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a b s t r a c t
This article describes a microstructural-based high cycle fatigue strength modelling approach applied to
different cast Al-Si alloys used in an automotive context. Thank to different casting processes (gravity die
casting and lost foam casting), associated with several heat treatment (T7 and Hot Isostatic Pressing-HIP),
three alloys with very different microstructures have been obtained. In a vast experimental campaign
undertaken to investigate the fatigue damage mechanisms governing these alloys under different multiaxial loading conditions, it was shown that the principal crack initiation mechanisms for the porosity-free
alloy are either the formation of persistent slip bands (PSB) or the rupture and/or debonding of eutectic
particles. For the porosity-containing alloys, the fatigue damage is always controlled by crack growth
from pores. In order to take into account these fatigue damage mechanisms, a probabilistic model using
a combination of the Dang Van and a modified LEFM criteria is proposed. The modified LEFM criterion is
able to take into account the influence of the grain size on the threshold of the stress intensity factor.
It is shown that for the porosity-free alloy, the predictions are good for combined tension-torsion loads
with R ¼ 1. However, because the crack initiation mechanisms are not the same depending on the
hydrostatic stress, the predictions are non-conservative for the uniaxial and equibiaxial tension loads
with R ¼ 0:1. For the porosity-containing alloys, the predictions are very good for the uniaxial, combined
tension-torsion and equibiaxial tension loads with both R ¼ 1 and R ¼ 0:1. As observed experimentally,
the proposed model can also predict a more pronounced effect of casting porosity for the uniaxial and
combined tension-torsion loads, when compared to pure torsion loads.
Ó 2016 Elsevier Ltd. All rights reserved.

1. Introduction
Cast aluminium alloys have been used to manufacture automotive components for many years due to their low density and
excellent thermal conductivity. These components are subjected
to cyclic mechanical loads which can cause fatigue damage and
the functional failure of the structure. It has been demonstrated
[1–6] that in high cycle fatigue (HCF), one of the principal parameters controlling the fatigue strength of cast Al-Si alloys is the presence of different microstructural heterogeneities which occur in
the form of inclusions (Si particles and inter-metallics), casting
defects (micro-shrinkage or degassing pores) and at the level of
the aluminium matrix (often characterised by the DAS (Dendrite
Arms Spacing) and/or SDAS (Secondary Dendrite Arms Spacing)

⇑ Corresponding author at: Arts et Métiers ParisTech, CER Angers, Laboratoire
LAMPA, 2 Bd du Ronceray, 49035 Angers Cedex 1, France.
E-mail address: viet-duc.le@ensam.eu (V.-D. Le).
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0142-1123/Ó 2016 Elsevier Ltd. All rights reserved.

and the precipitation hardening level). These characteristics
depend principally on the casting process (gravity die cast, lost
foam cast, sand cast, etc.) as well as the post-heat treatment (T6/
T7, hot isostatic pressing (HIP)). The object of this work is to
develop a modelling approach which can take into account the
effect of the casting processes and the associated heat treatments
for different multiaxial loading conditions.
In the work of Koutiri et al. [7,8], the authors observed that the
influence of casting porosity on the HCF strength of cast the
AlSi7Mg03Cu05 alloy depends on the loading condition. It was
shown that casting pores have a greater detrimental effect for uniaxial loads when compared to pure torsion loads, while the effect
of biaxial tension is not detrimental for this porosity-containing
alloy. A probabilistic model using the combination of the Huyen
et al. [9] and the classical LEFM criteria was proposed to take into
account these effects.
Based on this work, the principal aim of the present research is
to decouple the roles of the different microstructural hetero-
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Dang Van parameter
pﬃﬃﬃﬃﬃ
range of the stress intensity threshold (MPa m)
material parameter
mean value
standard deviation of the fatigue strength amplitude for
pure torsion loads with R = 1 (MPa)
standard deviation of the fatigue strength amplitude for
uniaxial loads with R = 1 (MPa)
mean fatigue strength amplitude value for pure torsion
loads with R = 1 (MPa)
mean fatigue strength amplitude value for uniaxial
loads with R = 1 (MPa)
stress amplitude (MPa)
Dang Van equivalent stress (MPa)
hydrostatic stress (MPa)
scale factor of the density distribution function related
to the Dang Van equivalent stress threshold
threshold of Dang Van equivalent stress (MPa)
normal vector
density distribution function related to the Dang Van
equivalent stress threshold

geneities on the fatigue damage mechanisms and the fatigue
strength of cast aluminium alloys. In order to achieve, an extensive
multiaxial HCF testing campaign was conducted, including
tension-compression loads with R = 1, pure torsion with R = 1,
combined tension-torsion with R = 1, and equibiaxial loads with
R = 0.1. Three different Al-Si alloys were investigated: (a) a gravity
die cast alloy with a T7 heat treatment, designated Alloy A (this is
the same alloy as the material investigated by Koutiri et al.) (b) a
lost foam cast alloy with a T7 heat treatment, designated Alloy B
and (c) a lost foam cast alloy with a HIP-T7 heat treatment, designated Alloy C. Thanks to these different processes, three very different micro-structures and casting defect populations have been
obtained in order to highlight the roles of the different microstructural heterogeneities.
The experimental part of this work has been published in much
greater detail elsewhere [10]. In particular, numerous fatigue damage observations have been presented for the three alloys. These
observations revalidate the results obtained by Koutiri et al. [8,7],
and link the fatigue behaviour to the fatigue damage mechanisms
for the different multiaxial loading conditions, hence clarifying and
decoupling the role of the different microstructural heterogeneities
on the HCF behaviour.
In order to propose a criterion which can take into account the
different casting processes and post-casting treatments, the modelling framework introduced by Pessard, Morel and co-workers
will be used [11–15,5,8]. This approach leads naturally to a multiaxial, probabilistic Kitagawa-Takahashi type diagram. The model
will be developed using a combination of the Dang Van criterion
and a modified LEFM criterion to predict the influence of the couple (SDAS, grain size) on the fatigue strength.

