a nozzle at a deposition speed
DS. The substrate (bed plate) is maintained at a temperature BT, within a chamber set to a temperature TC. The deposition path
follows a 100% infill strategy. The extruded filament is modelled with a rectangular section of dimension 0.5 mm x 0.2 mm, and
material deposition is simulated using the progressive elements activation technique that correlates numerical elements with the
nozzle movement. More details on this technique can be found in [4,57,58].

For the simulations, a structured mesh of thermal brick elements (DC3D8) is used for thermal analysis, while solid brick elements
(C3D8) are employed for mechanical analysis [59]. An element size of 0.5 mm x 0.5 mm X 0.2 mm is chosen to accurately model the
process, with each layer represented by a single element through the thickness. The time increment is set at At = 0.5 s as a trade-off
between accuracy and computational time. Elements are deposited at a fixed temperature of T, = 240 °C on a building plate at a
temperature BT = 90 °C and in a chamber at a temperature TC = 45 °C, with a deposition speed DS = 40 mm/s. During deposition,
radiation and convection boundary conditions are applied to the part free surfaces, with a convective coefficient 4 = 15 W/(m? K)
and a radiation coefficient ¢ = 0.925. The model mesh is represented in Fig. 12.

In order to check the effectiveness of the proposed model, a verification is carried out by comparing the vertical displacement
at points s-i shown in Fig. 10 with the experimental results taken from Cattenone et al. [54]. As listed in Table 9 and shown in
Fig. 13 there is a good agreement between experimental and numerical results, as far as the vertical displacement u, is concerned.
The error evaluation is performed using the metrics of Eq. (6). In fact, the average error between the numerical and experimental
results is lower than 10% for almost all selected points and it is comparable with the results reported in [54]. Possible sources of
such discrepancies are related to the detached nodes positions that differ from the experimental ones.

5.2. Design of experiments and generation of NURBS-based metamodel

The warpage phenomenon after cooling is approximated as a function of three deposition parameters: the deposition speed
¢, = DS, the building plate temperature {, = BT and the chamber temperature {; = TC. The bounds of the input variables are



Table 9
Numerical and experimental [54] u, displacement on the planar spring S—i points.

u, [mm] w2 [mm] £ [%]
S-1 0.532 0.544 2.2
S-2 0.313 0.253 23.7
S-3 0.311 0.316 1.6
S-4 0.308 0.296 4.05
S-5 0.311 0.324 4.01
S-6 0.313 0.282 10.9
S-7 0.344 0.74 8.7
S-8 0.687 0.351 5.04

u, us S, Mises
HEn s 75
+4.347e-01 b e
+3.861e-01 b o

g +3.019e+01
+3.375e-01 +2.755e401
+2.888e-01 +2,492e401
+2.402e-01 +2.228e+01
+1.916e-01 +1.964e401
+1.429e-01 +1.701e+01
+9.428e-02 +1.437e+01
+4,564e-02 +1.174e401
-2.992e-03 +9.101e+00
-5.163e-02 +6.4650+00

+3.830e+00

ug (a) (b)

Fig. 13. (a) Z-axis displacement and (b) Von Mises stress after part detachment.

Table 10

Characteristics of the metamodel for the FDM problem case.
Variable Range Sk T B @ iy
¢, =DS [10, 60] mm/s
¢ =BT [80, 120] °C 2 9/10 10, 1[ [0.1,10]
& =TC [27, 75] °C

dictated by the 3D printer 3NTR A4v3 employed by Cattenone et al. [54] to manufacture their benchmark parts. The metamodel is
then characterised by N =3 inputs and M = 1 output corresponding to the maximum z-axis displacement after detachment.

The initial training database Q,, is built with a fractional factorial method of weighted symmetric Leja knots distribution [60]
and improved with the adaptive sampling design. The validation dataset Q, is constructed from an optimised LHD and the number
of points is obtained after convergence analysis. The initial training database has a size of nyp, = 69 samples, and the samples
distribution is shown in Fig. 14 as pairwise plot. The parameters tuning the behaviour of the metamodel are given in Table 10,
together with the ranges of variation of the input variables and the optimisation variables, i.e., the coefficients g, and weights
Dpseee s Oy The number of CPs is derived from the size of the database Q, with = = 9/10 for this specific problem, and the value
s; = 2 is considered to limit numerical noise on the results approximation. Moreover, the number of CPs along each parametric
direction n, evolves with nyp and they are evaluated at every iteration of the adaptive algorithm using Eq. (4), as shown in
Fig. 1. Unlike the analytical test functions of Section 4, in this example the values of n, are different in every input direction,
and greater importance is assigned to the most influential variable on the result. Accordingly, a qualitative sensitivity analysis has
been previously carried out and allowed us to conclude that BT is the variable that most influence the distortion, followed by the
velocity DS. Lastly, the formulation of NURBS-based metamodel with smoothing term of Eq. (14) is used to limit the overfitting
phenomenon. For this application, the metamodel is considered accurate enough when £ < 5% and NRMSE< 10%.

