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a b s t r a c t

Nanostructured and architectured copper niobium composite wires are excellent candidates for the
generation of intense pulsed magnetic fields (> 90T) as they combine both high electrical conductivity
and high strength. Multi-scaled Cu-Nb wires can be fabricated by accumulative drawing and bundling (a
severe plastic deformation technique), leading to a multiscale, architectured and nanostructured
microstructure providing a unique set of properties. This work presents a comprehensive multiscale
study to predict the anisotropic effective electrical conductivity based on material nanostructure and
architecture. Two homogenization methods are applied: a mean-field theory and a full-field approach.
The size effect associated with the microstructure refinement is taken into account in the definition of
the conductivity of each component in the composites. The multiscale character of the material is then
accounted for through an iterative process. Both methods show excellent agreement with each other. The
results are further compared, for the first time, with experimental data obtained by the four-point probe
technique, and also show excellent agreement. Finally, the qualitative and quantitative understanding
provided by these models demonstrates that the microstructure of Cu-Nb wires has a significant effect on
the electrical conductivity.

1. Introduction

In recent years, two types of filamentary andmultilayered nano-
composites composed of copper and niobium (i.e. Cu-Nb nano-
composite wires and laminates) have been highlighted for their
special properties [1]. These Cu-Nb nano-composites were fabri-
cated by two different severe plastic deformation techniques:
Accumulative Drawing and Bundling (i.e. ADB, see Table 1 for the
abbreviations) [2,3] and Accumulated Roll Bonding [4,5], respec-
tively. These materials are termed nano-composites both with
respect to the minimum size of the different phase elements and

also to the very fine grain size obtained in each phase in the
transverse cross section due to the severe plastic deformation
process.

An example of Cu-Nb nano-composite wire microstructures are
shown in Fig. 1. These are referred to as “Filamentary” structure in
Refs. [6,7]: a multiscale Cu matrix embedding parallel Nb nano-
filaments. These nano-composite conductors are excellent candi-
dates for generation of intense pulsed magnetic fields (> 90T),
which are becoming essential experimental and industrial tools
[8e11]. To generate them, the conductors for the winding coils
must combine both high mechanical strength and high electrical
conductivity. Using this type of microstructure, a conductor pre-
senting an ultimate tensile strength as large as 1.9 GPa at 77 K has
been obtained together with an electrical conductivity of* Corresponding author.
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1.72 mU�1cm�1 [6,12].
To predict the behavior of such a composite, the main challenge

is the understanding of the complex interaction between the
different material phases and the architecture, in particular when
the Cu-Nb composite is fabricated by severe plastic deformations
where the elementary physical deformation mechanisms are
modified by grain sizes. In this field, combining material charac-
terization and multiscale modeling is mandatory. The previous
studies on the Cu-Nb nano-composite wires and laminates dealt
with the mechanical behaviors [4,5,7,12e20]. In the present work,
multiscale modeling will be used to study the anisotropic electrical
conductivity of these architectured and nanostructured Cu-Nb
composite wires, then the theoretical results will be compared
with experimental data using the four-points probe technique.

Multiscale modeling of the electrical conductivity of composite
materials is a complex topic, particularly if microstructural features
lead to a size effect in electronic conduction and create an anisot-
ropy [21e23]. The conductivity of both Cu and Nb single crystals are
isotropic due to their cubic crystal structure (Face-Centered Cubic,
i.e. FCC, for Cu and Body-Centered Cubic, i.e. BCC, for Nb) [24,25].
Furthermore, the grain boundaries and the microstructure refine-
ment of each individual Cu/Nb component lead to size effect, as
additional scattering of conduction electrons occurs at internal
interfaces (i.e. Cu/Cu, Nb/Nb and Cu/Nb interfaces). For instance Lu
et al. measured the conductivity for equiaxed polycrystalline Cu
with different grain sizes [26]: (i) as small as 30 nm; (ii) varying
from�100 nm to 1 mm; (iii) lager than 100 mm. It was found that (ii)

and (iii) exhibit similar conductivity (percentage difference1<5%),
and that their conductivity is �10 to 100 times (depending on the
temperature) as large as the one of (i) due to the effect of grain
boundaries. In analogy to scattering at the surface in an infinite long
fiber with a small diameter, the size effect was experimentally
confirmed and can be modeled [27e33]. Based on Dingle's model
[28], Thilly [6] takes the temperature, dislocation density and size
effect into account for predicting the conductivity of Cu-Nb wires

along the wire direction (denoted longitudinal direction in this
work and corresponding to the x1-axis).

