y _
r
\ 7 /"/ y .\.
\ /’[ A c i o Artc MMatioare
[T 4y Science Arts et Metiers
s
r
y /

Auvrchive OQuverte - Open Repository

Science Arts & Métiers (SAM)

is an open access repository that collects the work of Arts et Métiers Institute of
Technology researchers and makes it freely available over the web where possible.

This is an author-deposited version published in: https://sam.ensam.eu
Handle ID: .http://hdl.handle.net/10985/26702

To cite this version :

Wei CHEN, Thomas HENNERON, Stéphane CLENET, Théo DELAGNES, Jun ZOU - Model
order reduction of an electro-quasistatic problem using CLN method - Finite Elements in Analysis
and Design - Vol. 238, p.104185 - 2024

Any correspondence concerning this service should be sent to the repository \ Arts
Administrator : scienceouverte@ensam.eu et Métiers



https://sam.ensam.eu
https://sam.ensam.eu
http://hdl.handle.net/10985/26702
mailto:scienceouverte@ensam.eu
https://artsetmetiers.fr/

Highlights

Model order reduction of an electro-quasistatic problem using CLN method

Wei Chen, Thomas Henneron, Stéphane Clénet, Théo Delagnes, Jun Zou

o Application of a Model Order Reduction method, Cauer Ladder Network (CLN) method,
to reduce electro-quasistatic (EQS) problems. The CLN method were applied to reduce
magneto-quasistatic problems.

o Construction of a reduced model under the form of an equivalent electrical circuit, very
useful in practice for the study and the design of the EQS device.

e Derivation of an error estimator to calculate the distance between the solution of Finite
Element model and the reduced solution given by the CLN method without solving a
Finite Element model.

o Application of the CLN method to study an industrial EQS problem.
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Abstract

The Cauer ladder network (CLN) method, as proposed by Kameari et al. (2018), has been ex-
tensively studied to construct a reduced model of magneto-quasistatic (MQS) Finite Element
(FE) models. In this case, this method enables the construction of an equivalent electrical circuit
based on resistances and inductances as well as a reduced basis where the solution of a reduced
problem is sought. In this article, we propose to extend the applicability of the CLN method to
the development of reduced models for FE electro-quasistatic (EQS) models. It appears that the
derivation of the reduction of an EQS model is not similar to the one of an MQS model. After de-
velopment, the process of reduction using CLN leads to consider two electrical circuits based on
the cascade association of resistances and capacitances. Each circuit is associated with a reduced
basis constructed by applying the self-adjoint Lanczos method. The reduced solution to the EQS
problem is got by first solving the circuit equations to determine the voltages and the currents
at the terminals of the resistances and capacitances. Then, the approximated solution of the FE
EQS model is got by a linear combination of the vectors of the two reduced bases weighted by
the currents (or the voltages) previously calculated. An error estimator is also derived, enabling
to calculate the distance between the reduced solution and the FE solution without solving the FE
model. The proposed approach has been applied on an industrial application, a resin-impregnated
paper bushing, in order to evaluate the accuracy in function of the size of the reduced bases as
well as the efficiency in terms of computation time.

Keywords: Cauer Ladder Network method, Model Order Reduction, Finite Element Method,
Electro-quasistatic (EQS) problem

1. Introduction

The simulation of electromagnetic fields is of great interest for the study and design of elec-
tromagnetic devices. Numerical models based on the Finite Element Method (FEM) [1, 2, 3] have
become the standard for the analysis and the design of low-frequency electromagnetic devices.
Depending on the frequency range, different problems can be derived from Maxwell’s equations
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under various assumptions. These assumptions are closely related to the influence of the time
variation of electromagnetic fields. These new problems enable to simplify drastically the equa-
tions to solve without significantly losing precision. These problems are either quasistatic, the
electromagnetic fields still depend on time, or static, the fields depend then only on space. By
neglecting the influence of the time variation of the electric flux density, the magneto-quasistatic
(MQS) problem can be derived. The MQS problem focuses on applications where the resistive
and inductive effects are prominent. This problem is largely considered in the literature because
it is well suited to model numerous industrial applications like transformers or rotating electrical
machines for example. By neglecting the influence of the time variation of the magnetic flux
density, the electro-quasistatic (EQS) problem can be derived [4]. The EQS problem enables to
consider the resistive and capacitive effect. This problem is less studied in the literature even
though it is of great importance especially for high voltage applications [5].

