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Abstract

In this study, we numerically investigate the effects of the nonlinearity in the equation
of state on the structure of fingers and the transport mechanisms of salt and heat in
double-diffusive finger convection, utilizing the finite volume approach with high-
accuracy schemes to solve the two-dimensional Navier—Stokes equations. Our
system is characterized by a low buoyancy ratio and a high thermal Rayleigh
number, with density variation modeled as quadratic in temperature and linear in
salinity. Three cases of nonlinear parameters were examined: the linear case (£=0),
weak nonlinear case (£=1), and highly nonlinear case (&£=3).

It is shown that increasing the nonlinear parameter enhances the buoyancy force
acting on descending fingers more than on ascending ones, resulting in narrower and
faster-growing descending fingers. Conversely, ascending fingers are appreciably
damped, growing more slowly but with greater width. This asymmetry in finger
development gives rise to distinct convective patterns between the upper and lower
layers, significantly influencing the formation of mixed layers. The mixing process
was also examined by analyzing the probability density function of salinity PDF(S*).
Our findings reveal that as the nonlinear parameter increases, the amount of salt
transported by descending fingers from the upper to the lower layer decreases. This
reduction in salt transport indicates a corresponding decline in mixing efficiency with

higher values of the nonlinear parameter.

Key words: Salt-fingers; double-diffusive convection; Density inversion; Buoyancy
ratio.



1. Introduction

Double-diffusion convection into fingering configurations frequently occurs in
most aquatic environments and plays a significant role in the vertical transport of salt
and heat, as well as in the upwelling of nutrients in lakes, seas, and oceans [1-3]. In
such environments, the interplay between the different diffusion rates of heat and salt
leads to the formation of intricate convective patterns. This double-diffusive process
can also take place in many engineering systems composed of two or multiple
components with different molecular diffusivities. Examples include solar ponds,
which are large-scale energy storage systems that use saltwater to collect and store
solar energy. In these ponds, the upper layer is less salty and cooler, while the
bottom layer is hotter and saltier. Double-diffusion convection helps to stabilize the
temperature gradient and prevent the mixing of layers, thus maintaining the pond's
ability to store heat [4]. In CO, sequestration, CO; is injected into saline aquifers for
long-term storage. Understanding double-diffusive convection is crucial for predicting
the mixing and movement of CO, within the aquifer. The interaction between the
injected CO2 (which is less dense and less viscous) and the saline water (which is
denser and more viscous) can lead to fingering patterns that enhance mixing and
storage efficiency [5]. Double-diffusive convection in magma chambers can also lead
to the formation of a finger interface between layers of different composition and
temperature. This occurs when a layer of hot, slightly less dense magma overlies a
cooler, denser, but compositionally lighter magma. In such cases, compositional
differences are transported downwards faster than heat, influencing processes like
fractional crystallization, assimilation, and magma mixing. The formation and
behavior of these finger structures are influenced by chamber geometry, magma

density, and viscosity variations, ultimately affecting the composition of erupted or



solidified products [6]. In stellar radiative regions, double-diffusion convection plays a
role in the transport of energy and matter. The differential diffusion of heat and helium
can create fingering structures that affect the mixing and stability of stellar interiors,
influencing stellar evolution and the formation of various stellar phenomena [7]. In
geothermal systems, the interaction between hot, saline geothermal fluids and cooler,
less saline fluids can create convective patterns that enhance the efficiency of heat
extraction and the sustainability of geothermal reservoirs [8]. Many industrial
chemical processes rely on the controlled mixing of substances with different
diffusivities. Double-diffusive convection can be harnessed to improve mixing
efficiency, enhance reaction rates, and optimize the production of chemicals [9].

In the past few years, considerable research efforts have been devoted to the
study of double-diffusive convection. This phenomenon has attracted and continues
to attract the interest of many scientists and industrialists. Recently, the effect of
double diffusion has been studied in various configurations, such as peristaltic
transport [10], [11], [12], [13], nanofluids [14], [15], [16], non-Newtonian fluids [17],
[18], [19], [20], and magneto-rheological fluids [21], [22], [23], [24]. Additional recent
research on double diffusion in mixed convection can be found in references [25],
[26], [27], [28], [29].

Under appropriate circumstances, when the temperature stratification of fluid
in the lower layer with a faster diffuser (7) is stabilizing and the salinity stratification of
fluid in the upper layer with a slower diffuser (S) is destabilizing, in such a flow
situation instability can be developed in the form of a set of alternative narrow or wide
vertical cellular structures of upward, cold fresh fluid and downward, hot salty fluid

[30], [31]. These structures named double-diffusive salt fingers.



In the past years, extensive research, theoretical [32—34], numerical [35-37] and

experimental [38-40], have been focused on the buoyancy flux ratio R, variation

associated with the fingering convection systems. In terms of modeling, the majority

of the previous studies assumed the buoyancy flux ratio R, law is related only on the

density stability ratio [49-52] Nevertheless, the principal deficiency in all these
formulations of these models is ignoring the Rayleigh number effect.

Over the past two decades, there has been a significant interest in studying the
effect of Rayleigh numbers on double-diffusive salt fingers, which has posed new
challenges for the scientific community. Taylor and Veronis [39], have been the first
to implicitly point out the importance of the salinity Rayleigh number as a key

parameter on the flux ratio R, and on the evolution salt finger system by controlling

the magnitude of the salt anomaly. Later, by using numerical simulations, Shen and
Veronis [41] have been discussed the effect of the thermal and salinity Rayleigh
numbers. They have shown that these dimensionless parameters are necessary to

express the buoyancy flux ratio R, produced by fingers; however, they did not

provide any details about the nature of the relationship that relate them. In an effort to
consolidate perspectives from previous studies, Sreenivas et al. [42] aggregated
findings regarding the buoyancy flux ratio's variation as a function of the density
stability ratio, as reported in works by various investigators (Turner [43], Ozgékmen
et al. [44], Schmitt [45], McDougall and Taylor [46], Kelly [47], Kunze [48], Boyd and
Perkins [49], Taylor and Bucens [50], Shen [51, 52]). Despite their attempt, they
found it challenging to interpret these results due to their considerable scatter.
Consequently, they concluded that the density stability ratio alone is insufficient as a
parameter to fully explain the flux transport produced by fingers. Through his

investigation, it was also discovered that the reason for this huge difference is that
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these experiments were conducted at different Rayleigh numbers. In order to address

this issue, they have been performed a series of two-dimensional numerical studies
to investigate the effect of the thermal Rayleigh number Rz, for a wide range of R, on

the finger width, velocity, and fluxes in double-diffusive fingering convection. They

concluded that vertical velocity in the fingers and the flux ratio are a function of both
ka. and R,. Additionally, they also indicate that the number of fingers increases with

an increase in the thermal Rayleigh number, and at large thermal Rayleigh numbers,
the fingers structures become hair-like thin.

