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Abstract. This work aims to study the strain localization during the plastic deformation of
sheets metals. This phenomenon is precursor for the fracture of drawing parts, so its predic-
tion using advanced behavior models is an active research field. Most often, an accurate pre-
diction of localization requires damage to be considered in the simulation.

For this purpose, an advanced, anisotropic elastoplastic model has been coupled with a clas-
sical, isotropic damage model. The coupling with the damage model is carried out in the
frame of continuum damage mechanics. In order to detect the localization during sheet form-
ing, Rice’s localization criterion is introduced.

The coupled elastoplastic damage model is implemented in the Abaqus/Implicit software, via
the user routine UMAT, while Rice’s criterion is incorporated in the same code, via the user
routine UVARM. Simulations of typical rheological tests are performed in the numerical in-
vestigation. The predicted forming limits are very consistent with literature results. The fully
3D formulation adopted in our development allowed for some new results — like the out-of-
plane orientation of the normal to the localization band.
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1 INTRODUCTION

The numerical prediction of the metal forming defects is a constant preoccupation both for
scientists and industry. The strain localization in sheet metal forming is usually assessed in
terms of the so-called forming limit diagram [1]. During the last century, numerous criteria of
localization have been proposed, e.g. maximum of the load [2, 3], Hill’s bifurcation analysis
[4], or models assuming an initial defect in the material [5]. One important way to improve
the predictability of these models is clearly their coupling with an accurate constitutive model,
eventually including damage. The more pragmatic models (e.g. the Marciniak-Kuczynski
model) have been paid extensive attention in this direction, due to their industrial applications,
in spite of their weaker theoretical foundations. On the other hand, the theoretically sounder
theories, e.g. Rice’s strain localization criterion [10, 11] have mainly been investigated ana-
lytically, for simpler constitutive models and in particular (plane stress or plane strain) load-
ing situations [8, 9, 12, 13, 22].

In this work, a fully three-dimensional framework is set for the application of the Rice’s
localization criterion, including an advanced, anisotropic elastoplastic constitutive model cou-
pled to a damage model. Both the analytical (for the localization analysis) and algorithmic
(for the finite element implementation) moduli are derived in the general case and the model
is implemented in the FE code Abaqus/Implicit. Several simple tests are simulated in order to
asses the capabilities of this approach.

2 ANISOTROPIC ELASTOPLASTIC MODEL COUPLED WITH DAMAGE

A material description based on rate equations must respect the principle of objectivity. In
finite element implementations, the most commonly used technique is to integrate the rate
equations in a frame that rotates with the spin W (skew-symmetric part of the velocity gradi-
ent). This is equivalent to the use of a Jaumann-type stress rate, yet the equations obtained are
form-identical to a small strain formulation [18, 24]. Consequently, all the tensor variables
below are rotation-compensated with respect to this frame.

This work deals with a general rate-independent, anisotropic, elastoplasticity model, cou-
pled to an isotropic damage model. More precisely, we consider the physically-based harden-
ing model of Teodosiu and Hu [18, 19] and the isotropic damage model of Lemaitre [16]. The
coupling is realized through the concept of effective stress:

6=6/(1-d)=C:&* =C:(e—¢") (1)

associated to the principle of strain equivalence [16]. In this equation, d is the continuum
damage variable (d D[O,l], with d =0 for a safe material and d =1 for a completely dam-

aged one). This is a scalar variable thus damage is assumed isotropic, while o is the stress
tensor in the damaged material and & is the stress tensor in an equivalent undamaged material.
This is the classical framework of continuum damage mechanics.

2.1 Basic equations of the coupled model
The linear elasticity law with damage reads:
6=(1-d)C:&* =(1-d)C:(s—¢") )
In rate form, one obtains:

6=(1-d)C:¢ -dC:&* =(1-d)C: (£ -¢") - ds 3)
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Several possibilities are available for the coupling with a plasticity model [17]. The sim-
plest one is to let damage affect only the stress tensor, while the internal variables describing
the hardening remain unaffected. This is the approach used by Lemaitre and co-workers (see
[14, 17]) who coupled damage with several isotropic and/or kinematic hardening models. This
is the approach used in the current work. It is noteworthy that other authors have proposed
models where the other internal variables are also affected by damage [20, 21].