2. Materials and experimental conditions
2.1. Casting processes and microstructural properties
The three hypo-eutectic Al-Si cast alloys under investigation are
referred to as alloy A, B and C. These materials are also presented in
a previous publication titled ‘‘Multiaxial high cycle fatigue damage
mechanisms associated with the different microstructural

f 02
m1
m2
Pf
Pf1
Pf2
Pf01
Pf02
R
s
V
V 01
V 02
SDAS

density distribution function of the stress intensity
threshold range
shape factor of the density distribution function related
to the Dang Van equivalent stress threshold
shape factor of the density distribution function of the
stress intensity threshold range
probability of failure of the total loaded volume
probability of failure of the total loaded volume associated with the damage mechanism 1
probability of failure of the total loaded volume associated with the damage mechanism 2
probability of failure of an individual grain associated
with the damage mechanism 1
probability of failure of an individual pore associated
the damage mechanism 2
load ratio
standard deviation
volume of the total loaded zone
representative volume of an individual grain
representative volume of a pore and its associated crack
secondary dendrite arm spacing

heterogeneities of cast aluminium alloys” [10]. The microstructures
of these three materials are shown in Fig. 1.
Tables 1 and 2 summarise the chemical composition, the casting process and the post-cast treatment as well as the microstructural and mechanical properties of these alloys. The details relating
to the casting processes, the preparation of the fatigue specimens
as well as the methodologies used for the microstructural characterisation are discussed in reference [10].
It must be kept in mind that alloy A contains an additional
0.5 wt% copper, compared to alloys B and C. The presence of cooper
results in a higher micro-hardness of the alpha phase (see Table 2).
2.2. Pore size distribution characterisation
2.2.1. Surface characterisation of pore size distribution
In order to characterise the size distribution of the casting
defect, the extreme value inclusion rating methodology, proposed
by Murakami [16], has been used. The defect size distribution is
determined from optical microscopic observations of polished
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
samples. In particular, the maximum defect size areamax;j in each
standard inspection areaj of size S0 ¼ 2:5 mm2 , is measured
(see Fig. 2(a)). The cumulative probability function F j is calculated
by:

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Fð areamax;j Þ ¼ F j ¼

j
nþ1

ð1Þ

The defect size distributions of the three alloys are shown in
Fig. 2(b). The Gumbel distribution is used to fit the experimental
data. Greater detail concerning this methodology can be found in
the published paper [10].
2.2.2. Possibility of prediction maximum pore size
One of the advantages of this methodology is the possibility of
predicting the maximum defect size in a given volume. Firstly, the
reduced variable yj corresponding to each measured pore size
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
areamax;j is calculated by Eq. (2). If the defect size distribution is
a good fit with the Gumbel distribution, the relationship between
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the reduced variable yj and the defect size areamax;j will be
linear.
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(a) Alloy A

(b) Alloy B

(c) Alloy C

Fig. 1. Microstructures of three alloys under investigation.

Table 1
Chemical composition, casting process and heat treatment of the three studied
material (HIP = Hot Isostatic Pressing.
Alloy

Chemical composition (wt.)

Casting process

Heat treatment

A

7%Si, 0.3%Mg, 0.5%Cu,
Remainder Al
7%Si, 0.3%Mg, Remainder Al
7%Si, 0.3%Mg, Remainder Al

Gravity Die Cast

T7

B
C

Lost Foam Cast
Lost Foam Cast

where V 0 is the standard inspection volume, which can be estimated from the standard inspection area S0 by assuming that the
thickness, h, of the standard inspection volume is


P pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h¼
areamax;j =n where n is the total number of standard
n

inspection areas. The reduced variable related to the volume V is
then calculated by following equation:

T7
HIP + T7


yT ¼  ln  ln

Table 2
Mean value and standard deviation of the SDAS, the grain size, the micro-hardness of
the aluminium matrix and the yield strength of the three alloys being investigated.
Alloy

SDAS
½l  s
ðlmÞ

Grain size
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
areag ½l  s
ðlmÞ

Micro-hardness
½l  s
(Hv0.025)

Yield strength
Rp0:2% ½l  s
(MPa)

A
B
Heyder C

42.3 ± 9.7
77.3 ± 18.9
91.4 ± 32.8

298 ± 126
N/A
411 ± 197

113.8 ± 2.8
99 ± 9
92 ± 13

260.4 ± 1.6
240.1 ± 4.5
250.2 ± 3.4


 
yj ¼  ln  ln F j ¼  ln  ln



j
nþ1


ð2Þ

In order to predict the maximum defect size in a given volume
V, the ‘‘return period” T defined by Eq. (3) is used.