Moreover, a crucial dynamic aspect of double-diffusive fingering convection
observed at high thermal Rayleigh numbers was the formation of mixed layers.
These mixed layers play a significant role in the dynamics and evolution of the salt
finger structures, thereby influencing the mixing behavior. It was observed that when
mixed layers form, finger structures are sandwiched between them, giving rise to the
so-called "fingering zone". Singh and Srinivasan [53] have been given further details
about the formation of mixed layers. They show that mixed layers are initially
characterized by intense horizontal convection, creating impenetrable layers that limit
the growth of fingers. Subsequently, the intensity of convection decreases over time,
allowing fingers to penetrate into the mixed layers. Similar findings have been also
detailed by Ouzani et al. [54]. It should be noted that at low thermal Rayleigh
numbers, fingers evolve without the formation of mixed layers.

In the aforementioned works, the fluid system's temperature is far from the
temperature of maximum density; hence the numerical simulations of the double-
diffusive salt fingers are commonly studied in a simplified model that satisfies
Oberbeck—Boussinesq approximation based on the linear equation of state. This

simplification assumes that the behavior of the salt finger system, including growth,
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dynamics, and mixing processes, is identical with respect to the mid-height of the
computational domain, leading to vertically symmetric evolution of the finger system.
However, in extremely cold aquatic environments, where temperatures near the
maximum density point can approach freezing, the thermal expansion coefficient may
change sign, and the Oberbeck-Boussinesq approximation based on the linear
temperature-density relationship becomes invalid see [55], [56]. Thus, in such
circumstances, the non-Oberbeck—Boussinesq approach is necessary to correctly
analyze salt fingering convection. Few numerical simulation studies have been
conducted to explore the effect of the nonlinear equation of state on salt fingers
dynamics. These studies use a nonlinear model that is quadratic in temperature and
linear in salinity. Laboratory experiments reported by McDougall [57] and Schmitt [58]
demonstrate that salt finger convection is modified and becomes more intricate, with
convective motion developing asymmetrically. Ozgdokmen and Esenkov [59] showed
that complications arise in the double-diffusion salt finger system when the

temperature dependence becomes nonlinear. They explored the initial evolution of

fingers as a function of the nonlinearity parameter, defined as e;":2ﬁT2AT/,BT1 where

ﬂ,l and ﬁTZ are the expansion coefficients corresponding to the linear and nonlinear

terms. It is worth noting that their study neglects the interaction of the convective
finger structures with boundaries.

More recently, Ouzani and Khelladi [60] conducted numerical simulations to better
understand the influence of density inversion on finger dynamics and mixing
characteristics of the double diffusive systems. They discovered that the top-down
symmetry feature of the finger system breaks as the nonlinearity parameter
increases, resulting in asymmetric ascending and descending of finger structures. By

utilizing the probability density function of salinity, the authors showed that the



nonlinear parameter enhances mixing properties in the lower layer compared to the
upper layer.

It should also be mentioned that the works [59], [60] have been limited to the
moderate thermal Rayleigh number and density stability ratio, indeed, the flow
pattern was not fully described. Further, to the authors’ knowledge, there is still a lack
of research on the double-diffusive fingering convection under cold ambient
conditions. This raises questions about how fingers can interact in cold ambient
conditions. In this context, to complement our previous research [60] on double-
diffusive finger convection in cold saline systems, we aim to investigate the effect of
density inversion induced by the nonlinear equation of state on finger structures'
dynamics, their interactions, and the mixed layers at high thermal Rayleigh numbers
and low density stability ratio. Special attention is given to analyzing the mixing
process using the probability density function.

The remainder of this paper is organized as follows. In section 2, we will present
the physical description of the problem, governing equations and we briefly give the
high-resolution numerical scheme WENOS which has the ability to capture the
narrow finger structures that generated at high thermal Rayleigh number. Next, we
will present our simulation results and discuss the impact of the nonlinear equation of
state on the salt-finger convection evolution and mixing characteristics in section 3.

Finally, we will offer the principal conclusions in section 4.

2. Mathematical model and numerical procedures

2.1. Mathematical model
We consider a rectangular enclosure wherein width and height are given as B and
H respectively, as depicted in figure 1 a. The enclosure-contains two distinct uniform
fluid layers separated by an interface of finite thickness. The upper layer holds a hot,
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salty fluid, while the lower layer contains a cold, fresh fluid. This configuration leads
to the development of alternating ascending and descending finger structures within
the computational domain. The interface between the two layers exhibits a gradient

where the temperature and salinity transition smoothly, as shown in figure 1b. In the

upper layer, the fluid has a thermal diffusivity denoted by %,. In the lower layer, the

fluid exhibits a higher salinity diffusivity, k, , where k, (where k, >k ).

The key to the salt-fingering instability is the fact that, on molecular scales, heat
diffuses much more rapidly than salt. When a parcel of warm, saline water moves
downward, it cools off via molecular diffusion of heat while exchanging very little salt.
This cooling increases the parcel's density, providing a downward buoyancy force
that reinforces its initial downward motion. Similarly, an upward-moving parcel gains
heat from the surroundings, becomes lighter, and continues to rise. The net effect is
a vertical exchange of water containing salt, creating a downward salt flux. While the
heat flux is also directed down-gradient, it is much smaller since most of the heat
diffuses out sideways to adjacent parcels, see figure 1b. This combination of heat
and salt fluxes yields a density flux that is also downward.
In the present study, we assume that the thermophysical properties of both the salty
and fresh fluid remain constant, except for the density variation, which is assumed to
be nonlinear with temperature. We adopt the non-Oberbeck-Boussinesq relationship
used by Ozgdkmen and Esenkov [59] to express the density of the fluid, which is
given by:

P(T.S) = py[1= By (T =T,) + B(S=S) = B, (T~ T,)" | (1)
Where 1, S, and g, are the reference temperature, salinity and density, respectively.

The variation of the density induced by the temperature variation is defined by linear



and nonlinear terms associated with thermal expansion coefficients ,8,1 and ﬁ,Z while

B is the linear saline contraction coefficient.

To facilitate the analysis of the effect of this nonlinear density relationship on the salt

finger system, we introduce the nonlinear parameter which expressed as:
e=2[Q, AT/ f;.

