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ABSTRACT
The knowledge of the light fluence rate distribution inside a biological tissue irradiated by a Laser (or LED) is
fundamental to achieve medical treatments. In this paper, a semi-infinite tissue model was considered, and the
steady-state photon diffusion equation was solved by means of the 2-D Fourier Transform. This method can be
applied to any irradiation source (radial symmetry or not) at the surface of the tissue. Two particular beam shapes are
studied: planar irradiation and flat beam with finite radius. The total fluence rate along the depth in tissues was
computed by adding the collimated and the diffuse components. The analytical solution was also used to study the
effect of the beam radius on the light attenuation. Measurements were performed using a tank filled with a liquidsimulating medium (Milk), illuminated with a LED array (660 nm , 100mm×100mm). Several circular diaphragms
were used to obtain uniform beams with well defined radii. An optical fibre (with an isotropic tip) was used to
measure the fluence rate inside the medium. Preliminary experimental results are in agreement with theoretical
predictions.
Key Words : Tissue-optics, Diffusion approximation, 2-D Fourier transform modelling, Effective attenuation
coefficient, Beam size

1. INTRODUCTION
Irradiation of biological tissue by laser light has become an increasingly important tool used for both medical
investigations and treatments The therapeutic and diagnostic applications based upon light interaction in these fields
depend mainly on how the energy fluence rate is distributed spatially within the tissue target. Clinical examples
where the distribution of light inside various tissues plays a key role are typically Photodynamic tumor therapy1 , the
photothermal treatments2,3, and also fluorescence diagnostics with transillumination imaging.4,5
Photon migration through highly scattering media such as biological tissues is well described by the radiative
transfer equation (RTE) 6. However the RTE is an integro-differential equation and it is often difficult to derive
analytical solutions for solving the main bio-optical problems.
The Monte Carlo method7 provides accurate predictions of light transport, but suffers from large computation
times and complex coding8 in case of heterogeneous tissue structure. For this reason, this stochastic method is
predominantly useful for validation studies. Interestingly, under few assumptions (diffusion dominant over
absorption, source-detector distances > 10 mm) the RTE can be simplified to a more tractable equation named
diffusion equation 9,10. A large class of biological tissues, which are illuminated with light sources whose wavelength
ranges from ~ 600 nm to ~ 900 nm11 , may avantageously be modeled using the diffusion equation. Finite Element
Method (FEM) may be used to solve light propagation problem through turbid media 12 from the consideration of the
diffusion approximation. However, semi-analytical expressions have been also proposed for cases of cylindrical
beam sources.
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The Green’s function method13 provides a solution for a tissue slab irradiated with a beam of finite radius.
The determination of the eigen values of the problem involves finding the zeros of the transcendal functions, and
then requires numerical implementation. Furthermore, the Hankel transform method 14,15 gives another solution for a
semi-infinite medium illuminated with a Gaussian beam.
The primary objective of this work was to present a general analytical model based on the 2-D Fourier
Transform applied to the steady diffusion equation. This model can be used to determine the fluence rate at each
point of a semi-infinite tissue model irradiated with any source beam source. Two particular cases are studied: planar
irradiation and flat beam with finite radius. The effect of the source radius on the in-depth light attenuation was
evaluated. Measurements were performed in a liquid-simulating phantom (Milk).

2. MATHEMATICAL STATEMENT
2-1. Photon diffusion equation
For the purpose of this study , the tissue is considered as a semi-infinite homogeneous medium. The incident
radiation is assumed to be collimated and normal to the interface and the positive z direction corresponds to the

( x, y, z ) (W .mm2 ) at position ( x, y, z ) of the tissue is divided into
collimated  c ( x, y, z ) and diffuse components  d ( x, y, z ) 11,14,15
tissue depth. The total fluence rate

( x, y, z)   c ( x, y, z)   d ( x, y, z)

(1)

The collimated component satisfies Beer’s law :

 c ( x, y, z)   c ( x, y,0) exp  t z 
Where

(2)

 c ( x, y,0) is the collimated photon flux at the point ( x, y,0) of the surface of the medium,

 t   a   s is

the total attenuation coefficient,  a (mm

1

) is the absorption coefficient and  s (mm1 ) is the

scattering coefficient.
The diffuse component

 d ( x, y, z ) is the solution of the diffusion equation :

2
 2  d ( x, y, z)   eff
 d ( x, y, z )  3  s  s  g  a  c ( x, y,0) exp( t z)

where

(3)

g is anisotropy factor and  eff  3 a  a  (1  g )  s  is the effective attenuation coefficient.

2-2. Boundary conditions
For a semi-infinite medium under collimated irradiation, the indices of refraction are mismatched and no diffuse
intensity enters the medium from outside. The boundary condition at the surface is 11,15

 d ( x, y,0)  2 AD
where

 d ( x, y, z )
z


z 0

2 A g s
 c ( x, y,0)
 a  (1  g )  s

(4)

D  1 3 a  (1  g )  s  is the diffusion coefficient.

The value of A is linked to the Fresnel coefficient
of the scattering medium :

RF ( ) and consequently is a function of the refractive index

3
 /2

A

1  3  sin  cos  2 RF   d
0

 /2

1  2  sin  cos  RF ( ) d
0

For the computations , the value of the refractive index was set at 1.4 thus yielding A = 2.94912.