T¼

V
V0

ð3Þ

T 1
T


ð4Þ

The application of this methodology is shown in Fig. 3. Note that
two volumes V are considered: the first is the total loaded volume
in the fatigue specimens (i.e. a cylinder of diameter 7 mm with a
height of 10 mm). The second volume considered corresponds to
the sub-surface volume. The reason for considering this volume
is that experimentally it is observed that all principal fatigue cracks
initiate from the surface or sub-surface pores. The thickness of the
sub-surface volume is assumed to be the maximum defect size
observed on the fatigue failure surfaces or 500 lm approximately.
It can be observed that the difference between the predictions
related to the total loaded volume and the ones related to the
sub-surface volume is not significant. The predicted maximum
pore size in loaded volume is between 202 lm and 255 lm for
alloy A; between 635 lm and 700 lm for alloy B. Regarding alloy
C, the maximum pore size is around 50 lm. These predictions for
alloys A and B are in a good agreement with the average size of
pores observed on the failure surfaces in the crack initiation zone
(of fatigue specimens tested under uniaxial and combined
tension-torsion loads), presented later in Table 4.

Fig. 2. (a) Extreme value inclusion rating methodology for the characterisation of the defect size distribution and (b) Defect size distributions for the three alloys under
investigation.

112

V.-D. Le et al. / International Journal of Fatigue 93 (2016) 109–121

criteria were chosen to ensure the presence of a fatigue crack of
approximately 3 mm in length. Greater detail concerning these
tests can be found in Refs. [10,7].

3. High cycle fatigue behaviour and the associated damage
mechanisms
The fatigue strength at 2  106 cycles of the three alloys is presented in Table 3.
Fig. 5 summarises the fatigue damage mechanisms observed in
the three studied alloys for uniaxial loads with R = 1, torsion
loads with R = 1 and combined tension-torsion (k ¼ s=r ¼ 0:5)
with R = 1. Greater details concerning the fatigue strength analysis as well as the observations of the fatigue damage mechanisms
can be found in [10].
This figure highlights that:
Fig. 3. Prediction of the maximum defect size in a given volume. Two volumes are
concerned in the prediction: the total loaded volume (continuous line) and the subsurface volume (dashed line) in the fatigue specimen.

This result is very encouraging and leads to the possibility of
developing a methodology to predict the fatigue strength which
could take into account the volume effect using an extreme value
defect rating methodology. This will be investigated in future
work, however the strategy here is to avoid volume effects by using
the same or similar specimen geometries in the experimental
work.

 For uniaxial tensile loads and combined tension-torsion loads
with R = 1: fatigue cracks always initiate and propagate from
pores for the porosity-containing materials (alloys A and B).
However, for the porosity-free alloy (alloy C), fatigue cracks initiate from persistent slip bands (PSBs).
 For torsion loads with R = 1: two crack initiation mechanisms
have been observed: the first mechanism is related to crack
propagation from pores located on the specimen surface and
the second is controlled by PSB formation. These two mechanisms coexist and have been observed on the same specimen.
For the porosity-free alloy (alloy C), only crack initiation via
PSB formation was observed.

2.3. Fatigue test conditions
All of the fatigue tests presented below were carried out at
ambient temperature and pressure in laboratory air. The fatigue
tests under uniaxial loads, torsion loads and combined tensiontorsion loads (k ¼ sxy;a =rxx;a ¼ 0:5) with a load ratio of R ¼ 1 were
conducted with the specimen geometry shown in Fig. 4(a) (except
for the fatigue tests conducted by Koutiri et al. [7] in plane bending
with alloy A). The fatigue tests for equibiaxial tension loads with
R ¼ 0:1 were carried out with the disk shaped specimens introduced by Koutiri et al. [7] (see Fig. 4(b)). All of the fatigue specimens were mechanically mirror polished. The fatigue tests were
conducted using the staircase technique with 20 specimens. A
maximum fatigue life of 2  106 cycles was used. The stopping

Concerning the equibiaxial tension loads with R = 0.1, it was
seen that the principal fatigue damage mechanism for the
porosity-containing alloys (alloys A and B) is crack growth from
pores [7]. For the porosity-free alloy (alloy C) fatigue crack initiation for equibiaxial tension loads with R = 0.1 is controlled by the
rupture and/or debonding of the eutectic particles (i.e. Si particles,
intermetallic inclusions) (see Fig. 6). This is contrary to the uniaxial
case with R = 1 in which the formation of PSB was observed.
In order to decouple the effect of the stress biaxiality and the
mean stress effect on the crack initiation mechanism for alloy C,
four uniaxial fatigue tests at R = 0.1 were carried out. A competition between the two aforementioned initiation mechanisms was
observed. The first mechanism being PSB formation and the second

Fig. 4. (a) The fatigue specimen geometry for the uniaxial tests (R = 1), the torsion (R = 1) and the combined tension-torsion tests (R = 1) and (b) the specimen geometry
for the equib-iaxial tests (R = 0.1) [7].
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Table 3
Experimental values for the fatigue strength of the three alloys at 2  106 cycles for
different multiaxial loading conditions.
Loading condition

Uniaxial R = 1
Torsion R = 1
Combined tension-torsion R = 1
Uniaxial R = 0.1
Equibiaxial tension R = 0.1

Fatigue strength amplitude
(MPa)

ra ½l  s

Alloy A

Alloy B

Alloy C

83 ± 18 [7]
93 ± 14 [7]
66 ± 13
63 ± 15 [7]
63 ± 5 [7]

65 ± 13
69 ± 5
49 ± 10
N/A
46 ± 5

126 ± 13
72 ± 8
80 ± 5
N/A
68 ± 5

concerning the rupture/debonding of eutectic particles. This competition was also observed in the work of Dezecot and Brochu
[17]. By considering the maximum hydrostatic stress for each loading condition, it can be seen that an increase of the maximum
hydrostatic stress can lead to a change of damage mechanism,
from the crack initiation by the PSB formation to the crack initiation by the rupture and/or debonding of the eutectic
particles.