All boundaries of the computational domain are taken to be adiabatic with no salt
fluxes across them. Non-slip boundary conditions were applied on the top and bottom

of the domain, while slip boundary conditions were applied to the left and right
boundaries of the domain. For the initial conditions (£ =0), the fluid is considered
stationary consisting of two layers, whose warm and salty water (7" =S =1) and the

lower one contains cold and fresh water (7" =S =0) (see figure1 a).
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Figure1. A detailed illustration of the double-diffusive system: a) Schematic representation of
the physical configuration, coordinate system, and initial and boundary conditions. The
sketch outlines the setup with two distinct fluid layers, highlighting the interface, and indicates
the imposed conditions at the boundaries and the coordinates used for the analysis. b)
Background stratification observed during a "rundown" salt-fingering experiment. The net
fluxes, depicted schematically, represent the net fluxes, which are proportional to the
differences between the initial (dashed lines) and final (solid lines) profiles of the solute
concentrations.



The two-dimensional governing equations (mass, momentum, energy and species)

for the double-diffusive system are given as follows [42], [60], [61]:
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ox oz
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(6)

Where (u,w) are the velocity components, T, p and S are temperature, pressure

and concentration of fluid, respectively. v , k. and k; are the kinematic viscosity,

thermal and concentration diffusivity, respectively.

thermal salinity thermal salinity kinematic domain aspect
diffusivity diffusivity expansion expansion viscosity height ratio
coefficient coefficient

k, kg Br, Bs 1% H Ar =B/H

Unity (1] [ms 1] [vc'] [s°'] [m2s ] [m]

Values 1.4x107’ 1.4x107° 2x107 8x107* 1.0x10°° 0.15 2

Table 1- Thermophysical properties of the double diffusive system.

The corresponding dimensionless governing equations system is given as follows

[60]:
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The scaling parameters used to develop the above dimensionless governing

equations (7-11) are defined as follows [42] :

2
x=2, 7= t=&,U=@,W=ﬁ, pPH. p Il

z
H =~ H H K k, Ckp, AT AS

where X and Z are the dimensionless Cartesian coordinates in the horizontal and
vertical directions, respectively, ¢ is the dimensionless time, U and W are the
dimensionless velocity components, P is the dimensionless pressure, T  is the

dimensionless temperature and S” is the dimensionless salinity. 1, and T, are the

temperature of top and bottom layers, AT=T.-T,, and AS=S,-S, are the

temperature and the salinity differences between the top and bottom layers.

v
The classical dimensionless parameters are: Prandtl number Pr=—  Schmidt's

v gB.ATH®
number SC=k—, thermal Rayleigh number RaTZIT’ and salinity Rayleigh
s Vir
ASH®
number Ray :gﬂs—_
Vi

For the initial conditions (¢* =0), the fluid is considered stationary and a step profile
across a horizontal interface at mid-depth (Z =0.5) is imposed for both temperature
and salinity:

11



U, w)=(0,0)

T* (Xt = 0) = AT for Z=>0
7l 0 for Z<0 (12)
. . AS for Z2>0
S (X,t=0)=
0 for Z<O0

We chose typical values for the Prandtl number (Pr = 7 ) and the Schmidt number (
Sc =700), which are commonly used in studies of seawater systems (e.g., [62], [63]).

For all simulations, we maintain fixed values for the buoyancy ratio R, =1.5, thermal

Rayleigh number Ra, =7x10°* and salinity Rayleigh number Ra, = 4.667 x10%.
T S

2.2. Computational procedures

As shown by Sreenivas et al. [42], at very high Rayleigh numbers, the number of
fingers increases and their dimensions become extremely thin, making them very
difficult to detect, which is the main challenge in computational prediction of the
evolution of the double-diffusion finger system. It should also be noted that the
system is characterized by discontinuity at the interface between two layers in the
initial state. Therefore, the numerical schemes should be chosen carefully to
accurately capture the thinner fingers structures, their spatio-temporal evolution as
well as their interaction with boundaries-

The numerical methodology employed to solve the dimensionless Navier—Stokes

equations (8-11) is described as follows:
e Approximation of the convective and the diffusive terms

The tow-dimensional diffusion-convection equations (8-11) are rewritten as:

F _ 13
o~ L) (13)
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T A S

L(f)=A4 g
) (8X2 o0Z°? )¢ o7

- ¢di/ﬁ‘:"- * ¢conv." ; +D (1 4)

where L(f) is a spatial discretization operator and f indicates the velocity

component (U, W), the temperature 7", the salinity $* and D is the term source.

62
e f 8—f|n the diffusive terms (¢ ) are discretized

The second partial derivatives

using central differencing with fourth-order accuracy, whereas the spatial

g g,

discretization of the first partial derivatives — " —in the nonlinear convective terms (

. ) are approximated by using the fifth-order WENO scheme [64], [65] as follow:

We calculate the smoothness indicators IS,,i=0,1,2.

The IS are given by:

+ 13 + + + 1 + + +
IS = DU =2 1 g U =413 7 e
13 . + pe 1 + + 32 (16)
:E(fj—l_zfj +fj+1) +Z(fj—1_fj+1) )
+ 13 + + + 32 1 + + + 32 (17)
]SZ :E(f; _2f;'+l+f;'+2) +Z(3f; _4f;‘+l+f;'+2) ’

And the 1S are given by:

Is; = %fm 2t fo + 3Bl =t L) 1e)
=—(f 2f,+1+f+2)+ 7= fa) (19)
_ 13 B T _ _ v

1S, :E(fj—l_zfj +fJ'+1) +Z(f/'—1_4fj +3fj+1) ) (20)

We compute the nonlinear stencil weights :

a = L,I—OIZ
"o (e+1S)
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Here we choose o=10"° to avoid the denominator to become zero. The linear

weights are given by:

6 3
d=—,d=—,d =—
107" 100 7 10
and
(1 Y 6 1 Y 3( 1 Y
oy =— . oo =— -, o= . (21)
10\ o+ 1S, 10\ o +1S; 10\ o +1S;

In order to get a convex combination of ENO stencils, the WENO stencil weights are

normalized to give:

+ + +
N a, o + a,

O =——F =, O =, )= (22)

N + t? N + t N + +
a, +a +a, a, +a +a, o, +a +a,

where: o; €(0,1),,=0,1,2,and o; + 0’ +o; =1

Finally, the numerical fluxes are defined as:

~n

+ + 2 + 7 + 11 + + 1 + 5 + 2 +
Sl el ar fat e fi+ e fi)

b

2 5 1 (23)
+@; (gf,-++g A,-:l—gfﬁz)
and
Aeo 15 2 2 5 1
fj% =, (_g]{j—1+gﬂ +gfj+1)+a71 (gf] +gfj+1_gfj+2)
11 7 2 (24)
+606(Ef;_+1 —gf,lz +gf[+3)

e

e Approximation of time
For the time approximation of equation (13), we employed the third-order accurate

TVD Runge-Kutta scheme to advance in time:
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SO ="y ACL(ST) (26)
SO = f [ O AL ™ ] (27)

LU= S ALY ] (28)

3 1 1 2 . . . .
where: y, =1, 7, =77 :§,yl’ =1, =7 7 =3 and Ar" is the dimensionless time

step. For further details see Gottlieb and Shu [66].

