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1. Introduction

Since the seminal works by Tobias [1] and Tlusty and
Polacek [2], when the link between the flank face tool-
workpiece interaction, ploughing and vibration damping phe-
nomena has been considered, this aspect has been investigated
in the machining-related vibrations community. Two main ap-
proaches consist in considering small vibrations, where the ef-
fect of ploughing phenomenon can be linearized into so-called
process damping terms, and nonlinear approaches, allowing for
considering higher magnitude vibrations. It is the former ap-
proach that is in the scope of the present work.

Fundamentally, although the physical aspects of process
damping have received numerous physical analyses, such as by
Wu [3], or more recently by Theraroz and Oguzhan [4] includ-
ing plasticity and friction aspects, in practice, direct use of such
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frameworks is hindered by the difficulty of the direct access
to the interaction zone to observe these phenomena in detail.
However, on macroscopic scale, these analyses provide basis
for the use of more mechanistic definitions, such as consider-
ing the kinematic interference volume between the tool’s flank
face and the workpiece, or global kinematics-to-force constitu-
tive relationships. Thus, the use of process damping coefficient,
inversely proportional to the cutting speed, is enabled and can
now be found in textbooks [5], especially for constant chip pro-
cesses, such as turning or drilling.

When it comes to milling, although the time-variable en-
gagement of each tooth adds to the complexity, the previous ap-
proach can be adapted. In 2012, Sellmeier and Denkena present
a method linking interference volume on a chamfered cutting
edge to the local effective clearance angle, then perform the
summation over the whole tool in side milling [6]. In 2019,
Wöste et al extend this approach to a face milling case [7]. In
2024 [8], Altshul et al develop a similar approach, calculating
the effective clearance angle based instant relative velocity of
the cutter relative to the workpiece surface.

The goal of this work is to compare this process damping
phenomenon, as modeled by the approach from [8], to what
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surface generation representation. Finally, the equations of motion are formulated for modal degrees of freedom and solved by a time marching
algorithm. Based on these analyses, the limitations of resulting process damping force terms representations are considered regarding vibrations
and interaction force magnitudes.
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Fig. 1. Milling operation schematic

Fig. 2. Experimental setup

could be made by macroscopic damping, as a modification of
modal damping acting directly to the dynamical degree of free-
dom (DOF), on a ball end milling finishing case. The rest of the
paper is composed as follows. Section 2 presents the operation
under investigation. Section 3 addresses the elastodynamic flex-
ible workpiece with a dexel-based surface modeling, as well as
accounting for tool-workpiece interaction. In section 4 simula-
tion results are presented and discussed.

2. Flexible workpiece milling operation

The case study in this article is the climb milling of a trian-
gular titanium alloy plate using a ball end mill. The operation is
schematized in figure 1 and the experimental setup is shown on
the photo in figure 2. The oblique groove and the tool’s direc-
tion of travel mean that, as the tool advances, the part becomes
increasingly flexible.

During milling tests, plate vibrations were recorded using
a Kaman-type inductive sensor (resolution 10−4 mm, measure-
ment range 1 mm). The position of the sensor and the test dia-
gram are shown in figure 1. The tool feed direction corresponds
to the −Y direction. Milling was carried out in 11 steps. Firstly,
9 roughing steps are made (successive descents in the X direc-

Fig. 3. Displacement under sensor : experimental measurements

tion). These 9 passes are such that the center of the cutter is
at xc = 0 (projection of the vector OC onto X) after the ninth
pass. Then, a pass 10 with ap = 0.4 mm and a final pass 11 with
ap = 0.6 mm were then performed.

For all passes, the feed per tooth is 0.06 mm and the spin-
dle rotation frequency is 2183 rpm. The latter corresponds to a
tooth passage frequency of 145.5 Hz. The pass length is 43 mm
(approx. 4 seconds). The tool is a ball end mill with a diameter
of 8 mm and 4 teeth with a cutting angle varying from −1◦ to
15◦ along the cutting edge. The clearance angle varies along the
cutting edge, but remains close to 7◦ in the cutting zone consid-
ered for our operation. The value of the runout is of the order
of 3.3 · 10−3 mm. A 3D scan of the tool was carried out, and the
modelling used for the tool during simulations takes account of
the measurements, in particular the shape of the teeth.

Figure 3 shows the plot of the displacement measurement
during one pass. The signal is composed as a sequence of teeth-
induced bumps of increasing magnitude, interceded by out-of-
cut time intervals featuring free vibrations of the workpiece.
The magnitude evolution is consistent with the distance of the
tool from the clamping, with corresponding deformed shape
magnitude of the eigenmode of interest, growing quasi-linearly
along the tool path.