4. Modelling framework and application to the cast alloys being
investigated
4.1. The probabilistic concept for fatigue strength modelling
Initiated by Pessard and Morel [11–15,5,8], the probabilistic
modelling framework used below was initially proposed to
describe the competition between two different fatigue crack damage mechanisms in a bainitic steel: one related to local plasticity at
the mesoscopic scale and the other controlled by crack growth
from clusters of MnS inclusions. In order to describe these mechanisms in a high cycle fatigue strength model, the authors determine the probability of failure in the material matrix Pf1 and the
probability of a crack propagating from MnS inclusion clusters
Pf2 . The weakest link concept [18,19] can then be used to
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determine the overall probability of survival of the specimen,
referred to as Pf:

1  Pf ¼ ð1  Pf1 Þð1  Pf2 Þ

ð5Þ

The expressions for Pf1 and Pf2 can be obtained using any two
appropriate fatigue criteria such as the Crossland and Murakami
criteria in the work of Pessard et al. [13] or the Nguyen [20] and
an LEFM-based criteria in the work of Koutiri et al. [8].
4.2. Application to the cast aluminium alloys being investigated
In Section 3, it was shown that for the porosity-free alloy (alloy
C), fatigue crack initiation is principally controlled by the formation of persistent slip bands in the aluminium matrix for the loading conditions with R = 1 (i.e. for low hydrostatic stress
conditions) while for the equibiaxial tension loads with R = 0.1,
the crack initiation is controlled by the rupture/debonding of the
silicon particles and/or the intermetallic inclusions. However, for
the porosity-containing alloys (alloys A and B), fatigue cracks initiate principally from casting pores. These observations suggest that
the probabilistic concept presented in the previous section would
be a reasonable choice to model the fatigue behaviour of the cast
aluminium alloys under investigation.
4.2.1. Modelling of mechanism 1: crack initiation related to the
formation of PSB
4.2.1.1. Modelling framework. As a first step, the Dang Van [21] criterion is chosen to describe the mechanism 1 related to the crack
initiation in the aluminium matrix. As per the Dang Van criterion,
it is assumed that the crack initiation can be modelled as the localisation of plasticity at the mesoscopic scale (i.e. the scale of individual grains). Hence, the crack initiation condition can be
defined by Eq. (6):

rDV P rth

ð6Þ

where rDV is the Dang Van equivalent stress and rth is the threshold
stress. The Dang Van equivalent stress is computed by Eq. (7).

Fig. 5. Fatigue damage mechanisms of alloys A, B and C for three loading modes (pure tension with R = 1, combined tension-torsion with R = 1 and pure torsion with
R = 1), observed on specimen surfaces.
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Fig. 6. Crack initiation caused by the rupture and/or debonding of the eutectic particles for the porosity-free alloy (alloy C) for equibiaxial tension loads with R = 0.1.

rDV ¼ max
ðmaxðs þ aDV rH ÞÞ
n!
t

ð7Þ

In order to take into account the fatigue strength scatter, a twoparameter Weibull distribution [19,18] is used to describe the dispersion associated with the stress threshold rth :

f 01 ðrth Þ ¼

m1



rth0

rth
rth0

m1 1

 
 
rth m1
exp 

ð8Þ

rth0

where rth0 is the scale parameter and m1 is the shape parameter of
the distribution. The probability of finding a grain in which a fatigue
crack is initiated can be expressed as:

Pf01 ðrth < rDV Þ ¼

Z rDV

f 01 ðrth Þdrth

0

ð9Þ

Hence, the probability of crack initiation in an isolated grain is:

 
 
rDV m1
Pf01 ¼ 1  exp 

rth0

ð10Þ

To calculate the global probability of failure of the structure for
this fatigue damage mechanism, it is sufficient to sum the failure
probabilities for each of the grains contained in the total loaded
volume V (i.e. the weakest link theory [19]). This theory assumes
that there is no interaction between crack initiation sites. Hence,
the failure probability for damage mechanism 1 is described by:

Pf1 ¼ 1 

Y

ð1  PF 01 Þ

ð11Þ

M2V




Z 
1
rDV m1
dS
) Pf1 ¼ 1  exp 
V 01 V rth0

ð12Þ

where V 01 is the volume of a grain (or the reference volume).
When the stress field is uniform in the loaded volume, this
expression can be simplified to:


Pf1 ¼ 1  exp 

V
V 01



rDV
rth0

m1 

ð13Þ

 1=m1
By replacing rth0 VV01
with r;th0 , the probability of failure associated with damage mechanism 1 is given by:

 
 
rDV m1
Pf1 ¼ 1  exp  ;

rth0

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the Murakami parameter area, for three porosity containing
alloys: alloys A, B and a third data set corresponding to fatigue
tests conducted on specimens with the same chemical composition
and heat treatment as Alloy A. This material was gravity-sand cast
in the form of bars Bellett and Morel [22] and has approximately
the same SDAS as alloy A and it is assumed that the grain size is
also the similar.
Regarding the pore size, Table 4 resumes the mean pore size
and the associated standard deviation of pores observed on the
fatigue failure surfaces for different loading conditions. Fig. 7
shows an example of measuring a pore at the origin of the principal
crack initiation observed on the failure surface. Note that for alloy
B loaded in torsion, because crack initiation and propagation for
some specimens is controlled by the same mechanism (ı.e. controlled by the shear stress), the identification of the crack initiation
site is very difficult. In this case the pore size corresponds to the
largest pore observed on the failure surface.
Fig. 8 shows the relationship between the uniaxial fatigue
strength and the pore size. Note that the vertical error bars correspond to a probability of failure of 10–90% and the horizon error
bars indicate a probability of occurrence of 10–90% for the defect
size. For the third data set Bellett and Morel [22], because the fatigue strength at 2  106 cycles was estimated from a Wöhler curve,
the error bar for the fatigue strength has not been reported. The
experimental data are compared to the fatigue strength predictions
using the LEFM criterion in which the stress intensity threshold has
been arbitrarily estimated to fit the experimental data. The LEFM
criterion is described by Eq. (15).

