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Abstract
Given the small wavelengths and wide range of frequencies of the acoustic waves involved in Aeroacoustics problems, the 
use of very accurate, low-dissipative numerical schemes is the only valid option to accurately capture these phenomena. 
However, as the order of the scheme increases, the computational time also increases. In this work, we propose a new high-
order flux reconstruction in the framework of finite volume (FV) schemes for linear problems. In particular, it is applied to 
solve the Linearized Euler Equations, which are widely used in the field of Computational Aeroacoustics. This new recon-
struction is very efficient and well suited in the context of very high-order FV schemes, where the computation of high-order 
flux integrals are needed at cell edges/faces. Different benchmark test cases are carried out to analyze the accuracy and the 
efficiency of the proposed flux reconstruction. The proposed methodology preserves the accuracy while the computational 
time relatively reduces drastically as the order increases.

Keywords  High-order methods · Finite volume · Mean preserving moving least squares · Computational aeroacoustics

1  Introduction

Aeroacoustics is concerned with predicting the noise gen-
erated by unsteady flows. Computational Aeroacoustics 
(CAA) deals with the numerical simulation of these phe-
nomena, which is a very complex problem [1–4]. Numeri-
cal simulation of aerodynamic flows is a mature technol-
ogy which is widely used nowadays in multiple scientific 
and industrial environments. However, the application of 
numerical methods developed for aerodynamics to CAA is 

not straightforward and presents a number of problems. Most 
of these problems are related with the low magnitude of 
acoustic waves and the importance of low amplitude pres-
sure waves to the accurate representation of the aeroacous-
tic field, which is wider than in aerodynamics. Thus, the 
use of high-resolution, low-dissipation numerical schemes 
is mandatory in the numerical simulation of this kind of 
computations.

Historically, high-resolution finite differences schemes 
[5–8] have been the predominant methods in CAA. How-
ever, high-order Finite Volume (FV) solvers [9–11] and even 
meshless methods based on Riemann solvers [12] have also Javier Fernández-Fidalgo, José París, Michael Deligant, Sofiane 
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been proposed for CAA computations. The interest of Finite 
Volume or meshless methods relies on its geometrical flex-
ibility, which is a very interesting feature in order to address 
real engineering problems, since the use of finite difference 
schemes in such problems is cumbersome when complex 
geometries are involved.

Finite volume schemes are the current standard in indus-
try for numerical simulation of compressible flows. Very 
high-order Finite Volume methods fulfill the requirements 
for CAA, since they are very low-dissipative schemes and 
with a relatively low dispersion error. Thus, they are suit-
able candidates for CAA computations of engineering prob-
lems. In order to achieve a high order finite volume scheme 
it is mandatory to use a high order reconstruction and also 
an appropriate quadrature for the integrals. So the order of 
the numerical scheme will be lowest between the order of 
the reconstruction and the numerical integration. However, 
using a pointwise representation of the variables the for-
mal order is limited to order 3 for unsteady problems unless 
use a pseudo-mass matrix formulation, which relates the 
meanwise and pointwise framework [10] at the price of an 
increase of computational cost. A different approach is to use 
a meanwise formulation where arbitrary order can be also 
achieved [23] avoiding the increase of cost and complexity 
when dealing with the pseudo-mass matrix. Unfortunately, 
increasing the convergence order of a finite volume scheme 
implies increasing the cost of the numerical scheme both 
in terms of memory requirements and computational time. 
A great amount of this increase is related to the number 
of integration points at the interfaces between cells. This 
increase in computational cost is especially important in the 
case of three-dimensional problems, and it is a limitation of 
the convergence order of the numerical scheme in practical 
applications.

In this work, we propose a new high-order flux recon-
struction method in the context of finite volume schemes 
applied to linear problems. LR: However, it is important 
to note that the proposed methodology is also applicable 
to other schemes such as Discontinuous Galerkin methods. 
This methodology allow us to obtain large reductions in 
computation time preserving the accuracy of the original 
schemes. The savings in computation time obtained are 
greater as the order of the scheme increases. In particular, 
we apply the new schemes to the Linearized Euler Equa-
tions, which are widely used in the field of Computational 
Aeroacoustics. Different benchmark test cases are carried 
out to analyze the accuracy and the efficiency of the new flux 
reconstruction. It is shown that the proposed reconstruction 
method is very efficient and well suited in the context of very 
high-order schemes, where high-order numerical integration 
of the flux is needed at cell edges/faces.