In real industrial applications, electrical devices are generally of complex shapes which re-
quire, when using the Finite Element method, a mesh with a high number of elements. It leads
to a huge system of differential-algebraic equations to solve. To account for the dynamics of the
device, this system of equations has to be solved numerous times either in the time or frequency
domain which leads to a high computational time. Consequently, model order reduction methods
which enable to reduce the solving time of the FE model, so-called also full model, are of great
interest. Instead of solving the full model, the idea of model order reduction methods is to seek
for a solution in a basis of small size compared to the size of the equation system of the FE
model. The most common ones are the Proper Orthogonal Decomposition (POD) method cou-
pled with the snapshot method [6, 7, 8, 9], the Krylov subspace method [10, 11], and the Proper
Generalized Decomposition (PGD) [12, 13, 14]. The Cauer Ladder Network (CLN) method was
originally proposed by Kameari et al. [15], to reduce a 2D vector potential FE formulation to
solve a MQS problem [15]. This method is a variant of the Krylov subspace method. The main
advantage of this method is that the reduced problem after projection relies on an equivalent
electrical circuit. It means that once the reduced basis is built in an offline stage, the online stage
consists of solving an electrical circuit based on resistances and inductances. The field distribu-
tions in the FE space are then reconstructed from currents flowing through the inductances and
voltages at the terminals of the resistances. Using the CLN method, the coupling of other circuits
is totally natural, which is of great interest in many applications since the device, modeled by
the FE method, is very often electrically connecting to other devices represented also by equiva-
lent circuit. Using the self-adjoint Lanczos method [16], this method has been extended to other
formulations for 3D problem, including A — ¢ and A-T [17]. Another interest is that an error
estimator has also been introduced in the MQS case to estimate the error of reduction, that is to
say the distance between the FE solution and the CLN solution [18].

As mentioned above, the CLN approaches have been originally proposed to reduce a MQS
problem. A lot of development has been proposed since then and many applications have been
treated showing the great interest of this method in studying industrial problems. The reduction
of EQS model has been addressed but we can only mention the application of POD approach
[19, 20], PGD approach [21], an information based reduction method [22]. No application of the
CLN method has reported in the literature to reduce EQS model.

In this article, we propose an extension of the CLN method to construct reduced models of
FE electro-quasistatic (EQS) problems. Using the superposition theorem, we divide the EQS
problem into two subproblems. Unlike the standard CLN method, which yields a Padé approxi-
mation at 0 Hz, our approach approximates the solution of each subproblem at infinite frequency
through variable transformation. The self-adjoint Lanczos method is applied to each subprob-



lem, generating respective reduced bases for projecting the overall problem. It is showed that the
coefficients associated with the reduced bases lead to an equivalent circuit equation, composed of
resistances and capacitances. Thus, instead of directly solving the reduced problem, we employ
the equivalent circuit in both frequency and time domains to determine the terminal voltages and
currents. The local field approximation is then got from these coefficients. Furthermore, we
propose an extension in the EQS case of the error estimator proposed in the MQS case in the
frequency domain.

The proposed method is tested on an industrial application, a resin-impregnated paper (RIP)
bushing. Two cases are studied, the healthy case and a default case, when it appears locally an
electrical connection between two electrodes because of the aging of the insulating material. The
idea is to evaluate the capability of the CLN method to capture a global homogeneous behavior
(healthy case) as well as local behaviors due to the default (default case). The global behavior
is addressed through a factor, so-called dissipation factor, that is used in practice to evaluate
the health state of the bushing. The error estimator is also applied to evaluate the quality of
the approximation using the CLN method. The local behavior is evaluated by comparing field
distribution obtained with the FE model and the CLN model.

2. CLN EQS

2.1. Electro-quasistatic problem

The EQS model addresses phenomena involving conducting and displacement currents, op-
erating under the assumption that the effect of the time variation of the magnetic flux density is
negligible. This allows for a simplification of Maxwell’s equations as follows:

div(J+2) =0 W
curlE =0

where J, D, and E represent the current density, electric flux density and electric field, respec-
tively. We seek for the field distributions on a domain Q with a boundary I'.
In the linear case, the material constitutive relationships are given by:

J=oE )

D =¢E 3)

where o and & denote the electrical conductivity and the electrical permittivity, respectively.
These characteristics depend on the position. Finally, we will assume in the following that the
conditions on the boundary I are:

“)

Exn=0 on I%g
J-n=0 on I

with the two boundaries I'g and Ty satisfying ' UT'y = T" and I'g N 'y = 0. The boundary Ig is
generally not connected gathering surfaces, so-called electrodes, between which the voltages are
imposed by an external circuit. We assume in the following that we have only two electrodes I'g,
and I'g, such that I'g = I'g, UTE, (Fig. 1). The voltage between both surfaces is imposed to V.
The following development can be generalized to over two electrodes. In that case, the number
of source functions to be defined is equal to n — 1 with n the number of electrodes.



Figure 1: Boundary condition.

