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The aim of this work is to develop FFT-based solvers for transient diffusion in heterogeneous materials
subjected to non-periodic (Dirichlet/Neumann) boundary conditions. We focus on a problem of thermal
conductivity and derive a theta-method which includes an implicit solver for transient thermal conductivity
in heterogeneous materials. The method is based on a fixed-point iterative solution of an auxiliary problem
obtained by a Galerkin discretization using an approximation space based on mixed sine-cosine series. The
solution field is decomposed as a known term verifying the boundary conditions and a fluctuation (unknown)
term described by appropriate sine—cosine series. The solution of the auxiliary problem involves discrete sine—
cosine transforms, of type I and III, which makes the solver rely on the computational complexity of fast
Fourier transforms. The method is applied to the prediction of transient thermal fields in a composite material
subjected to non periodic boundary conditions.

1. Introduction

This work is concerned with the development of efficient FFT-based
numerical schemes for diffusion equations in heterogeneous materials
subjected to non-periodic Dirichlet/Neumann boundary conditions, as
a first step towards the development of fast FFT-based multiphysics
solvers. FFT-based methods for heterogeneous materials have been
introduced in the seminal work of Moulinec and Suquet (1998), to
compute the local and overall mechanical fields in composite materials
subjected to periodic boundary conditions, mainly in the context of
micromechanics. The advantages of this class of spectral solvers over
standard finite element methods (FEM) are that (i) calculations are
based on the computational complexity of fast Fourier transforms in
O(N logN) (which is lower than in most of matrix-based methods), (ii)
it is image-based (obtained from imagery techniques such as scanning
electron microscopy (SEM) or tomography) so it does not require
meshing operations and (iii) it can be suited for parallel implementation
(see e.g. Gélébart (2022)). The initial fixed-point algorithm proposed
by Moulinec and Suquet (1998) for the iterative procedure, i.e. the so-
called basic scheme, has been improved through the use of accelerated
iterative schemes (Eyre and Milton, 1999; Michel et al., 2000; Monchiet
and Bonnet, 2012; Moulinec and Silva, 2014; Kabel et al., 2014), to

overcome some convergence issues of the method for highly-contrasted
materials. FFT-based methods have therefore been successfully used to
predict the local and macroscopic fields in numerical applications in-
cluding elasticity (Moulinec and Suquet, 1998), J2-plasticity (Moulinec
and Suquet, 1998), crystal (elasto)viscoplasticity (Lebensohn, 2001),
dislocation-mediated plasticity (Brenner et al., 2014; Bertin et al.,
2015), conductivity (Eyre and Milton, 1999), piezoelectricity (Brenner,
2009), porous ductile solids (Bilger et al., 2005; Paux et al., 2018),
among others (see the review papers of Schneider (2021) and Lucarini
et al. (2021)).

FFT-based methods are therefore adapted to coupled problems in
heterogeneous microstructures due to the absence of resolution of a
linear system, and have been successfully applied to the resolution of
transient multiphysics problems, including electro-mechanics for the
response of polycrystalline ferroelectric ceramics (Vidyasagar et al.,
2017), vacancy diffusion-mediated crystal plasticity (Chakraborty et al.,
2023), corrosion-driven damage in porous media (Pundir et al., 2023)
and chemo-mechanical degradation of electrodes (Zarzoso et al., 2025).

However, the method proposed by Moulinec and Suquet (1998) is
by essence restricted to periodic problems, as it relies on the use of
Fourier series (and associated transforms), which makes it not suitable
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in several situations including transient (diffusion or elastodynamic)
problems for which non-periodic boundary conditions are of prime im-
portance (see e.g. Sancho et al. (2023) for elastodynamic calculations).
Several methods have been proposed to extend Moulinec and Suquet
(1998)’s method to non-periodic boundary conditions:

* Buffer-type approaches, introduced by Gélébart (2020), are based
on the introduction of a buffer zone surrounding the domain
of interest. The complete cell, composed of the domain of in-
terest plus the buffer zone, can be periodic so this technique
relies on standard FFT packages. It allows to apply Dirichlet
or Neumann boundary conditions (Kaptchouang and Gélébart,
2022). This approach requires (i) a much larger unit cell than the
microstructure studied because of the (elastic) buffer zone as well
as (ii) additional internal iterations to find the eigendisplacement
field at the boundary of the buffer zone. Mention has to be
made of the recent work of Zecevic and Lebensohn (2025) in
which non-periodic boundary conditions are applied by extending
the domain of interest to satisfy the periodicity and adding a
penalization with augmented lagrangian.

Mirror-cell approaches, employed by Grimm-Strele and Kabel
(2021) in elasticity problems and Monchiet and Bonnet (2024)
in conductivity problems, take advantage of the equivalence
between particular symmetries of the unit cell and boundary
conditions on a portion of the unit cell, and allow to apply
uniform Dirichlet and/or Neumann boundary conditions. These
approaches use implicitly discrete sine—cosine transforms.

Body force field methods, introduced in the work of Sancho et al.
(2023), are based on the introduction of an artificial body force
field emulating time-dependent Dirichlet boundary conditions.
This approach has been applied to transient elasto-dynamic prob-
lems using a beta-Newmark approach.

Discrete sine—cosine transforms based approaches use a description
of the solution field through sine—cosine series (instead of Fourier
series) which allows to take into account arbitrary (non-uniform)
Dirichlet/Neumann boundary conditions on entire faces. These
approaches have been investigated in conductivity (Risthaus and
Schneider, 2024b; Gélébart, 2024; Morin and Paux, 2024; Paux
et al., 2025a) and elasticity problems (Risthaus and Schneider,
2024c,a; Paux et al., 2025b). In this approach, the solution field
of the elliptic problem is split into a known term verifying the
Dirichlet/Neumann boundary conditions and an unknown fluctu-
ation term described by an appropriate trigonometric series with
no contribution on the boundary. With such description, the het-
erogeneous problem can be solved iteratively using discrete sine
and cosine transforms which can be computed using FFT packages
and have thus a computational complexity in O(N logN).