The paper is structured as follows. In Sect. 2 the govern-
ing equations are presented. In Sect. 3 the formulation of 

classical finite volume methods is presented, whereas the 
new formulation is presented in Sect. 4. Some benchmark 
CAA test cases are analyzed in Sect. 5, to show the accuracy 
and efficiency gain of the proposed methodology. Finally, 
some conclusions are drawn.

2 � Governing equations

The three-dimensional Linearized Euler Equations written 
in conservative form read

where U and F = (Fx,Fy,Fz) are the vector of the con-
servative variables and the inviscid flux vector, namely

T h e  m e a n  s t a t i o n a r y  s o l u t i o n  i s 
U0 = (�0, �0u0, �0v0, �0w0, p0)

T . In the acoustic perturbations 
variables U , �′ is the fluctuating density, u� = (u�, v�,w�)T the 
fluctuating velocity and p′ the fluctuating pressure. More-
over, H(U) contains terms related to the gradients of the 
mean flow, which are zero when the mean flow is uniform

3 � Finite volume discretization

LR: Given a system of conservation laws
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LR: the FV discretization integrates it inside each control 
volume ΩI

LR: After applying Gauss theorem and the mean value of 
the conservative variable, ÛI , we obtain

LR: where ÛI is the mean value of the conservative vari-
ables U(x, t) at control volume I, ΓI is the boundary of con-
trol volume I and n is the unitary outward normal of the 
boundary.

LR: For an arbitrary control volume I we can split the 
face/edge integral of equation (7) in nf  integrals, so 
nf∑
j=1

ΓIj
= ΓI , where nf  is the total number of edges/faces in 

2D/3D of the control volume I. Therefore, Eq. (7) reads

In a Finite Volume framework, the hyperbolic/inviscid flux 
vector of Eq. (8) is computed using a suitable numerical 
flux, denoted as �(U+,U−, nj) , where U+ and U− are the 
right and left Riemann states of the variables on face j. Intro-
ducing the numerical flux in Eq. (8) we obtain

Standard high-order Finite Volume discretization approxi-
mates the first integral of Eq. (9) by means of an appropri-
ated numerical quadrature. Here, we use a Gauss-Legendre 
quadrature. Then, the discrete approximation of the flux 
integral of (9) reads as

where Lj denotes the length in 2D or area in 3D of edge/face 
j, ng is the number of quadrature points for each edge/face 
and Wig is the corresponding quadrature weight for the quad-
rature point (ig) where the function � is evaluated. In Eq. 
(10) subindexes K and I refer to the cells that share the edge/
face (see Fig. 1). To obtain a high-order accuracy method, 
it is necessary to estimate the flux at each integration point 
using a high-order reconstruction of the variables, such as 

(5)�tU + ∇ ⋅F = S,

(6)∫ΩI

�tU dΩ + ∫ΩI
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S dΩ.
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S dΩ

(8)ΩI�tÛI +
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j=1
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)
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LjWig

the MLS reconstruction [9, 10, 13] k-exact reconstruction 
[14, 15], ADER schemes [16, 17], WENO reconstruction 
[18–21] or recently the CWENO reconstruction [22], among 
others.

One of the key points in the development of a high-
order Finite Volume method is that the order of the quad-
rature of the numerical integration must be, at least, of the 
same order of the FV method. For example, a nth-order FV 
method using a Gauss-Legendre quadrature requires, at 
least, (n + 1)∕2 integration points for each edge in 2D and 
((n + 1)∕2)2 integration points for each face in 3D.

In Fig.  1, we plot, as an example, three quadrature 
points along the edge Γ1 for control volumes I and K. 
For each quadrature point we need to compute the recon-
structed variables U−

I
(xig) and U+

K
(xig) to calculate the 

numerical flux of Eq. (9). As explained earlier, the order 
of the reconstruction must be, at least, of the same order 
of the desired FV method.

