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Abstract

This study investigates fuzzy fiber composites, characterized by a vis-

coplastic matrix and fuzzy fibers, i.e. fibers coated with radially aligned car-

bon nanotubes (CNTs). A comprehensive micromechanical framework is de-

veloped to model and optimize these composites, with a particular emphasis

on interfacial damage mechanisms introduced through microvoids growth in

the region between the fuzzy fibers and the matrix. By developing an equiv-

alent fiber model, the complexity of the multi-phase structure is effectively

reduced, facilitating efficient parametric analyses. Various homogenization

techniques, including Composite Cylinder Assemblage (CCA), Transforma-

tion Field Analysis (TFA), and periodic homogenization, are combined to

predict the overall stress-strain responses of the equivalent fiber approach

and then the full fuzzy fiber composite. The identification of the framework

and model parameters enabled a parametric/sensitivity analysis to study the
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effect of varying key parameters, including the volume fraction. The results of

this paper contribute to a deeper understanding of unidirectional fuzzy fiber

composites and establish a foundation for future parametric investigations

and fuzzy fiber composite applications accounting for nonlinear regimes.
Keywords: Fuzzy fiber composites; carbon nanotubes; homogenization;

viscoplasticity; composite cylinders assemblage; transformation field

analysis; effective properties; inelastic mechanisms, interfacial damage.

1. Introduction1

Carbon nanotubes (CNTs) were first discovered in 1991 by Iijima [1],2

and since then they have attracted increasing attention in recent decades3

due to their exceptional mechanical and thermal properties ([2], [3], [4], [5]).4

Their unique structure, composed of rolled graphene sheets (Figure 1), gives5

CNTs high mechanical strength, remarkable electrical conductivity, and light6

weight ([6], [7]). These characteristics make them promising candidates for a7

wide range of applications, from advanced structural composites to electronic8

devices [8].9
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Figure 1: TEM image of microtubules of graphitic carbon (nanotubes). Parallel dark lines

correspond to the lattice images of graphite. A cross-section of each tubule is illustrated.

a) Tube consisting of five graphitic sheets, diameter 6.7 nm. (b) Two-sheet tube, diameter

5.5 nm. (c) Seven-sheet tube, diameter 6.5 nm, which has the smallest hollow diameter

(2.2 nm). This figure is taken from Nature journal by Iijima [1].

An innovative method in composite materials involves the creation of10

"Fuzzy Fibers" by grafting carbon nanotubes (CNTs) on the fiber surfaces11

using chemical vapor deposition [9]. This technique seeks to enhance in-12

terfacial strength and stiffness, setting the stage for the next generation of13

high-performance composites [10]. Carbon nanotubes (CNTs), which can ex-14

ist in either straight or wavy forms, are the focus of a study that examines15

the specific influence of wavy CNTs in fuzzy fiber reinforced composites, con-16

3
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sidering their interaction with two-scale interphase effects on the material’s17

mechanical properties [11].18

The incorporation of carbon nanotubes (CNTs) on the circumferential19

surfaces of conventional fibers further amplifies the benefits, offering signif-20

icant advantages such as enhanced fiber-matrix interface through multiple21

synergistic mechanisms, as well as enhanced mechanical strength and tough-22

ness due to improved load transfer. By creating nano-scale surface roughness,23

CNTs increase the contact area and mechanical interlocking with the poly-24

mer matrix, optimizing stress transfer. This configuration also introduces25

additional electrical conductivity, while improving thermal management for26

high temperature applications. Additionally, the CNT-coated fibers remain27

lightweight yet damage-resistant, protecting against wear and microcracks.28

Many theoretical models have been conducted to identify and understand29

the mechanical behavior of fuzzy fiber composites, including their elastic30

properties ([12], [2], [10]), elasto-plastic ([13], [14]), thermoelastic ([15], [16])31

and electromechanical ([17], [18]). In addition to experimental investigations,32

the growing application and development of novel fuzzy fiber composites and33

their structural components have stimulated a new field of research within34

the simulation community.35

CNTs are deposited radially on the surface of the primary fibers and36

they are also surrounded by matrix as investigated by Li et al. using SEM37

[19] (Figure 2). The fiber with CNT grafted radially can be represented38

schematically as in Figure 3. The interphase is commonly modeled as a39

homogeneous equivalent medium. Consequently, fuzzy fiber composites can40

be represented as a system of two concentric cylinders embedded within a41

4
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matrix phase, resulting in a hierarchical, three-scale medium: the micro-scale42

(Figure 4c): CNTs in the matrix, the meso-scale (Figure 4b): fuzzy fiber in43

the matrix, and the macro-scale (Figure 4a): overall composite structure [13].44

Figure 2: SEM image of fibers with densely-packed CNTs on their surfaces by Li et al.

[19]. This figure is reproduced from the Composite Science and Technology, Vol. 117,

titled Hierarchical carbon nanotube carbon fiber unidirectional composites with preserved

tensile and interfacial properties by Richard Li, Noa Lachman, Peter Florin, H. Daniel

Wagner, Brian L. Wardle, pp. 139-145, 2015, with permission from Elsevier.

The fuzzy fiber composite presents a complex, three-scale structure that45

requires a distinct approach at each scale to accurately capture the vari-46

ous interactions. Advanced multiscale homogenization techniques are crucial47

for accurately representing the behavior of such hierarchical materials. In48

the literature and in the field of micromechanics simulations, three primary49

approaches have been adopted to predict the effective properties of these50

5
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Figure 3: Schematic representation of a fuzzy fiber composite featuring carbon nanotubes

(CNTs) grafted radially onto the fiber surface to improve the fiber-matrix interface.

Figure 4: (a) Macroscopic scale of fuzzy fiber composites materials; (b) Mesoscale fuzzy

fiber composite containing the main fiber, nanocomposite interphase, and matrix; (c)

Microscale fuzzy fiber composite containing the main fiber, CNTs, and matrix phases.

6
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composites. The first consists of the classical micromechanics method of51

the Mori-Tanaka model, which provides an effective estimation of compos-52

ite properties. This model has been widely used to predict the initial yield53

strength and post-yield response in composite materials ([20], [21]). Classi-54

cal micromechanics models use a uniform stress or strain distribution across55

each phase and consider interactions between adjacent reinforcements in an56

averaged way, providing an effective framework for understanding stress dis-57

tribution and predicting damage evolution and plastic deformation within58

the composite microstructure. The second approach considers the compos-59

ite cylinder assemblage (CCA) model that incorporates simplified geometric60

representations of the material’s microstructure [22]. The third approach,61

based on periodic homogenization, provides detailed information about the62

effective response of the composite, as well as the distribution of stresses and63

strains across all scales essential for detecting potential damage prone areas64

[17].65

The inclusion of a cylindrically orthotropic interphase layer introduces66

significant complications in the homogenization of composite materials. In67

standard Cartesian coordinates system, this interphase behaves as a func-68

tionally graded material, with varying properties with respect to the angular69

position and the radial distance. This complexity renders classical multiscale70

techniques inadequate for accurate modeling. Instead, advanced numerical71

homogenization methods are needed, as they are better suited to capture72

complex microstructural features and nonlinear material behavior. The rise73

in computational power has enabled more precise calculations of homogenized74

properties using full-field homogenization, solving the problem numerically75

7
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via finite-elements ([23], [12], [24]), finite-volumes ([25], [26]) approaches and76