The aim of this work is to extend (Paux et al., 2025a)’s method
for the stationary conductivity of heterogeneous materials subjected to
non-periodic Dirichlet/Neumann boundary conditions to the transient
case, using a Galerkin approach and discrete sine—cosine transforms. In
transient problems, the non-periodic FFT-based approach is expected
to be very numerically efficient (in comparison to standard FEM ap-
proaches) because (i) in the case of implicit schemes, it does not involve
any resolution of a linear system at each time step, but only fast Fourier
transforms and (ii) it requires less memory storage. Mention has to
be made to the recent work of Gélébart (2025) which developed FFT-
based solver for transient diffusion in heterogeneous materials in the
context of discrete Green operators, i.e. using a finite difference scheme
for the spatial derivatives. The main difference between the present
work and Gélébart (2025)’s approach is the use of a Galerkin approach
together with spectral derivative rules, which leads to a different Green
operator solution of the auxiliary problem (as shown in the stationary
case (Paux et al., 2025a)).
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The paper is organized as follows. In Section 2, the framework
of sine—cosine series (and the associated discrete transforms) is intro-
duced. The problem transient conductivity in heterogeneous media sub-
jected to non-periodic boundary conditions is then solved in Section 3,
using an iterative solver of an auxiliary problem that is discretized using
a Galerkin method in which the unknown field is described by sine—
cosine series. In Section 4 the method is validated using an analytical
solution in a homogeneous case. Finally the method is assessed in
Section 5 through several numerical examples.

2. The framework of sine-cosine series and the associated discrete
transforms

We recall in this section several important results pertaining to
sine—cosine series and the associated discrete transforms, which will
be necessary for the description of the solution fields of the ther-
mal conductivity problem under mixed Dirichlet/Neumann boundary
conditions. Indeed, sine—cosine series intrinsically describe functions
than can verify null-Dirichlet and/or null-Neumann conditions on any
boundaries and will thus be used to model the fluctuations solution of
the transient conductivity equations considered hereafter. This frame-
work is therefore necessary for the description of test functions used in
the Galerkin discretization of the local problem.

2.1. The 1-d case

Sine-cosine series. We consider a function f defined in the interval
[0, L,] which verifies null Dirichlet and/or null Neumann boundary
conditions. Such function can be described by half-range or quarter-
range sine—cosine series as

+o0
@)=Y aFgkx), Vxel0, L], )}
i=0

where k; correspond to some “frequency” parameter, g is a cosine or
a sine function (depending on the type of boundary conditions) and
F;, i > 0 are the sine—cosine series coefficients given by

Lx
F = 2 / F)gk;x)dx, Vi>D0. (2)
Lx 0

The associated partial series of order N (for every positive integer N)
is classically by

N
I =Y Fglkx), ¥xel[0, L. 3)
i=0
A summary of all functions and coefficients is given in Table 1 to cover
all types of boundary conditions on x = 0 and x = L, (Dirichlet-
Dirichlet (DD), Neumann-Neumann (NN), Dirichlet-Neumann (DN)
and Neumann-Dirichlet (ND)).
Derivative rules associated with (1) can be written as

df

+00

0= ;:I-a,-m(k,-x), Vx € [0, L,], @
dzf +00
T2 =2 ~@ aFglkx). Vxelo.Ly]. ®)

i=0
In these expressions, g is the dual function of g (i.e. a sine function if

the initial function is a cosine function and vice versa) and ¢; is the
coefficient arising from the derivation (see Table 1).

Discrete sine—cosine transforms. The computation of the sine—cosine
coefficients (2) associated to a sine—cosine series (1) can be calculated
numerically using the discrete sine transform (DST) and the discrete
cosine transform (DCT), which are similar to the standard Discrete
Fourier Transform (DFT) used for the computation of the coefficients
of the Fourier series for periodic functions. An efficient computation of
the coefficients of the DFT, DST and DCT is classically done using fast
Fourier transforms (FFT) (Frigo and Johnson, 1998).
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Table 1
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Functions and coefficients defining the four mixed Dirichlet/Neumann boundary conditions on the faces x =0 and x = L.

Boundary conditions gand g k; a; &
DD f(x,y,2)=0 for x=0 g(x) = sin(x) ki = LLIL' =1 Vi>0 &=k
f(x,y,2)=0 for x=1L, 2(x) = cos(x) *
NN %(x,y,z)zo for x=0 2(x) = cos(x) k':LL” a=1/20=1 Vi>1 & = —k,
%(x,y, z)=0 for x=1L, &(x) = sin(x) *
. 2i+1 .
DN f(x,y,2)=0 for x=0 g(x) = sin(x) ki = T a=1 Vi>0 & =k;
%(x, »2)=0 for x=1L, 2(x) = cos(x) *
2i+1 .
ND %(x,y,z) =0 for x=0 g(x) = cos(x) k; = T =1 Vi>0 &=k

f(x,y,2)=0 for x=1L, 2(x) = sin(x)

The 1-d domain of size [0, L,] is discretized uniformly with N +2
points so the spatial scale associated with the uniform grid is Ax =
L./(N, + 1) and we denote by x, = adx (for a = 0,...,N + 1) the
grid points. The grid points values of function f are denoted by f, =
f(x,) (for a =0,...,N + 1). The discrete transform associated to each
boundary conditions' can be written under the generic form as follows

F =D,/ 6

where f is the array of size N + 2 containing the values of function f
at the grid points x, and F is the array of size N + 2 containing the
values of the associated discrete transform coefficients ;. The notation
D, () corresponds to the discrete transform operator (with x = sI for
the DST-I, x = ¢I for the DCT-I, x = sII1I for the DST-IIl and x = cII1]
for the DCT-III, depending on the boundary conditions, see footnote 3).
The inverse discrete transform can be formally written as

f=D;\(F), @)

where the notation D 1(.) corresponds to the associated inverse discrete
transform operator. The inverse transforms of type I (sine and cosine)
discrete transforms are type I (sine and cosine) discrete transforms
multiplied by a factor 2/(N + 1), while the inverse transforms of type
III (sine and cosine) discrete transforms are type II (sine and cosine)
discrete transforms multiplied by a factor 2/(N + 1).