In this work, we use the Mean Preserving Moving Least 
Squares, proposed by the authors in [23] which employs 
the information of the surrounding control volumes to 
high-order reconstruct the variables inside each control 
volume. For all control volumes, each conservative vari-
able is approximated by

where NI(x) are the MP-MLS shape functions, n
�
 is the num-

ber of cells of the stencil and p̂T (x) is the polynomial basis 
and is defined in 1D as

where � is the vector of reconstruction coefficients. These 
coefficients are calculated by minimizing an error functional 
of weighted residual taking into account the geometric infor-
mation and mean values of the surrounding control volumes. 
The functional reads

(11)UI(x) = p̂
T
(x)� =

n�∑
k=1

NI
k
(x)Ûk

(12)p̂j(x) =
1

ΩI
∫ΩI

p̂j(x)dΩ =
1

ΩI
∫ΩI

(x − xI

h

)j−1

dΩ

Fig. 1   Schematic representation of the integration points over edge Γ
1
 

of control volumes I and K 
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where the W(x − xk, h) refers to a kernel or weight function 
which is centered on a point x , and weights the importance 
in the approximation of the points inside the stencil. The 
stencil is determined by h (the smoothing length), leading 
to a compact point cloud and must be at least the number of 
elements of the polynomial basis. The resulting approxima-
tion, UI(x) can be written in terms of the MP-MLS shape 
functions, N(x) as seen in Eq. (11). It is important to remark 
that the number of points in the stencil increases as the order 
of the reconstruction is increased. Full details of the Mean 
Preserving Moving Least Squares can be found in [23].

Using this approach, for each integration point, ig in 
Eq. (10), we compute the high-order reconstruction of the 
Riemann states as

Then, the discrete approximation of Eq. (9) reads

Notice that Eq. (16) is the state of the art discretization to 
obtain a high-order finite volume scheme, where U+

K
 and U−

I
 

are the high-order reconstruction of the variables.

4 � Flux reconstruction through face average 
integration method

From Eq. (16), it becomes evident that as the order of the 
FV scheme is increased, the computational cost largely 
increases, specially in 3D. This is mainly due to the 
increase in the number of integration points needed to pre-
serve high-order accuracy. As previously commented, for a 
Gauss-Legendre numerical face-integral in 3D, we need at 
least ((n + 1)∕2)2 integration points to preserved the order 
of a method of nth order. To reduce this large increase in 
cost, we propose to compute the face average values of the 
variables using a face averaged shape function as

(13)

J(�(x)) = ∫xk∈ΩI

W(x − xk, h)

[
Û(xk) −

1

Ωk
∫Ωk

pT (xk)�(x)dΩk

]2
dΩx.
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k
(xig)Ûk

(15)U+
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[
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, nj)

]
ig
Wig = ∫ΩI

S dΩ

where N̂I is the mean value over the edge Γj of the MP-MLS 
shape functions that reconstruct the variables inside the con-
trol volume I. Each component of the mean shape function 
is computed as

Notice that the edge/face integral is computed for the MP-
MLS shape functions instead of the numerical flux in Eq. 
(16). Since MP-MLS shape functions are independent of the 
value of the variables and, therefore, for fixed grids, they can 
be computed only once at the preprocessing stage. There-
fore, we can pre-compute the value of N̂ for each edge/face 
of the mesh. With this procedure, we are able to compute 
face-averaged values of the variables by using the following 
equation

This integration procedure is specially relevant for linear 
equations, such as the Linearized Euler Equations, where 
it is verified that

And therefore, the discrete equation can be written as

From the point of view of coding, solving Eq. (21) is more 
efficient than solving Eq. (16), as schematically represented 
in the comparison between algorithms 1 and 2. Note that 
with this procedure we avoid the loop at integration points 
for each time step, since we have previously computed that 
loop at the preprocessing stage. LR: The total number of 
flux evaluations is related to the total number of integra-
tion points in the domain, that is for example, on a struc-
tured domain with a discretization of Nx × Ny elements, 
(Nx + 1) × (Ny + 1) × ngauss for the traditional integration 
scheme and (Nx + 1) × (Ny + 1) evaluations for the Face 
Average Integration Method. Thus, since the number of 
integration points is related to the order of our numerical 
method, the expected time savings will become larger as we 
increase the order of our numerical method.
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Algorithm 1   Computation of the flux using the traditional integration procedure reconstruction through Face Average 
Integration Method.

Algorithm 2   Computation of the flux using the Face Average Integration Method.