DK th ¼ 2rxx;a Y

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p area

Table 4
Mean defect size and associated standard deviation of pores at the origin of the
principal fatigue cracks observed on the fatigue failure surfaces for different loading
conditions. Note that for alloy C under the equibiaxial tension loads R = 0.1, the
reported defect size correspond to the size of the eutectic inclusions at the crack
initiation site.
Loading condition

ð14Þ

4.2.2. Modelling of mechanism 2: fatigue damage associated with
casting pores
4.2.2.1. Choice of fatigue strength criterion. In order to choose an
appropriated fatigue criterion to model the mechanism 2, it is analysed here the evolution of the uniaxial fatigue strength rxx;a as a
function of the experimentally determined pore size, in terms of

ð15Þ

Uniaxial R = 1
Torsion R = 1
Combined tensiontorsion R = 1
Uniaxial R = 0.1
Equibiaxial
tension R = 0.1

Mean value and standard deviation of defect size
ðlmÞ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
area

Alloy A

Alloy B

Alloy C

Alloy Bellett
and Morel
[22]

235 ± 87
N/A
209 ± 59

595 ± 260
690 ± 400
669 ± 457

No pore found
No pore found
No pore found

N/A
N/A
N/A

N/A
N/A

N/A
892 ± 407

N/A
76 ± 32

709 ± 365
N/A

V.-D. Le et al. / International Journal of Fatigue 93 (2016) 109–121

Fig. 7. Size measurement of a pore at the origin of the crack initiation.

where Y is the Murakami crack-shape factor and is equal to 0:65 for
an arbitrary-shaped surface crack [16]. rI;a is the uniaxial fatigue
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
strength amplitude with R = 1 and area is the Murakami size
parameter of the pores at the origin of the principal fatigue cracks.
The values of DK th are arbitrarily estimated to match the experipﬃﬃﬃﬃﬃ
mental data. As a comparison, the estimated DK th  2:2 MPa m
(for R = 0.1) is much lower than the growth threshold of long
cracks reported in the literature [23–27] which is between 4
pﬃﬃﬃﬃﬃ
and 5.5 MPa m (obtained thank to long crack growth test
under uniaxial loads at R = 0.1). This fact highlights the significant
effect of small crack and/or crack closure of the fatigue natural
cracks.
In Fig. 8, by comparing the experimental data for alloy A and the
data obtained by Bellett et al., it can be seen that, for the alloys
with the same microstructure (i.e. SDAS and/or grain size and
chemical composition), the slope of the relationship ‘‘fatigue
strength-pore size” in the log-log scale is approximately 1/2 for
either R = 1 or R = 0.1. This trend suggests that the LEFM criterion
could be appropriated to describe the evolution of the fatigue
strength as a function of the pore size for alloys with the same
microstructure. Furthermore, by comparing the fatigue strength
of alloys A and Bellett et al. for two loading ratio R = 1 and
R = 0.1, the effect of loading ratio R can be withdrawn.
The comparison between the three alloys for a load ratio of
R = 1 shows that the stress intensity threshold for alloy B is
slightly higher than the two other alloys. It is assumed that this difference is caused by the fact that alloy B has a larger SDAS and/or
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grain size. In order to consolidate this assumption, crack growth
data from the literature [23–27] is analysed in Fig. 9. This figure
shows the evolution of the stress intensity threshold for long
cracks as a function of different material properties such as the
yield strength, the ultimate tensile strength, the percentage of copper and the SDAS. The data estimated from the fatigue strength and
pore size issue from the present study (by Eq. (15)) are also presented. This figure indicates that there is a directly proportional
relationship between the SDAS and DK th . That is, an increase in
the SDAS results in an higher stress intensity threshold. It can also
be seen that this effect is the same for long cracks as well as for
fatigue natural cracks growing from pores. It should be keep in
mind that for the alloys under investigation, the SDAS and grain
size are proportional and that this is also true for cast Al-Si alloys
whose SDAS and grain size are controlled by a change of cooling
rate [28]. Hence, from this data no distinction can be made
between the SDAS and the grain size.
A possible explanation for the effect of the couple (SDAS, grain
size) on DK th of the fatigue natural crack is proposed below and is
based on the experimental crack growth observations reported in
the work of Munoz [29]. Fig. 10 shows the evolution of two natural
fatigue cracks growing from pores in an A356-T6 alloy, loaded in
uniaxial tension with R = 0.1 and rmax ¼ 163 MPa. Based on these
observations, Serrano et al. state that the presence of grain boundaries decelerates the crack growth. However, it can also be seen
that the early stage crack growth rate in the intergranular mode
(Fig. 10-1 and 2) is much faster than in the intragranular mode
(Fig. 10-3 and 4). From this point of view, it would not be unreasonable to assume that grain boundaries play multiple roles: the
role of decelerating the crack growth when the crack become larger than the grain size and the role of accelerating the early stage
crack growth (i.e. when the crack length is less than the grain
size). For the alloys investigated here, because of relative large
grain size compared to pore size, it can be assumed that the size
of arrested cracks is smaller than the grain size. Consequently,
for non-propagating cracks, early stage crack growth is dominant
and the principal role of the grain boundaries is to accelerate crack
growth. Hence, it can be stated that an increase in the couple
(SDAS, grain size), while conserving the defect size, leads to a
decrease in the number of grain boundaries emanating from a pore
which are favourable in terms of the loading direction. This
diminution in turn forces the fatigue cracks to initiate and to
micro-propagate in intragranular mode. Resulting from the relatively low crack growth rate of this mode (compared to the intergranular mode), the stress intensity threshold can increase. Fig. 11
illustrates graphically this explanation.