In order to predict the anisotropic effective conductivity of fiber-
reinforced composites (such as Cu-Nb wires at different scales in
Fig. 1), several homogenization models have been proposed. The
homogenization models for composites can be separated into two
types: mean-field analytical methods [34e37] and full-field ones
[23,38]. Among the mean-field models, the Generalized Self-
Consistent scheme (denoted GSC hereafter) was initially devel-
oped to study the elastic behavior of multi-coated fiber-reinforced
composites [39]. Later, the GSC scheme was extended for diffusion
phenomena [37,40,41], and this model has been found to be very
efficient to estimate the effective electrical conductivity of Cu-Nb
wires [19]. As for the full-field analysis, we have proposed a Finite
Element Method (FEM) method with periodic boundary conditions
(denoted PH, for Periodic Homogenization) [19]. FEM PH is adapted
to the case of periodic fiber distribution, as observed experimen-
tally (see Fig. 1), but it costs more CPU time compared with the GSC
scheme.

Finally, the theoretical studies of electrical conductivity need to
be validated by experimental data. To measure electrical conduc-
tivity of materials with microstructure size ranging from nano-
meter to millimeter, the four-point probe technique has been

Table 1
The abbreviations used in this work.

ADB Accumulative Drawing and Bundling
GSC Generalized Self-Consistent
FEM Finite Element Method
PH Periodic Homogenization
HEM Homogeneous Equivalent Medium
RVE Representative Volume Element

Fig. 1. Successive cross-section views of the Cu/Nb nano-composite wires containing (aec) 852 and (deg) 853 elementary Cu/Nb long fibers (so-called N ¼ 852 and N ¼ 853 type of
conductor). The diameters of the specimen of (c) and (g) are 4.50 mm and 2.10 mm respectively. The diameter of specimen (c) for N ¼ 852 and (g) 853 are reduced to a series of
thinner ones ranging [0.25,2.10] mm and [0.55,2.10] mm respectively by supplementary cold drawing. See Section 2.2 for scale conventions and their notations.

1 Percentage difference (in %): the absolute difference between two values
divided by their average.



developed using separate pairs of current-carrying and voltage-
sensing electrodes to avoid series resistances due to local contact
and cables [42,43]. This technique is available for different sample
geometries, e.g. nano-wires [33,44] and thin films [45,46]. Making
use of the four-point probe technique, Thilly and Dubois have re-
ported the conductivity of the bulk highly hardened Cu/Nb sepa-
rately and Cu-Nb wires along the wire direction (i.e. longitudinal
conductivity) [6,47].

Despite numerous works in literature on the electrical conduc-
tivity of composites materials, we have found that the following
two points are still missing: 1. no hierarchical homogenization
strategy was developed to predict the anisotropic electrical con-
ductivity of recent Cu-Nb wires, taking into account the complex
architectures (i.e. the multi-scaled fiber-reinforced microstructure)
and the size effect; 2. to date, no experiments were carried out to
determine the anisotropic electrical properties of Cu-Nb wires,
particularly the properties in the transverse direction (i.e. perpen-
dicular to the wire direction x1), in order to validate the theoretical
predictions.

Therefore, the objectives of this paper are twofold: 1. provide a
multiscale homogenization procedure to predict the anisotropic
effective electrical conductivity of Cu-Nb wires; 2. validate ho-
mogenizationmodels by comparingwith experimental data in both
longitudinal and transverse directions. It is worth noting that, for
the application of Cu-Nb wires, i.e. winding coils, only the longi-
tudinal electrical properties are needed. On the other hand, many
different physical problems in steady state, such as electrical con-
ductivity, thermal conduction, diffusion and magnetism, share the
same constitutive relation between the potential field and its cur-
rent [48,49]. In other words, for fiber-reinforced materials (e.g. Cu-
Nb wires), the above-mentioned phenomena are equivalent
meaning that their anisotropic effective properties can be predicted
also by the proposed hierarchical homogenization strategy.

The outline of the article is as follows. The architecture and
nano-structure of Cu-Nb composite wires are described in Section
2. Experimental methods for the anisotropic electrical property
characterization are briefly presented in Section 3. In order to
reproduce the effective behavior of this material, two multiscale
methods (i.e. GSC and PH) and an iterative scale transition strategy
are presented in Section 4. In Section 5, anisotropic model re-
sponses are compared with experimental data. Finally, the relation
between the effective material behavior and its microstructure is
discussed.