We remark that the proposed Face Average Integration 
Method can be also applied to other mean-preserving recon-
struction procedures. The key point is to be able to reformu-
late the reconstruction procedure, as expressed in Eq. (11), 
using shape functions.

5 � Numerical results

This section presents the numerical results for several bench-
mark problems aimed at assessing the efficiency and perfor-
mance of the proposed Face Average Integration Method, 
while keeping the same level of accuracy than the tradi-
tional scheme. In all the examples, the chosen time integra-
tion scheme is a TVD third-order Runge–Kutta [24].LR: In 
this work, the numerical flux, �(Û+

K
, Û−

I
, n(if )) , is discretized 

using Roe’s flux difference splitting [25] or the Rusanov’s 
HLL flux [26], but we want to remark that the proposed 
approach is also valid for other numerical fluxes.

5.1 � One‑dimensional linear wave equation

In the first test case we analyze the a benchmark problem of 
the First ICASE/LaRC Workshop on Benchmark Problems 

in Computational Aeroacoustics [27]. The aim of this exam-
ple is to test the accuracy and the order of convergence of 
the method. The following one-dimensional linear advection 
equation is solved

where a is the phase velocity. For simplicity, in this example, 
it has been taken a = 1 . The initial condition is

Equation (22) with initial condition (23) has the following 
analytic solution

The domain is −20 ≤ x ≤ 450 , and periodic boundary condi-
tions are imposed. The domain is discretized with a set of 
uniform meshes of: 256, 1024, 2048, 4096, 8192, 16384, 
32768 and 65536 control volumes. Once the solution is 
obtained the L2-norm of the error is computed. LR: Since 
the time discretization is third order and the spatial dis-
cretization is arbitrary, following [28] we scale the Δt to 
ensure that errors due the temporal integration converge 

(22)
�u

�t
+a

�u

�x
= 0

(23)u(x, t = 0) = 0.5 exp

[
− ln (2)

(
x

3

)2
]

(24)u(x, t) = 0.5 exp

[
− ln (2)

(
x − at

3

)2
]



	 Engineering with Computers

at least with the same order as the spatial discretization. 
The numerical flux employed is an arbitrary-order upwind 
scheme, which in this test case is equivalent to the Rusanov 
flux The obtained numerical results for different orders of 
accuracy are shown at t = 400 in Fig. 2.

The formal order of accuracy is achieved for the different 
orders tested. In Fig. 3 a) the numerical solution on a 1024 con-
trol volume mesh at t = 400 and b) at ( t = 5100 , which cor-
responds to 10 periods in the domain, are plotted. As expected, 

the numerical method converges to the analytical solution as 
the order is increased, even for long time simulations.

5.2 � 2D‑Gaussian acoustic pulse

The second test case is devoted to analyze the accuracy and 
efficiency of the proposed methodology in two dimensions. 
The two-dimensional Gaussian Acoustic pulse test case [5] is 

Fig. 2   One dimensional linear 
wave problem. L

2
 error norm 

of the variable for different 
convergence orders and spatial 
discretizations
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Fig. 3   One dimensional linear wave problem. Comparison of the numerical solutions t = 400 (left) and t = 5100 (right) on a 1024 control vol-
ume mesh obtained using different convergence orders
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commonly used in the literature as a benchmark case [10–12, 
29, 30] for CFD and CAA codes.

The  compu t a t iona l  domain  i s  a  squa re 
Ω = [−20, 20] × [−20, 20] with periodic boundary conditions. 
The initial condition for the fluctuating variables is defined as

(25)
��(x, y, t = 0) = e−�r

2

, u� = v� = 0,

p�(x, y, t = 0) = e−�r
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Fig. 4   2D-Gaussian acoustic pulse. Pressure field at t = 0 , t = 5 and t = 10 with a first order finite volume method (left) and a tenth order FV-
MP-MLS method (right)
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where � = ln(2)∕b2 , b = 2 and r denotes the distance 
to the initial location of the pulse, which is located at 
(x0, y0) = (0, 0)T . In this test case, the mean velocity is set to 
zero. The numerical solution is computed using the Rusanov 
numerical flux at t = 10.

First, in Fig. 4 the pressure field solution at times t = 0 , 
5 and 10 is plotted for a first-order finite volume method 
(left column) and a tenth-order FV-MP-MLS method (right 
column) on a mesh with 4096 control volumes. Notice that 

the solution obtained with the first-order dissipates as the 
time increases.