even Fast Fourier Transform technique (FFT, [27]). These methods have77

become dominant due to their ability to model complex unit cell structures78

containing randomly shaped and sized inclusions. They also accommodate79

various deformation mechanisms at the phase level, including plasticity [28]80

and viscoelastic-viscoplastic behavior [29]. For continuous fuzzy fiber rein-81

forced composites, the effective properties have been determined using the82

method of cells and the finite-element method, as demonstrated by Kun-83

dalwal and Ray [30]. In addition to physics-based analytical and numerical84

techniques, machine learning-driven approaches have also shown promise in85

enhancing multiscale simulations of composite materials, offering new oppor-86

tunities for predictive modeling [31].87

The impact of CNT-reinforced interphases on the elastic and elastoplastic88

properties of composites has been well-studied in the literature through clas-89

sical micromechanics models and periodic homogenization techniques ([14],90

[32], [33], [34] and [35]). However, much less research has been devoted to91

understanding how these interphases affect the elasto-visco-plastic response92

of materials. This study addresses the existing gap by formulating and ap-93

plying an innovative hybrid hierarchical multiscale homogenization approach,94

specifically developed for the elasto-viscoplastic regime while incorporating95

the evolution of interfacial damage. It combines the composite cylinder as-96

semblage (CCA) model with transformation field analysis (TFA), as devel-97

oped by Chatzigeorgiou et al. [13], and then incorporates periodic homog-98

enization theory. In a two-step homogenization process, the properties of99

the nanocomposite interphase are first computed and then applied to predict100

8
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the effective behavior of fuzzy fiber composites. Through this method, an101

intermediate equivalent fiber is created using CCA-based TFA, which effec-102

tively models both the fiber and CNT-reinforced interphase. This equivalent103

fiber then replaces the actual fiber-interphase system in traditional full-field104

homogenization, providing enhanced accuracy in predicting the composite’s105

overall mechanical response.106

The remainder of the paper is structured as follows: Section 2 presents107

the problem and microstructure under consideration, including a general de-108

scription of the materials used for each phase and the concept of the equiv-109

alent fiber substitution. Section 3 illustrates the theoretical framework of110

transversely isotopic viscoplastic materials, the discret damage theory, the111

composite cylinders assemblage methodology and the transformation field112

analysis approach. In Section 4, numerical results are provided, including113

the properties of the nanocomposite and the fuzzy fiber composite. New114

numerical findings are presented to emphasize the strengths of the proposed115

theory and to compare it with the outcomes obtained from the equivalent116

fiber approach. In Section 5, a parametric study is conducted to investigate117

the influence of specific parameters on the stress-strain curves. These include118

ratios of certain areas within the fuzzy fiber, such as ϕ1 and ϕ2, as well as119

parameters related to the volume fraction, such as the matrix phase volume120

fraction. Section 6 draws key findings and outlines potential directions for121

future research.122

9
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2. Problem definition: Microstructure presentation of the Fuzzy123

Fiber composites124

The purpose of this section is to describe the problem under investigation.125

Before detailing the different steps involved, it is necessary to provide some126

preliminary information regarding the microstructure being studied.127

The hierarchical multiscale homogenization approach proposed in this128

study follows a three-step process:129

1. In the first step, the nanocomposite (NCP) interphase, where the CNT-130

reinforced matrix material is present, is homogenized into an equivalent131

heterogeneous coating layer attached to the main fibers in a cylindri-132

cal coordinate system. This step yields the effective properties of the133

nanocomposite interphase.134

2. In the second step, a coating element is introduced into the region135

between the nanocomposite (NCP) and the matrix to simulate discrete136

damage mechanisms, characterized by microvoid growth governed by137

an evolution law.138

3. In the final step, a new equivalent fiber is developed to represent the139

fuzzy fiber. This equivalent fiber replaces the main fiber, the nanocom-140

posite (NCP), and the coating, capturing the inelastic response of the141

coated main fiber. The modeling is performed using a cylindrical rep-142

resentative volume element, which is detailed further in the relevant143

section.144

It is worth mentioning that, for the sake of simplicity, the CNTs are145

assumed to have uniform radii and lengths. The effects of CNT waviness146

10
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([13] and [15]) or irregular distribution patterns are not considered in this147

analysis.148

In this work, we consider single-walled carbon nanotubes (SWCNTs). No149

specific choice of chirality (zigzag, armchair, or chiral) has been defined, and150

the CNTs have been represented as hollow cylinders made of graphene. While151

the atomistic-scale configuration of CNTs is not detailed in our manuscript,152

the assumption of hollow cylinder CNT aligns with our hierarchical multiscale153

modeling approach, which combines full-field and mean-field homogenization154

methods.155

The microstructure of the composite demonstrates a uniform dispersion156

of CNTs throughout the matrix, forming a phase where the reinforcing effects157

of the CNTs synergistically interact with the matrix’s properties, thereby en-158

hancing the overall mechanical performance and electrical conductivity of the159

material. This precise distribution of CNTs within the matrix is critical for160

achieving the desired superior mechanical and conductive properties (Figure161

5).162

11
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Figure 5: Schematic representation of the Fuzzy Fiber composite microstructure. The core

fiber is surrounded by a nanocomposite (NCP) interphase reinforced with CNTs, followed

by a coating layer, all embedded in the surrounding matrix. This microstructure serves as

the basis for the multiscale homogenization approach.

To analyze the composite, the focus is given on the four primary materials163

involved (Figure 5):164

• The carbon fiber, assumed to exhibit purely elastic behavior.165

• The nanocomposite (NCP), whose properties are identified using166

the periodic homogenization method. Its response is subsequently mod-167

eled using an appropriate phenomenological law. It is expected that168

the NCP behaves as a transversely isotropic viscoplastic medium, and169

the homogenization results of section 4.1 confirm it.170

• The coating, at the nanocomposite (NCP)-matrix interface, where171

discrete damage phenomenon is introduced through microvoids growth172

12
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within an evolution law. This phase is modeled using a combination of173

a viscoplastic/damage law and the MoriTanaka scheme.174

• The matrix, which consists of an isotropic viscoplastic material, is175

modeled using a viscoplastic phenomenological law.176

To further streamline the analysis, the introduction of an equivalent fiber177

approach simplifies the model by substituting the three distinct phases (car-178

bon fiber, NCP, and coating) with a single equivalent fiber. This hypothetical179

fiber is designed to replicate the overall mechanical properties and fields that180

arise from the contributions of the three phases.181

3. Theoretical framework182

This section discusses the main theoretical tools related with the cur-183

rent study. These include the description of constitutive laws that include184

viscoplasticity and discrete damage, as well as micromechanics concepts.185

3.1. Transversely isotropic viscoplastic materials186

Given the geometrical characteristics of the nanocomposite, it is expected187

that its overall behavior will be similar to a cylindrically transversely isotropic188

material with axis of symmetry parallel to the main fiber axis. This subsec-189

tion discusses the constitutive law of a transversely isotropic viscoplastic190

medium [36].191

For a typical isotropic material, the stress and strain tensors are decom-192

posed into two components: a hydrostatic part and a deviatoric part.193

σij = σhyd
ij + σdev

ij = σkkδij + σdev
ij , (1)