2.3.Numerical validation tests
To verify the accuracy and correctness of the in-house code used in this study, we
have referenced the work carried out by Nishimura et al. [67], which corresponds to
double-diffusive natural convection flow in a vertical rectangular enclosure. Their
work is considered an excellent benchmark, extensively employed by many
investigators (see, for instance, [68], [69], [70]) to check the validity and efficiency of
computational codes.

The computational conditions in this study are as follows: the Prandtl numberPr=1 ,
the Lewis numberLe =2 , and the Rayleigh number Ra =10’. These values cover a

range of buoyancy ratios (R, =0.8,1and 1.3) corresponding to various flow regimes.

The same dimensions (aspect ratio 4r=0.5) and grid resolution (31x41) as in the
study by Nishimura et al. [67], were utilized for consistency and comparability.

Figure 2 provides a clear comparison between the numerical results of streamline,
isotherm, and concentration plots obtained using the present code and those from
Nishimura et al. [67]. The plots illustrate three distinct flow behaviors: compositionally
dominated flow, thermally dominated flow, and oscillatory flow, corresponding to the

buoyancy R, =13, R, =0.8 and R =1, respectively. The comparison demonstrates

good agreement with the results reported by Nishimura et al. [67], confirming the
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capacity and numerical accuracy of our computational code in simulating double-

diffusive natural convection flow.

Streamline Temperature Concentration

R, Nishimura et Present Nishimura et Present Nishimura et Present
al. [67] code al. [67] code al. [67] code

&

NN

SO,
~
.

N
;

1.3

NN
X\:ﬂ
f)\ 1

0.8

1.0

Figure 2. Comparisons between the results from the present code and the numerical results
from Nishimura et al. [67].

Furthermore, our computational code is extensively used to solve double-diffusive

salt fingers in our previous studies covering a wide range of buoyancy ratios

R,=15-20. For each buoyancy ratio, the thermal Rayleigh number varies in the
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order of Ra, ~10°-10° [36], [54], [60]. The computational results have demonstrated

excellent agreement with the previous laboratory experiments and numerical
published works related to the oceanography field.

To assess the sensitivity of the results to the grid size changes, a grid independence
study was conducted for computations involving the evolution of finger structures.
The results of our numerical tests showed that the numbers of grids mesh 400x300
chosen as a typical resolution to solve the evolution pattern of finger convection in

the enclosure. This grid size enables accurate capture of the finger structures.

3. Results and discussions

It is well known that the transport of salt is directly related to the dynamics of the
fingers, which play a crucial role in the mixing process. Indeed, this section focuses
on the evolution of the fingers to explain the mechanisms of mixing in detail.
Specifically, we examine how the nonlinear equation of state affects the formation,
dynamic, and interaction of the fingers, ultimately influencing the overall mixing
behavior.

To assess the influence of the nonlinear equation of state, we consider three
scenarios varying in the nonlinear parameter: a linear case (¢=0), a weakly

nonlinear case (£=1), and a highly nonlinear case (£=3).

3.1 Effect of nonlinear parameter on the flow structures and mixing properties
o Reference case: Linear state equation (£=0)

Let us firstly starts by examining the case corresponding to the linear state equation
£=0which serves as a valuable reference, for understanding the effects induced by

the nonlinear parameter on the salt transport process in fingering convection.
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Figure 3. Evolution of salt-finger structures at high thermal Rayleigh numbers Ra, = 7 %10

for the linear case £=0. Red regions represent regions with higher salinity and temperature,
indicating hot and saline fluids, while blue regions represent regions with lower salinity and
temperature, indicating cold and fresh fluids.

Figure 3 shows the instantaneous contours of the evolution of a salt fingers structure.
A global overview of this figure indicates clearly that the dynamic and the evolution of

salt fingers seem identical at the upper and lower layers; therefore, the system may
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be considered symmetric about the middle of the domain. Furthermore, the system
dynamics exhibit several phenomena occurring during the evolution spatio-temporal
of salt fingers which can be summarized in the following stages: (1) Stable, (2) Early,
(3) Mature, and (4) Rundown.

Initially, figure 3 a depicts the stable stage, which is characterized by pure diffusion
process through the separation interface also called “fingering interface,” with no
visible fingers in the system. Subsequently, small perturbations in the fluid induce
undulations in the fingering interface. These undulations results in the formation of
very thin finger-like structures, or filaments, with approximately 132 fingers. As we
can see from the figure 3b, 66 are ascending, of which cold and fresh, while the other
66 are descending, of which hot and saline.

In the second or early-stage, salt finger begins to growth linearly as shown in figure
3c this stage is much faster as the density ratio is weaker. Hence, the fingers
structures start to interact rapidly with one another and merged into finger conduits
causing a new reorganization of fingers structures ‘tree-like’ see figure 3d.

The finger conduits mix well before reaching the horizontal boundaries and blooms,
forming several branches. This branching allows for greater lateral spread of fluid
than at earlier stages; hence, the system behavior becomes dynamically much more
complicated.

As the fingers reach the horizontal boundaries, they accumulate along the top and
bottom boundaries, leading to the formation of mixed layers. The fingers become
hence sandwiched between these mixed layers, forming so-called the “finger zone,”
as shown in figures 3 e and f. The mixed layers, initially, are characterized by intense

convective motion upon their formation, which prevents further growth of the fingers.
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Figures 3 g and h reveal that the diffusion of salt intensifies in the finger zone with
time between the saline ascending and fresh descending finger structures. The salt

diffuses strongly laterally to adjacent fingers through the surfaces that form the

fingers because the fingers are numerous and closely spaced.

As time progresses, the intensity of convection in the mixed layers decreases,
allowing the fingers to extend once again, see figure 3 i.

During the rundown stage illustrated in figure 3 j, the mixing activity diminishes, and
the system transitions into a state dominated by molecular diffusion. The diffusion
mechanism plays a pivotal role in homogenizing the salt distribution and stabilizing
the overall system. Ultimately, as diffusion dominates in the system, the salt finger
structures begin to dissipate. The system hence becomes dynamically less active

and the vertical salinity flux is negligible.
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Figure 4. Horizontally averaged profiles of (a) salinity and (b) temperature at high thermal
Rayleigh numbers RaT=7><108 for the linear case ¢£=0. Over time, the salinity profile

becomes uniform within the layer, while the temperature profile retains a significant contrast
between the layers.