The expressions of all discrete transforms is given in Table 2.
Interestingly, one can notice that the coefficients ﬁl provide a numerical
approximation of the coefficients F; (of the associated cosine or sine
series), using a trapezoidal rule, through

l?‘iz F;

2 v
Finally, it is interesting to note that the four discrete transforms can be
put under the following generic form

Vi > 0. 8

N+1
= Y Bafa glkixy), Vi20, ©
a=0
where g,, k;, «; and g(k;x) depend on the boundary conditions. In

addition, the inverse transforms can be written as

N+1

= 2 1iF glk,x),

i=0

Va > 0. (10)

2.2. The 3-d case

2.2.1. 3-d sine—cosine series

We consider a function f defined in the prismatic domain Q =
[0, L, Ix[0, L,]X[0,L,] and verifying null Dirichlet boundary condition
on faces 0Q2p,

f(x,»,2)=0, V(x,y z)€0p, (11

1 DST-I encodes Dirichlet-Dirichlet, DCT-I encodes Neumann-Neumann,
DST-III encodes Dirichlet-Neumann and DCT-III encodes Neumann-Dirichlet.

and null Neumann boundary condition on faces 02y

Vix,y.z2)-n=0, V(x,y,z) €0y, 12)

where n is the outward normal to the boundary 02y (with 0Q2yuoQ, =
0€). Function f can be described by a generalized 3-d sine-cosine
series as

400 +00 +00
[0 = ) Y aralai Fyg (e 0g g (kiz),  V(x,y.2) € Q,
i=0 j=0 k=0
a3)

where the functions g*, g, g, and the coefficients o, a;) » @, K, k]y., k.
depend on the type of boundary conditions on each couple of opposite
faces® (see Table 1), and F; ik are the sine—cosine series coefficients,
given by

Fij = T.L.L. L L. /f(x ¥y, z)g"(k"x)gy(kyy)g (kiz)dxdydz, Vi, j,k>0.

14

The partial derivatives of f read
+00 +00 +00
—<x n2) =Y 3 Y Earalar Fyyg (k; 08" () y)g (K7 ),
i=0 j=0 k=0
V(x,y,z) € Q, (15)
+00 +00 +00

— L xrn=3 Y Z —(&V o alai Fyyg (ky x)g" () y)g* (ki 2),

i=0 j=0 k=l
V(x,y,z) € Q, 1e)

where g* is the dual function of g* (as defined in Table 1).

2.2.2. Discrete sine—cosine transforms in 3-d

The 3-d prismatic domain € is discretized uniformly with (N, +2)x
(N, +2)x (N, +2) points so that the spatial scales are Ax = L, /(N +1),
4y = L,/(N,+ 1) and 4z = L, /(N + 1). The coordinates of the grid
points are denoted by x, = adx (for a = 0,..., N, + 1), y, = bAy (for
b=0,..,N,+1) and z, = cAz (for ¢ = 0,..., N, + 1). The values of
the function f at the grid points are denoted by f,,. = f(x,, ¥, 2.) (for
a=0,...,N,+1,b=0,....,Ny+land ¢=0,..., N, + D).

Discrete sine-cosine transforms in 3-d are simply a composition of
1-d transforms in each spatial directions. The coefficients of the discrete
sine—cosine transform (F, ;) of function f are then given by (following
the conventions of Table 2)

N+1 Ny+1 N +1

Fio= 2 2 2 BiBB fupe 85X )8 (K yp)g™ (ki z,), a7)

a=0 b=0 c=0
ﬂy and
p; depend on the type of boundary conditions. Let us denote by F the

where the functions g*, g”, g%, and the coefficients k7, ky Kz,

2 There is a total of 2° = 64 different sine-cosine series in the 3-d case
(corresponding to the 2 types of boundary conditions on the 6 faces).
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Table 2
Computational details of the Discrete Sine-Cosine Transforms.
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BC Transform F (=0,...N+1 fo@=0,...N+1)
N+1 N+1
~ X i 2 . rai
DD DST-I E=Y 057, sm( Ll ) fo=—=_S 1k sm( )
=D, Zf]“ N +1 “ N+]§; N +1
f =D;](f’) Bo =Py =1/2 Yo=7Vns1 =1/2
sf p,=1fora=1,..,N vy=1fori=1,..,N
N+1 X 2 N+1 X
~ rai ~ rai
NN DCTI F=3 4.1, cos(N+l> fo= 57 ok cos<N+l>
F=D,(f) a=0 i=0
— DT ﬂ0=ﬂN+1=1/2 }’0=VN+1=1/2
r=DF .
¢ p,=1fora=1,...,N vi=1fori=1,..,N
N+1 na<i+l) N+l ra(i + 1)
DN DST-IIT E=Y g.f, sin le fa= Niu Yk sin(ﬁ)
F=D,,f) f=D (F a=0 =
() f o (F) _ B B vp=1fori=0,...,N
Bo=Pnw =1/2 p, =1 for Inag =0
a=1,...N N+1
. 1
N ra 1+7) N4l lra(i+l)
ND DCT-TIT F =3 B.f, cos L g, = 2 > vk cos| —=
FeD.,() Pt N+l N+l & N+1
f{”’* vp=1fori=0,...,N
f =D, (F) Bo =By =1/2
Yn+1 =0

p,=1fora=1,...,N

array of size (N, +2) x (N, +2)X (N, +2) containing the discrete sine—
cosine coefficients and by f the array of size (N, +2)X (N, +2)x(N_+2)
containing the values of function f at the grid points. The discrete
transform (17) is then written as

F =D, () (18)

where x € {sI, cI, sIII, cIIl}, y € {sI, cI, sIII, cIIl} and
z € {sI, cI, sIII, cIIl}, depending on the boundary conditions
applied on the x—faces, y—faces and z—faces, respectively.
The associated inverse transform reads
Ny+1 Ny+1I N +1

> Y rrviE g Uex)

_ 8
Sabe = (N, + D(N, + DN, + 1) ;

j=0 k=0
x &' (k7 yp)g* (kiz,), 19

and it can be written as

f=DL(F). (20)

Xyz
A useful notation is finally introduced to account for dual mixed

sine—cosine transforms. Assuming that the transform Dyy,(-) corre-
sponds to Eq. (17), then we denote by

F =Dy, (f), (21

the transform defined by

N,+1 Ny+1 N +1
Fuo= 2 2 X BBIB fape 8 U x)g U yp)g (ki Z,)- (22)
a=0 b=0 =0
The notation Dz, defines the dual transform of Dy, in the x-direction.
For example, if Dy, corresponds to the transform D, then Dgy,
corresponds to D, ;-

3. A fast numerical method for transient conductivity problems
in heterogeneous media subjected to mixed Dirichlet/Neumann
boundary conditions

3.1. Equations of conductivity

We are concerned in solving the equations of (transient) thermal
conductivity in a heterogeneous finite medium. The finite cell is a cubic
domain denoted by 2 = [0, L,]x [0, L,Ix[0, L.]in 3-d and a square
denoted by 2 =[0, L,]x[0, L,] in 2-d. Tensorial components refer to
a system of Cartesian coordinates (e,; e, e;)in 3-d (and (e,; e, in 2-d).