To assess the minimum size of the validation database, a convergence study is performed by gradually increasing the samples
until the difference between two consecutive values of the considered metrics does not exceed a threshold value (set at 0.01 in this
work). A metamodel built with Q,, database is used to perform the convergence analysis for the validation set. From the results
presented in the validation convergence plots of Fig. 15, it can be seen that at least 21 sample points are needed in the validation
database to satisfy the selected threshold, but at least 41 points are needed to reach convergence on the results. Accordingly, in the
following of this section the validation dataset Q. is composed of 41 samples obtained with LHD.

Regarding the training of the metamodel, the TEAD adaptive sampling technique is used and coupled with ABAQUS software.
Each FE simulation has a computational time of 2 h with a time increment of 47 = 0.5 s. All calculations are performed on a 11th
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Fig. 15. Convergence plots representing accuracy metrics of Egs. (6) and (8) as a function of number of samples in Q,.

Gen Intel(R) Core(TM) i7-11850H @ 2.50 GHz and with 8 CPUs. The stop criterion in terms of maximum number of samples within
the training database is set at n3* = 200 to limit the computational costs.

Fig. 16 shows the 4D scatter plot of the maximum vertical displacement as a function of the input parameters.

The accuracy of the metamodel in terms of € and NRMSE for the three consecutive optimisation phases at convergence is listed in
Table 11. The considered accuracy criterion is achieved for a number of samples equal to nyp = 181 and a number of ncp = 160 CPs
is considered with n; =4, n, =7, ny = 3. The performance improvement between the beginning and end of training is greater than
50 % with an initial NRMSE= 20% and a relative mean error £ = 8%. The local relative error at the beginning and end of training
is shown in Fig. 17. It is evident that after the training the metamodel is able to better approximate the maximum displacement
reducing the maximum relative error of 58%, as shown in Fig. 17(c).

Lastly, the effect of the smoothing term J, of Eq. (14) in the problem formulation on the results is illustrated in Fig. 18. It is
important to note that without the smoothing term, overfitting occurs. Specifically, the relative mean error on the validation set is
over 35% at the beginning of training, compared to just 8% when the smoothing term is applied (see Fig. 17(c)).
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Table 11

Results in terms of £ and NRMSE for the FE thermomechanical problem when considering the
smoothing term. The gain is evaluated comparing the value of the metric at the beginning and
end of three-step optimisation process.

Soopt Slopt S20pt Gain [%]
£ [%] 3.327 3.25 3.19 60.8
NRMSE [%] 10.26 10.2 9.11 52.2

6. Conclusions

In this paper, the metamodeling strategy based on NURBS entities developed in [5] is improved by introducing adaptive sampling
techniques that optimise the distribution of training points within the design space, and generalising the three-step optimisation
approach (needed to generate the metamodel) to unstructured data. The adaptive technique is integrated into the three-step
optimisation process and new samples are added in the database until convergence. The adaptive sampling strategies, particularly
those based on k-fold CV and geometry-based criteria, have shown significant promise in enhancing the model accuracy, while
minimising computational resources.

The adaptive sampling techniques find the new samples by maximising a global-local score. These classes of sampling strategies
allow to maximise the utilisation of the training database while exploiting the analytical nature of NURBS entities. The effectiveness
of the proposed metamodelling strategy is tested on several analytical functions and on a complex thermomechanical engineering
problem, highlighting its precision, which is assessed on a validation database using relative mean error and normalised root mean
square error accuracy metrics.

The results show that adaptive sampling strategies can significantly reduce the number of required training points while
maintaining or improving the accuracy of the model, by adaptively adding the new sampling points to the most critical regions of
the design space. This advance directly addresses one of the key challenges highlighted in previous works: the high computational
costs and resource requirements for training large datasets.