From the free oscillations of the workpiece between cutting
stages, the first three natural frequencies are deduced: 2301 Hz,
8050 Hz and 14200 Hz. The tool is assumed rigid.

3. Modeling framework

The simulation is carried out in nessy2m environment [10].
Globally, the approach consists in a time domain transient sim-
ulation of elastodynamics of a machine-tool-workpiece system
model during a machining operation. Model inputs include a
finite element-like mesh of deformable part with a set of eigen-
modes, kinematic description of the operation, geometrical de-
scription of cutters with cutting law, and a dexel-based geom-
etry description of the region to be machined. The simulation
consists in a Newmark-type time marching and outputs com-
prise a history of modal coordinates and cutting forces evolu-
tion as well as resulting machined surface. Details of applica-
tion to the present case are described below in this section.

3.1. Workpiece and surface model

Our case study has been designed so that the part is the weak
link. This means that the tool is considered rigid, while the part,
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Fig. 4. Model details : a) Workpiece mesh + eigenshape, b) tool active parts
(cutting edges + rake faces)

whose finite element mesh is shown in figure 4, is considered
flexible. We have chosen to restrict the dynamic model to the
part’s first mode, with its measured damping rate of 3%. This
choice is possible here because the tooth passage frequency is
much lower than the part’s first natural frequency (factor 16)
and, what’s more, its first two natural frequencies are very far
apart (factor 3.5). The impact of this choice has been assessed,
and we have verified by simulation that the addition of further
modes has no significant consequences on the results presented
below. This is mainly due to the shape of the part, which means
that the triangular portion of the part deforms very little and
mainly exhibits an oscillating movement around the groove.
This creates a flexible “hinge” whose stiffness is directly de-
termined by the depth of the groove.

3.2. Tool-workpiece interaction modeling

The material flow around the tool tip is given schematically
on the left-hand side of the figure 5, showing two zones: the
first is related to chip formation, involving contact between the
tool and the workpiece material above point P, and the second
to the flow of material under the cutting edge of the tool, linked
to the ploughing phenomenon.

In practice, cutting laws are generally predictive models de-
duced from experimental measurements of cutting forces: us-
ing a design of experiment involving tool/material interaction
configurations representative of those encountered in practice.
These measurements are carried out in the absence of vibra-
tion, and the model produced combines chip-forming force and
ploughing force.

To dissociate these two effects, we will, as most authors do,
decompose the cutting forces into two contributions:

F = Fcut + Fpl. (1)

Here Fcut corresponds to cutting forces in the absence of vibra-
tion which will come from a model identified from tests previ-
ously evoked (Fcut is mainly associated with the chip formation,
and thus with the cutting of the material, but also includes a part
coming from ploughing which could be qualified as nominal,
i.e. in absence of vibrations); and Fpl can be seen as a distur-
bance of Fcut when vibrations appear and modify the orienta-
tion of the nominal cutting speed (Fpl is mainly associated with
the ploughing phenomenon).

The right-hand side of the figure shows a schematic rep-
resentation of the tool’s geometric model used in simulation.
The cutting face and cutting thickness h used to evaluate Fcut,
and the orientation of the flank face m are shown as well as
the speed Vi, which corresponds to the instantaneous speed of
the point P of the tool cutting edge relative to the workpiece
material. This speed takes into account the spindle’s rotational
motion, its feed motion and, in our case, the vibrations of the
workpiece.

The cutting law was identified so as to reproduce the test as
closely as possible (minimization of the gap between cutting
forces measurement and simulation).

The form of this law comes from [9]. For each elementary
tool, the components of the cutting forces are expressed in an
orthonormalized basis noted (v,b, h) where v is directed ac-
cording to the nominal cutting speed, h is the unit normal to
the local plane tangent to the cutting edge and containing v (h
is directed from the workpiece material to the tool), b gives the
direct basis. For each component we have :

Fcut · x = b̃
K0h̃ + K h̃2

h0

1 + h̃
h0

(2)

with x ∈ {v, h}. The component following b is taken to be zero.
The quantities K, K0, h0 and n are coefficients of the cutting
law (values given in Table 1). Normalized quantities b̃ = b

href

and h̃ = h
href

represent the width cut and the thickness cut by the
elementary tool (calculated at the end of each time increment)
and hre f is a normalization length taken to be equal to 10−3 m.