ϵij = ϵhydij + ϵdevij = ϵkkδij + ϵdevij . (2)

13
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On a transversely isotropic material however, the stress and strain tensors194

are decomposed into a hydrostatic and two deviatoric components [37]. If195

the plane of symmetry is the 2-3, the stress and strain components in Voigt196

notation are expressed as197

σ = σh + σt + σa, (3)

σh =




σ11

σ22+σ33

2

σ22+σ33

2

0

0

0




,σt =




0

σ22−σ33

2

σ33−σ22

2

0

0

σ23




,σa =




0

0

0

σ12

σ13

0




,

198

ϵ = ϵh + ϵt + ϵa, (4)
199

ϵh =




ϵ11

ϵ22+ϵ33
2

ϵ22+ϵ33
2

0

0

0




, ϵt =




0

ϵ22−ϵ33
2

ϵ33−ϵ22
2

0

0

2ϵ23




, ϵa =




0

0

0

2ϵ12

2ϵ13

0




,
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The stiffness matrix L for a transversely isotropic material with axis of200

symmetry parallel to the direction 3, relates the stresses to the strains as201

follows202

L =




n l l 0 0 0

l Ktr + µtr Ktr − µtr 0 0 0

l Ktr − µtr Ktr + µtr 0 0 0

0 0 0 µax 0 0

0 0 0 0 µax 0

0 0 0 0 0 µtr




, (5)

In the above equation, Ktr denotes the plane strain bulk modulus, µtr203

denotes the transverse shear modulus, µax denotes the axial shear modulus, n204

is the modulus related to the axial tensile loading, and l reflects the coupling205

between the axial tension and transverse tension loadings.206

In addition, for a viscoplastic material, the stress-strain relation is ex-207

pressed as208

σ = L : (ϵ− ϵp), (6)

15
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Considering L = Lh + Lt + La with209

Lh =




n l l 0 0 0

l Ktr Ktr 0 0 0

l Ktr Ktr 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




,

Lt =




0 0 0 0 0 0

0 µtr −µtr 0 0 0

0 −µtr µtr 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 µtr




,

La =




0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 µax 0 0

0 0 0 0 µax 0

0 0 0 0 0 0




,

16



Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

and that viscoplasticity appears only under deviatoric conditions, the210

constitutive law can be decomposed in the terms211

σh = Lh : ϵh, σt = Lt : [ϵt − ϵtp], σa = La : [ϵa − ϵap]. (7)

Since the hydrostatic part does not atribute to the nonlinear behavior,212

only five viscoplastic strain components appear. These follow evolution laws213

of the form214

ϵ̇tp22 = −ϵ̇tp33 =
σt
22

2st
ṗt, 2ϵ̇tp23 =

σt
23

st
ṗt, (8)

2ϵ̇ap12 =
σa
12

sa
ṗa, 2ϵ̇ap13 =

σa
13

sa
ṗa. (9)

The form of the evolution laws imply that the axial and the shear devi-215

atoric inelastic responses are driven by two different scalars, pa and pt. The216

evolution of these scalars are dictated by two separate, given by the equations217

10 and 11218

ϕt
V P =

√
1

2
σt
ijσ

t
ij − [Y t +Qt

1p
t +Qt

2(1− e−btpt)]−Kt
aṗ

t
1

Nt
a ≤ 0, (10)

ϕa
V P =

√
1

2
σa
ijσ

a
ij − [Y a +Qa

1p
a +Qa

2(1− e−bapa)]−Ka
a ṗ

a
1

Na
a ≤ 0, (11)

where the subscripts t and a indicate transverse and axial deviatoric terms219

respectively.220

The material properties of this constitutive law are identified from a pe-221

riodic homogenization analysis performed at the NCP. The details of this222

analysis are provided in later sections.223

3.2. Discrete damage theory224

In this study, a special type of coating is employed to account for the dam-225

age occurring between the actual matrix and the NCP due to large stress mis-226

matches. This damage is discrete and is represented through the formation227

17
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of microvoids and microcracks (Figure 6). As microvoids and microcracks228

emerge, they serve as early indicators of material degradation, reflecting the229

progressive weakening that eventually leads to failure.230

Figure 6: Schematic representation of the composite microstructure highlighting the dam-

age mechanisms at the nanocomposite (NCP)-matrix interface. A coating made of a

viscoplastic media coupled with discrete damage material (VPD) is employed to account

for the stress-induced damage, forming discrete microvoids and microcracks, which signal

material degradation and eventual failure.

The coating is composed of a viscoplastic media coupled with discrete231

damage material (VPD), in which damage is treated as a discrete phe-232

nomenon. The damage evolution is governed by a set of parameters, in-233

cluding the total strain ϵ, the viscoplastic strain ϵp, the effective viscoplastic234

strain p, and the microvoid density γc. These variables interact to define the235

constitutive behavior of the coating.236

The constitutive law captures the complex interplay between strain, vis-237

coplasticity, and damage evolution, providing insight into the material’s re-238
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sponse to the loading conditions and its accumulation prior to the failure.239

The stress-strain relationship of the coating takes the form240

σ = C∗ : (ϵ− ϵp), (12)

Where241

C∗ = C −D(γc), (13)

C is the isotropic elastic fourth order tensor and D(γc) is the damage242

related fourth order tensor. Since the coating (VPD) is modeled as a zone243

where damage occurs in the form of spherical microvoids (Figure 6), the244

variable γc, represents the density of microvoids, is equivalent to the void245

volume fraction, and is initially zero.246

In this model, the damage affects primarily the elastic response of the247

material. In addition, the damage evolves through the voids density accu-248

mulation, which is illustrated by the equation (20). This approach ensures249

that the damage evolution remains implicitly coupled with the viscoplastic250

behavior, through σVM which governs the evolution of γc allowing for a more251

accurate representation of the material’s degradation.252

C∗ in equation (13) represents the properties of the damaged region,253

which was initially an isotropic viscoplastic matrix. However, spherical mi-254

crocracks have been introduced. The C∗ of the two-phase damaged composite255

(matrix + spherical voids) has been obtained using the MoriTanaka scheme,256

as given in equations (14), (15), and (16) accounting for the variable γc as257

the void volume fraction.258

Using the Hill’s notation, C∗ can be written as an isotropic elastic mate-259
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rial and can be expressed as260

C∗ = C −D(γc) = (3K∗, 2µ∗), (14)

K∗ = K[1− γc]
4µ

3Kγc + 4µ
, (15)

µ∗ = µ[1− γc]
9K + 8µ

3K[3 + 2γc] + 4µ[2 + 3γc]
. (16)

Where K and µ are the bulk and shear moduli respectively.261

The evolution laws for the internal viscoplastic variables and activation262

criteria for the damage are263

ϵ̇p = ṗ ∧p (σ), (17)

∧p(σ) =
3σ′

2σVM
, σ′ = σ − 1

3
[tr(σ)]I, σVM =

√
3

2
σ′ : σ′, (18)

ϕp =
1

KNa
a

⟨σVM −R(p)−R0⟩Na
+ − ṗ = 0, ṗ ≥ 0, (19)