2.2. Scalar Potential Representation

To solve the EQS model, the irrational electric field E is represented by a scalar potential ¢:

E=-grady — Vgrada on Q ®)
¢=0o0nTg (6)

where « is a function, which the gradient exists, satisfying:

a=0on IF,

a=1on IFE, 2
Substituting E in Eq. 1, we obtain the scalar potential formulation:
div (o- grad ¢ + %(s grad 1,0)) = —div (O'V grada + %(sV grad a)) ®)
In the frequency domain, the EQS problem is reformulated as follows:
div (o grad ¢ + jwe grad ¢) = —div (oV grad a + jweV grad a) ®

where w represents the angular frequency. To discretize this formulation, the Finite Element
method (FEM) can be used as explained in the following.

2.3. Variational Formulation

In the FEM framework, the unknown scalar potential ¢ is represented as a linear combination
under the form:

]\[/1
o= whe (10)
i=1



where w? represent the nodal interpolation functions and ¢; are coefficients, and &, the number
of unknowns. According to the delta-Kronecker property of the interpolation functions, the
coefficient ¢; is equal to the value of the scalar potential ¢ at the node i. Since the potential value
of ¢ is known and equal to zero on the boundary I'g, the value of the coefficients ¢; associated
with nodes on the boundary I'g are prescribed to zero. If N; denotes the total number of nodes
and N, the total number of nodes on the boundary I'g, then we have the number of unknowns
N, =N, - N,.
The source function @ can be also decomposed under the form:

N;
a= Z wla; 1D
=1

with @; the nodal value of the function « at the node i. A simple way to obtain a function « is to
impose the coefficients @; equal to 1 on the associated nodes located on I'g, and equal to zero on
the other nodes (see Fig. 2).

Applying the Finite Element Method and the weighted residual method to the EQS formula-
tion yields to the following linear system of equations:

NEQSXW + ijEQSXW = jwVFl + VF, (12)

where Ngqs and Kgqs are matrices in R¥*N: and X, Fy, F; are vectors in RV, defined as:
NEgs = [Nijl,  Nij = fo-grad w? - grad w?dQ
o

Kegs = [Kijl, Kij = f egradw) - grad w)dQ
A .

F1 = [Fy], F1,~=—fsgradw?-gradad9 (13)
Q

Fy =[Fyl, F2= —fagradw? - grad adQ
Q
Xga = [‘Pi]

This system of equation is generally large especially in 3D. In order to reduce the number
of unknowns of the problem, MOR methods can be applied, like the CLN method. This method
has been already used to reduce MQS problem as it will be presented in the following. Then, we
will extend the use of the CLN method to reduce the EQS problem just presented before.

2.4. CLN method

The CLN method was originally proposed by the Kameari et al. [15] to reduce MQS prob-
lems based on A* potential formulation. It is later established that the CLN approach is based
on the Lanczos algorithm with respect to a self-adjoint matrix [16] and, making it applicable to
matrix systems of a specific form, as described in this subsection.

2.4.1. CLN for MQS problems
We consider a MQS problem illustrated in Fig. 3 with one massive conductor supplied by a
current iy ps . In the following, we will show how the CLN method is applied to obtain a reduced
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Figure 3: Analysis domain and power supply for MQS problem.

model. To solve the MQS problem, we will consider a modified FEM A — ¢ formulation where
the scalar potential ¢ has been eliminated as proposed in [16]. The equation system to be solved
can be written under the form:

Ka + sNa = iMQsF (14)

s = jw (15)

where a is the vector of the coefficients when the vector potential A is decomposed in the edge
element space, K and N are matrices associated with magnetic permeability and electrical con-
ductivity respectively and F is a vector enabling to impose a current izgs in the massive con-
ductor. This vector is obtained after solving an electrokinetic problem with scalar potential ¢ on
the massive conductor by imposing a current of 1 A. The solution of the electrokinetic problem
enables to determine the DC resistance R, of the massive conductor.

For a MQS problem, generally the voltage Vi s is imposed instead of the current iqs.
The current becomes then an unknown of the problem and verifies the following equation that is
coupled to Eq. 14:

ROiMQS + sFTa = VMQS (16)

To develop the reduced model of the coupled Eq. 14 and Eq. 16, we will first focus on the
reduction of Eq. 14. The CLN algorithm (Algorithm 1) is applicable to matrix systems in the
form of Eq. 14, provided that N is a symmetric real matrix, F is a real vector and K is symmetric
real matrix. The problem is supposed to be compatible that is to say it exists solutions Xxj, - - -,



Xo,+1 for equations introduced in the CLN algorithm (Algorithm 1) :

Kx; =F a7

Kxags: = Nvay— (18)
K2q
where g = [1, n] and 7n is number of stages.

In the case of the formulation introduced in Eq. 14, K can be singular, and the problem may
not be always compatible [23]. However, we assume in the following that the mesh is sufficiently
fine so that when applying an iterative method like the conjugate gradient method, we obtain a
solution of very good quality so that the Eq. 17 and Eq. 18 are almost satisfied. In the EQS
problem that we will consider in the following, the matrix K is invertible.