K (N) K0 (N) h0 (-)
v 875 8750 0.001
h -525 -22750 0.001

Table 1. Cutting law coefficients

3.3. Local ploughing force

Ploughing force is expressed in the plane (m,w), visible on
the right half of figure 5, where m is the outgoing unit normal
of the flank face and w is a unit vector perpendicular to m and
in the plane containing the instantaneous cutting speed Vi. This
ploughing force will thus be broken down into a normal force
Fpl ·m and a sliding force, also called friction force, Fpl · w.

We therefore propose to define this force, for each elemen-
tary tool, in the following form:

Fpl ·m = Kpl b̃ (α − α0) (3)
Fpl · w = µFpl ·m (4)

where b̃ is the cut width (identical to that used for Fcut), Kpl =
80 N/rad, α and α0 are two clearance angles (visible in figure 5),
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Fig. 5. Material flow around the cutting edge, velocities Vi and Vs, rake face
basis vectors (v, b, h) , flank face base (m,w)

Fig. 6. Cutting edge partition discretisation in nessy2m modeling framework,
adapted from [10]

µ = 0.1 is a coefficient of friction. The value of Kpl, as shown
by Altshul [8] results from updating based on the experimental
signal basis.

The angle α is an effective clearance angle that depends on
the orientation of Vi with respect to w, and α0 is a nominal
clearance angle (absence of vibrations) that depends on the ori-
entation of Vs with respect to w:

α0 = − arctan
(

Vs ·m
Vs · w

)
and α = − arctan

(
Vi ·m
Vi · w

)
(5)

where Vs is the cutting speed in the absence of vibration. In the
absence of vibrations, α = α0 implies, with the form chosen in
(3), that the force Fpl is indeed zero.

As the vibration amplitude increases, the effective clearance
angle α tends towards zero as the tool approaches the work-
piece. This brings us closer to a case of ploughing, which is
more akin to a dynamic contact between the part and the tool
than to a phenomenon linked to the flow of material under the
tool. In such a context, the force applied to the undercut face
will increase significantly to avoid any penetration of the work-
piece material into the tool.

Figure 6 shows a schematic of integration of an tool edge
composed of several elementary tools, including rake face used
for the cut swiped volume estimation and flank face.

3.4. Transient simulation

System’s dynamics is modelled as a single DOF, based on
the workpiece’s 1st eigenmode. The equation of motion then
reads

q̈1 + 2 ζ1 ω1 q̇1 + ω
2
1 q1 = Q1 (6)

with q1 the generalized coordinate (modal DOF), ω1 = 14 458
rad/s and ζ1 = 0.03 mode’s eigenfrequency and damping ra-
tio, Q1 generalized force due to the tool–workpiece interaction.
This force is composed of two components, in a similar way to
the local interaction definition exposed in the precious section:

Q1 = Qcut + Qpl (7)

with cut and pl indexes standing for cut and ploughing defined
as follows. While cutting forces are calculated as modal projec-
tion of Fcut :

Qcut =
∑

i∈C
φ1(Pi) · Fcut Pi (8)

with C set of elementary tools currently engaged in the cutting
process (deep magenta zones on figure 6), Pi reference points
of the latter, and φ1(Pi) mass-normalized deformed shape mag-
nitude in those points; the ploughing forces are accounted for
in two ways:

• either based on a local condition of each elementary cut-
ter, i.e. similarly to (8):

Q(1)
pl =

∑

i∈C
φ1(Pi) · Fpl Pi (9)

which is as accurate as the Qcut evaluation, but also just
as costly,
• or in a macroscopic perspective, as a contribution to the

damping of the modal oscillator q1

Q(2)
pl = −2 ζpl ω1 q̇1 H(|Qcut|) (10)

with H Heaviside step function and ζpl apparent contribu-
tion of the process damping to the modal damping. This
second option amounts to considering the system’s re-
sponse globally.
In the second case, relevant value for ζpl is not known a
priori and will be subject to analysis by the following.

Finally, the simulation is carried out on the equation (6) is
solved by central difference time marching.

4. Simulation results and discussion

Figure 7 shows all the resulting displacement signals in the
sensor location for the following cases : local damping model
(Kpl = 80 N/rad), macro damping model for several test val-
ues of ζpl ∈ {0.03, 0.10, 0.30, 0.90}, overlayed with experimen-
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Fig. 7. Displacement under sensor : experimental measurements and simulation
results

tal measurements. The set of values for ζpl was built as a log-
arithmic scan, increasing at each step by a factor ≈ 3, starting
from the damping of the workpiece.