Among the different techniques proposed, TEAD ensures the best results for each benchmark, as it uses the gradient information
of the NURBS entities for the local search criterion in order to maximise the score and it is thus chosen as adaptive strategy in the
thermomechanical test problem.

In conclusion, the main findings of this work can be resumed as follows:

» Thanks to the three-step optimisation formulation, the metamodel effectively captures strong non-linearities and geometric
singularities by optimising CPs coordinates, inner knots and weights. Additionally, the general formulation enables dynamic
adjustment of CPs coordinates based on weights values, improving the metamodel ability and fidelity to capture complex
non-linear trends.

» The adaptive sampling search for a NURBS-based metamodel improves its ability to approximate complex non-linear
behaviours by focusing computational efforts on regions of interest enhancing local accuracy and ensuring a more efficient
global search across the design space. This allows achieving high accuracy with fewer samples compared to one-shot sampling
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methods. Nonetheless, if the problem formulation does not adequately balance local and global needs, the adaptive process
may fail to improve the model effectively. Additionally, the new samples search must avoid sample clustering or poor global
coverage that affect the overall robustness of the metamodel.

TEAD effectively exploits the analytical nature of NURBS by using gradient-based criteria for local search. This allows for a
more precise identification of regions in the design space that require additional sampling, leading to improved accuracy in
the metamodel. Furthermore, this strategy consistently achieved better results in terms of error reduction and convergence
criteria compared to other CV-based methods, and allows generating more accurate and reliable metamodels.

The success of TEAD sampling technique heavily depends on the initial set of samples. If the initial distribution of samples
is poor, the method may not perform well. To improve the search, for a NURBS-based metamodel, the initial dataset must
include the bounds of the design domain.

In addition to the outlined features of the proposed metamodeling strategy, there are promising perspectives for further
developing and exploration. Firstly, even if less samples are needed compared to one-shot strategies, the curse of dimensionality
remains a significant issue, especially for high-dimensional design spaces. In fact, computational costs escalate rapidly with the
increase in the number of CPs required to accurately represent the model. Moreover, due to the mathematical nature of NURBS
entities, the control net has to be always structured, limiting the approximation of the design space for high dimensional problems.
To address these issues, one can employs parallel computing techniques and problem dimension reduction strategies can be used
to accelerate the calculations. Furthermore, hybrid sampling strategies and adaptive weighting mechanisms, which dynamically
adjust the importance of exploration and exploitation during the sampling process, can help in achieving a more balanced samples
distribution and avoiding samples clustering and poor global coverage.
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Appendix. Analytical expression of the gradient of the objective function

A.1. Optimisation of knot vectors components

Consider the general formulation of the problem with objective function expressed in Eq. (12). The gradient with respect to
coefficient f; , where iy = s+ 1,...,m —s, —land k=1,..., N, reads:

0f obj M < T oh oJ,
= 2(Npy— Q) —=; _1 — v s+ A—= ], (A1)
b, «; o oy, * * 9,
h{l
where the term reads:
v,
oh,  /ON T -1 oNT 0 T
= — N |(N'N+ iAE —q, — — (N'N+ AE R A.2
dv, oy, Po+ ( + ) ov;, e av;, ( +4E)p, (A-2)
. 0Jy .
whilst T can be obtained from Eq. (14) as follows:
I
aJy  aJ, ov;, op, 1 OE
- =(2p E = =0 . A.3
o, v, 9B, Pe av;, P vi, e ) Chmt = Oy -3

The development of the gradient of the objective function when considering knots as design variables for both the general and
dimension separation formulations is detailed in [5].



The term o has a more complicate expression as it contains the first and second derivatives of Bernstein polynomial as a
v

1
function of ¢, with the partial derivative with respect to a function of v; calculated using the expression in [61].