In our case, the yield condition is written in the following form:

F=(&-X):M:(6'-X)-Y <0 4)

where 6' =¢'/(1-d) is the effective deviatoric stress, Y describes the isotropic hardening and
X the kinematic hardening. The associated flow rule reads:

b _0F A M:(e-X) A o o
S = () B S () A ©

The rate hardening laws and/or the damage evolution law make use of the equivalent plas-
tic strain rate p , defined as the power conjugate of the effective equivalent stress @ , i.e.

op=(6'-X):&" (6)
The flow rule allows to find a relationship between p, A and 4 , i.e.

= A
P (7)

2.2 Hardening model

The macroscopic hardening models are based on a set of internal variables, describing the
isotropic and kinematic hardening. The microstructural hardening model of Teodosiu and Hu
is described in detail in [18, 19]. This model makes use of four internal variables: X and R
are the classical back-stress and isotropic hardening variables, while S is a fourth order tensor
describing the directional strength of the planar persistent dislocation structures and P is a
second order dimensionless tensor describing the polarity of these structures. S is further de-
composed along the current plastic strain-rate direction in an active part S, and a latent part

S, . In general, kinematic hardening models often use the direction N of plastic strain-rate or

the direction n of deviatoric stress. For a plasticity model coupled to damage, these quantities
are defined as:
- 7 M:(6'—-X
N(d)= & _ M )
4

N A

®)

The model equations are kept identical, except that the directions N and n are being re-

placed by their “effective” counterparts N and fi. The main evolution equations of the Teo-
dosiu model become:

R=C;(R,-R)A=H A (9)

sat

X=C, (X, A-X)A=H,/ (10)
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SD :CSDI:g(Ssat_SD)_hSD:I/i :HSD/i (11)
S, =-C (M} S,A=H; A (12)

L SL S L S,
P=C,(N-P)i=H,] (13)

where the decomposition of the S variable becomes:
S=S,NON+S, (14)

Thus, although the coupling with damage modifies the equations, their mathematical struc-
ture remains identical to their uncoupled form. This property is very useful for the numerical
implementation of the model in a finite element code.

2.3 Damage evolution law

The evolution law of the damage variable d is assumed of the following form [21]:

s ’ (15)
0 (e, H,=0) else

l[y_yfj)i:Hd)i if  Yexy°

The scalar quantities s, S, fand Y are material parameters, while Y =1¢°:C:¢° is the

elastic strain energy release rate:

A s )2
Y =E[§(l+v)+3(l—2v)(§ ] } (16)

2

where &' =11r(6) is the effective hydrostatic stress, while J, =,/26':6" is the effective von

Mises equivalent stress.

2.4 Analytical tangent modulus
Rate-independent elastoplastic laws can be written in the following compact form:
6=L":¢ (17)

where L™ is the so-called analytical tangent modulus. The expression of this modulus is re-
quired for the application of the localization criterion of Rice to the chosen material.

Let us first determine the plastic multiplier A . The consistency condition =0 leads to:
g-Y=0 (18)
The first term is obtained by the chain rule as:
5=97 . 54+99 x=99 (5 -X) (19)
06 0X 06

and its subsequent terms are obtained as follows:

¢ =C:(¢-¢")=C:(¢-VA) (20)
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97 _M:(¢'-X)

- =V 21

06’ o @)
X=H,A (22)
Y=H,A (23)

Back-substituting these results leads to the following expression for the plastic multiplier:

V:C:¢ _V:C:¢

A= 24
H, i, (24)

where H, is the scalar hardening modulus, affected by damage:
H,=V:C:V+V:H, +H, (25)

Finally, after replacement in Eq. (3) and rearrangements of terms, the following linear rela-
tionship is found:

C:V : 5 .
o= e-o (V)OO H50(v:C)) | 26
H/l H/]

where a =1 for elastoplastic loading and 0 otherwise, and C=(1-d)C.

If there is no damage in the model, then C= C,V=V,é6=cand H , vanishes; in this

case, it is easy to see that the classical expression of the elastoplastic tangent modulus is re-
covered (see e.g. [23]).

3 NUMERICAL IMPLEMENTATION

In a finite element code, the constitutive model takes the form of a stress (and state) update
scheme between a time ¢ (at time step n) and the subsequent time #+A¢ (increment n+1). The
numerical implementation of the model is done here using an implicit time integration scheme.
An accurate, implicit state update algorithm has been developed for the elastoplasticity model
[23]. The numerical implementation for the damage-coupled model will follow the same ap-
proach and, under some assumptions, it will take a very similar form.

First, the discrete forms of the constitutive equations are reviewed. Then, the main steps
for the calculation of the algorithmic tangent modulus are given.