The CLN algorithm (Algorithm 1) yields the reduced bases U,, = [uy, - -, up,—1], V, = [V2,
-+-, Vp,] and constants kj, - -, k2,+1. The dimension n of the reduced basis is directly linked
to accuracy of the CLN method. This dimension can be determined from the error estimator
introduced in the section 2.5. The vectors uy,_; and v, are orthogonal with respect to the K and
N inner products, respectively.

Vi,jell,nl, wy_ Kuyj; = k16 (19)

Vi,jell,nl, VENvy; = ki (20)

where 6; ; is the Kronecker symbol.

The matrices K and N are positive in the case of MQS problem. Hence, the values of
K1,- - , ko1 are all non negative. Moreover, the numerical experiments on practical problems
show these values are strictly positive, so in the following, we assume they are strictly positive.
The matrices K and N are positive definite matrices that is to say that their inverse exists and
is also positive. In the case of EQS problem, this issue will not appear since the matrix K is
definite positive and the matrix N is also definite positive for its restriction corresponding to the
conductive region.

Algorithm 1 Pseudocode for CLN algorithm [16]
Input: Input data K,N,F,n
Solve Kx; = F, set u; = x; and compute k; = ulTKul
for g =1tondo
Compute vy, = Vog_2 + Uy 1%,+1

Compute ky, = vgquzq
Solve Kxpg1 = szqé
Compute Uyl = Upg-1 — X2g+1
Compute kg1 = ugq Koy
end for
Return: {u;, - ,up,1}, {va, -+, Vo) thr, -+ kopet}

It can be noticed that U, and V,, span the same space because of the linear relation see CLN
algorithm (Algorithm 1):

Vg = V42 + U4 21

K2g-1



An approximation of a in the space spanned by reduced basis U, or V,, is sought such that:

n n
ax Z Xog-1Upg—1 = ZquVZq (22)
q=1 g=1
where xy,- -, xp,—1 and yi,- -, Y2, are the coeflicients. We can see here that now the number

of unknowns of the problem is not related to the number of edges of the mesh N, as it is when
applying the FEM but to the size of the reduced basis n which can be chosen much smaller than
N,.

To derive the relationship between these coefficients, we replace a by its expression Eq. 22
in Eq. 14 and apply a Galerkin projection. We obtain then the following equation system:

U,"K Z X2g-1824-1 + SUy'N Z ¥24¥24 = imgs Un' F (23)

g=1 q=1

The Eq. 23 can be rewritten as:

Un"K Y g 121 = =Un” (SN ) yog¥ag + inros ) (24)

q=1 g=1

To derive the relationship between coefficients, the following proposition derived from Eq.
17 and Eq. 18 can be used:

n n
sN ZquVZq —iyosF =5 Z)’24NV2q —iposF
q=1 g=1

n
s Z YV2gk2gK(2g-1 — Uog41) — inyros Kuy
q=1

n

= SK(Z Y2gkogUog-1 — Z V2g-2K2g-2W2g—1 — Y2uK2nU2n41) — iyros Kuy
g=1 q=2
(25)
Substitute the left term of Eq. 24 with the Eq. 25:

n n n
T T -
U'K Z Xog-1Upg—1 = —sU K(Z yququlqu—Z V2g-2K2g—202-1=Y2,K2, U241 ~In0s 1) (26)
g=1 q=1 q:Z

Using the orthogonality condition of the basis given in Eq. 19, we get the equations:

X1 + Sy260 = ipos

(27)
Vg €[2,n] xog1+ 5(yagkag — Y2g-2K24-2) = 0



Moreover, according to Eq. 21, we obtain:
n n

Z Y24V2q = Z X2g-1U2¢-1

g=1 1

q=
n

= X1K1Va + Z X2g-1Kk2g-1(Vag — V24-2)

q=2
n n—1 (28)
= Z X2q-1K2¢g-1V2¢g — Z X2g+1K24+1V2¢q
g=1 g=1
n—1
= Z(xzq—lkzq—l - x2q+1K2q+1)V2q + X2n-1K20-1V2n
q=1

The reduced basis U, or V,, are of rank 7 if there is no rank deficiency during the iteration of
CLN algorithm. Thus, the coefficients xi, - - -, xp,—1 and yy, - - -, ¥2, satisfy:

Yon = Xon—-1K2n-1 (29
Yge[l,n—1] yiq = (x2g-1k2g-1 — X2g+1K2¢+1)

Now, we will consider the coupling as described in Eq. 16 by substituting the approximation
of a from Eq. 22, resulting in:

n
. T
Roimos + sF Z-x2q—lu2q—l = Vuos
g=1

n
Roimgs + s(Kup)” Z X2g-1U24-1 = Viyos

g=1 (30)
n
Roiyos + SUITKZ Xog-1U24-1 = Vs
q=1
R()iMQS + SX1K1 = VMQS
New coefficients 2z, - - -, 22, are introduced such that:
Yge[l,n] 204 = syxy (31