Fig. 8. Relationship between the uniaxial fatigue strength and the defect size at the origin of the principal fatigue cracks observed on the failure surfaces.
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Fig. 9. The relationship between the stress intensity threshold and different material properties. The black points correspond to the literature data [23–27].

In conclusion, the LEFM criterion will be used to model the
damage mechanism related to crack growth from pores. Because
of the significant effect of small crack and/or crack closure related
of the fatigue natural cracks growing from a pore, the value DK th is
determined from the pore size observed on failure surfaces and the
related fatigue strength (by Eq. (15)). Furthermore, the influence of
the grain size on the stress intensity threshold will be included in
the proposed model.
4.2.2.2. Modelling framework. As per the LEFM approach, it is
assumed that cracks will propagate if the following condition is
satisfied:

DK P DK th

ð16Þ

By analogy with the first mechanism (see Eq. (8)), the Weibull distribution is used to describe the scatter associated with the threshold of the stress intensity factor:

f 02 ðDK th Þ ¼





m2
DK th m2 1
DK th m2
exp 
DK th0 DK th0
DK th0

ð17Þ

where m2 is the shape parameter and DK th0 is the scale factor.
Hence, the probability of crack growth from an individual pore
can be expressed by:

 
 
DK m2
Pf02 ¼ 1  exp 
DK th0

ð18Þ

The probability of failure for the total volume can be expressed
by following equation, given that the stress field is uniform in the
loaded volume:

 
 
DK m2
Pf2 ¼ 1  exp 
0
DK th0
DK 0th0

ð19Þ

V 02 1=m2

where
¼ DK th0 V
and V 02 is the representative volume of
a crack emanating from an individual pore.
4.2.3. Parameters identification
4.2.3.1. Material parameters related to the mechanism 1. The experimental fatigue data of alloy C is used to identify the material
parameters related to the mechanism 1 because this alloy is porosity free and the mechanism 1 (i.e. the fatigue crack initiation in the
aluminium matrix) is dominant (see Section 3).

 The shape factor m1 is determined by the following equation

where s1;C and s1;C are respectively the mean value and the
standard deviation of the experimentally determined pure torsion fatigue strength (R = 1) of alloy C (i.e. porosity-free alloy):

s1;C
¼
s1;C

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C 1 þ m21  C2 1 þ m11

C 1 þ m11

) m1 ¼ 11:27

ð20Þ

 The Dang Van coefficient aDV is determined using the following
equation where s1;C is the mean value of the pure tension
(R = 1) fatigue strength of alloy C:

aDV ¼

s1;C  s1;C
2
s1;C
3

¼ 0:2049

ð21Þ

 The scale factor r0th0 can be determined from the experimental
data for the torsional fatigue strength of alloy C with R = 1
by the following equation:

s
r0th0 ¼  1;C 1  ¼ 74 MPa
C 1 þ m1

ð22Þ

4.2.3.2. Material parameters related to the mechanism 2. The experimental fatigue data of alloys A/B are used to identify the material
parameters related to the mechanism 2 because these alloys are
porosity containing and the mechanism 2 (i.e. the fatigue crack initiation induced by the porosity) is dominant (see Section 3).
 The shape factor m2 is identified thank to the mean fatigue
strength value, s1;A=B , and the associated standard deviation,
s1;A=B , for uniaxial loads with R = 1 of alloys A or B by the following equation:

s1;A=B
¼
s1;A=B

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C 1 þ m22  C2 1 þ m12

C 1 þ m12

ð23Þ

A value of m2 ¼ 5:37 is obtained for alloy A and m2 ¼ 5:59 for
alloy B.
 The scale factor DK 0th0 can be determined by the following
equation:
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Fig. 10. Observations of two cracks growing from casting pores under the uniaxial loads with R = 0.1 and

2s1;A=B  0:65



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
p areaA=B ¼ DK 0th0 C 1 þ
m2

ð24Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where areaA=B corresponds to the mean value of the Murakami
parameter determined for the pores in the crack initiation zones
pﬃﬃﬃﬃﬃ
of alloy A or B (see Table 4). A value of DK 0th0 ¼ 3:1 MPa m is
pﬃﬃﬃﬃﬃ
0
obtained for alloy A and DK th0 ¼ 3:95 MPa m for alloy B.
4.3. Results and discussions
4.3.1. The Dang Van and classical LEFM criteria combination
Firstly, the combination of the Dang Van and the classical LEFM
criteria is presented. The correlation between the experimental
fatigue strength and the model predictions for different loading
conditions, presented in the form of Kitagawa-Takahashi diagrams,
is shown in Fig. 12. In this diagram, the mechanism 1 is not influenced by the defect size area. Hence, a modelling approach, which
only base on mechanism 1, would result in a horizontal line in

rmax ¼ 163 MPa, Munoz [29].