3.1 Discrete form of the constitutive equations
Elasticity and normality laws. The discrete form of the elasticity law is:
A6 =C:As =C:(Ae-Ae”) (27)
This leads to the stress update equation:

6, =(1-d,.,)[8,+C:(be-ne" )] (28)

n+l

where 6, =0, /(l—dn). It appears that the final stress depends both on plastic strain and

damage. The plastic strain increment is obtained from the discrete normality rule:
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o __1 V.AA=V  AA (29)

P —
Ag _Ma_ _l—d n+l n+l
Y n+l n+l

where the implicit character of the scheme clearly appears.

Hardening variables.  The hardening variables are governed by rate equations having the
form y = Hy/i . According to [23], they are updated with an implicit, semi-analytical scheme.

The following update equations are obtained in the form:
yn+1 = yn +Ay (6n+l,yn+l’M’dn+l) (30)

Damage. The same semi-analytical time integration approach is used for the damage vari-
able as in [23]:

1
e e\ 1+
= 44 Yn+ _Y; : e e
d,m-l—[(l—dn) —(ws)(lTj Aﬂ ity >y o
d. . =d otherwise

3.2 Numerical resolution

The resolution of the previous set of nonlinear equations is made by a Newton-Raphson
procedure. In [23], the equations of the elastoplastic model have been reduced to a set of two
equations, with the main variables T and AA. The size-reduction is a common preoccupation
when constitutive models are implemented (see e.g. [21, 23, 25] etc.). This approach ensures
the robustness of the Newton-Raphson resolution. In the case of the damage-coupled model,
this two-equation system is written as:

T, -T,-2G0¢ +2G6MV (T, ) +AX(T,...01) | To
] -

&(T,,)-¥(a1) 0

n+l

where T =6 —X. Nevertheless, this system is underdetermined since the unknowns are now
T ., AA butalso d . A third equation should be added to the system and then the new sys-

n+l 2 n+l
tem could be solved for a fully implicit solution. For the current implementation, a simpler
approach has been chosen. The damage equation is uncoupled at every increment, from this
system, by considering the value d, instead of d,, wherever it explicitly appears in system

n+l
(32). By doing this, the numerical resolution becomes very similar to the one for undamaged
model. It should be noted that the damage equation exhibits a yield value, thus during an im-
portant part of the loading history the previous approximation will have no impact on the so-
lution. During the last part, when damage is activated, the strain increments should be kept
restricted to safe values, in order to ensure the overall accuracy.

3.3 Consistent tangent modulus

For the finite element equilibrium resolution, the constitutive algorithm must also provide
the variation of the stress increment due to a variation in the strain increment:

DAc =L"® : DAg (33)
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The fourth-order tensor L*® is the so-called consistent tangent modulus, which we shall
calculate hereafter. The differentiation of the elasticity law gives:

DAc =(1-d)C: DAe~(1-d)2GDAe” —6Dd (34)

The normality rule yields a linear relationship between DAg” and DAe while the yield
condition gives a relationship between AN and DAg :

DAg” = AADV +VDAA (35)
The differentiation of the yield criterion and V respectively, gives:
DpAA =Y. DT (36)
H
DV =Q: DT +—VDd 37)
where:

- _0V 1 oY
=—==——=(M-V0V), H=——- 38
AT (1—d)5( ) LY, (%)

By replacing DAA and DV in Eq. (35) and then in Eq. (34), one can obtain:
vav

Dhe =(1-d)C: DAe (1 —d)zc{m() + j:DT—(& +2GMV)Dd  (39)

One still has to express DT = D&’ — DX . By differentiating 6' and X, and replacing in the
relation of DT , one can obtain:

DT =2GA™ :DAg' =2GA™ : DAe (40)
where:
A=T +26[mQ+vnY |+ OX [ LOX (2604 1 0d gy gy
H) oT \HodMd H 1-d oA
Also, Dd reads:
Dd =Ea—d(V:A‘l) : DA\g (42)
H 0AA

By replacing all terms, DAc can be linearly related to DAg (see Eq. (33)) using the con-
sistent modulus L*® which takes the form:

vov

e _ Ny 1 2G 3d . - N
L' =(1-d)C-(1-d)4G (A)IQ+ ].A —FE(6+2GA/IV)D(V.A ) @3

This last equation defines the algorithmic modulus L** to be used for the numerical im-
plementation in a finite element code.
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4 LOCALISATION CRITERION

In this work, we focus on the localization criterion proposed by Rice [6-11, 15]. We shall
briefly recall the basic ideas of this criterion and then calculate the particular form of the ana-
lytical tangent modulus required for its application.