Figure 4 displays the time evolution of horizontal averaged profiles of temperature
and salinity for linear equation of state. The initial distributions of (7% S*) components

show stabilizing thermal gradients that counteract destabilizing salt gradients. These
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initial (7~ S*) distributions between the upper and lower layers lead to the triggering of
convective motions in the fingering regime.

For (t <26 min ), salt profiles are characterized by a very weak change in salt gradient
near the mid-height of the computational domain. This means that the thickness of
the fingering interface is small, and the exchange of salt between the upper and
lower layers is mainly driven by diffusive processes.

It is noteworthy that all the profiles exhibit clear symmetry about the mid-height of the
computational domain. Furthermore, the similarity in the distribution of salt profiles in

the spread zone (the zone invaded by the fingers bounded between no-mixed layers

<S8 >=0 and <S" >=1) distribution implies that the velocities of rising and sinking
fingers are equal.

As the mixed layers begin to thicken (t>1h 22 min ), the salt profile convects quickly
towards an asymptotic value of salinity, approximately 0.5. This results in a uniform
distribution of salinity in the system (i.e., salt gradient 45~0), ultimately forming stable
layers.

The temperature profiles in figure 4 b also exhibit also symmetric about the center of
the computational domain. By analyzing the temperature profiles, we can make the
same observations as with the salinity profiles. However, the change in the slope of
the spread zone indicates that the heat quantity being transported by fingers is less
than that of the solute mass, implying that salt advecte more rapidly than heat.

Let us examine the mixing characteristics within the system, utilizing Probability
Density Function PDF(S*) analysis to assess the quality of mixing outcomes arising

from the development of salt fingers for linear equation state.
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Figure 5. Evolution of the probability density function of salinity as a function of height at high
thermal Rayleigh numbers Ra, =7x10° and R,=15 for the linear case&=0, showing the

phases of the mixing process. The figure illustrates the temporal changes in salinity
distribution, highlighting the different stages of mixing and the development of distinct layers

over time.

22



To facilitate the analysis as well as the interpretation of PDF(S*) plotting regarding
the symmetry of the mixing evolution, we have shifted the origin position to the center
of the computational domain.

Figure 5 illustrates the evolution of the PDF(S*) of the salt transported by the fingers.
In figure 5 a, it is clear that there is a substantial probability of finding S” =1in the
upper layer and S” =0in the lower layer. Conversely, a much weaker probability is

observed in the middle of the computational domain for larger values of 0<S <1,
This observation indicates that the mixing process within the system initiates through
molecular diffusion through the fingering surface. With the development of finger
structures, the enhancement of mixing quality becomes evident, attributed to the
convective transport of salt between the upper and lower layers.

Three distinct mixing zones may be identified (figure 5 b and c): the upper zone,
where a high probability of salt limitation occurs (0.8<S <0.9); the lower zone
characterized by a strong probability of salt (0.1<5" <0.2); and the middle zone,
featuring significant salt diffusion across the fingering surface that forming the finger
structures.

Within this middle zone, a wide range of weak PDF(S*) values (0.2<5 <0.8) is

observed, defining the fingering zone that is sandwiched between the lower and
upper zones. Additionally, it is noteworthy that the PDF(S*) values for S =0and

S” =lare both zero, indicating that fingers extended and reached the horizontal
boundaries.

With the passage of time, salt accumulates near the boundaries, creating mixed
layers that inhibit the further growth of finger structures and impede the transport of

salt towards them. Moreover, the mixing process within the mixed layers (-0.5 <Z < -
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0.1 and 0.1 < Z < 0.5) is notable, mainly due to the vigorous convection, as seen in
figure 5 d.

The PDF(S*) in figure 5 e and f clearly illustrate a gradual decrease in mixing activity
within the mixed layers, attributed to the diminishing convective intensity in these
regions. Additionally, the thickness of the mixed layers decreases (-0.5 < Z < -0.3 and
0.3 < Z < 0.5) due to the widening of the finger zone (-0.2 < Z < (.2), which is
characterized by a significant diffusion of the salt, representing the signature of finger
regrowth.It is worth mentioning that there is a clear symmetry of mixing process

within the system about the center of the computational domain.

¢ High and weak nonlinear cases (£=1,£=3)

A global view of the figure 6 reveals clearly that the nonlinear parameter causes a
breakdown in the system's symmetry.

As in the linear case, for weak nonlinear case (&=1) instability at the interface
initiates undulation, leading hence to the formation of wavy finger structures. In the
weakly nonlinear case, where the nonlinearity parameter ¢£=1, the quadratic term
AT? in the equation of state has a moderate effect on the density variation due to
temperature changes. This condition allows us to analyze the behavior of both
descending and ascending fingers. Descending fingers are typically colder and saltier
than the surrounding fluid, leading to an increase in density. This increase is more
pronounced for descending fingers due to the moderate enhancement in density
caused by the quadratic term in the equation of state.

This moderate enhancement results in a stronger buoyancy force acting on the

descending fingers, causing them to accelerate more rapidly.
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Figure 6. Evolution of salt-finger structures at high thermal Rayleigh numbers Ra, = 7 %10

and Rp:I.S for the nonlinear cases. Red regions denote areas with higher salinity and

temperature, representing hot and saline fluids, while blue regions indicate areas with lower
salinity and temperature, representing cold and fresh fluids. The left panels correspond to the

weakly nonlinear case (&£=1), while the right panels correspond to the strongly nonlinear
case (&=3).
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The increased acceleration due to the stronger buoyancy force causes the
descending fingers to become narrower. This narrowing effect is a common
phenomenon in fluid dynamics, where stronger forces tend to create more focused,
narrow structures. Consequently, the descending fingers grow faster under these
conditions (see figure 6 a).

On the other hand, ascending fingers are typically warmer and less salty than the
surrounding fluid, resulting in a decrease in density. The effect of the quadratic term
AT? in the equation of state is also present for ascending fingers but is less
pronounced due to the smaller temperature difference involved. As a result, the
buoyancy force acting on ascending fingers is weaker, causing them to rise more
slowly and develop less pronounced structures (see figure 6 a). This asymmetry in
the behavior of descending and ascending fingers creates a convection pattern that
exhibits some degree of asymmetry but is not extremely pronounced.

The descending fingers form tree-like structures early compared to the ascending
ones, resulting in a significantly more dynamic behavior in the lower layer (see figure
6 C).