The pressure and velocity field profiles at x = 0 obtained 
at time t = 10 are plotted in Fig. 5 and compared with the 
analytical solution. As expected, it becomes evident the 
increase of accuracy as the order of the numerical method 
is increased.

Second, we use this test case to check and compare the 
formal order of accuracy using both flux reconstruction 
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Fig. 5   2D-Gaussian acoustic pulse. Pressure and velocity perturbation profiles at x = 0 obtained at t = 10 with a first order finite volume method 
and a tenth order FV-MP-MLS method compared with the analytical solution
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approaches. To do so, the computational domain is dis-
cretized with a set of structured meshes, (256, 1024, 2048, 
4096, 8192, 16384, 32768 and 65536 cells) and the solu-
tion is computed for each mesh with different orders of 
accuracy.LR: In order to avoid the influence of the time 
integration scheme, we have chosen a fixed time step of 
Δt = 0.001 to compare the computational times. Once the 
solution is obtained at t = 10 the L2-norm of the density 
error is computed. The numerical results are plotted in 
Fig. 6, where no difference in terms of accuracy have been 
found between both flux reconstruction approaches. For con-
venience, we only plot the results obtained with the new flux 
reconstruction approach.

Once the accuracy and formal order of the schemes are 
verified, we compare the efficiency of the proposed Face 
Averaged Flux Integration method with the classical numeri-
cal integration method for different orders of accuracy. For a 
given mesh resolution of 4096 control volumes, the obtained 
results are summarized in Fig. 7, where the times are nor-
malized by the time required for the second order scheme 
with the proposed methodology.

As the convergence order of the scheme is increased, the 
classical numerical integration of the flux requires more 
integration points for every edge of each control volume 
and therefore the computational time increases. However, 
the Face Averaged Flux Integration requires, for the same 
accuracy and order, lower computing times than the classical 
integration approach.

Moreover, we note that, using the Face Averaged Flux 
Integration method, the computational time is only slightly 
increased as the convergence order is increased. This 
increasing is due to the larger stencil required for higher-
order approaches. Thus, with the proposed methodology, 
the computational required for the seventh order scheme is 
less than two times larger than that required for the second 
order scheme, whereas using the classical approach, the 
time required is around eighth times larger. The tenth order 
scheme requires around four times more computing time 
than the second order scheme. With the classical scheme, 
the time required is 20 times larger. LR: For a fixed mesh 
of 4096 control volumes, we can plot the L2-norm of the 
density error and the computational times required to obtain 
them with different order of accuracy. It can be observed in 
Fig. 8 the large computational time savings achieve with the 
proposed methodology.

We have verified that the new methodology keeps the 
accuracy of the original scheme with large savings of 
computational time, which becomes greater as the order 
increases.

5.3 � 3D‑Gaussian acoustic pulse

In this example, we extend the previous numeri-
cal test case to 3D. The computational domain is 
Ω = [−20, 20] × [−20, 20] × [−20, 20] . The initial position 
of the pulse is (xp, yp, zp) = (0, 0, 0)T and it is defined as
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Fig. 8   LR: 2D-Gaussian Acoustic pulse. L
2
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different orders of accuracy and the computational times for both the 
Face Averaged Flux Integration and the classical Gauss Legendre 
integration using the a mesh resolution of 4096
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where � = ln(2)∕b2 , b = 2 and r denotes the distance to the 
initial location of the pulse. The mean velocity is set to zero. 
In order to compare the efficiency of the Face Averaged Flux 
Integration, the mesh resolution is fixed for all orders in 323 . 
The computational times for the different orders of accuracy 
are represented in Fig. 9, where the times are normalized 
by the time required for the second order scheme with the 
proposed methodology.

As expected, the computational time savings increases as 
the order of convergence increases. Notice the in this test case, 
the eight order method with the new approach is more than 20 
times faster than the classical integration procedure.