2. Material description

2.1. Fabrication process

Cu-Nb nano-composite wires were fabricated via a severe
plastic deformation process, based on ADB (i.e. series of hot
extrusion, cold drawing and bundling stages) [2,3]: a Nb wire is
inserted into a Cu tube; the structure is extruded and drawn, then
cut into 85 smaller pieces with hexagonal cross section; these
pieces are then bundled and inserted into a new Cu tube; the new
composite structure is again extruded and drawn. And so on. In the
present work, ADB is repeated two or three times, leading to copper
based architectured and nanostructured compositewires which are
composed of 852 (Fig. 1(aec)) and 853 (Fig. 1(deg)) Nb nanofibers.
They are the so-called N ¼ 852 and N ¼ 853 type of Cu-Nb “Fila-
mentary” wires respectively [50]. The used Cu is Oxygen-Free High
Conductivity (OFHC).

It is noted that, unlike Cu, Nb fibers are introduced only at the
very first fabrication stage. Therefore, Nb fibers (Fig. 1(a) and (d))
are all deformed together during the iterative ADB process, and
they exhibit the same microstructure and similar characteristic

sizes. In contrast, the Cu-0 regions (Fig. 1(a)) are introduced at the
beginning of the process, while the Cu-1 and Cu-2 (Fig. 1(bec)) are
introduced successively during the two steps of ADB for N ¼ 852. It
is similar for the Cu components in N ¼ 853 (Fig. 1(deg)). Thus
different microstructure are expected for different Cu-i regions
(i ¼ 0,1,2 and 3).

In this work, the above-mentioned two types of Cu-Nb
conductor are studied with different diameters2:
d2½0:25;2:10� mm for N ¼ 852 and d2½0:55;2:10� mm for 853. The
volume fraction f(i) of each type of conductor is not changed by hot-
extrusion and cold-drawing and they can be determined by the
initial dimensions of Nb cylinder and Cu jacket. The theoretical
value of channel width, d(i), can be estimated by supposing that all
the perfect and concentric components (i.e. Nb cylinder and Cu
tube) are deformed in a homothetic way duringmaterial processing
[3]. Table 2 indicates the volume fraction f(i) and theoretical channel
width d(i) in the two extreme diameter cases (i.e. d ¼ 0.25 and
2.10 mm for N ¼ 852; d ¼ 0.55 and 2.10 mm for 853).

2.2. Scale conventions

For N ¼ 852 and 853 types of Cu-Nb nano-composite wires, Nb
fibers are separated by the finest Cu-0 copper channels (see Fig.1(a)
and (d)); groups of 85 Nb/Cu-0 elementary long fibers are separated
by Cu-1 copper channels (Fig. 1(b) and (e)). As illustrated in Fig. 1(f),
for N¼ 853, groups of 852 elementary patterns are separated by Cu-
2 channels. Finally, N ¼ 852 patterns and N ¼ 853 patterns are
embedded respectively in an external Cu-2/Cu-3 copper jacket
(Fig. 1(c) and (g)).

For multiscale modeling of the effective electrical conductivity
of these Cu-Nb wires, the following scale conventions will be used:
(1) Homogenization of the assembly of 851 elementary Nb/Cu-
0 long fibers is labeled as H1 (Homogenization 1); (2) Iterative
homogenization of the effective Cu-Nb composite zone of H(n-1)
embedded in the Cu-(n-1) matrix (n ¼ 2 for N ¼ 852 and n ¼ 2,3
for N ¼ 853), is labeled as Hn (Homogenization n, n ¼ 2 and 3). In
other words, Hn provides the effective behavior of an assembly of
85n elementary patterns. The effective electrical conductivity ten-
sors, denoted ðes�ÞHi (i ¼ 1,2,3) at scales Hi of assembly of 85i

(i¼ 1,2,3) elementary patterns, will be obtained by homogenization

Table 2
Volume fraction f(i) and theoretical dimensions d(i) of each component i in the case of
conductor diameter d¼ 0.25, 2.10mm for N¼ 852 and d¼ 0.55, 2.10mm for N¼ 853,
with the corresponding conductivity s(i) (mU�1cm�1) at 293 K.