The figure 6 e shows that the descending fingers reach the bottom boundary early,
leading to the premature formation of the lower mixed layer. Subsequently, the
ascending fingers reach the upper boundary, interacting with it to merge and form the
upper mixed layer.

In figure 7 a, the flow pattern reveals recirculation zones above and below the finger
region, which is the result of convection occurring in both the upper and lower layers.
These convection zones affect significantly transport and mixing of salt. Indeed, they
pinch the finger zone and limit their growth. Thus, the finger zone remains suspended

between these two convective layers and become more diffuse. In addition, it is
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apparent that convection is more intense in the lower layer than in the upper layer.
This disparity in intensity leads in a slight displacement of the finger zone, initially
located in the middle of the domain, towards Z=0.55 (figure 6 g and i).

Eventually, as the intensity of convection decreases, the fingers grow again, feeding
the system and allowing for transport of salt between layers, as shown in figure 6 k.

In this stage, the system becomes dominated by a diffusion process.
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Figure 7. Contour of the velocity vector at high thermal Rayleigh number Ra, = 7x10° and
Rp =1.5: The left panels correspond to the weakly nonlinear case (&=1), while the right

panels correspond to the strongly nonlinear case (&=3).

In the highly nonlinear case (£=3), the evolution pattern of the fingers differs
significantly from that observed in the weakly nonlinear case. In this scenario, there is
a clear asymmetry in the mechanism of salt transport, which occurs from the upper
layer to the lower layer.

In the highly nonlinear case, where ¢=3, the quadratic term AT? in the equation of
state has a strong effect on the density variation due to temperature changes. This
strong effect leads to a significant increase in density for descending fingers, which
are colder and saltier than the surrounding fluid. The strong enhancement in density
caused by the quadratic term results in a much stronger upward force on the
descending fingers, causing them to accelerate rapidly. This rapid acceleration leads

to even narrower descending fingers compared to the weakly nonlinear case.
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Ascending fingers, being warmer and less salty, experience a decrease in density.
The effect of the quadratic term is also present for ascending fingers but is less
pronounced due to the smaller temperature difference. As a result, the upward force
on ascending fingers remains relatively weak, causing them to rise slowly and
develop even less pronounced structures. In the highly nonlinear case, the strong
enhancement of buoyancy forces leads to much faster-growing and narrower
descending fingers compared to ascending fingers (see figure 6 b). This results in a
highly asymmetric convection pattern, with the system being dominated by the rapidly
growing and narrow descending fingers, and the ascending fingers being strongly
damped.

The descending fingers coalesce, merge, and reorganize into dense plumes (see
figure 6 d and f) that exhibit high spatial and temporal variation, leading to the
development of vigorous convection characterized by large convective cells that
occupy the entire lower layer as shown in figure 7 b. Afterwards, any descending
finger produced by the system is swept away and engulfed by these large convective
cells. Moreover, we observe a reduction in the number of fingers, with the finger zone
nearly vanishing along the interface separating the two layers (see figure 6 h). The
fingering surface exhibits a partial return to its initial state. Additionally, there appears
to be a deficit in the generation of new fingers.

In contrast, the upper layer devoid of fingers remains stagnant, acting as a reservoir
that supplies the lower layer. As a result, the lower zone thickens as the upper layer
is depleted, driven by strong convection. Indeed, we observe an unusual
phenomenon: the finger zone, initially situated at the center of the domain, gradually
moves upward and settles at Z=0.70 (see figure 6 j), resulting in a complete

breakdown of the system's symmetry. It is noteworthy that the formation of the lower
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mixed layer is not prominent in this case due to the triggering of intense convection
with larger-scale convective cells (see figure 7 b).This prevents salt from
accumulating and settling at the bottom boundary during its formation, as shown in
the figure 6 j. It is important to note that as the ascending fingers develop, salt begins
to be transported from the lower layer to the upper layer, and hence, the finger zone
stabilizes and ceases its upward displacement, settling at a height of Z = 0.75 (see
figure 6 1). We also observe the delayed formation of the upper mixed layer, which

decreases in thickness over time. These results can be observed more quantitatively

by looking at the salt profiles in figure 8 b.
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Figure 8. Plot of the kinetic energy E, of the system as a function of time at high thermal
Rayleigh number Rar Ra, =7x10% and Rp:1.5: The left panels correspond to the weakly

nonlinear case (&=1), while the right panels correspond to the strongly nonlinear case (=3
)-The solid lines and the dashed lines represent the vertical kinetic energy averaged over all
descending and ascending fingers, respectively.

To be more precise in analyzing the previous instantaneous results, we will examine
the kinetic energy and horizontally average temperature and salinity profiles of the
is expressed as

system. The non-dimensional kinetic energy denoted E,

E, :%<U2+W2>, where <> indicate averaged domain, U and W are the horizontal

and vertical velocity components.
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The build-up of kinetic energy in the figure 8 indicates that the onset of finger
instability is delayed in the upper layer compared to the lower layer. This delay is
mainly due to the earlier development of descending fingers. Moreover, in the
nonlinear cases, the large amount of potential energy available in the system is
converts into kinetic energy by descending fingers. Hence, the potential energy
converts quickly to kinetic energy, reaching its maximum magnitude in the lower layer
compared to the upper layer for both cases (&£=1,&=3). Additionally, the maximum
magnitude of kinetic energy increases in both upper and lower layers as the
nonlinear parameter increases. Interestingly, for the high linear case, in the upper
layer, two obvious peaks are detected, see the figure 8 b. The first peak is obtained
due to the release of the potential energy by the ascending fingers that boost the
kinetic energy until it reaches its first maximum value. Subsequently, as the
ascending fingers cease growing, there is a decrease in kinetic energy. Interestingly,
there is a resurgence in the increase of kinetic energy in the upper layer, due
principally to the increase in the level of the lower layer that invades approximately
20% of the upper layer. This invasion reactivates and boosts the kinetic energy again
until it attains its second peak, and finally, we notice a gradual decline the system’s in
the kinetic energy across both upper and lower layers. This reduction is mainly due to
the decreases in the finger zone motions and the mixed layers which means that the
system tends towards equilibrium and become influenced by diffusive processes.

The salinity and temperature distributions are horizontally averaged to generate
vertical profiles, as illustrated in figure 9. The initial distributions of the (7* S*)
components are symmetric about the mid-height of the computational domain,

characterized by stabilizing thermal gradients counteracting destabilizing salt
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gradients. This distribution between the upper and lower layers leads to the

generation of the fingers convection.
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Figure 9. Horizontally averaged profiles of (a, b) salinity and (c, d) temperature at high
thermal Rayleigh numbers Ra, = 7x10% and Rp=1.5. The left panels show the profiles for the

weakly nonlinear case (&=1), while the right panels depict the profiles for the strongly
nonlinear case (&£=3). These profiles illustrate the significant impact of the nonlinearity
parameter ¢ on the distribution and dynamics of salinity and temperature in the fluid layers.