(26)
��(x, y, z, t = 0) = e−�r

2

, u� = v� = w� = 0,

p�(x, y, z, t = 0) = e−�r
2

Fig. 10   Monopole source radiation in uniform ( M = 0.5 ). Computational Mesh (left) and the absorbing layer surrounding the computational 
domain (right)

Fig. 11   Monopole source radiation in uniform ( M = 0.5 ) mean flow at time t = 5400 . Comparison of the pressure field on the computational 
domain using the proposed scheme for second (left), fourth (middle) and sixth (right) convergence orders
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Fig. 12   Monopole source radiation in uniform ( M = 0.5 ) mean flow 
at time t = 5400 . Pressure contours obtained using the proposed 
scheme for second, fourth and sixth convergence orders
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5.4 � Monopole source radiation in uniform flow

This test case is commonly used to check the ability of the 
method to simulate long distance wave propagation. Here, 
we also use this test case to check if the Face Averaged Flux 
Integration method is able to keep the accuracy and efficiency 
shown in Cartesian meshes, when unstructured meshes are 
used to discretize the computational domain. We use the 
setup proposed in [31, 32]. A monopolar radiation source is 
placed in an uniform subsonic ( M = 0.5 ) flow. It is located at 
(xp, yp)

T = (0, 0)T and is defined as

where � = 2�∕30 is the angular frequency, r denotes the 
distance to the location of the source and t is the time coor-
dinate. The wave length is � = 30 , and the computational 
domain is a circle with radius r = 100 . The source term is 
made dimensionless with 

[
�∞c∞∕Δx, 0, 0, �∞c

3
∞
∕Δx

]T . An 
absorbing layer has been placed surrounding the computa-
tional domain to avoid spurious reflections at boundaries 
[31]. LR: The Roe numerical flux is used with a fixed time 
step of 0.5 for each order. Figure 10, shows the mesh resolu-
tion used in this problem and the absorbing layer around the 
computational domain.

In order to evaluate the long term accuracy of the method, 
we let the computations running until t = 5400 , that cor-
responds to 180 periods of the source. Two acoustic waves 
propagate upstream and downstream of the source. Due 
to the effect of the mean flow, the apparent wavelength is 
modified. Thus, it is different upstream ( �1 = (1 −M)� ) and 
downstream ( �2 = (1 +M)� ) of the source (Fig. 11).

Figure 12 shows the results for the pressure profile along 
the axis y = 0 . It is observed that the solution obtained for 
the proposed method is in agreement with the analytical 
solution, reproducing the different apparent wavelength 
upstream and downstream of the source.

Concerning the efficiency of the Face Averaged Inte-
gration Method, in Table 1 the CPU time is compared for 
different orders of reconstruction with the classical face 

(27)Sp =
1

2
exp

(
−ln(2)

r2

2

)
sin(�t) × [1, 0, 0, 1]T

integration. The same accuracy has been obtained using 
both integration approaches.

For the given mesh, the fourth-order method using the 
Face-Averaged Integration Method proposed in this work 
obtains a solution that matches the analytical one  12, 
requiring a computation time comparable to that used by 
the second-order scheme using the standard integration 
method 1.

5.5 � LR: Monopole source radiation in shear mean 
flow

LR: In this test case we analyze the proposed methodology 
when it is applied in presence of a non-uniform mean flow 
[32–35]. The initial condition is a monopolar radiation 
source is located at (xp, yp)T = (0, 0)T and is defined as

Table 1   Monopole source radiation in uniform flow: CPU time com-
parison between the Standard Face Integration Method using a Gauss 
Legendre quadrature and the Face Averaged Integration Method

Standard integration 
method

Face averaged 
integration 
method

Order CPU time (s) CPU time (s)
2th order 5.83 5.80
4th order 12.50 5.97
6th order 36.95 9.64

Fig. 13   Monopole source radiation in shear mean flow at time 
t = 190 . Pressure contours obtained using the proposed scheme for 
sixth-order

Table 2   Monopole source radiation in shear mean flow: CPU time 
comparison between the standard face integration method using a 
Gauss Legendre quadrature and the face averaged integration method

Standard integration 
method

Face averaged 
integration 
method

Order CPU time (s) CPU time (s)
2th order 16.18 15.45
4th order 35.23 16.36
6th order 76.84 28.00
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LR: where � = 2�∕30 , r denotes the distance to the location 
of the source and t is the time coordinate. The wave length 
is � = 30 , and the computational domain and mesh are the 
same as the previous test case, a circle with radius r = 100 . 
The mean flow is defined as

LR: where Mx = 0.125 . The numerical solution is computed 
with both approaches at time t=190 using the 6th-order 

(28)Sp =
1

2
exp

(
−ln(2)

r2

2

)
sin(�t) × [1, 0, 0, 1]T

(29)U0 = (1,Mx tanh(y∕2), 0, 1∕�)

scheme. The obtained pressure field is shown in Fig. 13 
obtained with the Face Average Integration Method. The 
obtained results are in agreement with those presented in 
[34, 35].