4.1 Rice’s localization criterion

This criterion applies to a continuous medium subjected to a homogeneous strain state. The
strain localization is searched as a bifurcation phenomenon, meaning that a non-homogeneous
straining mode becomes possible (the uniqueness of the solution is lost). This non-
homogeneity is considered as a planar localization band, defined by its normal n. The velocity

gradient inside and outside the band are respectively denoted G~ and G* while the corre-

sponding nominal stresses are denoted N~ and N™. The nominal stress rate is related to the
velocity gradient by the following constitutive law:

N=0:G (44)

where [ is an analytical tangent modulus that has to be expressed in terms of L™. The con-
tinuity of the stress vector through the band of normal n is written:

n[N]|=0 (45)

where [A] = A" — A" designates the jump in a quantity A across the chosen plane. Ha-

damard’s equation of compatibility for the velocity field states that a vector A exists such that
the jump in G reads:

[G]=20n (46)
Thus A =0 enforces a continuous velocity field. Combining Eqgs. (44)-(46), one obtains:
{nOn} =0 (47)

This is a typical eigenvalue problem and a nontrivial solution for A (i.e., bifurcation condi-
tion A # 0) requires the vanishing of the following determinant:

det{n.I:I.n} =0 (48)

This last equation gives a necessary condition for a localization band to appear; it describes
the strain localization criterion introduced by Rice.

4.2 Tangent modulus for the localization criterion

The application of the former localization criterion requires the calculation of the modulus
0. In a fixed frame, the linear hypo-elasticity law reads:

§=C:(D-D") (49)
where é designates the Jaumann derivative of the effective Cauchy stress:

G§=6-WG+6W (50)

The stress rate can be thus expressed as:
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6=(1-d)6-de+W.o—6.W (51)
The Cauchy stress and the nominal stress are related to each other by the classical relation:
Jo =F.N (52)
where F is the deformation gradient and J = det(F) its jacobian. Thus:
N=JF".(c tr(D)+6-G.o) (53)
In an updated lagrangian formulation, F =1 and J =1; Eq. (53) simplifies as:
N=6+¢ tr(D)-G.c (54)
and, replacing the Cauchy stress rate from Eq. (51):
N=(1-d)C:(D-D")-d6-6.W +6 tr(D)- Do (55)

All terms on the right-hand side of this expression can be linearly expressed in terms of the
velocity gradient G, in the following way:

(1-d)C:(D-D’)-d& =L":G (56)
ctr(D)=A,:G (57)
Do=A,:D=A,:G (58)
ocW=A,:G (59)

where L™ is the analytical tangent modulus from Eqgs. (17) and (26), while A;, A, and Aj are
fourth order tensors that can be expressed, after some mathematical manipulations, as:

Ay = 0,0, (60)
Ay =3[ 8,0, + 8,0, ] (61)
Ay =4[ 0,6,-0,0, | (62)
O=L"+A —-A,-A, (63)

It is noteworthy that [ possesses no symmetry, due to the particular forms of the three A,
terms.

S NUMERICAL RESULTS

For the investigation of the selected strain localization criterion, several simple loadings
are considered. They are very regular in-plane loading cases for sheet metal rheological test-
ing, while they are also used for the experimental and numerical assessment of the forming
limit diagram, using various models. In the principal stress frame, we shall consider the two
principal stresses in directions 1 and 2, with 0,,>02;, while 033=0 for all tests (see Figure 1).
Nevertheless, the calculations are fully three-dimensional, which is different from most of the
results available in the literature. Three monotonous tests are selected: uniaxial tensile test,
plane strain tensile test and simple shear test.
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Figure 1: Loading imposed to a material volume during the selected tests. Stress principal frame.

Typical material parameters for mild steel have been selected. The stress-strain curves cor-
responding to three monotonous tests are represented in Figure 2 (thick lines). Moreover, two
sequential tests are represented in the same figure (thin lines). They represent the typical re-
verse and orthogonal strain-path changes. The main features of the Teodosiu-Hu hardening
model (see e.g. [19]) when strain-path changes occur are clearly reproduced. On the other side,
the coupling with the damage model introduces a softening behavior.