These coefficients enable to interpret the Eq. 32-33 and Eq. 30 as a set of equations repre-
senting Kirchhoff’s circuit laws for an equivalent circuit (see Fig. 4). The coefficients zp, - - -, 22,
verify the following equations:

X1 + 22K2 = ipmps

(32)
Vg €12,n]  Xog-1 + (2a4kog — 22g—2k2g-2) =0
2on = SX2p-1K2n-1
n n n (33)
Yge[l,n—1] 204 = s(X2g-1K29-1 — X2g+1K2g+1)
In this circuit (Fig. 4), Ry, k2, - - -, k2, are the values of resistances, zy, - - -, 72, the voltages
at the terminals of the resistances, while «;, ---, k3,1 are the values of inductances and x;,

.-+, Xpn—1 the currents flowing through the inductances. The value of Vs is interpreted as the
applied source of voltage for the circuit.



Figure 4: Equivalent circuit for s = jw with source of tension Vs .

2.4.2. CLN for EQS problem

For the EQS equation system as described by Eq. 12, the previous method developed in the
previous section in the case of MQS cannot be applied directly because of the singularity of the
matrix Nggs, due to the nullity of the conductivity in certain sub-domains. Additionally, the
right-hand source is angular frequency-dependent, complicating also the direct application.

Nevertheless, the matrix Kgqs is always guaranteed to be symmetric and positive definite
since the permittivity is strictly positive throughout the entire domain. The EQS equation system
can be decomposed into two subsystems of equations:

KEQSXF1 + SNEQ5XF1 = VFl (34)

KEQSXFz + SNEQSXFZ = SVFZ (35)
1
with s = —. The solution X, of the initial equation EQS system can be expressed as:
w

X‘P = XF1 + )(F2 36)

with Xp, and Xp, the solutions of the two subsystems.

The method presented in the previous section can be applied directly to the two subsystems.
In the following we will consider the first subsystem with the source term VF;. We can proceed
in a similar way for the second subsystem with the source term sVF,. Since the conditions of
application of the CLN method described in the previous section are fulfilled, a set of reduced
bases and coefficients can be constructed {u;g,, ---, U187, )} (V2> * 5 Vour )s tkips = s
konp, )

Applying the interpolation process presented in the previous section with a current source to
Eq. 34 allows for the approximation:

n n
’

Xr, ~ Xj, = Z X2g-1.F, W2g-1F, = Zyzq,Fleq,F, (37

g=1 q=1
This yields a set of equations that are satisfied by the coefficients xy g,, - - -, X241, and y2 ,,

*ts Yon Ry
X1F, + SY2F K28, =V (38)
Vg € [2,n] xog-1¥, + SO2gF, K2gF, — Y2g-2F, K2g-2F,) =0

YonFy = X2n—1,F1K2on—1,F, (39)

Yge[l,n=11 yaur, = (X2g-1,F,K2g-1.F; — X2g+1,F,K2g+1.F;)
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Figure 5: Equivalent circuit for source term VF; with source of tension V.
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Figure 6: Equivalent circuit for source term sVF, with source of tension ,— V.

These equations, depicted in Eq. 38 and Eq. 39, can be interpreted as the Kirchhoft’s circuit
laws of circuit. An equivalent circuit can be deduced presented in Fig. 5, where 1/« p,, - -,
1/k2,-1F, TEprEesent resistances, Xy g,, - - -, X2,—1.F, the voltages, 1/kop,, -+, 1/k2nF, the capaci-
tances, and y2 r,, - - -, y2n1, the currents. The value of V is the applied voltage source.

A similar process is applied to the equation 35 with the source term sVF,, leading to the
equivalent circuit in Fig. 6.

n

n
’
Xr, ~ Xj, = Z X2g—1F,W2g-1F, = Z Y24 K, V24 F, (40)
g=1 g=1

Once the two equivalent circuits are determined during an offline stage described above. An
approximation X{, of the solution of the initial equation EQS system can be obtained by summing
up the two approximations X and X}, obtained after the solution of the two circuits (see Fig. 5
and Fig. 6) and the expressions 37 and 40.

2.5. Error Estimator

The vector X obtained with the CLN method is an approximation of the solution X, of the
FE problem 34. In the following, we derive an error estimator enabling to calculate the distance
between the approximation XF1 and the FE solution Xf,. This error estimator in the EQS case
has been derived from one proposed in the case of MQS [18].