Specifically, for a problem of dimension N using B-spline entities, the matrix E € R"cP*"ce can be expressed, according to Eq. (19),
as a function of Bernstein polynomials only and their derivatives. The expression of its derivative with the respect of knot vectors
components becomes:

N N N N

OE 0 0A; 0B,

. v, <Ak +22Bk,q> Z(au +22 . |- (A.4)
i k=1 o>k k iy

1 1 g>k

The index iy =5, + 1,...,m; —s;—1and I = 1, ..., N, is here used instead of i; to avoid confusion between the terms of E and the
components of the knot vectors to optimise. The partial derivatives of terms A, B , with respect to v;, exists only along direction /
and they are defined as follows. For derivative direction / that coincide with k (or g), the partial derivatives of the components of

matrix A read:
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In the case of / equal to ¢, expression of Eq. (A.6) modifies deriving the terms /01 r)i ( > d¢, instead of terms in k direction.
v



Conversely, if | # k,
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whilst the mixed terms components read
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This last equation concludes the analytical development of E.
i

Remark A.1. From a numerical point of view, the above formule are analytically implemented and the product of integrals is done
using Kronecker product.

A.2. Optimisation of weights

Consider now the gradient of the cost function with respect to the weights. This optimisation process corresponds to the last
optimisation phase in Fig. 1. This optimisation differs from the previous ones mainly because it is based on a NURBS hyper-surface,
and it involves modifying the importance of certain CPs by manipulating the impact of rational basis function polynomials of the

associated local support. The variables to be optimised are collected in the vector 1;2 ={@, 05 s Diyiys s Oy oy | §2 ERICP,



For a NURBS entity, when using the general problem formulation, the optimal values of the CPs coordinates resulting from the
first optimisation step are expressed as

p. = (R"R+ JE) ' R"q,, (A.9)

with R the matrix of rational basis functions with components of Eq. (13), and E the matrix of second derivative of the NURBS
basis functions with respect to the parametric variables. Compared to previous works, the CPs coordinates are updated for each step
of the optimisation process depending on the current value of the weights according to Eq. (A.9). The analytical expression of the
gradient with respect to the weights and its analytical development can be found in [26] for the case of surface fitting problems.

Proposition A.1. Consider the general formulation of the problem with objective function of Eq. (9) without smoothing term (i = 0).
Employing the linear index of Eq. (11), the gradient with respect to weights o; _;  reads:

O f o M oh
0 — = Z 2 (Rpa - qa) 0 . ’ (A']'O)
L N T — @i iy

h{l
where the term reads:
oh @i .. 9
o — 0R pa + R p[l -
awil..,iN awil.,.iN awil.,.iN (A11)
-1 JR
I-R(R'R RT] .
[ ( ) ow Pq

iy iy
The proof of Proposition A.1 is detailed here below.

Proof. The gradient of the cost function with respect to w; ;. without smoothing term is defined in Eq. (A.10), and the term

N
oh
5 % __ reads:
@iy..iy gh, )
C) S WL (A12)
ow; ow; ow;
1IN 1IN 1IN

This term can be further simplified starting from definition of p, of Eq. (22). Particularly, by differentiating Eq. (A.9) one obtains:

0 0 -
R p+R—Pr g P __(gIR)RI_R (A13)
awil.HiN awil.“iN ‘)wi].,,i,\, awil.HiN
By injecting Eq. (A.13) in Eq. (A.12) one obtains:
oh, -
« - R L -RERR)TRIB (A14)
aa)il.“iN awilu.i,\, awi]“,i,\,
that can be simplified as:
oh, -
* = [I-RR'R)RT R, (A.15)
aCU:'I.,JN @i iy
where I € R"*"1r_ This last passage concludes the proof. []
The term p, is defined as follows:
IR wil N
Py = Paj..iy2— b (A.16)
awil..,iN
In the above equation, vectors a,b € R"™ are defined as follows:
IG5 Vi, Gy
Qg = %, wrp - QepMaserps  K1p = Lo npp, (A17)
KTP
where h,,. . is the generic component of the vector h, = Rp, collecting the ath coordinate of the hyper-surface evaluated at the
generic TP, while the function W, is defined as:
ny ny N
Were °= Z Z Djy.in HN/'kak(é‘kWTP)' (a.18)
J=0 jn=0 =1

The linear index xyp is defined in Eq. (11).

The formulation based on dimension separation can be applied to the term <

with the hypothesis of not revaluating the

. . . N i1-in
CPs coordinates at each iteration step of the optimisation process:
oh, JR
= =p . _a—b, A.19
0(0[- ; 0(0[ ; Pq pa,l] iy ( )
1IN 1IN

with terms a, b components defined as in Eq. (A.17).



Data availability

The raw/processed data required to reproduce these findings cannot be shared at this time as the data also forms part of an
ongoing study.
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