The problem of transient heat conduction (without source terms)
consists in the computation of the heat flow q(x,7), and temperature

T(x,1), at each point x in 2 and instants ¢ > 0, for a given heterogeneous
conductivity field ¢(x), density p(x) and specific heat capacity c,(x),
solution of the local problem

V(x,1) € %[0,
V(x,1) € 2 X[0,7.4],

div q(x.1) = =p(x)e, (%) 20 (x.1)
qx) = —c(x) : VT(x,1).

(23)

In the case of isotropic conductivity, the local second-order conductiv-
ity tensor ¢(x) reduces to (in the case of a 3-d medium)

e(x) = c(x)I; @4

with ¢(x) the local (scalar) conductivity field and I; the second-order
identity tensor.

Mixed Dirichlet/Neumann boundary conditions are considered and
are given by

Vx € 092p,
Vx € 09y,

(Dirichlet)
(Neumann),

T(x,1) = Tyo, (X,1)
VT'(x,t)-n= fd_QN (x,1)

where T, (x) is the prescribed temperature, on the boundary 02,

corresponding to the Dirichlet condition, n is the outward normal and

foo,® is the prescribed value for the normal derivative of 7, on the

boundary 0€y, corresponding to the Neumann condition (and can be

related to the normal heat flux). It should be noted that the boundary

conditions are applied on entire faces (with of course 002, U082y = 0£2).
In addition, we consider the following initial condition:

(25)

Vx € 2, T(x,0) = T (X), (26)

where T, (x) is the initial temperature field at r = 0.

In the particular case of a homogeneous and isotropic medium,
i.e. the scalar conductivity field ¢, the density p and the specific heat
capacity ¢, are homogeneous, the equations to be solved reduce to the
standard heat equation

pcp%(x, 1) = cAT(x,1), 27)
where 4 is the Laplacian operator.

3.2. Principle of resolution

The problem is solved incrementally by introducing a finite number
of time steps " defined by

t" = nAt, (28)

where 47 is the time step size. The quantities at time " are denoted by

Q') =qx, 1", T =Tx1"). (29)
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The resolution will consist in finding the thermal state T"*!(x) at time
"1, knowing the previous thermal state 7”(x) at time ¢".

First, we consider a theta-method to discretize problem (23) in time.
The thermal problem therefore reads

Tn+1 (X) —T" (X)

Vx € Q, 0 div ¢"*'(x) + (1 — 8)div q"(x) = —p(x)cp(x) yn
Vx € Q, q"(x) = —c(x) 1 VT (x)
(30)
subjected to the boundary conditions
Vx €02y, T"(x)=Tq x. 1" 31
VX €0Qy, VI™(x)-n= fo (x,).

The values # = 0, # = 0.5 and § = 1 respectively correspond to a
forward Euler explicit scheme, Crank—Nicolson scheme and backward
Euler implicit scheme (which will be simply called implicit scheme
hereafter).

In order to solve (30), we extend (Paux et al., 2025a)’s approach
(see also Gélébart (2024)) to the transient case using the following
procedure:

1. Write the problem (30) as an auxiliary problem involving a
reference homogeneous material and a polarization term (as
done by Moulinec and Suquet (1998) in the periodic setting);

2. Split the temperature field in two contributions, a known term
verifying the boundary conditions (31) and an unknown fluc-
tuation term, defined such that it is null on the boundary 02y,
and it has normal derivatives null on the boundary 02y, to be
determined;

3. Write the weak (Galerkin) formulation by (i) describing the
fluctuation term by a partial 3—d mixed sine—cosine series (de-
pending on the type of boundary conditions) and (ii) using trial
functions based on the same 3—d mixed sine—cosine series;

4. Solve approximately the problem using discrete sine and cosine
transforms (to approximate the integrals defined in the weak
formulation);

5. Find the polarization term solution of the problem (30) using an
iterative scheme (as done by Moulinec and Suquet (1998) in the
periodic setting with a fixed-point method).

The main difference between the stationary and the transient cases is
the heterogeneity of material properties in Eq. (30); (p(x) and c,(x));
this will require the introduction of two polarization terms in the
auxiliary problem.

3.3. The auxiliary problem

Following Moulinec and Suquet (1998) (see also Paux et al. (2025a)
and Gélébart (2024)), the local conductivity problem (subjected to the
boundary conditions (31)) is written alternatively in the Lippmann-
Schwinger form by introducing a homogeneous isotropic reference
material

n+1

VxEQ,  0div g (x) +pycy YTRRRRAL)
T"(x R 2
= p(x)c,(x) A(t ) + (6 — 1)div q"(x) (32)
Vx € Q, q"(x) = —co VT (X) + T,(x)

where ¢, py and c,, are respectively the conductivity, density and spe-
cific heat capacity of some homogeneous isotropic reference material
and

Tn+1 (x)

B =-®-ql) : VI (x),

(%) = (p(X)c,(X) — pocy0)

(33)
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are the so-called polarization tensors. The polarization tensors are in-
troduced in order to write an auxiliary problem that leads to a diagonal
system to be solved after spatial discretization.

Assuming momentarily that the polarization tensors 7, (x) and T,(x)
are known, the problem reduces to the calculation of the current
temperature 7"*!(x) solution of

Tn+1(X) T"(X)
— = e, 00—

= 0cg VAT (x) + pyc -
+ div((9 — ") - Gtz(x)), (34)

—71(x)

where the notation V? corresponds to the Laplacian operator.

Following the ideas of Gélébart (2024) and Paux et al. (2025a), the
boundary conditions are taken into account by splitting the tempera-
ture field T"*!(x) solution of the problem in two terms

T+1 (x) = T(;'l+1 x) + T”+1(X), (35)

where Té’“(x) is a known analytical C' function verifying the applied
boundary conditions (25) and Tn+l (x) is an unknown fluctuation function
verifying the properties

Tn+l (X) = 0’

VX € 002,
{ VI (x)-n=0. (36)

Vx € 09y,

The known function To"“(x) can be easily reconstructed from the
knowledge of the prescribed temperature T, and heat fluxes fyo
at t"*! by interpolation within the cell (see e.g. Paux et al. (2025a)).