γc = γmax

[
1− exp

(
−
(⟨sup(σVM − σa)⟩+

σc

)k
)]

. (20)

Where γmax, σa, σc and k are known damage related constants.264

Since the coating region is of similar material with the matrix, the matrix265

phase is expressed also by a similar constitutive law excluding the damage266

mechanism.267

3.3. Composite cylinder assemblage approach (CCA)268

For the composite cylinder method, the RVE system to be addressed269

represents a dilute problem, comprising of a four layer composite, includ-270

ing: fiber with radius r0, nanocomposite with external radius r1, coating271

interphase with external radius r2, and the matrix of infinite radius (Figure272

7). The system’s response is calculated through the Eshelby inhomogeneity273
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problem, with a three-phase medium (fiber, NCP, and coating) embedded274

within an infinite matrix subjected to the boundary condition U = ϵ0 · x,275

where ϵ0 prescribed strain applied at the mesoscale. The dilute concentra-276

tion tensors are then determined using the Composite Cylinder Assemblage277

(CCA) method. This approach can be further generalized to cases involving278

more than four layers.279

Figure 7: Eshelby dilute inhomogeneity problem where the fiber with radius r0, the

nanocomposite NCP with external radius r1 and the coating interphase with external ra-

dius r2 are embedded in the infinite matrix subjected to the boundary condition U = ϵ0 ·x.

The theoretical formulation of the homogenization process is carried out280

using two orthogonal coordinate systems: cylindrical coordinates (z, r, θ) and281

Cartesian coordinates (x1, x2, x3). The transformation relationship between282

these two coordinate systems is expressed as follows283

x1 = r cos θ x2 = r sin θ x3 = z. (21)
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Due to the geometrical characteristics of the inhomogeneities, the the-284

oretical formulation of the homogenization process is carried out using the285

cylindrical coordinates, using a system of concentric cylinders for the fiber,286

the nanocomposite and the coating. In the cylindrical coordinate system,287

the equilibrium equations for each phase are written as288

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

∂σrz

∂z
+

σrr − σθθ

r
= 0, (22)

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+

∂σθz

∂z
+

2σrθ

r
= 0, (23)

∂σrz

∂r
+

1

r

∂σθz

∂θ
+

∂σzz

∂z
+

σrz

r
= 0. (24)

Considering small deformation gradients, the strain field components, at289

each phase, are connected with the displacements through the following ex-290

pressions291

ϵ =




ϵrr

ϵθθ

ϵzz

2ϵrθ

2ϵrz

2ϵθz




=




∂ur

∂r

1
r
∂uθ

∂θ + ur

r

∂uz

∂z

∂uθ

∂r + 1
r
∂ur

∂θ − uθ

r

∂uz

∂r + ∂ur

∂z

1
r
∂uz

∂θ + ∂uθ

∂r




. (25)
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Concerning the analytical homogenization strategy, average fields per292

phase are required to be computed. Considering the phase q, which has293

inner radius ra, outer radius rb and length 2L, its average total fields in294

Cartesian coordinates are given by the expressions295

< ϵ > =
1

2Lπ[r2b − r2a]

∫ −L

L

∫ 0

2π

∫ ra

rb

QT
σ .ϵ

cylrdrdθdz, (26)

< σ > =
1

2Lπ[r2b − r2a]

∫ −L

L

∫ 0

2π

∫ ra

rb

QT
ϵ .σ

cylrdrdθdz. (27)

The stress rotation matrix Qσ and the strain rotation matrix Qϵ are given296

in Appendix A.297

The integration of the constitutive law from subsection 3.1 into the com-298

posite cylinder assemblage (CCA) approach is accomplished as follows: all299

equations outlined in subsection 3.1 are represented in cylindrical coordinates300

to describe the material response.301

The inelastic strains of the phases are integrated using the Transformation302

Field Analysis theory (discussed in the next subsection).303

A unidirectional long fiber composite behaves as a transversely isotropic304

material. The aim of the composite cylinder assemblage approach is to pro-305

vide five independent parameters of the composite material. These parame-306

ters are computed by solving the boundary value problems of table 1.307

23



Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

Axial shear
conditions

Transverse shear
conditions

Transverse
normal conditions

Axial normal
conditions

Displacement
boundary
conditions

uz(ext) = βrm cos θ uθ(ext) = βrm cos 2θ

ur(ext) = βrm sin 2θ

ur(ext) = βrm uz(ext) = ±βL

Table 1: Displacement boundary conditions for the composite cylinder assemblage ap-

proach to determine the key parameters of a transversely isotropic material in different

loading conditions: axial shear, transverse shear, transverse normal, and axial normal con-

ditions.

The obtained effective properties are the transverse (or inplane) bulk308

modulus Ktr, the axial shear modulus µax, the axial Young modulus Eax,309

the axial Poisson ratio νax, and the transverse shear modulus µtr. With these310
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five parameters, we can identify the complete elasticity tensor L.311

L =




Ktr + µtr Ktr − µtr l 0 0 0

Ktr − µtr Ktr + µtr l 0 0 0

l l n 0 0 0

0 0 0 µtr 0 0

0 0 0 0 µax 0

0 0 0 0 0 µax




.

In transversely isotropic phases (where the axis of symmetry is the zdi-312

rection), the stress and strain tensors are connected through the relation313




σrr

σθθ

σzz

σrθ

σrz

σθz




= L.




ϵrr

ϵθθ

ϵzz

2ϵrθ

2ϵrz

2ϵθz




.

The interface between the phase q (q = f, ncp, coating) and the phase s314

25



Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

(s = ncp, coating,m) should satisfy the following continuity conditions at rm315

(m = 0, 1, 2, 3):316

u(q)
r (rm, θ, z) = u(s)

r (rm, θ, z),

u
(q)
θ (rm, θ, z) = u

(s)
θ (rm, θ, z),

u(q)
z (rm, θ, z) = u(s)

z (rm, θ, z),

σ(q)
rr (rm, θ, z) = σ(s)

rr (rm, θ, z),

σ
(q)
rθ (rm, θ, z) = σ

(s)
rθ (rm, θ, z),

σ(q)
rz (rm, θ, z) = σ(s)

rz (rm, θ, z). (28)

3.4. Transformation field analysis: transversely isotropic material case317

The Transformation Field Analysis (TFA) method is employed to account318

for inelastic mechanisms in the equivalent fiber obtained by the procedure319

described in subsection 3.3. This approach connects local deformations and320

stresses in the various phases of the composite material to a homogenized321

response at the macroscopic level.322

Each phase experiences its own inelastic stress, and the goal is to analyze323

this behavior under various conditions (Figure 8) and determine the average324

strains and stresses at each phase of the equivalent fiber.325
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Figure 8: Schematic representation of the eshelby inhomogeneity problem. The figure

illustrates the different phases of the equivalent fiber (fiber, NCP phase, coating, and

infinite matrix) and their respective inelastic stresses (σp
f , σp

NCP, σp
coating).

The average strain ϵi and stress σi in each phase i are expressed as326

ϵi = Ti : ϵ0 + ϵ̂pi ,

ϵ̂pi = T p
h,i : σ

p
h +

N∑

j=1

T p
j,i : σ

p
j , i = h, 1, 2, . . . , N.