2-3. Fourier transform formulation
The diffuse fluence rate due to a flat beam irradiation (radius

r0 ) is determined by solving Eq. 3 subject to the

boundary condition (4), using the two dimensionnal Fourier transform defined as:





F  d k x , k y , z      d x, y, z exp  2i k x x  k y y  dx dy

(5)

The diffuse fluence rate can be easily computed if we work in cylindrical rather than Cartesian coordinates using the
relations :

r  x 2  y 2 and   k x2  k y2 .

 d (r , z )  2 

   (  ) exp(




t



2
z )   (  ) exp(  4 2  2   eff
 z ) J 0 (2   r ) d

(6)

3 s  t  g  a r0 J 1 (2  r0 )
2
(4 2  2   eff
 t ) 

(7)

0

where

 ( ) 

 ( )  

In Eq. (6) ,

 (1  2 AD t )  (  )  6 A D g s r0 J 1 (2 r0 )

1  2 A D



4 2    eff2 

(8)

J 0 is the Bessel function of first kind and zero - order, whereas in Eqs (7-8) J 1 is the Bessel function of

first kind and one – order.
The Fourier-transform diffusion model was developed on the base of the software " Mathcad", and implemented on a
personal computer.
In the case of r0   , the total fluence rate (  c   d ) is identical to that provided by Deulin and L’Huillier16
for the 1-D configuration (Planar irradiation). For a large penetration depth

 eff can

( z ) ~ exp(  eff z ) . Consequently,

be accurately assessed from measurement of the fluence rate inside tissues irradiated with a wide-plane

collimated beam as reported by Choukeife and L’Huillier16
2-4. Fluence rate distribution measurement
The fluence rate distribution inside the tissue can be determined by displacing (step by step), along the beam axis, an
isotropic-end optical fibre. For this probe, it has been shown (Star et al19 ) that the detected signal is proportional to
the fluence rate in the medium.
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Figure 1: Measurement with an isotropic-end optical fibre

3 TYPICAL RESULTS
3-1. Theoretical results
Theoretical results are given for a tissue illuminated by a flat beam irradiation. The flux density collected by
an isotropic optical fibre was calculated from equations (1), (2) and (6). In Figure 2, the logarithm of the normalized
fluence rate : ln (r  0, z ) / (r  0, z  0) is plotted against depth for a semi-infinite tissue sample,
irradiated with a collimated laser beam, with

a  0.01mm1 ,  s'  1mm1 and g = 0.8. The in-depth variations of

Normalized fluence rate

the fluence rate is shown for a flat beam having three different radii : (5 mm, 10 mm and 20 mm). Close to the
surface, the flux density increases by a factor depending on the field size. For large depths, the flux decreases as
exp ( z ) where  is the attenuation coefficient along the beam axis.
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Figure 2 : Plots of the normalized fluence rate as a function of the depth inside the tissue
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Figure 3 : Plots of the attenuation coefficient as a function of the beam radius

shown

The effect of the incident beam size on the light attenuation along the beam axis is depicted Figure 3. As
 decreases as the beam radius increases. Once the beam size reaches a large value (45 mm), this coefficient

reaches the minimum value
the attenuation is 

 eff  0.174 mm-1 corresponding to the 1-D solution.16. For a beam radius r0  35 mm

(  eff

 0.176 mm-1 .The relative difference (%) betweeen this value and the attenuation coefficient
 0.174 mm-1) is equal to 1,2%. Consequently the error on the  eff value is equal to 1.2% if the beam radius

is r0

 35 mm. Clearly, as this limit radius (called critical radius) is reached, the penetration of the beam is

maximum.

3-2. Experimental results
Photodetector
Isotropic fiber optic
probe
Milk

Tank
Transparent base
Diaphragm

LED Array
Figure 4 Experimental set up
Experiments were conducted to check the validity of the theoretical predictions.The measurements of the
attenuation of the fluence rate in a scattering and absorbing medium as a function of depth are performed with the set
up shown in Figure 4. A LED array (660 nm, 100mm×100 mm, 1.5 mW/mm 2) is used to illuminate the transparent
base of a tank filled with a tissue simulating "phantom" (Milk – UHT). Several circular diaphragms were used to
obtain uniform circular beams with radii varying from 10 mm to 50 mm. The fluence rate was measured with an
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isotropic light dosimetry probe ( Optical fiber with an isotropic tip) connected to a photodiode and displaced by
steps along the axis from the irradiation surface downward into the medium.
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Fig 5 Light intensity distribution measured along the radius of a circular diaphragm
Figure 5 shows the light intensity distribution measured along the radius of a typical circular diaphragm
(r0 = 40 mm). As illustrated in this figure, the intensity generated appears as uniformly distributed over a large area
except for radial distances close to the beam edge.
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Figure 6 Experimental depth behaviour of the normalized fluence rate
The fluence rate was measured with an isotropic-end optical fibre displaced along the axis of the system. The
logarithm of the normalized fluence rate is plotted (Figure 6) as a function of the distance between the fiber tip and
the transparent base of the tank, for five circular diaphragms ( r0  10, 20 , 30 , 40, 50 mm). According to theoretical
predictions, it appears that the logarithm of the fluence rate evolves linearly with respect to the depth z. Otherwise, it
is still shown that the attenuation coefficient (defined as the slope of the curve) decreases as the radius increases and
then tends to a minimum value for large beam size. For a broad incident beam (40 mm) the attenuation coefficient
0.098 mm-1 is close to the true effective attenuation coefficient 0.096 mm-1.
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4 CONCLUSION
In this paper, a semi-analytical model based on the two-dimensionnal Fourier Transform of the steady-state
diffusion equation has been described. This model was used to compute the total Fluence rate in case of a semiinfinite tissue model illuminated with a uniform laser of finite radius or with a planar source. This approach is as
versatile as the other techniques (Green’s Function method or Hankel transform method), but has the advantage of
being much faster. The simulations show that the effective attenuation coefficient of the studied tissue can be well
assessed when a sufficient source radius is reached. Preliminary experiments allow us to calibrate theoretical
specifications. Further investigations are now required to optimize such a procedure in cases of varied tissue-optical
parameter sets.
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