Assuming that 7;(x), T,(x), T(;'“(x), T"(x) and q"(x) are known,
the problem reduces to the determination of the fluctuation T (x)
(verifying the null boundary conditions (36)) solution of

—0c, VAT (x) + pOA—CI""T"“(x) = A(x) + div B(x), 37)
where A(x) and B(x) are (known) terms given by
T"(x) . P0CH0
A®) = p(X)e, () — = — 71 (X) + 0co VAT + (x) — TTO+‘(x),
B(x) = (6 — Dq"(x) — 0T,(x). (38)

The determination of 7;(x) and T,(x) solution of the problem is then
done using an iterative scheme.

3.4. Weak formulation

The 3-d prismatic domain is discretized uniformly with (N, + 2) x
(N, +2) x (N, + 2) points and the spatial scales associated with the
uniform grid are Ax = L,/(N, + 1), 4y = L,/(N, + 1) and 4z =
L,/(N,+1). The coordinates of the grid points are denoted by x, = adx
(fora=0,...,N,+ 1), y,=bdy (for b=0,..., N, + 1) and z, = cAz (for
c=0,....,N, +1).

The fluctuation term 7"+ I(x) is defined by construction so as to
verify Eq. (36). Therefore, it will be described by a partial 3-d mixed
sine—cosine series, chosen to ensure “null” boundary conditions. We
consider that 7"+!(x) is of the form

N, Ny N,

T =Y Y ¥ aaai T s (kg (kg (k{2), (39)
i=0 j=0 k=0

where ?, i are the 3-d sine-cosine series coefficients of function Tt
which constitute the unknowns of our problem. The choice of the
functions g*, g?, g% and coefficients k7, kjy. s K, o, ajy , af then simply de-
pends on the type of boundary conditions (see Section 2). As explained
by Paux et al. (2025a), the number of “modes” for the sine—cosine series
is equal to (N, + )X (N, + 1) X (N, + 1) and does not correspond to the
number of grid points, because the last coefficients 7, ;x may be poorly
estimated for the high frequencies (i.e. fori= N, +1orj= N, +1 or
k = N, + 1). For homogeneity purposes, Eq. (39) can be alternatively
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written
N +1 Ny+1 N_+1

T(x) = 2 2 Z o o @ T g (e x)g (K y)g (K 2), (40)
i=0 j=0 k=0

where we enforce that

TN eje = Tingrte = Tin 41 = 0. 41)

The weak formulation of Lippmann-Schwinger equation (37) reads

/ ( 0o VAT (x )+
Q

= / (A(x) + div B(x)) v(x)d£2, (42)
Q

T"“( )) v(x)dQ

where v(x) is a testing differentiable function. Following (39), these
trial functions are the interpolation basis of T'(x), i.e.,

Ui (X) = g7 (k) x)g” (k) y)g* (k7. z), (43)
with / = 0,....,N,, m = 0,....N, and n = 0,...,N,. The integrals
involved in the weak formulation (42), that need to be calculated, are
denoted by
Ly = / < —0c, V2T"+‘(x)+ T"“(x)) U ()2
Q
S = /div B(x)v,,,,(x)d2 (44)
Q
K = / AX)V},, (x)dQ2
Q

After calculation of some elementary integrals (see Appendix for de-
tailed calculations), one obtains

Iy = <0c0 (G +@EP+EP) + ”‘ff”) Tomn
J -L.L,L, [ﬁx(D (B ))
mn (N, + DN, + DN, + 1) L7025 imn 45)
+§I}:l (DX?Z(By))Imn + gi(DXYZ(Bz))Imn + S/m" ]
L.L,L,
K[mn (Nx + 1)(Ny + 1)(Nz + 1) (nyz(A))lmn

where A, BX, Iiy, and EZ respectively denote the arrays of size (N, +
2)X (N, +2)x (N, +2) containing the values of functions 4, B,, B, and
B, at the grid points, where the functions B,, B,, B, are given by Eq.
(A.10). The quantity Simn is given by (A.15).

Let us denote by 7 the array of size (N, +2) X (N, +2) X (N, +2)
containing the values Bf the sine—cosine series coefficients ?, jx of the
unknown fluctuation T"“Ndefined by Eq. (39). Combining Egs. (42)
and (45), the coefficients 7 are given by

T =Co [DXYZ(A)—Ci (!;Xonyz(I;x)+§Yonyz(By)+5ZODXyZ(BZ)+s)] ,
0

(46)
where C is the (N, +2) X (N, +2) X (N, +2) array given by
(o 0co (&7 + (:j>21+ €)+ i 1)(Ny8+ Pl
(47)
£, &, & are the (N, +2) x (N, +2) X (N, +2) arrays given by
N =& = ffa ik =& 48)

S is the (N, +2) X (N, +2) X (N, +2) array containing the values S,
and O denotes Hadamard product (pointwise product) given by

(@ © b);jx = (@) (b);jx (no summation on the indices). (49)
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It must be noted that Eq. (46) allows the determination of 7,,,,,, for
all frequencies except for / = N, +1, m= N, + 1 and n= N, + 1 where
Eq. (41) holds. Once the array Ti is known, the fluctuation term T”“(x)
is known using Eq. (39).

3.5. The iterative scheme

The last step is to determine the polarization tensors r; and T,
solution of the problem (23) using an iterative scheme. We consider,
following Moulinec and Suquet (1998), a fixed-point iterative scheme
in order to calculate the thermal state 7"+!(x) at time #"*!, knowing the
previous thermal state 7"(x) at time ¢":

Initialization Thermal state at time " is known: T"(x)

(T"+1(X)) — T"(X)

( n+l(x>) . — —C(X) -V (rnJrl(X))O

Iterate i + 1 (T"“(x))l and (q "*l(x))l being known

o ooy - o,
(1,0)" = —(e(x) - c013)

(A = p(X)C,,(X)

_P() 0 T+
yraa |
BE)' =0 -1q"x) - (Tz(X))

w T= o (& oDy®)

Tn+l(x))i
(Tn+](x))i
—(z 1(x)) +0c) VAT (x)

=CO | Dy, (A) - —

+&70 Dx?z(B;) + §Z ) nyE(Bi) +5 >:|

Ny+1 Ny+I N +1

(C) (T"H(X)) z 2 2 a a a l+] X(kxx)
i=0 j=0 k=0
x g¥(k}y)g* (ki z)
i+1 ~ i+l
(@ (") = —e) : <VT(;’+1(x)+V (T"H(x)) )
(e) Convergence test.