To derive this error estimator, we construct an auxiliary solution X;fl:

Xg, = Xp, + SY20.F, K20 Fy W+ 1 Fy (41)
Using Eq. 25, the auxiliary approximation Xy satisfies:

KEQSX%’l = —SNEst%I + VFl (42)



The error estimator 612( ¥, satisfies:

|2
K

= ||Xi;1 - XFI + XFI - Xiﬁ

144 ’
X, — X,

2 _
KF = |

2
2 * 2 (43)
= ||Xi‘:1 - XFI”K + ||XF1 - Xi“l |K

+ (X¢, — Xp,)"Keos (X, — Xf,) + (Xp, - Xp) " Keos(X¢, - Xp,)

where the norms are defined as follow “XFIHi = XFIHKEQSXFI, ||XF1H§ = XFIHNEQSXF1 and
Xp,™ denotes the Hermitian transpose of X,. According to the expressions 42 and 34, we can

show that:
KEQS(Xirll — XFl) = _SNEQSX;‘I + VFl — (—SNEQSxF1 + VFI)

, (44)
= —sNgos(Xy, — XF,)
The error estimator 612(,F1 satisfied the following relation:
44 2 ’ 2 ’ 2 ! 2
KF, = |XF1 - XFI”K + “XFI ~ Xk llg =S ”XFI ~ Xk lly t 5 ||XF1 A (45)

124 2 ’ 2 ! 2
= |XF1 - XFI”K + HXFI - XFI K = ”XFI - XFI |K
We can show that there is a link between the error estimator and the distance between the CLN
solutions X§ and Xy and the FE solution X,. The error estimator which can easily calculated

from the approximation given by the CLN method is a bound of the term | Xi?l - Xr, “f{ which is
the distance between the approximation X and the FE solution X, . This bound can be obtained
without any FE solution.

Similarly, the error estimator 612(’F2 is derived:

2 _
KF, = |

2
K
44 ’
XFz - XF2 + XF2 - XF2

4 4
Xy, — XF,

2
K

(46)
= | Xi‘“,z - XFZ“?{ + “XFZ - Xi‘“z f{ -s ”XFZ - Xi‘“z 12\1 + 5 ||XF2 - Xi‘“z ;
= (%5, — X+ X6, = X, [ 2 X, - X [
with auxiliary solution Xy defined as:
Xg, = Xp, + $Y20F,K20.F, W2+ 1 F, 47

These error estimators of the approximations Xy and Xy can be used separately to control
the error introduced by the reduction method. The number of stages of the equivalent circuit, i.e.
the size of the reduced bases, can be tuned in order to achieve the desired accuracy.

Furthermore, the combined error estimator for X{, = X’Fl + X%Z is given by:

2
K
7 ” ’ ’
Xy, + Xp, — Xy + Xy — Xf, — Xf,

2 _
& =|
_| 2
- K

= ||Xi‘:1 + Xi“,z - X“’”f{ + ||X‘P - Xi“l - Xi“z”f{ 2 ||XS" - Xi“] - Xi“z

Xg, + Xg, — Xp, — X,
(48)

2
K

The error on the approximation X, can be also easily obtained from the previous equation.
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Figure 7: Schematic view of the bushing.

3. Application

To test the proposed method of reduction, we selected a resin-impregnated paper (RIP) trans-
former bushing as a case of study. Transformers are vital components of an electrical network,
as they allow for transmitting electrical power from production to the load. Then, bushings are
key equipment as they connect the winding of the transformer to the transmission cables, and are
submitted to severe electromagnetic and environmental stress, such as high voltage, high tem-
peratures and varying climatic conditions. A RIP bushing is made of crepe paper impregnated
in resin, wrapped around a central conductor, with aluminum electrodes (screens) placed at care-
fully chosen positions to reduce the tangential component of the electric field, and a flange for
grounding, as shown in Fig. 7.

According to [24], bushings are responsible for up to 60 percent of transformer failures,
which often implies the complete destruction of the equipment due to fire damage. There are
multiple causes of bushing failures that we can divide in three main categories: mechanical
failure, thermal failure and insulation failure [25]. In this article, we focus on the latest type of
failure, and more specifically on a common fault: the bridging of two capacitor screens (also
referred as the loss of a capacitive layer), that can be caused by the deterioration of the insulating
material or due to mistakes during the conception of the equipment.

In an industrial context, it is then crucial to prematurely detect such default before they
become destructive for the bushing due to thermal stress. Thankfully, the degradation due to
local modifications of the RIP material characteristics impacts global electrical quantities such
as voltages and currents. These global quantities are much easier to measure than local quantities,
therefore factors based on these global quantities are commonly used to evaluate the health of the
device. In the following, we focus on a factor tan 6(w), so-called the dissipation factor, defined
by:

1 v I
R. R. R

tand(w) = —— = = — (49)
wC, wC,V Ic

I=1Ip+ JIC 50)

where V is the voltage applied to the bushing, which is assumed to be real, / is the current flowing
through the bushing (see Fig. 8). This quantity represents the ratio between the resistive current
I and the capacitive current /¢ in the bushing, as shown on Fig. 9. As the bushing is essentially
capacitive, this quantity is very small in healthy conditions in the considered frequency range
[ImHz - 1kHz].