327

σi = Hi : ϵ0 + σ̂p
i ,

σ̂p
i = Hp

h,i : σ
p
h +

N∑

j=1

Hp
j,i : σ

p
j , i = h, 1, 2, . . . , N.

Where σp
j prescribed the average inelastic stress per phase, ϵ0 stands for328

the average strain in the matrix, T and H are the dilute concentration329

tensors for strain-type and stress-type, respectively, while T p and Hp are330
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the inelastic tensors for strain-type and stress-type, respectively. Herein, a331

constant inelastic stress within each phase is assumed.332

For the equivalent fiber, the equivalent strain is the average of all strains333

weighted by the relative volume fraction.334

ϵeq = ϕfiber.ϵfiber + ϕNCP .ϵNCP + ϕcoating.ϵcoating,

σeq = ϕfiber.σfiber + ϕNCP .σNCP + ϕcoating.σcoating.

where ϕi is the volume fraction of each phase in the equivalent inhomogeneity.335

With this representation, the equivalent fiber is given by336

ϵeq = Teq : ϵ0 + ϵ̂peq,

Teq = ϕfiber · Tfiber + ϕNCP · TNCP + ϕcoating · Tcoating,

ϵ̂peq = ϕfiber · ϵ̂pfiber + ϕNCP · ϵ̂pNCP + ϕcoating · ϵ̂pcoating.

and337

σeq = Heq : ϵ0 + σ̂p
eq,

Heq = ϕfiber ·Hfiber + ϕNCP ·HNCP + ϕcoating ·Hcoating,

σ̂p
eq = ϕfiber · σ̂p

fiber + ϕNCP · σ̂p
NCP + ϕcoating · σ̂p

coating.

The behavior of the equivalent fiber and the related mesoscopic quantities338

are now established, the next step is to perform the linear homogenization339

of the composite. To this end, all previously obtained results must be trans-340

formed from the cylindrical coordinate system to the Cartesian coordinate341

system. This transition is an integral part of the full-field homogenization342
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process, which accounts for the equivalent fiber. Following this, the average343

values derived from the homogenization step are transformed into Cartesian344

coordinates using the specified equations.345

4. Numerical results346

In this section, numerical examples of a fuzzy fiber composite with mul-347

tiple phases are presented. The scope is to examine the properties of the348

fuzzy fiber composite resulting from the addition of a coating around the349

nanocomposite. As for conventional composites, the interface between the350

polymer matrix and the nanocomposites governs the overall response of the351

composite due to the various complex load-transfer occuring in this region.352

Adding a coating layer around the nanocomposite aims to capture more ac-353

curately these interactions. While the nanocomposite enhances mechanical354

properties such as strength and stiffness, the coating layer introduces several355

damage mechanisms.356

As mentioned before, the fuzzy fiber composite studied herein consist of357

four material phases (Figure 8). The matrix is assumed to be represented by358

the viscoplasticity of isotropic polymer. The main fiber is made of isotropic359

glass which is taken to have a purely elastic behavior during the entire de-360

formation history. The carbon nanotube is made of graphene. The elastic361

properties for all these materials taken from [2] are listed in the table 2.362
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Graphene Glass fiber

E (GPa) 1100 72

ν 0.14 0.2

Table 2: Elastic properties of the graphene and the glass fiber (Chatzigeorgiou et al., [2]).

The overall properties of fuzzy fiber composites are strongly influenced363

by key geometrical parameters, such as the thickness of the CNT interface364

and the radii of the main fibers, as well as the volume content of the CNTs,365

which are hollow microfibers made of graphene.366

In this study, the CNTs are defined with an inner radius of 0.51nm and367

an outer radius of 0.85nm (Chatzigeorgiou et al., [2]). The radius of the368

glass fiber is 2.5µm. The CNT length, which also represents the thickness of369

the nanocomposite coating layer, is set to 2µm and the coating thickness is370

1µm. The dimensions of the main fiber and the nanocomposite interphase are371

held constant, with the volume fraction of CNTs within the nanocomposite372

interphase set at 10%. The volume fraction of the composite fiber (NCP +373

main fiber) in the entire fuzzy fiber composite system is 30%.374

It is worth mentioning that the number of CNTs grown around the fiber375

is not a parameter used in this work. Instead, the microscopic calculations376

are based on a fixed volume fraction of 10% of CNTs inside the NCP. For377

further details on the limitation in the maximum number of CNTs that can be378

radially grown around a fiber due to the van der Waals interactions between379

adjacent CNTs, the interested reader can refer to the work of Kundalwal and380

Ray [38].381
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4.1. Microscale homogenization: effective response of the nanocomposite382

The properties of the NCP are determined using the classical periodic383

homogenization method. The nanocomposite considered in this section con-384

sists of three distinct material phases (Figure 9): the matrix, modeled as a385

viscoplastic isotropic material; the central cylindrical part, representing the386

void region; and the carbon nanotubes, composed of graphene, which are387

also assumed to behave as isotropic materials.388

Figure 9: Schematic representation of the nanocomposite (NCP) analyzed in this study.

The NCP consists of three distinct material phases: the matrix, modeled as a viscoplastic

isotropic material; the graphene-based carbon nanotubes (CNTs), modeled as isotropic

materials; and the void, made by rolling up the graphene into a cylinder.

Herein, the elastic-viscoplastic model of the matrix used in the present389

work is a typical one with isotropic hardening and Norton’s viscoplastic law390

[39]. Under monotonic and uniaxial conditions, the equivalent von Mises391

stress equals the axial stress σ, and the axial plastic strain ϵp is equal to the392
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equivalent plastic strain p. The hardening law is given by:393

σp(p) = [Y +Q1p+Q2(1− e−bp)] +Kaṗ
1

Na , (29)

where σp and p are the von Mises equivalent stress and the cumulative ef-394

fective plastic strain,respectively. Y denotes the initial yield stress, Q1 is a395

linear hardening modulus, Q2 is a coefficient associated with the exponential396

hardening term, b represents the hardening rate, Ka is a coefficient related397

to the viscoplastic flow and Na is the strain rate sensitivity exponent.398

The parameters of this hardening law are identified through a reverse399

engineering method using experimental data available in the literature [40].400

To maintain the validity of the small deformation assumption, the analysis is401

limited to strain levels below 10%. Figure 10 shows the nominal stress-strain402

curves in compressive loading at room temperature at the nominal strain403

rates of 10−5/s, 10−3/s and 10−1/s. The Figure 10 shows the experimental404

graphs compared to the simulation results computed on the basis of the405

material parameters identification.406
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Figure 10: Nominal stressstrain responses of the pure matrix under compressive test per-

formed at room temperature conditions at T = 25 ◦C, evaluated at nominal strain rates

of 10−5 s−1, 10−3 s−1, and 10−1 s−1.

The identified parameters are listed in the table 3. Their values are407

obtained by minimizing a cost function of the form:408

λ = argminF (λ), (30)

F (λ) =
N∑

i=1

(σnumerical
i − σexperimental

i )2

2
. (31)
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Property of the matrix Value

E (GPa) 2.99

ν 0.33

Y (MPa) 21.7

Q1 (MPa) 0

Q2 (MPa) 37.7

Ka (MPa.s1/Na) 42.8

Na 11.2

b 106.6

Table 3: Elastic and viscoplastic properties of the matrix identified from experimental

curves of Figure 10 using the least squares method combined with trust region reflective

algorithm (trf) [41].