For the lowest nonlinear case ¢=1, fort>3h,the salinity values at the upper
boundary remain close to S*=/, indicating that the fingers have not yet reached the
top of the domain. In contrast, salinity starts to gradually increase from S*=0 which

implies that the descending fingers reach the bottom of the domain earlier than the

ascending ones.
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Moreover, for t>12h, the averaged profiles clearly indicate that the upper zone
consists of two regions: a fingering zone and a mixed layer whereas, in the lower
layer, a single zone was identified, marked by the formation of a mixed layer, with the
salt value remaining nearly constant, indicating a homogeneous distribution of salt.
Indeed, the lower mixed layer zone thickens and encompassed the entire lower half
of the domain while the thickness of the top mixed layer decreases with the growth of
the finger zone that characterized by strong diffusion process. Consequently, finger
zone takes place in the upper half of the domain and sandwiched between these
mixed layers.

Over time,t>45h, the salt profile tends to convect vertically towards an asymptotic

value of approximately S™ =0.5, resulting in a uniform distribution of salinity in the
system with contrast between the layers(AS*=0).

In the highest nonlinear case &=3, for t>1h40min, the profiles indicate that in the
lower half of the domain (Z<0.5) the salinity value changes rapidly, reaching values
above zero. The averaged profiles distribution is nearly constant, indicating unevenly
distributed of salt. This is mainly due to the convective cells generated by the earlier
coalescence of the fingers in the lower layer, which mixed them thoroughly (figure 7
b). However, the profiles in the upper layer 0.5<7<0.58 (i.e. AZ=0.8) show a finger
zone and for Z>0.6 the salinity value remains constant at its initial value of S*=1,
indicating that the ascending fingers in this zone is very slow and appears inhibited.
Intriguingly, for the highly nonlinear parametere=3, the finger zone does not grow
with time but instead moves upward, maintaining a consistently small thickness fixed

at AZ=0.8. Therefore, the averaged profiles show clearly that the finger zone is

confined between the pure upper unmixed salinity (S" =1) and lower mixed zones.

Furthermore, fort=6h36 min, the lower homogeneous zone thickens as the upper
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layer is depleted, driven by strong convection. Att=17h35min, the lower zone
encompasses 70% of the domain, exhibiting a salinity value of §*=0.35.We also
clearly observe the formation of an upper mixed layer from Z= 0.80 to the end of the
top boundary (i.e., AZ =0.2), which decreases in thickness to AZ=0.1 at t=27h.
Upon examining the temperature profiles, it is observed that for the highly nonlinear
case (figure 9 d), the heat transfer by descending fingers is almost the same to that
of solute mass transport in the lower layer. However, for the upper layer, the quantity
of heat transported by ascending fingers is less than that of the salinity.

For the weak nonlinear case (figure 9 c), the profiles clearly indicate that the heat
quantity being advected vertically by ascending and descending fingers is less than
that of the salinity.

We now turn to investigate how the nonlinearity parameter influences the quality and
efficiency of mixing.

Figures 10 and 11 illustrate the evolution of the PDF(S*) of salinity for both weak and
highly nonlinear cases. Regardless of the initial stage (not depicted), a global
analysis reveals that mixing activity is more pronounced in the lower layer than in the
upper layer, confirming the asymmetrical dynamics of finger evolution.

In figure 10 a, corresponding to the weak nonlinear case ¢=1, three distinct mixing
zones have been identified: zone 1 is bounded by -0.5 < Z < 0, zone 2 is bounded by
0<Z<10.15,and zone 3 is bounded by 0.15 < Z < 0.5.In the zone 1, mixing is driven
by the formation of descending fingers that transport salt from the upper to lower
layers. The early merging of descending fingers implies a faster mixing and enhances

mixing activity in this zone. As the fingers reach the bottom of the domain, the

probability of finding pure unmixed salinity (5" =0) remains zero. PDF(S*) also
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reveals that mixing activity is significantly close to the bottom due to the interaction of

the lower mixed layer with the bottom boundary.
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Figure 10. Evolution of the probability density function of salinity as a function of height at
high thermal Rayleigh numbers Ra, =7x10* and Rp=1.5 for the nonlinear case (&=1). The

figure highlights the effect of weak nonlinearity on the mixing process, illustrating how the
distribution of salinity changes over time and showing the different stages of mixing and the
development of distinct layers.

In the upper layer, figure 10 a shows that zone 2 is characterized by a wide band
where salinity values are confined between 0.3 and 0.9, with a very low probability.
Mixing in this zone is mainly driven by diffusive processes. In contrast, zone 3
exhibits a high probability of pure, unmixed salt (S =1), indicating the absence of

any mixing activity.
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Over time, mixing activity intensifies, leading to thorough mixing of salt in the lower
layer due to convection processes. This result in a better homogeneity of mixing in
this zone, while the second zone extends and becomes much thinner and the mixture
remains predominant by a diffusion process, see figure 10 b and c. However, we
notice the increase in the mixing activity near the top of the domain due to the

formation of upper mixed layer, indeed, the probability to find pure unmixed salinity (

S” =1) become zero (figure 10 c). As time elapses, the intensity of convection in the
mixed layer decreases in the upper layer, allowing the finger zone to begin transport
again salute mass back towards the top of the domain. As a result, there is an
increase in the thickness of the finger zone, accompanied by a decrease in mixing
activity, with diffusion becoming the dominant process in the upper zone, as depicted
in Figure 10 d.

In the highest nonlinear case ¢=3, the PDF(S*) also reveals three distinct mixing
zones. Figure 11 a illustrates that the convective mixing dynamic predominantly

occurs in the lower zone compared to the upper zone. The PDF(S*) distribution

indicates that the probability to find pure unmixed salinity (S =0) remains higher in
the lower zone -0.5<Z<0, despite to the formation of the descending fingers. This

means that the quantity of salt transported by the descending fingers from the upper
layer (S =1) to the lower layer (S =0) is very weak. Additionally, we can also

remark the existence of a band of salinity has values bounded between 0<S" <0.1
extended from the middle of the domain to the bottom boundary taking weak PDF(S*)
values. This implies that the small amount of salt pumped from the upper zone is well
mixed and becomes uniformly distributed throughout the lower half of the domain. In
contrast, in the upper layer (0< Z <0.5), we observed that mixing in the second zone

is predominantly diffusive and is confined to a thin layer of approximately AZ = 0.05.
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Figure 11.Evolution of the probability density function of the salinity at high thermal Rayleigh
number Ra, = 7x10%and Rp=1.5 for the nonlinear case (&£=3). This figure emphasizes the

impact of strong nonlinearity on the mixing process, illustrating how the distribution of salinity
changes over time and showing the different stages of mixing and the development of
distinct layers.