Fig. 12. Only the mechanism 2 depends on the defect size. The
stress amplitude increases with decreasing defect size. The combination of both mechanisms (by Eq. (5)) leads to the predicted fatigue strength values displayed in Fig. 12. Note that for alloy C,
because no pores were found on the fatigue failure surfaces, the
defect size shown in the figure corresponds to the maximum defect
size observed on polished samples using an optical microscope
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
( area ¼ 20 lm). The vertical error bars correspond to a probability
of failure of 10–90%. The horizontal bars correspond to the probability of occurrence of 10–90% for the defect size. The defect sizes measured in the crack initiation zones for the different loading
conditions are resumed in Table 4. The data for alloy A loaded in torsion R = 1, uniaxial tension R = 0.1 and equibiaxial tension R = 0.1
loadings is from the work of Koutiri et al. [8] and the defect sizes
were not reported. Hence, in Fig. 12 the defect size for these data
points is assumed to be the same as the uniaxial case with R = 1.
Regarding the model predictions including a mean stress (i.e.
with R = 0.1), the influence of the load ratio, R, on the stress
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where j is a material constant. The identification of this parameter
needs the experimental fatigue strength corresponding to at least
two different loading ratios R. Because only fatigue tests at a Rratio of 1 were conducted, this parameter cannot be identified
in the present work. Hence, the value of j ¼ 0:59 identified in the
work of Koutiri et al. [8] is used in this modelling. This value was
obtained by using the experimental uniaxial fatigue strength of
alloy A with two load ratios (R ¼ 1 and R ¼ 0:1).
Concerning the uniaxial fatigue strength of alloy C with R = 0.1,
only 4 fatigue tests have been carried out (2 failures and 2 runouts). Hence, this data point should be considered only as a
approximation of the uniaxial fatigue strength with R = 0.1.
From Fig. 12 it can be seen that:

Fig. 11. Graphical illustration of the hypothesis concerning the influence of the
grain size on the stress intensity threshold.

intensity threshold is modelled using the correction introduced by
Koutiri et al. [8].

DK th jR
1R
¼
DK th jR¼0 1  jR

ð25Þ

 for the porosity free alloy (alloy C), good predictions are
obtained for the R = 1 loading conditions (note that two of
the three data points are identification points). However, the
predictions for the R = 0.1 loading conditions are nonconservative.
 for the porosity-containing alloys, good agreement is observed
for alloy A and the alloy studied by Bellett et al., except for
the torsion loading condition. However, conservative predictions are generally shown for alloy B.

Fig. 12. Correlation between the experimental data and the model predictions using the Dang Van and the classical LEFM criteria.
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One possible explanation for the conservative predictions for
alloy B is that the value of DK th used in the model is identified from
the fatigue strength of alloy A, while these two alloys have significantly different SDAS and grain size values. As discussed in Section 4.2.2 an increase in SDAS has a beneficial effect on DK th , in
terms of crack growth from pores. Consequently, the following
extension to the model is introduced in order to take into account
this effect.
4.3.2. The Dang Van and modified LEFM criteria combination - taking
into account the influence of the SDAS and the grain size
As per the classical LEFM criterion, the value of DK th is
assumed to be constant regardless of the microstructure. However, in this modified approach, a function of the SDAS f ðSDASÞ
is introduced and it is assumed that DK th :f ðSDASÞ is constant. It
must be kept in mind that because the SDAS and the grain size
of the investigated alloys are correlated, the use of a function
of the SDAS can also reflect the influence of the grain size on
the DK th .
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
As a first approach, it is proposed that f ðSDASÞ ¼ 1= SDAS and
that DK th :f ðSDASÞ can be expressed by Eq. (26).

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
area
1
DK th f ðSDASÞ ¼ DK th pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ 2ra 0:65 p
SDAS
SDAS

ð26Þ

It is particularly interesting to note that thank to the proposed
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
function f ðSDASÞ, a novel parameter, area=SDAS is introduced.
This parameter can be considered as the relative defect size with
respect to the microstructure. The application to alloys A and B
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ
gives the following: DK th;A = SDASA ¼ 476 MPa m= m and
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃ
DK th;B 1= SDASB ¼ 450 MPa m= m. The negligible difference
(5%) between these two values confirms the hypothesis that
DK th f ðSDASÞ is a constant.
Fig. 13 shows the predictions of the modified model.
It can be stated in Fig. 13 that the predictions related to the
mechanism 2 are in a good agreement with the experimental data.
However, the large conservative or non-conservative predictions remain for certain cases related to the mechanism 1:
 For alloy A loaded in torsion (R = 1). This is because the modified model only takes into account the effect of the SDAS and
grain size on mechanism 2 (i.e. crack growth from pores). Its
effect on mechanism 1 has not been considered and the fatigue
damage for alloy A under torsional loads is principally controlled by mechanism 1 even though the alloy contains pores
[10]. Furthermore, the aluminium matrix of alloy A has higher
resistance to shear stress when compared to alloy C as it contains a higher percentage of Copper [10]. This fact can be
observed in Fig. 14 showing the comparison of the threshold
of the resolved shear stress for the formation of PSB reported
in the work of Le et al. [10]. Consequently, the Dang Van
parameters identified using the data for alloy C (see Eqs. (21)
and (22)) cannot correctly predict the torsional fatigue strength
of alloy A.
 For alloy C loaded in uniaxial (R = 0.1) and in biaxial tension
(R = 0.1). Because the Dang van coefficient aDV is identified from
the uniaxial R = 1 and torsional R = 1 loading conditions in
which the principal fatigue damage mechanism is related to
the formation of PSB, the crack initiation mechanism involving
the rupture/debonding of eutectic particles observed for uniaxial R = 0.1 and equibiaxial tension R = 0.1 loads cannot be adequately modelled. One of possible explanations of this change
of the fatigue damage mechanism is the increase of the maximum hydrostatic stress between the tension R = 0.1 load and
the equibiaxial tension R = 0.1 load.
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As a perspective to improve the predictions related to mechanism 1, a modification to the classical Dang-Van criterion is proposed. In order to take into account the addition of copper in the
chemical compositions (for alloy A), it is proposed to make the
Dang-Van parameter b a function of the micro-hardness of the
alpha phase dendrites, b ¼ f ðHv Þ. This approach has been used
by Pessard et al. [30] for a Boron steel, in which b ¼ f ðHv Þ was chosen to be a linear function. Regarding the change in crack initiation
mechanism observed when the maximum hydrostatic stress is
increased, it is proposed that instead of using a unique coefficient
aDV to reflect the effect of the maximum hydrostatic stress as per
the classical Dang-Van criterion (see Eq. (7)), two coefficients could
be used to separately describe the effects of the mean and the
amplitude of the hydrostatic stress. Eq. (27) shows the proposed
modifications to the Dang-Van criteria.