Phase i f(i) d(i) s(i) d(i) s(i)

N ¼ 852 d ¼ 0.25 mm d ¼ 2.10 mm

Nb 44.7% 1.67 mm 0.060 13.74 mm 0.060
Cu-0 15.2% 0.27 mm 0.508 2.19 mm 0.561
Cu-1 17.5% 2.67 mm 0.562 21.97 mm 0.568
Cu-2 22.6% 15.14 mm 0.567 124.48 mm 0.568

N ¼ 853 d ¼ 0.55 mm d ¼ 2.10 mm

Nb 34.5% 323.8 nm 0.060 1.22 mm 0.060
Cu-0 11.8% 50.9 nm 0.327 192.2 nm 0.485
Cu-1 13.6% 511.8 nm 0.537 1.93 mm 0.560
Cu-2 17.5% 5.82 mm 0.565 21.97 mm 0.568
Cu-3 22.6% 32.99 mm 0.568 124.48 mm 0.568

bulk Cu ∞ 0.568 ∞ 0.568
bulk Nb ∞ 0.060 ∞ 0.060

2 Following [7, 50], all dimensions are given in the x2-x3 cross-section, i.e.
perpendicular to the wire axis x1, see Fig. 1 for the coordinate system.



models.
Finally, the scales S2 and S3 (i.e. macro-scale) for N ¼ 852 and

853 respectively are defined as a single cylinder-shape structure
with two layers: effective Cu-Nb composite zones containing 852/
853 elementary patterns (i.e. Cu-NbH2/H3 zone) surrounded by the
external Cu-2/Cu-3 jacket. The structural problem (label “S” stands
for Structural) will be solved by FEM to compute the apparent
material electrical conductance. Then the conductance will be
compared with experimental data.

2.3. Conductivity of individual components

The Cu-Nbwires are made of FCC Cu and BCC Nb polycrystalline
components, i.e. Nb, Cu-0, Cu-1, Cu-2 and Cu-3. Electrical conduc-
tivity in a single BCC/FCC grain is isotropic due to its cubic crystal
structure [24,25]. In addition, the Cu/Nb grains exhibit highly
elongated shapes due to the material processing, leading to an
anisotropic grain boundary density (grain boundary density along
x2,3 is higher than the one along x1) [50]. However, the influence of
grain boundary is rather small on the conductivity of the poly-
crystalline Cu [26], as the Cu grain width varies from �100 nm to
1 mm and the grain length is larger than 100 mm in actual Cu-Nb
wires [50]. Therefore, the effective conductivity of individual
polycrystalline Cu component in Cu-Nb wires is considered to be
isotropic. For the sake of simplicity, conductivity of polycrystalline
Nb is also supposed to be isotropic disregarding the grain boundary
effect. It will be shown that these approximations are sufficient to
predict the anisotropic electrical conductivity for Cu-Nb wires
based on experimental comparisons.

To predict the electrical conductivity of the individual compo-
nent in the Cu-Nb wires, temperature, dislocation density and size
effect (i.e. channel width d between two Cu/Nb interfaces) need to
be taken into account [6]. The conductivity of bulk specimen of
highly hardened Cu and Nb has also been measured [6]:
sbulk ¼ 0.568 mU�1cm�1 and 0.060 mU�1cm�1 for Cu and Nb
respectively at 293 K (reported in Table 2). It is worth noting that
the highly hardened bulk specimen exhibit extremely high dislo-
cation density, probably almost saturating. This approximately
corresponds to the dislocation density case of the Cu/Nb compo-
nents in Cu-Nb wires, in the considered range of conductor di-
ameters d2ð0:2;2:5Þ mm.

Regarding the effect of the channel width d, it is useful to relate
the conductivity in a given phase with ‘ the mean the free path of
electrons [6,51]:

‘CuðTÞ ¼ 66sbulk�CuðTÞ (1a)

‘NbðTÞ ¼ 87sbulk�NbðTÞ (1b)

(with sbulk in mU�1cm�1 and ‘ in nm). The mean free path of
electrons ‘ is defined as the average distance travelled by a moving
electron between successive collisions. Dingle's model [28] has
been initially developed to predict the conductivity of an infinite
long fiber with a small diameter d. In the present case, the con-
ductivity of the long fiber is strongly affected by the transverse
dimension due to electron scattering at surfaces/interfaces. The
model was later extended in terms of the ratio d∕‘ [6]:

s
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8
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The conductivity s(i) of individual component i is determined by
the choice of one of the three above equations which are expressed
in terms of the theoretical channel width d(i) of this component.
Table 2 reports the conductivity s(i) calculated by Equations (1) and
(2) of each individual component with the corresponding channel
width d(i) at 293 K. It is worth noting that the characteristic channel
width d(i) plays the same role on the additional scattering of the
electrons conducted along both the longitudinal and transverse di-
rections. Therefore, taking into account the size effect, s(i) can still
be supposed to be isotropic.