This constitutive law is implemented in numerical calculations through a409

Fortran User Material (UMAT) subroutine.410

At the next step, periodic homogenization is applied at the RVE shown411

in Figure 11. The elements are tetrahedral and of the C3D10 type. Axial412

loading along the 1st axis and shear loading conditions along the 2-3 and 1-3413

planes are considered. It is noted that prior to the computations, a mesh414

sensitivity analysis had been conducted for different mesh sizes confirming415

the spatial convergence of the predicted macroscopic response.416
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The resulting data, depicted in the form of curves, provide insight into417

the NCP’s response under the above three loading conditions (figures 12, 13418

and 14).419

Figure 11: Repeating unit cell of the nanocomposite (NCP), comprising of graphene,

void, and matrix phases. The Representative Volume Element (RVE) is discretized using

tetrahedral elements of the C3D10 type and is subjected to periodic boundary conditions

(PBC).

It is worth mentioning that the choice of the square unit cell shown in420

Figure 11, is motivated by the observation that the hexagonal unit cell fails421

to preserve transverse isotropy within the nonlinear regime of the overall422

stressstrain response [42]. While in tetragonal arrangement the transversely423

isotropic relationships between the transverse Youngs moduli and the trans-424

verse shear modulus are no longer applicable. It still yields isotropic response425

under transverse tensile loading in the plane perpendicular to the fiber direc-426

tion. In contrast, the hexagonal arrangement generates different stressstrain427

responses under transverse tensile loading at the directions 2 and 3.428
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Figure 12: Nominal stress-strain response of NCP in shear testing along plane 2-3 at strain

rates of 10−5, 10−3, and 10−1 s−1.

Figure 13: Nominal stress-strain response of NCP in shear testing along plane 1-3 at strain

rates of 10−5, 10−3, and 10−1 s−1.
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Given the overall stress-strain curves depicted in figures 12 and 13, the429

overall NCP behaves as a transversely isotropic viscoplastic material.This430

confirms the theoretical background considering the transversely isotropic431

viscoplastic material described in subsection 3.1.432

Figure 14: Nominal stress-strain response of NCP in uniaxial testing along direction 3 at

strain rates of 10−5, 10−3, and 10−1 s−1.

As expected, Figure 14 clearly demonstrates the absence of plasticity in433

direction 3. This observation motivated the incorporation of a coating phase434

with discrete damage around the NCP.435

The figures 15 and 16 illustrate the results of the shear loading condi-436

tions at planes 2-3 and 1-3 on the RVE of NCP under loading rates of 10−5,437

10−3 and 10−1 (1/s). When the loading rate decreases, the effect of stress438

concentration around the void decrease progressively, indicating higher con-439

centrations.440
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(a) Strain rate of 10−5 (1/s) (b) Strain rate of 10−3 (1/s)

(c) Strain rate of 10−1 (1/s)

Figure 15: NCP: RVE response under shear loading at 23 plane at different strain rates:

(a) 10−5 (1/s), (b) 10−3 (1/s), and (c) 10−1 (1/s).
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(a) Strain rate of 10−5 (1/s) (b) Strain rate of 10−3 (1/s)

(c) Strain rate of 10−1 (1/s)

Figure 16: NCP: RVE response for shear loading at 13 plane at different strain rates: (a)

10−5 (1/s), (b) 10−3 (1/s), and (c) 10−1 (1/s).

Given the curves depicted in figures 12 and 13, the phenomenological441

behavior law of subsection 3.1, that considers 17 material parameters is em-442

ployed. These include µax, µtr, K, l, n, Y t, Qt
1, Qt

2, Kt
a, N t

a, bt, Y a, Qa
1, Qa

2,443

Ka
a , Na

a , and ba. For the identification of these material constants, two steps444

are considered. Since the hydrostatic response is purely elastic, an elastic445

homogenization using the Mori-Tanaka method [43] permits to identify the446

parameters K, l, and n. In the next step, the viscoplastic properties and the447

two shear moduli were determined from the curves presented in figures 12448
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and 13. Their estimation is achieved through reverse engineering approach449

analogous to the one used for the pure matrix material properties. The table450

4 presents the equivalent properties of the nanocomposite interphase.451

K (GPa) l (GPa) n (GPa) µtr (MPa) Y t Qt
1 Qt

2

3.8 2.32 74.53 1321.97 8.73 65.15 21.8

Kt
a (GPa) N t

a bt µax (MPa) Y a Qa
1 Qa

2

22.7 10.7 116.3 1357.54 10.35 66.41 19.86

Ka
a (GPa) Na

a ba

23.69 11.4 99.4

Table 4: Effective properties of the nanocomposite (NCP) obtained via periodic homoge-

nization at the scale of the NCP.

To accurately capture the mechanical behavior of the fuzzy fiber com-452

posites, two distinct homogenization strategies were adopted. The first ap-453

proach considers all phases of the composite, including the main fiber, the454

CNT-reinforced interphase, the coating and the surrounding matrix, ensur-455

ing that each constituent’s contribution to the overall mechanical response456

is explicitly accounted for. The second approach utilizes the equivalent fiber457

concept, where all phases except the matrix are replaced by a single homog-458

enized equivalent fiber.459

4.2. Mesoscale homogenization: Properties of the fuzzy fiber composite460

After the equivalent properties of the nanocomposite interphase are de-461

termined, a damaged coating around the NCP needs to be defined prior to462
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the homogenization of the overall fuzzy fiber composite. This coating rep-463

resents a region where damage manifests through the formation of spherical464

microvoids or microcracks. The coating is made of a material behaving as465

viscoplastic media (VPD), where the damage is considered discrete, as de-466

scribed in subsection 3.2. The properties of the coating, listed in the table467

5, are taken from the work of Chen et al [44].468

The overall fuzzy fiber composite’s RVE can be described directly in the469

Cartesian coordinates as a four-phase medium, consisting of the main fiber,470

nanocomposite interphase layer, coating layer, and the surrounding matrix.471

In the same spirit as the microscale homogenization, the mesoscale periodic472

homogenization is performed on the tetragonal arrangement of the coated473

fiber, as shown in Figure 5. The unit cell has finite dimensions, and has474

been modeled as a rectangular prism with dimensions 14.56µm×14.56µm×475

0.1µm. Important volume fractions for this analysis are provided in Ap-476

pendix B.477
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Property of the coating Coating

E (GPa) 2.99

ν 0.33

Y (MPa) 21.7

Q1 (MPa) 0

Q2 (MPa) 37.7

Ka (MPa.s1/Na) 42.8

Na 11.2

b 106.6

γmax 0.99

σa 0

σc(MPa) 52.2

k 0.62

µtr 1125.4

µax 1125.4

Ktr 3310.04

l 2184.62

n 4435.4

ϕ1 0.39

ϕ2 0.67

Table 5: Material properties of the coating identified using Levenberg-Marquardt (Chen

et al [44]).