s þ arH;a þ crH;m 6 f ðHv Þ

ð27Þ

where Hv is the micro-hardness of the aluminium matrix, f ðHv Þ is a
function of the micro-hardness that must be identified and a and c
are material parameters that must be identified. These identifications need more experimental work that will be conducted in the
future project.
4.3.3. Prediction of the critical defect sizes
Thank to the Kitagawa-Takahashi diagrams shown in Fig. 13,
the critical defect sizes for the different loading conditions and
alloys can be predicted. The predicted critical defect sizes are considered as the intersection between the horizontal line (i.e. corresponding to the mechanism 1) and the inclined line (i.e.
corresponding to the mechanism 2). Table 5 shows the relative
defect size (i.e. as a function of the SDAS) as well as the absolute
defect size, corresponding to the SDAS of alloys A and B. However,
it must be kept in mind that because the predictions related to the
mechanism 1 in some cases are not in a good agreement, the results
shown in this section can be considered as a first rough estimation.
Some of these predicted values are in good agreement with the
experimental observations in the literature: Brochu et al. [31] stated the critical defect size for uniaxial loads with R = 1 of
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
area ¼ 155 lm for permanent mould A357 alloys with the SDAS
is approximatively 60 lm. The relative critical pore size is thus
pﬃﬃﬃﬃﬃﬃﬃ
are=SDAS  2:6, close to the predicted value here of 2.1. Concerning the torsion loads at R = 1, it is stated in the previous published
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
work [10] a critical pore size of area ¼ 450 lm for alloy B and the
predicted critical pore size here is 557 lm.
5. Conclusions
The principal aim of this paper was to develop a probabilistic
model adapted to cast Al-Si alloys for the high cycle fatigue domain
which is able to take into account different microstructural heterogeneities. The proposed model is based on the experimental fatigue
strength data and observations of the fatigue damage mechanisms
for different multiaxial loading conditions.
The principal conclusions of this work can be summarised as
follows:
 The characterisation of the pore size thank to the extreme value
inclusion rating methodology results in very different pore size
distributions for the three investigated alloys. Furthermore,
when using this methodology the predicted maximum defect
size in a given volume (corresponding to the fatigue specimens)
is in a good agreement with the defect size observed on the fatigue failure surfaces. This indicates the possibility of developing
an approach which is able to take into account the volume
effect on the fatigue strength of cast aluminium alloys.
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Fig. 13. Correlation between the experimental data and the model predictions combining the Dang Van and the modified LEFM criteria.

Table 5
Prediction of the critical defect size for different loading conditions.
Loading conditions

Relative defect size
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
area=SDAS

Fig. 14. Relationship between the probability of occurence of PSB and the
maximum resolved shear stress [10].

 It is proposed that grain boundaries have several roles in terms
of crack growth. In particular, it is proposed that the classical
idea that grain boundaries act as microstructural barriers is only

Absolute defect size
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
area ðlmÞ
Alloy A

Alloy B

Uniaxial
with R = 1

2.1

106

184

Combined tension-torsion
with R = 1

3.1

136

238

Pure torsion
with R = 1

7.5

330

557

Uniaxial
with R = 0.1

1.8

79

138

Equibiaxial tension
with R = 0.1

2.7

119

207

true if the crack length exceeds the grain size. However, for early
stage crack growth from pores, grain boundaries accelerate the
growth rate and facilitate cracking. For the investigated cast
Al-Si alloys investigated, because of the relatively large grain
size compared to the pore size, an increase in the SDAS and grain
size leads to an increase in the stress intensity threshold DK th .
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 The proposed model uses a combination of the Dang Van criterion and a modified LEFM criterion is able to take into account
the effect of the microstructure on the mechanism of crack
growth from pore (mechanism 2). Two modifications related
to the classical Dang Van criteria are proposed in order to take
into account, on one hand, the change of the microstructure
(mainly in terms of the micro-hardness of the Al phase) and
on the other hand, the change of the fatigue damage mechanism. These modifications need some addition material parameters which will be identified in the future work.
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