300 +

200 -

SS

OR

N\

100

D

True stress / Shear stress [MPa]

BS =200 +

-300 -
True strain / Amount of shear

Figure 2: Prediction of simple rheological tests using the coupled model: Hill quadratic yield surface, Teodosiu-
Hu hardening model and Lemaitre damage model.
UT = uniaxial tensile test; plot: Oy vs. €.
PT = plane strain tensile test; plot: Oy; vs. €.
SS = simple shear test; plot: 0y, vs. €.
BS = simple shear + reverse shear (Bauschinger) test; plot: 0, vs. €.
OR = uniaxial tension + simple shear (orthogonal) test; plot: 0y, vs. €1, then Oy, vs. 5.

In the case of a simpler, von Mises plasticity model, the three tests are characterized by the
strain ratios given in table 1. This particular case allows us to compare our results to data
available in literature [22]. For the strain analysis at localization, the corresponding principal

10
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strains for these three monotonous tests are plotted in Figure 3. Again, this result corresponds
to the typical forming limit diagrams obtained experimentally in sheet metal testing. It is also
noteworthy that the value of damage when localization occurs is not the same for the three
tests.

Test £,/€;
Simple shear test -1
Uniaxial tensile test -1/2
Plane strain tensile test 0

Table 1: Strain ratios for the three monotonous tests.

0,5 -
0,2 -
c
R
G g
S 9
c —
a) € b) o
g
01 1 &
©
r T T T T 0 | O 1
-0,5 -0,4 -0,3 -0,2 -0,1 0 -1 -0,5 0
minor strain minor / major strain ratio

Figure 3: a) Limit strains for the three monotonous tests. From left to right: simple shear, uniaxial tension and
plane strain tension. b) Limit values of damage at localization.

The Rice’s localization criterion also provides the orientation of the localization band. This
orientation can be defined by two angles, as shown in Figure 4a: the angle § gives the incli-
nation of the band with respect to axis 1 in the plane 1-2, while the angle &, gives the inclina-

tion of the band with respect to axis 3, in a plane perpendicular to the band. For sheet
materials, these two angles correspond to the in-plane orientation of the band, as well as its
out-of-plane inclination. Many analytical developments available in literature assume that this
last angle vanishes.

11
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90 90 -
2 2
754 8 754 8
S IS
60 | © 60- S
g g
45 4 2 2
2 o
= @
30 © 301 2
b) 5 >
C C
a) ; 154 © 15 &
2 Z
: © S
| | o 1 g | 0 1 g
-1 -0,5 0 -1 -0,5 0
minor / major strain ratio minor / major strain ratio
A
3 3 3 \
2 2
1 1 1
d) .
simple uniaxial plane strain
shear (-1) tension (-1/2) tension (0)

Figure 4: Orientation of the localization band: a) definition of the orientation with two angles, b) values of the in-
plane and c) of the out-of-plane angles d) graphical representation of the localization band orientation (dotted
lines represent the other possible orientations).

The values of the in-plane angle for simple shear and uniaxial tension correspond to both
the experimental values as well as those predicted with other models. For the plane strain ten-
sion, our result corresponds precisely to the experimental observations, as well as the predic-
tion of the Marciniak-Kuczynski model. Analytical calculations using the Rice model, where
the normal to the localization band is considered in the 1-2 plane (see e.g. [22]) predict an in-
plane angle close, yet smaller than 90°. A possible explanation for this discrepancy may be
due to the out-of-plane inclination of the localization band in the three-dimensional analysis.
As one can see in Figure 4c, this angle is zero for simple shear, quite small for uniaxial ten-
sion, while it reaches 45° for the plane strain tensile test. Although the analysis is purely theo-
retical, the graphical representations from Figure 4d clearly correspond to the experimental
localization modes for the considered tests.

6 CONCLUSIONS

In this work, an advanced anisotropic elastoplastic model has been coupled to an isotropic
damage model and accurately implemented in a finite element code. The bifurcation condition
of Rice has been applied as a localization criterion for this material model. For this purpose,

12
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various forms of analytical and algorithmic tangent moduli have been developed in a general,
fully three-dimensional framework. The orientation of the planar band of localization has also
been searched for, in the whole space of possible orientations.

Simple mechanical tests have been simulated. These first numerical applications reproduce
the experimental trends both in terms of limit strains and localization band orientation. The
possibility of out-of-plane directions of the localization plane has proven necessary and al-
lowed for interesting and original results.

The modeling framework will thus be further generalized to more complex damage models
and their numerical implementation in a fully implicit way. The model can be applied for the
prediction of linear and nonlinear forming limit diagrams, as well as strain localization predic-
tions in finite element simulations of forming processes.
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