(50)
The convergence test consists in verifying the conservation Eq. (30),
in the weak sense. Let us introduce the error function e"*!(x)
Tn+1 (x) — T"(X)
At
Following Parseval’s identity, the L? norm of the error function reads

e (x) = 0 div "' (x) + (1 = 0)div q"(X) + p(X)c,(X) . (51)

N, Ny N,

e @17, m / () de=3 3 Py (52)
i=0 j=0 k=0
ntl i o
where EI.;;C is given by
n 8 n
i = LxLyLz/ €000 042 ©3)

These integrals are calculated using discrete sine-cosine transforms as
described in Appendix; convergence is considered achieved when

ax ZZZ (2

< tol. (54)

n+1 2 n+l\2 n+1 2
lljk) +(q21jk) +(q3,ijk))

I MNZ

225

It should be noted that, introducing the iterative expressions of (7,)/,
(T,)', A" and B’ (Eq. (50)a) in the expression of T (Eq. (50)b), the
expression T can be expressed thanks to the error functions (51) at
iteration i. Formally, it can be written as

~i+l1

7T _coFE, (55)
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Fig. 1. Assessment of the numerical method in a homogeneous reference problem. (a) Distribution of the temperature in half of the domain and (b) Evolution of the temperature

at the center of the cell.

with E’ the array containing the coefficients of E;;, of the error func-
tion at iteration i. Introducing the arrays dg" and dg"*! corresponding
to the divergences of q” and q"*!, respectively, and the array dT cor-
responding to the term p(X)Cp(X)W in (51), and following the
computation method described in Section 3.4, it leads to the following
modified iterative scheme,

Thermal state at time ¢ is known: T"(x),
~0
E°=0,T =0
dg" =80 Diyz(qu) +& o Dx?z(qv;) + gz o nyi(qvg)

Initialization

Iterate i + 1 T' and E' being known

@ T =T _-coF
i1 Natl Ny+1 N, +1 -
®) (T"“(x)) =Y Y Y qdaTiH ek
=0 j=0 k=0
1 x g y)g* (K 2)

(©  dTE)y* = p(x)cp(x)w

(d) <qn+1(x))[+l = —e(x) <VT(;'+1(X)+V <fn+1(x))i+1>
© (g™ = & 0 Dy (@it
+£ 0 Dy, (@) + & © Dygs(g1* )+
(f) E™! = 60(dg"" )+ + (1 - 0)dq" + Dy, (dT™)
(2) Convergence test

(56)

This modified iterative scheme avoids redundancies in the computa-
tions and has the advantage to ensure consistency between the stabi-
lization of the numerical fixed point and the convergence test. There-
fore, this scheme will be used for the forthcoming applications.

4. Assessment of the method in a homogeneous case

The numerical method developed in Section 3 is assessed using a 1d
problem with homogeneous properties for which an analytical solution
is known. In the domain [0, L], we consider the following diffusion
equation

PCy oT

2
%(X,t): TE(X,[) (57)

with null Dirichlet conditions

TO,H)=T(L,1)=0 (58)

and initial condition
T(x,t = 0) = Ty(x). (59)

The analytical solution of this equation can be easily calculated using
separation of variables and reads

© 2
PCy k . (k
T(x,t):l;bkexp(— <TPT”) t>sm(%x>, (60)

with b, given by

2 [t krx
b= /0 Ty (x) sin (T)dx. (61)
In order to assess the method, we consider the following test case
xL —x?
12
for which the analytical solution is given by Eq. (60), where the
coefficients b, read

16L T,
=W(l_(_l)k)' (63)

The following parameters are taken for the assessment:

T(x,t=0)= To(x) = 4Tmax ’ (62)

by

+ Initial maximal temperature: 7,,,, =1 °C;
+ Material properties: ¢ = 1 Wm™' K™, ¢, = 1 Jkg 'K, py =1
kgm™3.

* Domain size L =1 m.

For the numerical simulations, we consider 129 grid points and two
time steps (4t = 0.01 s and 4r = 0.001 s). Both the implicit scheme
(6 = 1) and the Crank-Nicolson scheme (6 = 0.5) are considered.

The distribution of the temperature is represented in Fig. la at
several time steps and the evolution of the temperature at the center of
the cell (x = 0.5 m) is shown in 1b. The numerical solution converges
towards the analytical solution by decreasing the time step increment
At; the results obtained using the Crank—Nicolson scheme appears to be
more precise than the standard implicit scheme, for a given time step
increment. This analytical solution allows a validation of the numerical
scheme.

5. Application of the method to a heterogeneous case
5.1. Description of the simulations

The method is applied to the prediction of transient thermal conduc-
tion in a composite laminate material made of two phases of properties
¢, P15 ¢y in phase 1 and ¢,, p, ¢, in phase 2. The microstructure is 2-d
square domain [0, L]x[0, L] composed of 13 layers of phase 1, 12 layers
of phase 2 of thickness 5/128L and two exterior layers of phase 2 of
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Fig. 2. Description of the problem considered. (a) Sketch of the microstructure, (b) Function G and (c) Function Amp.

thickness 3/256 L, as shown in Fig. 2. This square domain is discretized
with 129 x 129 grid points, corresponding to 128 x 128 pixels.

The cell is subjected to the following boundary and initial condi-
tions:

T(x,00=T,

Tiop(x. 1) = Thottom (% 1) = Thjgne (v, 1) =Ty
Tiese (0, 1) = Ty + (Tipax — T)G(y) X Amp(?),

(64

where G(y) and Amp(s) are non-dimensional (respectively spatial and
temporal) functions represented in Fig. 2 and defined by

0if y<L/4
Gy =10 if y=3L/4 ©5)
%(1+cos[4fﬂ (y—%)]) if L/4<y<3L/4
and
n<7r d ) if 1< 100/2
Amp() = Timax (66)

1 if 12> t./2

These boundary conditions correspond to a full Dirichlet case so the
fluctuation function T is described by a sine-sine series.
The parameters taken for the simulation are as follows:

* Spatial and time domain: L, = L, = L = 1 m, 4x = 4y = 0.0079 m,
Tmax =185

* Temperature conditions: T, = 20 °C, T,,,x = 200 °C;

« Phase 1: ¢; =1 Wm™' K™, ¢, =1 Jkg™'K™!, p; = 1 kgm™;

* Phase 2: ¢; =0.1 Wm™' K™', ¢,, = 0.1 Tkg™ K™, p, =1 kgm™.