Figure 17 shows the shear deformation results of the fuzzy fiber composite478

at the 1-2 plane.479
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Figure 17: Shear deformation results of the fuzzy fiber composite on the 1-2 plane, showing

stress distribution within the four-phase medium: the main fiber, nanocomposite inter-

phase layer, damaged coating layer, and surrounding matrix under periodic boundary

conditions.

Figure 18 presents the stress strain response of the fuzzy fiber composite480

RVE with the four phases.481
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Figure 18: Shear stress-shear strain response of the fuzzy fiber composite with the four

phases at a strain rate of 10−5 s−1.

4.3. Mesoscale homogenization: Properties of the equivalent fiber482

In this subsection, the complex system of inhomogeneities, consisting of483

the fiber, the nanocomposite interphase (NCP), and the coating, is replaced484

by a single equivalent inhomogeneity, referred to as the equivalent fiber (Fig-485

ure 19). This substitution is achieved by employing the combined CCA/TFA486

approach discussed in subsections 3.3 and 3.4.487
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Figure 19: Schematic representation of the substitution process used to simplify the anal-

ysis of the composite system. The fiber, nanocomposite interphase (NCP), and coating

are replaced by an equivalent inhomogeneity, referred to as the equivalent fiber.

For the numerical implementation, the material properties of each phase,488

necessary for accurately defining the overall response of the equivalent fiber,489

are listed in Tables 2, 3, 4 and 5. Important volume fractions for this analysis490

are provided in Appendix B.491

For the equivalent fiber, a UMAT (User Material Subroutine) is employed492

with a clearly defined structure. This structure includes a separate return493

mapping algorithm, tangent modulus, and secant modulus to handle inelastic494

stress. This comprehensive UMAT approach ensures accurate simulation of495

the fiber’s behavior under various loading conditions.496

Figure 20 shows the result of shear test on the 1-2 plane of the equivalent497

fiber in the global reference of the composite.498
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Figure 20: Shear test deformation on the 1-2 plane of the equivalent fiber, illustrating the

distribution of von Mises stress.

Figure 21 compares the nominal stress-strain responses of the "Equivalent499

Fiber" and the "Fuzzy Fiber (consisting of all the four Phases)" under a500

nominal strain rate of 10−5 s−1. The good agreement between the curves501

highlights the accuracy of the equivalent fiber modeling approach. However,502

a slight divergence is observed in the highly nonlinear region, which can be503

attributed to the adopted meshing strategy and the inherent approximations504

in the modeling method. It should be noted that the number of elements505

was obtained by a convergence analysis of the mesh.506

For the sake of clarity and to improve the readability of all the previous507

modeling steps, Figure 22 provides the schematic workflow of the hierarchical508

modeling adopted for CNT-coated fuzzy fiber composites, accounting for509
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viscoplasticity and discrete interfacial damage.510

Figure 21: Comparison of the shear stressshear strain response between the equivalent

fiber and the full fuzzy fiber composite, including all the four phases, at a strain rate of

10−5 s−1.
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Figure 22: Graphical abstract of the multiscale model adopted for CNT-coated fuzzy fiber

composites, accounting for viscoplasticity and discrete interfacial damage. The approach

integrates a phenomenological law for the matrix, Mori-Tanaka and periodic homogeniza-

tion methods for the coating and NCP, respectively, along with CCA and TFA techniques

to determine the overall material behavior.

5. Parametric study511

Since the numerical results demonstrate that the equivalent fiber ap-512

proach provides good accuracy, the subsequent parametric analyses will be513

performed using the equivalent fiber concept. The scope of this section is514

to investigate the impact of varying key parameters on the equivalent fiber515

and, consequently, on the overall properties of the composite material. Ma-516

terial properties identified in the previous section are used for the analyses.517
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It should be noted that in all loading conditions, the strain rate is set to518

10−5/s. The dimensions of the RVE adopted for the parametric analysis of519

the parameters ϕ1 and ϕ2 are 14.56×14.56×0.1. The equivalent fiber model520

is subjected to nonlinear deformation at different values of the parameters521

ϕ1, ϕ2 and the volume fraction of the matrix cm. The results are plotted as522

nominal stress-strain curves and depicted in figures 23 and 25. The objective523

is to determine if these parameters influence the distribution of various prop-524

erties under loading conditions. The calculations will be divided into three525

distinct cases, as described below.526

5.1. Case 1: Variation of ϕ2 with ϕ1 constant527

In the first case, the value of ϕ1 is kept constant while ϕ2 obtains four528

different values: 0.3, 0.4, 0.5 and 0.67. The results are summarized in figures529

23 and 24.530
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Figure 23: Nominal stress-strain curves of in-plane shear loading (1-2) for the equivalent

fiber model under varying values of ϕ2, while ϕ1 is held constant. The curves correspond

to different ϕ2 values: 0.3, 0.4, 0.5, and 0.67. All simulations are performed at a strain

rate of 10−5 s−1.

The results show a significant influence of ϕ2 on the mechanical response531

of the equivalent fiber. Higher values of ϕ2 correspond to increased nominal532

stress levels at the same strain, indicating greater stiffness in the equivalent533

fiber.534
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(a) ϕ2 = 0.3 (b) ϕ2 = 0.4

(c) ϕ2 = 0.5 (d) ϕ2 = 0.67

Figure 24: Shear stress-shear strain distribution on the equivalent fiber model under vary-

ing parameter ϕ2, showcasing the evolution of shear stress for (a) ϕ2 = 0.3, (b) ϕ2 = 0.4,

(c) ϕ2 = 0.5, and (d) ϕ2 = 0.67. All simulations are performed at a strain rate of 10−5 s−1.

5.2. Case 2: Variation of ϕ1 with ϕ2 constant535

In the second case, ϕ2 is held constant, and ϕ1 obtains four different536

values: 0.3, 0.39, 0.5 and 0.6. The results are summarized in figures 25 and537

26.538
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Figure 25: Nominal stress-strain curves of in-plane shear loading (1-2) for the equivalent

fiber model under varying values of ϕ1, while ϕ2 is held constant. The curves correspond

to different ϕ1 values: 0.3, 0.39, 0.5, and 0.6. All simulations are conducted at a strain

rate of 10−5 s−1.

The results show that variations in ϕ1 have a negligible effect on the539

nominal stress-strain response. All the curves are closely aligned across all540

ϕ1 values, indicating that the equivalent fiber’s mechanical response is not541

significantly influenced by changes in ϕ1 under these loading conditions.542
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(a) ϕ1 = 0.3 (b) ϕ1 = 0.39

(c) ϕ1 = 0.5 (d) ϕ1 = 0.6

Figure 26: Shear stress-shear strain distribution on the equivalent fiber model under vary-

ing parameter ϕ1, showcasing the evolution of shear stress for (a) ϕ1 = 0.3, (b) ϕ1 = 0.39,

(c) ϕ1 = 0.5, and (d) ϕ1 = 0.6. All simulations are performed at a strain rate of 10−5 s−1.