This zone is characterized by a broad range of salinity values with weak PDF(S¥)

values and it is followed by the third zone (0.55<Z< 1) where pure, unmixed salt (
S"=1) is taking place because the ascending fingers are damped from growing under
the effect of nonlinearity as shown in the figure 6 b and d, preventing the transport of
salt to the upper zone.

It is interesting to note that the mixing process in the upper layer is inactive (i.e.,
unmixed salt S =1) due to the lack of development of the ascending fingers (figure 11

b). Consequently, the upper layer serves as a nutrient reservoir for the lower layer via
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the descending fingers that transport salt from it towards the lower layer. Over time,
the salt amount in the upper reservoir decreases, while the thickness of the lower
mixing zone increases and extends up to Z=0.2 to cover 70% of the computational
domain. Therefore, the second mixing zone moves from the center at Z=0 to Z=0.2,
maintaining the same thickness of AZ ~0.1. Consequently, the thickness of the third
mixing zone decreases, occupying ~25% of the domain.

As time elapses, figure 11 ¢ show, remarkably, a pronounced enhancement in mixing
dynamics is observed near the horizontal boundaries, where salinity ranges from 0.2
to 0.3 in the bottom and from 0.8 to 0.9 in the top. This increased activity is mainly

due to the significant interaction of the finger structures with horizontal boundaries.
Furthermore, we observe that the probability of finding pure, unmixed salt S" =0,

S =1 in the lower and upper layers respectively is zero. This is corroborated by the
instantaneous contours of the salinity in the figure 6 j.

Figure 11 d indicates that the mixing activity in the lower zone stays approximately
constant, while the thickness of the second mixing zone increases with the formation
of ascending fingers. The mixing activity in this zone is very weak and dominates by
large diffusion of the salt. Additionally, the third mixing zone begins to decrease due
to the increased growth of the fingers, and the intensity of mixing it decreases.
Indeed, for the highest nonlinear case (&£=3), the mixing efficiency appears to be
qualitatively and quantitatively weak. This is due to a lack of a finger generation in the
system, which plays a crucial role in transporting and exchanging salt between the
lower and upper layers. On the other hand, the highly nonlinear parameter dampens
and delays the formation of ascending fingers. In addition, any descending fingers

that do form are quickly disrupted by strong convection cells in the lower zone.
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4. Conclusion

In this study, we investigated the impact of the equation of state's nonlinearity on the

evolution of double-diffusive finger convection and the mixing process through

numerical simulations. We employed the finite volume method with high-accuracy

schemes to solve the governing equations at low buoyancy ratios and high thermal

Rayleigh numbers. The results obtained from the simulations indicate that the

nonlinearity parameter (¢) plays a significant role in the formation structure of

fingers, dynamics, and the transport processes of salt and heat in double-diffusive

finger convection. Our findings can be summarized as follows:

1.

Impact on fingers dynamic: Increasing the nonlinear parameter significantly
enhances the buoyancy force acting on descending fingers compared to
ascending fingers. This result in narrower and faster-growing descending
fingers, while ascending fingers is appreciably damped, growing more slowly
but with greater width. This pronounced asymmetry in finger development
leads to distinct convective patterns between the upper and lower layers.
Additionally, we observed a clear displacement of the fingering interface, a
phenomenon that becomes more pronounced with increasing nonlinearity. The
displacement of the fingering interface halts and stabilizes once the growth of

ascending fingers commences.

. Impact on mixed layers: In contrast to the linear case, where the upper and

lower mixed layers have the same thickness, the differences in finger
development in the nonlinear cases significantly affect the formation of mixed
layers. Indeed, in the nonlinear cases, the thickness of the upper mixed layer

decreases as the nonlinear parameter increases.
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3. Impact on mixing efficiency: Analysis of the probability density function of
salinity PDF(S*) reveals that the amount of salt transported by descending
fingers from the upper to the lower layer decreases as the nonlinear parameter
increases. This indicates a reduction in mixing efficiency with higher nonlinear
parameter values, implying that increased nonlinearity hinders effective salt

transport and mixing

Overall, our findings contribute to a deeper understanding of the complex dynamics
of double-diffusive finger convection and highlight the importance of considering the
nonlinearity of the equation of state in predicting transport processes and mixing

proprieties in natural and engineered systems.
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Nomenclature

Ar

I

nl
ar

L(f)

enclosure aspect ratio = B/ H

height of enclosure

width of enclosure
gravitational acceleration

dimensional and dimensionless pressures

dimensional and dimensionless
temperatures

temperature of top and bottom layers

dimensional and dimensionless
salinities
salinity of top and bottom layers

dimensional and dimensionless times

Prandtl and Schmidt numbers
coefficient of thermal and salt diffusivities

density stability ratio
buoyancy flux ratio

reference temperature and salinity

thermal and salinity Rayleigh numbers

dimensionless horizontal and vertical
velocity components

dimensional horizontal and vertical
velocity components

dimensionless Cartesian coordinates

Cartesian coordinates

linear weight for stencil I
smoothness indicator for stencil I

flux function
reconstruct fluxes

spatial discretization operator

Greek symbols

Br Pr,
Ap
AS

AT

linear and nonlinear thermal expansion
coefficients

initial density difference between the two
layers

initial salinity difference between the two
layers

initial temperature difference between the two

layers

40

At, At

joy2)
&
1%

¢dlﬁ'
¢(J()}’l\/

Vs
75
73
73

dimensional and dimensionless
time steps

dimensional and reference
densities

nonlinearity parameter

kinematic viscosity
diffusive terms

nonlinear convective terms

Unnormalized weight for stencil i

Small parameter to avoid division
by zero

Normalized weight for stencil i

Weight for f”in the first stage
Weight for the intermediate
solution in the first stage
Weight for /" in the second

stage
Weight for the intermediate
solution in the second stage

Weight for /™ in the third stage

Weight for the intermediate
solution in the third stage

Subscripts and superscripts

-+

n+l
(1
(2)

dimensionless quantity

initial value

node indices

stencil index (0, 1, or 2)

approximation from the right and
left, respectively

time level
next time level

Intermediate solution after the first
stage

Intermediate solution after the
second stage
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