The values taken for the phases’ properties do not correspond to any
real material but are taken to highlight the influence of material con-
trast (i.e. the microstructure heterogeneity) on the evolution of the local
fields; in the present case, the contrast is ¢, /c; = (p,c,0)/(pic,y) = 0.1

Simulations are performed using an Euler implicit scheme (6 = 1)
and a Crank-Nicolson scheme (§ = 0.5) as these cases represent the
most interesting situations for the method. Several time step sizes are
considered to investigate the predictions: 4r = 0.01 s and 47 = 0.001 s.
It should be noted that the time steps considered for this application
are a few order of magnitude higher than the minimal value A eyplicit =
ATXZ xmin % ~ 3.12x 107> s of the explicit scheme (in order to verify
the CFL condition).

In all calculations, the tolerance for the iterative procedure is taken
as tol = 107°,

5.2. Numerical results

Implicit scheme (6 = 1). We begin with the Euler implicit scheme. The
distribution of the temperature field T and the component ¢, of the
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Fig. 6. Distribution of the component ¢, of the heat flux in the case § = 0.5 (Crank-Nicolson) and 47 = 0.01 s.

heat flux are represented, in the case Ar = 0.01 s, at several snapshots
(t =1[0.2, 0.3, 0.4, 1] s) respectively in Figs. 3 and 4. The distribution
of both quantities highlight the effect of the (laminate) microstructure.
Interestingly, no numerical artefacts (such as oscillations) are observed
on the temperature field and very moderate oscillations can be ob-
served on the heat flux, at some interfaces, which is standard using
spectral differentiation rules (see e.g. Morin et al. (2021)); it should be
noted that these oscillations do not accumulate during the simulation.
The effect of the time step is not visible on the distributions and will
be investigated hereafter on more quantitative plots. The number of
iterations to convergence is rather constant during each simulation and

it does not depend much on the time step discretization; in both cases
At = 0.01 s and 4t = 0.01 s, the number of iterations to convergence is
of about 45.

Crank-Nicolson scheme (0 0.5). We continue with the Crank-
Nicolson scheme. The distribution of the temperature field 7 and the
component g, of the heat flux are again represented, in the case Ar =
0.01 s, at several snapshots (¢ [0.2, 0.3, 0.4, 1] s) respectively in
Figs. 5 and 6. Only the results for the time stem value 4r = 0.01 s
are represented because the effect of A7 is negligible in that case. As in
the Euler implicit scheme, the number of iterations to convergence is
rather constant during each simulation and it does not depend much
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Fig. 8. Comparison with FEM (reference) results. (a) Evolution of the temperature
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on the time step discretization; in both cases 4t = 0.01 s and 4¢ = 0.01
s, the number of iterations to convergence is of about 40 for the
Crank-Nicolson scheme.

Effect of the time discretization At. The effect of the time discretization is
now investigated. The evolution of the temperature and the component
g, of the heat flux are represented at the center of the cell (i.e. for
x =y = L/2) in Fig. 7. The effect of the time step is moderate using
the implicit scheme and almost negligible using the Crank-Nicolson
scheme, i.e. coarse time steps using the Crank—Nicolson scheme provide
an accurate solution. This is expected as the Crank-Nicolson scheme is
a second-order method in time while the implicit scheme is a first-order
method in time.

5.3. Comparison with FEM calculations

The (heterogeneous) test case examined in this section lacks an ana-
lytical solution. Therefore, to assess the validity of the results obtained
with the newly developed FFT procedure, a numerical reference solu-
tion was calculated; for this purpose, we relied on the well-established
finite element method (FEM), using a finite element code validated in
challenging scenarios such as crack propagation (Essongue et al., 2023)
and thermal modeling of additive manufacturing (Essongue et al.,
2024). To ensure the FEM solution’s accuracy, we utilized a refined
mesh with 0.5 mm elements (fifteen times finer than the FFT grid)

center of the cell and (b) The evolution of the component ¢, of the heat flux
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at the center of the cell and (b) Evolution of the component g, of the heat flux at the center

and a time step size of 0.1 ms (ten times smaller than that used
for FFT calculations). Robust, parameter-free choices were made, in-
cluding the use of bilinear quadrilateral elements, the imposition of
boundary conditions through Lagrange multipliers, a backward Euler
time discretization scheme, and a direct solver to handle the resulting
equations. As shown in Fig. 8, the FFT results align perfectly with the
reference solution, thereby validating the newly developed FFT-based
solver.

6. Conclusion

The aim of this work was to develop efficient FFT-based solvers for
transient diffusion in heterogeneous materials subjected to non-periodic
(Dirichlet/Neumann) boundary conditions. We focus on a problem of
thermal conductivity, which constitutes the prototype equation of any
diffusion process. The numerical method proposed in this work relies
on the use of (i) theta-method (which includes Euler implicit, Euler
explicit and Crank-Nicolson schemes) for time discretization and (ii)
a Galerkin-based discretization using an approximation space based
on mixed sine—cosine series for the spatial discretization. The method
is based on a fixed-point iterative solution of an auxiliary problem
involving homogeneous material properties, following the pioneering
work of Moulinec and Suquet (1998). The solution field is decomposed
into a known term verifying the non-periodic boundary conditions and
a fluctuation (unknown) term described by appropriate sine—cosine
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series. The solution of this auxiliary problem involves discrete sine—
cosine transforms, of type I and III, depending on the type of boundary
conditions. The system arising in this formulation is diagonal and
therefore no linear system needs to be solved; the solver relies on the
computational complexity of fast Fourier transforms. The method has
finally been applied to the prediction of transient thermal fields in a
composite material subjected to non periodic boundary conditions.