3. Experimental methods

Macroscopic longitudinal conductivities of the considered Cu-Nb
wires were determined previously [6,50] and are reported here for
completeness. A series of samples are used with a length of 40 cm
and a variable diameter d (see Section 2.1). The conductivities of
these samples are measured by the four-point probe technique at
293 K: the two outer current-carrying probes are placed at both
ends of the wire, then the two inner voltage-sensing ones are
placed between them; the distances between the outer probes and
inner probes are 39 cm and L ¼ 36.8 cm respectively. A current
I¼ 0.1 A is injected by the outer pair and the potential differenceDU
is measured by the inner pair leading to the following experimental
longitudinal conductivity sL:

sL ¼
I

DU
,
L
S

(3)

where the ratio I∕DU, L and S are the electrical conductance, the
distance between the voltage-sensing probes and the sectional area
respectively. The reported value is the average measurement with
an uncertainty on the order of 5% [6,50].

Due to ADB processing, the architecture of Cu-Nbwires is quasi-
axisymmetric with respect to x1. As a result, the effective material
behavior is expected to be transverse isotropic [19,20]. For the
conductivity along the transverse direction x2 or x3, a more delicate
measurement is needed due to the small sample size, compared
with the measurement of longitudinal conductivity [50]. The spe-
cific structure which is composed of Cu-Nb composite zone and a
Cu jacket (e.g. Fig. 1(c)) must be considered.

Fig. 2. Schematic of the Cu-Nb sample geometry used for the measurement of
transverse electrical conductance.



The measurement of transverse electrical conductance is also
performed with the four-point probe for both N ¼ 852 and 853 Cu-
Nb wires with a diameter of d ¼ 2.10 mm at 293 K [50]. The
cylinder-shape S2/S3 samples have been cut and mechanically
polished on two parallel sides perpendicular to x1 down to
218±5 mm and 190±5 mm for N ¼ 852 and 853 respectively (Fig. 2).
The two fixed current-carrying probes P1 and P2 are placed along
the diameter x3 outside the Cu-2/Cu-3 jacket, on the side walls of
the samples (i.e. x2 ¼ 0, x3 ¼ ±1:05 mm for P1 and P2), as illustrated
in Fig. 2. The two voltage-probes P3 and P4 are placed on the upper
surface. P3 is fixed in the middle of Cu-2/Cu-3 ring along the
diameter x3. In order to investigate the electrical conductance of the
whole sample, the mobile probe P4 is positioned on the upper
surface along two different paths: (i) along a diameter (i.e. along x3
axis with x32½�1:05;1:05� mm); (ii) along the middle line of Cu-2/
Cu-3 ring (i.e. position described by an angle q in a cylindrical co-
ordinate system with q2½0 +;180 +�), as shown in Fig. 2.

The injected current I at P1 and P2 was scanned from �0.1 A to
0.1 Awith a Keithley 6221 power source. Then the electric potential
difference DU ¼ UP3 � UP4 was measured between the fixed P3 and
the mobile P4 with a nanovoltmeter Agilent 34420. The un-
certainties of the measured apparent conductance is estimated as

small as ±0:1 mU�1 (fit uncertainty of the I∕DU data set). On the
other hand, the position uncertainties of mobile P4 are estimated as
±0:1 mm and ±9 + for P4 position along the x3 diameter and along
the Cu-2/Cu-3 ring respectively due to the small sample sizes. The
experimental data will be shown and compared with model pre-
dictions, in the longitudinal (Section 5.1) and transverse directions
(Section 5.2).

4. Hierarchical homogenization strategy

In this section, the effective electrical conductivity of Cu-Nb
wires will be predicted taking into account the specific multi-
scaled fiber-reinforced material architecture. At the effective scale
H1, (Fig. 1(a) and (d)), the elementary patterns appear with two
layers: Nb cylinder and Cu-0 tube. In order to homogenize the

assembly of these 851 Nb/Cu-0 fibers, a mean-field homogenization
method and a full-field FEM approach will be presented in Section
4.1 and Section 4.2 respectively. As the specimens exhibit many
characteristic scales (i.e. H1, H2, H3), a hierarchical homogenization
strategy will be proposed in Section 4.3.