In the beginning (t < 1.5 s) all the waveforms follow the
shape of the experimental signal, but then several simulated
cases exhibit notable non realistic oscillation increase followed
by a crash. A crash mainly corresponds to excessive veloci-
ties resulting in nonphysical cut volumes. Namely, ζpl = 0.03
crashes at t = 1.65 s, ζpl = 0.10 at t = 2.22 s and ζpl = 0.30 at
t = 2.80 s. Only the cases Q(1)

pl (with Kpl = 80 N/rad) and Q(2)
pl

(with ζpl = 0.90) went through the entire pass simulation.
To see in detail the responses at different stages of the pass,

zoomed views corresponding to boxes (a, b, c) are shown on
figures 8 and 9. We can notice on (a) that at low magnitudes,
the cases with smaller ζpl (0.03 and 0.10) follow the best the
experimental signal. In the interval between instants (a) and (b)
these cases become divergent though, as mentioned previously.
The local damping model-based response (dotted blue) is su-
perimposed on the lowest macroscopic damping case (violet).

In (b) we see that the green line follows close to the experi-
mental data, in the beginning of each tooth bite, but that every
time in the second half of tooth engagement the macroscopic
damping (ζpl) fails to suppress unrealistic oscillations, resulting
in strong free vibrations just afterwards, which are not decayed
sufficiently before the next tooth comes into cut. As can be ob-
served on figure 9, this stage corresponds to the increasing di-
vergence of the green line (ζpl = 0.30) undergoing a scenario
similar to the two other crashes. As may be seen on figure 9(b),
the local damping model-based response in this plot follows
closely the macroscopic damping case ζpl = 0.3 (green) during
the entry stage (2.5637 s < t < 2.5647 s), while during the exit
stage (2.5650 s < t < 2.5660 s) the latter case features increas-
ing excessive vibrations.

The last zoom (c) shows a high magnitude response in which
the two remaining simulated signals are closer to one another
than to the experimental data, which they are still quite close to.

Fig. 8. Displacement under sensor : experimental measurements and simulation
results, zoom on one tool rotation period at a) 1.01s, b) 2.56 s, c) 3.51 s. Color
legend identical to that of figure 7

Fig. 9. Displacement under sensor : experimental measurements and simulation
results, zoom on one tooth action at a) 1.01s, b) 2.56 s, c) 3.51 s. Color legend
identical to that of figure 7
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They feature some visible spread though at the no-cut part. The
differentiation per tooth visible on figure 8 might suggest some
unevenness in teeth cutting or ploughing properties. When fo-
cusing on the comparison simulation-issued and measured sig-
nals, although the shape and scale of the waveforms are mainly
similar, one can notice that some differences that can be sum-
marized as excessive apparent damping during the entry stage
(left slope of bumps corresponding to one tooth work) and un-
derestimation at the exit stage (right slope respectively), as can
be seen on figure 9. These differences can be interpreted as sug-
gesting that the models used, based on linear relationships (3)
and (10), might be too simplistic to reflect such level of detail.

To summarize, the macroscopic description for ploughing
(10) enables to follow the response provided detailed local
model for ploughing terms (9), with apparent ζpl steadily in-
creasing throughout the operation. This increase starts from the
level of the workpiece modal damping (at t ≈ 0, representative
ζpl is comparable to ζ1), and then exceeds it by above one order
of magnitude (at t > 3 s ζpl > 0.30).

In terms of computational cost, although the macroscopic
approach is numerically only slightly less costly than the local
one (respectively, 862 s vs 894 s simulation run time1), it can
be considerably more practical because easier to define. Indeed,
if the general response magnitudes are of interest, they are well
represented by the case ζpl = 0.9 which is an overestimation
during most of the time.

5. Conclusion

Two approaches to accounting for ploughing are applied to
a ball-end milling finishing operation of a flexible part are com-
pared. The first approach based on a finer, local definition of
ploughing forces, and the second one, considering a macro-
scopic description of ploughing as a contribution to modal
damping. While the former allows for the closer and more ro-
bust representation of experimentally observed data, the latter,
very easily defined, enables a global outlook on the ploughing
action on the system’s dynamics. Thus, the process damping,
which is naturally better accounted for by a definition bound to
the tool location, can be represented by a simple modal damp-
ing force with a constant coefficient as long as one seeks to
simply represent magnitude and a general shape of the response
waveform.

In the flexible workpiece milling operation considered, it
is notable that additional damping due to the machining pro-
cess is necessary to the model so as to simulate system’s re-
sponse without undergoing excessive vibrations. Macroscopic
eigenmode-wise representation has shown that although an
overestimated constant modal damping model enables gener-
ally realistic vibration magnitudes, effective level of this pro-
cess damping term is subject to strong variation, from 1 to up
to 10+ times above the system’s intrinsic damping.

1 tested on a MacBook Pro computer, M1 Max processor, 64 GB RAM
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