The method developed in this work investigated, in a Galerkin-
based framework, the problem considered by Gélébart (2025) using a
finite difference scheme in space. Both methods rely on discrete sine—
cosine transforms and but mainly differ by the Green operator arising
in the solution of the auxiliary problem. In both works, the classical
oscillations of the FFT-based framework are observed using spectral
derivation or hexahedral-type schemes (Willot et al., 2014; Morin et al.,
2021; Gélébart, 2024). One might remark that Gélébart (2025) also
used a tetrahedral stencil, recently proposed by Finel (2024), which
appears to suppress most of the spurious oscillations. Additionally,
the method developed in this work is based on the calculation of
the temperature (or equivalently the displacement field in elasticity
problems) in contrast with standard FFT-based method which operates
in the gradient fields (see e.g. Vondiejc et al. (2014)); therefore accel-
erated schemes (Eyre and Milton, 1999; Michel et al., 2000; Monchiet
and Bonnet, 2012; Moulinec and Silva, 2014; Kabel et al., 2014)
cannot be used as is and need to be adapted to the displacement-based
formulation.

Future developments of this work will concern the coupling be-
tween a diffusion and mechanics, to handle thermomechanical prob-
lems as well as multiphysics problems such as, e.g., hydrogen-assisted
deformation of polycrystalline materials (Singh et al., 2022), stress-
dependent polymer ageing (Konica and Sain, 2021) or electro-chemo-
mechanical coupling in lithium-ion batteries (Zhao et al., 2019). In
addition, the methods developed in this work could benefit the sim-
ulation of processes such additive manufacturing for which efficient
numerical strategies are required (see e.g. Essongue et al. (2024)).
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Appendix. Elementary integrals

The integrals 1,,,, J;., and K, arising in the weak formulation
(42) of the transient conductivity problem are calculated as follows.

+ The integral I,,,, reads

[ (9% (€2 +@r+@r)+ %) )

N +1N+IN_+1

=2 X X

i=0  j=0 k=0

‘@ @ T, X

k7 Imn

=L, =L, _ '
/ g°(ky x)g" (k) x)dx x/ g (k}yg* (k) y)dy
x=0 y=0

=L,
x/ gz(kiz)gz(k;’z)dz] . (A.1)

=0
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After calculation of the elementary integrals in Eq. (A.1), it can
be shown that

L,L P0C0 \ ~
Ly = —5— <0CO (G + @ +E7) + =7 )T,mn, (A.2)
since
x=Ly ! 6,L, y=Ly o 6;mL
/ (kg (kfxdx = =X, / g (ye e ydy = ===,
x=0 & y=0 2ay,
(A.3)
=L, L
/ g (ki 2)gi(kz)dz = ’5— (A.4)
z2=0 @,
with § the Kronecker symbol.
The integral J,,,, reads
Jlm" = Jl):nn + JI}:nn + lemn’ (A-5)
with
JX = 9B, (k¥ x)g¥ (kY y)gF(kZz)d2 (A.6)
Imn — o ox &k x)g" 5, )8 (K, ’ B
. 9B,
g = / (0_y> g (ky x)g” (k) y)g*(kiz)d€2, (A7)
Q
e o [ (25 kg2 et kinde A8
i = 5z ) & kg (ky,yeg®(k, z)de, (A.8)
Q

where B,, B, and B, are given by Eq. (38). In the definition of
the auxiliary problem, the known fields are B,, B, and B,, and
not the partial derivatives involved in Egs. (A.6), (A.7) and (A.8).
Consequently, as in the stationary case (Paux et al., 2025a), the
integral J,,,, can be calculated using integration by parts in order
to avoid calculation of the aforementioned partial derivatives. In
the case of J. . (the other integrals can be calculated similarly),
one has

y=Ly, z=L,
i = / / (8 (kL) B(Ly, y,2) — g*(0)B,(0, y, 2))
y=0 z=0
x g'(ky y)g*(kiz)dydz

- ¢ /Q B, (x,y, g~ (k) x)g” (k! y)g* (k3 2)d L.

Let us introduce the function B,, whose expression depends on
the type of boundary conditions on the x—faces:

(A.9)

B.(x,y,2) = B.(x,y,2) (DD)
By = B.(xy.2)—B.0,yz— ey Z)L_ )
Byd= Blnyno-B(L.n2) ' ON)
B.(x,y,z2)= B.(x,y,z)— B.(0,y,2) (ND)

(A.10)

The calculation of J e then reduces to

JEo= g /Q B (x.y, 08" (k08" (k)" (ki)d@ + 57, . (A11)

where 57 is related to the constant term arising in the derivative
in the NN case and will be detailed hereafter. For arbitrary func-
tions B,, B, and B, the elementary integral defined in Eq. (A.11)
cannot be calculated analytically; therefore those integrals are
calculated approximately, using discrete sine—cosine transforms:

-L . L,L

x x=ytz

Timn = (Ny+ DNy, + DN, + 1)

[57‘ (Dgyz(B)) 0 + S,"mn], (A.12)

where B, denotes the array of size (N, +2) X (N y+2)X (N, +2)
containing the values of the function B, at the grid points. The
term S~ is always null, expect in the case / = 0 of the NN
boundary conditions, where it is given by

N,+1
o __NetD

o =~ (Dy,(B® — By™)) (A.13)

mn’
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The term J,,,, finally reads
~L,L,L,

(N, + DN, + DN, + 1)

+&, (DXVZ(Ey))Imn

+& (Dyya(B),, + St ]

Jimn = [élx(D’_‘Yz(Bx))lmn

(A14)

where B, B, and B, respectively denote the arrays of size (N, +
2)x (N, +2) X (N +2) containing the values of functions B,, B,
and B, at the grid points, and S, is given by

S =0 ifl£0and m#0and n#0
(A.15)
Somn = —% (Dy(BY - BE)) if NN on x — faces
S = -(NyL—:rl) (Du(B - B)")), if NN on y — faces
Simo = —(NZL—+1) (Dyy(BY - BE)), if NN on z — faces,

z

(A.16)

where BE, Bf", Bg, ny s B(Z’ and BZLZ denote the arrays of sizes
(N, +2)x (N, +2) for BY and B (N, +2)x (N, +2) for Bg and
ny , and (N, +2)X (N, +2) for B(Z) and sz, containing the values
of functions B,, B, and B, on the faces.

Finally, the integral K, reads

K;n =/ AX)g (kf x)g” (k2 y)g®(k;z)d L, (A17)
Q

where A is given by Eq. (38). The integral (A.17) is then cal-

culated approximately using discrete sine—cosine transforms as

L.LL

x=ytz

(N, + DN, + (N, + 1) (A.18)

Klmn = (nyz(A))

Imn’
where A is the array of size (N, +2)X (N y+2)x(N_+2) containing
the values of the function A at the grid points.
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