LR: No discrepancies has been observed with the 
solution obtained with the standard integration scheme. 
The computational times for both methods are shown in 
Table 2.

5.6 � LR: Vortex convection in a uniform mean flow

LR: In this last test case, we analyze the convection of a 
vortex in a uniform mean flow [31]. The aim of this test case 
is to analyze the proposed integration scheme in acoustic 
problems involving fluctuations in the velocity. The initial 
condition is defined as:

(30)

�′ = 0, u′ = y�exp(− ln(2) r
2

b2
),

v′ = −x�exp(− ln(2) r
2

b2
), p′ = 0

200

200

M=0.5

Fig. 14   Vortex convection in a uniform mean flow. Schematic repre-
sentation of the test case setup

Fig. 15   Vortex convection in a 
uniform mean flow. Compari-
son of the residual fluctuating 
pressure for the standard and 
the proposed scheme using the 
6th-order method

0 50 100 150 200 250 300 350 400
Time

0

1

2

3

4

5

6

7

Lp

10-5

Face Averaged Integration Method
Standard Integration Method

Table 3   Vortex convection in a uniform mean flow: CPU time com-
parison between the standard face integration method using a Gauss 
Legendre quadrature and the face averaged integration method

Standard integration 
method

Face averaged 
integration 
method

Order CPU time (s) CPU time (s)
2th order 5.30 5.04
4th order 15.44 6.94
6th order 42.39 12.22
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LR: where b = 5 and � = 0.03 . The vortex defined in (30) 
is convected with a Mach Mx = 0.5 on a domain of size 
200 × 200 with periodic boundary conditions. An schematic 
representation of the test case is shown in Fig. 14. LR: Fol-
lowing [31], we evaluate the magnitude of the spurious 
noise generated by the vortex to verify that the proposed 
integration method does not introduce additional spurious 
noise and that it obtains the same solution as the traditional 
integration method. To measure it, we will use the residual 
fluctuating pressure, defined as

where N is equal to the number of cells. In this example we 
have used an structured mesh of 4096 cells to discretize the 
computational domain. The vortex is convected for a com-
plete period until t = 400 . The obtained residual fluctuat-
ing pressure is plotted in Fig. 15, for a sixth-order method 
with both schemes. No discrepancies have been observed 
between both solutions. Concerning the computational 
time, the obtained CPU times are shown in Table 3 for both 
approaches and different orders. The time step is fixed for all 
orders in Δt = 0.05 and the Rusanov numerical flux is used.

6 � Conclusions

In this work we have proposed a new and very efficient dis-
crete flux reconstruction method for linear equations, which 
is well suited in the context of very high-order schemes, 
where high-order flux integrals are needed at cell edges/
faces. We have applied the proposed methodology to the 
Linearized Euler Equations using the MP-MLS reconstruc-
tion procedure on a FV context. LR: We remark that the 
proposed Face Average Integration Method is not restricted 
to the MP-MLS reconstruction in FV schemes. In fact, it 
can be applied to other reconstruction procedures and other 
numerical schemes to reduce the required edges/face inte-
gration points, such as Discontinuous Galerkin Methods.

Different benchmark test cases in the field of Computa-
tional Aeroacoustics are carried out to analyze the accuracy 
and the efficiency of the proposed flux reconstruction. It 
is seen that the proposed methodology greatly reduces the 
computing times as the convergence order of the numerical 
method is increased, specially in three-dimensional compu-
tations and it is able to deal with unstructured meshes. In 
particular, using the proposed methodology, we are able to 
reduce up to 20 times the computing time of the eight-order 
scheme in three dimensional computations. This has impor-
tant consequences for the application of the method to indus-
trial problems, which will be the next step of our research.

(31)Lp =

√√√√ 1

N

N∑
i=1

(p − p0)
2
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