The RIP core is made of nine stratified layers, each separated by a fine capacitor screen
which is made of a conductive material. These screens are assumed to be equipotential and are
equipotential boundary conditions, denoted as I'gy,--- ,['gjo. The potential of each screen is



Figure 8: Illustration of the symmetry plane in the simulation domain for a healthy Bushing, highlighting the applied
voltage source, the resulted current flow, and corresponding boundary conditions.
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Figure 9: Calculation of the dissipation factor.



supposed to be floating and make up unknowns of the problem except the inner (I'z;) and the
outer (I'gyo) screens where the potential is imposed. These screens separate the different layers of
the RIP core. Fig. 10 shows the configuration, showing the source and segmentation of different
domains within the bushing’s cross-section.

The material behavior law is assumed to be frequency-invariant and linear. The electrical
conductivity and relative permittivity of the RIP are specified as 8.33 x 107> S/m and 2.19,
respectively. Correspondingly, the air’s conductivity and relative permittivity are 8.33 x 10713
S/m and 1, respectively.

To evaluate the loss of a capacitive layer, we also simulate failure due to localized inter-
screens insulation degradation. We choose to introduce the default between the eighth and ninth
layers. The default is represented by a deteriorating channel connected to the capacitor screen
as suggested by [26]. This channel is a cylinder with a diameter of 5.7 mm, which is depicted
in Fig. 10. Under normal conditions, the channel’s conductivity matches that of the RIP core;
in the failure scenario, it increases to 8.33 x 107 S/m. The frequency range of analysis will be
[1x 1073,1 x 10°] Hz. In healthy condition the problem is 2D however, in the faulty condition,
the problem becomes 3D. The default is small compared to the whole structure of the bushing
and leads to a local modification of the scalar potential and the electric field. The issue is then to
evaluate if the proposed reduction method is able to capture a global behavior (healthy state) as
well as local behavior (faulty state) and to see if we are able to calculate correctly the dissipation
factor with the reduced model.

Subsequently, to compare the CLN method and the FE model, we will consider either global
and local quantities. The global quantity will be the variation of the dissipation factor with the
frequency. The local quantity will be the scalar potential and local electric field along the curve
v as shown in Fig. 11. The curve y crosses the deteriorating channel and is perpendicular to the
symmetry axis of the RIP core. Thus, the field along the curve is parameterized by the radial
coordinate r. In the following, E, is the component of the electric field in the radial direction in
the cylindrical coordinate system.

The geometry is meshed with 135,345 tetrahedral elements. The total number of unknowns,
which are the values of the scalar potential on the nodes of the mesh is equal to 9,265.

3.1. Healthy case

We consider first a healthy bushing. The evolution of the dissipation factor versus the fre-
quency has been calculated using the FE model as shown in Fig. 12. We have applied the CLN
method to construct a reduced model of the healthy bushing. We have considered a number of
stages n = 2 and n = 4. When we look at the evolution of the dissipation factor calculating from
the reduced model (see 12), the global characteristic is well captured using only two stages n = 2
of equivalent circuit, also depicted in Fig. 12. In the targeted frequency range, the bushing has
a capacitive behavior. This is why it is easy to catch correctly the global behavior with only two
stages and so to obtain good results for the dissipation factor.

Now if we look at the local behavior, the evolution of the real and imaginary parts of the
scalar potential and the radial component of electric field E, along the curve y has been drawn
for a frequency of 1 mHz and 1 kHz (Fig. 13 and Fig. 14). We can see that at high frequency (1
kHz), the local field distribution is adequately captured with only two stages. At low frequency,
it appears that this is not the case and the relative error is high for imaginary parts. In fact,n = 8
is required to obtain equivalent results as the FE model (see Fig. 15).
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Figure 12: tan §(w) under healthy state obtained by the full model (EQS) and CLN with different stages (n = 4 and
n=2).

The CLN method is equivalent to a Padé approximation of transfer function H(s) at s = 0.
H(s) =Fa (51)

In the MQS model, the CLN model is accurate at low frequency (s = jw). In the EQS case,
due to the change of variable s = 1/jw, the CLN model is accurate at high frequency and the
error discrepancy will appear firstly at low frequency, as it was illustrated with the results of
simulation previously.

The evolution of the error estimator 612( defined in Eq. 48 in function of the frequency is
presented in Fig. 16. Since we have access to the FE solution, considered as our reference
model, we are also able to calculate Elz(,ex = | X'F'1 + X'F’2 - X‘p”; + “Xw — X’F1 — X’Fz ﬁ(, the right
hand side of Eq. 48. We can see first that the error estimator enables to calculate a distance
612( with the FE solution without knowing it. At low frequencies, the error is relatively high,
decreasing with an increase in frequency. Similarly, for a given frequency, the error decreases as
the number of stages increases.