5.3. Case 3: Variation of the Matrix Volume Fraction543

For the third case, the values of ϕ1 and ϕ2 are held constant at values544

0.39 and 0.67, respectively, while the size of the equivalent fiber is altered545

by varying the matrix volume fraction. This leads to an analysis on how the546

matrix’s volume fraction affects the overall properties of the composite mate-547

rial. The dimensions of the Representative Volume Element (RVE) adopted548
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for this parametric study are 1× 1× 0.1. The analysis is carried out for five549

distinct values of the parameter cm: cm = 0.3, cm = 0.4, cm = 0.55, cm = 0.6,550

and cm = 0.8 (figures 27 and 28).551

Figure 27: Nominal stress-strain curves of in-plane shear loading (1-2) for the equivalent

fiber model under varying values of cm. The curves correspond to different cm values: 0.3,

0.4, 0.55, 0.6, and 0.8. All simulations are conducted at a strain rate of 10−5 s−1.

It is observed that, the nominal stress-strain behavior of the equivalent552

fiber model varies significantly with changes in the matrix volume fraction cm.553

As cm decreases, the nominal stress for a given strain increases, reflecting an554

enhancement in the stiffness of the composite material. This response can be555

attributed to the reduced proportion of the matrix, which typically exhibits556

lower mechanical properties compared to the equivalent fiber. Consequently,557

the overall load-bearing capacity and rigidity of the composite are improved558

as the matrix volume fraction decreases.559

54



Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

(a) cm = 0.3 (b) cm = 0.4

(c) cm = 0.55 (d) cm = 0.6

(e) cm = 0.8

Figure 28: Shear stress-shear strain distribution on the equivalent fiber model under vary-

ing parameter cm, showcasing the evolution of shear stress for (a) cm = 0.3, (b) cm = 0.4,

(c) cm = 0.55, (d) cm = 0.6, and (e) cm = 0.8. All simulations are performed at a strain

rate of 10−5 s−1.
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6. Summary and conclusions560

Fuzzy fiber composites, which consist of radially aligned CNTs coating the561

main fibers, represent a promising class of hierarchically reinforced hetero-562

geneous materials. This study presents a novel and comprehensive microme-563

chanical framework for modeling and optimizing these composites. A key564

contribution of this work lies in the incorporation of a viscoplastic isotropic565

matrix model, alongside a damage mechanism introduced via microvoids in566

the coating. This damage model is crucial for accurately predicting the ma-567

terials performance under stress as well as the damage accumulation in such568

a composite.569

To ensure a rigorous analysis, multiple homogenization techniques such as570

the Composite Cylinder Assemblage (CCA), Transformation Field Analysis571

(TFA), and periodic homogenization were employed at various scales. A com-572

parative analysis between the shear stress-strain response of the equivalent573

fiber and the full fuzzy fiber composite reveals a high degree of correlation.574

Minor deviations observed in the nonlinear regime are likely attributable to575

meshing choices and the inherent approximations of the model itself.576

A significant advancement in this research is the development of an equiv-577

alent fiber model that effectively reduces the complexity of the multi-phase578

composite structure, allowing for more efficient parametric analyses. By sub-579

stituting the original multiple material phases with a single equivalent fiber,580

we streamline the investigation of key factors that influence the composites581

behavior. This simplification not only enhances the efficiency of the modeling582

process but also opens the door for integrating machine learning algorithms583

to further refine and optimize the material properties.584

56



Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

The results presented in this work provide new insights into the behav-585

ior of unidirectional fuzzy fiber composites, particularly in the context of586

a viscoplastic matrix. The numerical examples validate the approach and587

emphasize its potential for broader application. Future work will focus on588

conducting an extensive parametric investigation across a range of fuzzy fiber589

configurations. Additionally, the method will be applied to more complex590

nonlinear composite systems, further demonstrating its capabilities and po-591

tential real-world applications.592
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Appendix A786

The stress rotation matrix Qσ and the strain rotation matrix Qϵ, intro-787

duced in Equations 26 and 27, are defined as follows [43] [45]:788

Qϵ =




cos2 θ sin2 θ 0 cos θ sin θ 0 0

sin2 θ cos2 θ 0 − cos θ sin θ 0 0

0 0 1 0 0 0

−2 cos θ sin θ 2 cos θ sin θ 0 − sin2 θ + cos2 θ 0 0

0 0 0 0 cos θ sin θ

0 0 0 0 − sin θ cos θ




,

789

Qσ =




cos2 θ sin2 θ 0 2 cos θ sin θ 0 0

sin2 θ cos2 θ 0 −2 cos θ sin θ 0 0

0 0 1 0 0 0

− cos θ sin θ cos θ sin θ 0 − sin2 θ + cos2 θ 0 0

0 0 0 0 cos θ sin θ

0 0 0 0 − sin θ cos θ




.
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Appendix B791

In Table 5, ϕ1 and ϕ2 represent the ratio of the fiber’s area to the combined792

area of the fiber and NCP, and the ratio of the area of the fiber + NCP to the793

total area including the coating, respectively. They are defined as follows:794

ϕ1 =
(rfiber)

2

(rNCP+fiber)2
, ϕ2 =

(rNCP+fiber)
2

(rNCP+fiber+coating)2
.

Equivalent fiber:795

Figure 29: Schematic representation of the equivalent fiber model for the fuzzy fiber

composite, showing the fiber core, the nanocomposite phase (NCP), and the coating layers

with their respective radii (rfiber, rNCP, rcoating), volume fractions (ϕfiber, ϕNCP, ϕcoating),

and volumes (Vfiber, VNCP, Vcoating).

The volume fraction of each phase in the equivalent fiber is796
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ϕfiber = ϕ1ϕ2 =
Vfiber

Vfiber + VNCP + Vcoating

,

ϕNCP = ϕ2 − ϕ1ϕ2 =
VNCP

Vfiber + VNCP + Vcoating

,

ϕcoating = 1− ϕ2 =
Vcoating

Vfiber + VNCP + Vcoating

.

Fuzzy fiber composite:797

Figure 30: Schematic representation of the representative volume element (RVE) of the

fuzzy fiber composite structure, illustrating its hierarchical organization into four main

components: the fiber core, the nanocomposite phase (NCP), the coating layer, and the

surrounding matrix. The respective volume fractions (cfiber, cNCP, ccoating, cm) and volumes

(Vfiber, VNCP, Vcoating, Vm) are indicated for each region.

The volume fractions of each component in the fuzzy fiber composite are798

defined as follows799
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cfiber =
Vfiber

Vfiber + VNCP + Vcoating + Vm

,

cNCP =
VNCP

Vfiber + VNCP + Vcoating + Vm

,

ccoating =
Vcoating

Vfiber + VNCP + Vcoating + Vm

,

cm =
Vm

Vfiber + VNCP + Vcoating + Vm

.

From these relations, it can be shown that800

ϕfiber(1− cm) = cfiber.

and that801

cfiber
ϕfiber

=
cNCP

ϕNCP

=
ccoating
ϕcoating

= 1− cm.

Consequently, the individual volume fractions for each component can be802

expressed as803

cfiber = (1− cm)ϕ1ϕ2,

cNCP = (1− cm)(ϕ2 − ϕ1ϕ2),

ccoating = (1− cm)(1− ϕ2).

69



Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

 Multiscale framework  for nonlinear fuzzy fiber composites.

 Hybrid technique combining full-field and mean-field homogenization strategies.

 Accounting for matrix viscoplasticity and interfacial damage.

 At microscale the matrix-CNTs medium has transversely isotropic viscoplastic behavior.

 Equivalent fiber approach using micromechanics and Transformation Field Analysis.
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