3.2. Default case

We now consider the bushing with a default as shown in Fig. 10. The evolution of the
dissipation factor tan(d) as a function of frequency has been calculated using the FE model, as
shown in Fig. 17. It is observed that the default significantly influences the dissipation, especially
for frequencies higher than 1 Hz. The dissipation factor seems to be a good candidate for local
default detection like local conducting bridge between two screens.

We have applied the CLN method to construct a reduced model of the bushing with the
default. The presence of the default increases the complexity of the problem which is now fully
3D. Consequently, more stages are required for the CLN model to accurately capture global
characteristic (see Fig. 18). An increase in the number of stages also enhances the precision at
low frequencies and we can see that with n = 16 the CLN model gives a frequency response for
the dissipation factor very close to the FE model even at low frequency.

When examining the local behavior, the evolutions of both the real and imaginary parts of
the scalar potential and the radial component of electric field along the curve y have been shown
for frequencies of 1 mHz and 1 kHz (refer to Fig. 19 and Fig. 20). It is observed that at a high
frequency (1 kHz), the local field distribution is adequately captured with 16 stages. However, at
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Figure 13: Under healthy state: (a) real part of the scalar potential (Re(¢)) for f = 1 mHz, (b) imaginary part of the
scalar potential (Im(p)) for f = 1 mHz, (c) real part of the scalar potential (Re(¢p)) for f = 1 kHz, (d) imaginary part of
the scalar potential (Im(¢)) f = 1 kHz.

low frequency, the precision is not as high, particularly for the imaginary parts, where the relative
error is significant. In fact, n = 24 stages are required to achieve results equivalent to those of
the FE model, as shown in Fig. 21.

The evolution of the error estimator as a function of frequency is presented in Fig. 22. As
mentioned in the healthy case, since the CLN is equivalent to a Padé development at an infinite
frequency we can see that the error due to the CLN approximation is decreasing in function of
the frequency. It means that the error is the highest at low frequency. For the same frequency, we
can verify also that the error decreases when increasing the number of stages. The results from
the error estimator also explain the reduction in the error of the local field with an increasing
number of stages, as depicted in Fig. 21.

In Table 1 presents the computational time for:

1. the FE model (Tggs) to calculate 20 points in the frequency domain regularly distributed
in the interval [1 x 1073, 1 x 10°] Hz.

2. the construction of CLN bases (n = 16) during the offline stage( Tcrn,of fiine)-

3. the CLN model during the online stage to calculate with the same point the frequency
response of the bushing (Tcryenine). Both equivalent electrical circuits have 16 stages
leading to 32 state variables, which is 300 times smaller than the full problem.

We utilized MUMPS (MUltifrontal Massively Parallel sparse direct Solver) to solve the sys-
tem of equations. We can see here that the computational time of the FE model is quite equivalent
to the one of the CLN model accounting the offline stage. The CLN method achieved a real sig-
nificant acceleration during the online stage. It enables if necessary to calculate new points in
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Tegs (s)
13.6

Tcinof fiine (8)
11.6

TCLN,online (S)
2.63x 107

Table 1: Computational time with deterioration with n = 16.

the frequency if needed. In our case, it enables to calculate more points around 0 Hz where the
variation of the dissipation is not linear anymore.

4. Conclusion

In this paper, the CLN method has been applied in order to construct a reduced model of an
EQS FE model using the CLN method. It appears that the electro-quasistatic (EQS) problem
should be divided into two linear systems of equations. The CLN method is then applied sep-
arately on each system leading to two equivalent electrical circuits. This method is equivalent
to a Padé approximation at infinite frequency, distinguishing it from the standard CLN method
applied for MQS problem. It generates two equivalent electrical circuits composed of resistances
and capacitances. Once constructed, these equivalent circuits can approximate both global quan-
tities and the local solution with significantly lower computational costs compared to the full
model. The approximation error is quantifiable through an error estimator, which enables to
determine the distance between the reduced solution obtained by the CLN method and the FE
solution without solving the FE model.

We applied our method to a resin-impregnated paper transformer bushing in both healthy
and faulty conditions. The global quantity, so-called dissipation factor, as well as the local field
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Figure 21: Under faulty state: (a) imaginary part of the scalar potential (Im(p)) for f = 1 mHz obtained by EQS and
CLN with n = 8, n = 16 and n = 24, (b) imaginary part of the radial component of electric field E, (Im(E,)) for f =1
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Figure 22: Comparison between the error estimator under faulty state obtain with different stages (n = 8, n = 16 and
n=24).

distribution in the whole frequency range, are accurately captured with only a few stages. More-
over, the accuracy of the local field approximation improves with an increased number of stages.
Nevertheless, future research directions include the time domain estimator and extending the
method’s applicability to nonlinear cases and also accounting for several inputs using the mul-
tiport approach. Moreover, the CLN approach has been applied until now to MQS and EQS
problems but it can be applied to other domains of physics, especially ones where equivalent
electrical circuits are used like in thermal engineering for instance.
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