4.1. Mean-field generalized self-consistent scheme

The GSC scheme [19,37] is developed in the following way: (i)
(nþ1)-layered cylindrical problem and (ii) n-layered problem
embedded in the HEMwhere the effective electrical conductivity es�
is determined by the self-consistent scheme [40,52], as illustrated
in Fig. 3(a). When applied to estimate the effective electrical con-
ductivity of H1, this scheme assumes that the elementary Nb/Cu-
0 fibers are distributed randomly.

Following [39], component 1 constitutes the central core and
component i lies within the shell limited by the two concentric
cylinders with the radii Ri�1 and Ri (R0 ¼ 0).

Each component is assumed to be homogeneous and to exhibit a
transverse isotropic behavior with the axis of symmetry along the
wire direction x1. We denote the longitudinal and transverse elec-

trical conductivity by s
ðiÞ
L and s

ðiÞ
T respectively in the component i.

The transverse isotropic conductivity is expressed as a second order

tensor: seðiÞ ¼ s
ðiÞ
T ðe 25 e 2 þ e 35 e 3Þ þ s

ðiÞ
L e 15 e 1 where 5

denotes the tensor product. Each component i obeys Ohm's law:

j ðiÞ ¼ �seðiÞ,V UðiÞ ¼ seðiÞ E ðiÞ (4)

where U, j and E denote the electric potential (mV), current den-
sity (A mm�2) and the electric field (mV mm�1) respectively.
Furthermore, in each individual Cu/Nb component i, the conduc-

tivity is isotropic leading to s
ðiÞ
L ¼ s

ðiÞ
T , as mentioned in Section 2.3.

On the other hand, the assembly of long fibers at H1 exhibit a
transverse isotropic effective conductivity [19].

The detailed GSC derivation of the effective conductivity es� of the

Fig. 3. Multiscale modeling of the effective conductivity from scale H1 (a and c) to scale H2 (b and d). (aeb): The iterative process by the GSC scheme; (ced): PH with the meshes by
FEM. Periodic boundary conditions in PH, denoted #, are considered. Orange stands for Cu, gray for Nb and brown for Cu-Nb composite. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)



n-layered elementary fibers can be found in Refs. [19,37]. Here, due
to the morphology of Cu-Nb filamentary wires, the two-layered
elementary fibers (i.e. n ¼ 2) will be considered. In this particular
case, the effective transverse conductivity reads [37]:

esT ¼
s
ð2Þ
T

h
R22

�
s
ð2Þ
T þ s

ð1Þ
T

�
� R21

�
s
ð2Þ
T � s

ð1Þ
T

� i
R22

�
s
ð2Þ
T þ s

ð1Þ
T

�
þ R21

�
s
ð2Þ
T � s

ð1Þ
T

�i (5)

where component 1 and 2 indicate here Nb and Cu-0 respectively
and R1 and R2 denote the radius of Nb cylinder and the external
radius of Cu-0 tube respectively. In the case of effective longitudinal
conductivity esL, GSC scheme leads to the following expression:

esL ¼ X
f ðiÞ sðiÞL (6)

where f (i) denotes the volume fraction of component i. It should be
noted that Eq. (6) is nothing else but the rule of mixture for con-
ductivity. It is the exact solution of the longitudinal conductivity for
all the microstructures formed by parallel long fibers despite their
distributions [22]. Thus, this solution does not depend on the ho-
mogenization method used.

4.2. Full-field periodic model

The mean-field GSC scheme, presented in the previous section,
assumes a random distribution of coated long fibers. In order to
take into account the quasi-periodic fiber distribution observed
experimentally (Fig. 1) due to the material processing and to
investigate the effect of this particular distribution, a periodic
problem needs to be solved. As mentioned in Refs. [19,20,53,54], a
unit cell subjected to periodic boundary conditions was considered
and this problem was solved using FEM PH. The periodicity of unit
cell and boundary conditions allow us to determine the effective
conductivity es� in a periodic and infinite HEM.

The section views of the unit cell of scale H1 and scale H2, with
their FE 3Dmeshes (c3d20 elements3), are respectively indicated in
Fig. 3(c) and (d). The Z-set software4 is used to perform the FE
simulations of PH model. The unit cell contains all the information
about the morphological RVE (Representative Volume Element) at
the effective scales H1 and H2. These meshes are composed of two
equivalent long fibers (1 þ 4 � 1/4 fibers) which are arranged in a
hexagonal lattice, and they represent the (idealized) multi-scaled
experimental microstructure of Cu-Nb wires. It should be noted
that the real architecture of Cu-Nbwires at all scales contains only a
finite number (i.e. 85) of long fibers. We have verified with the help
of a larger hexagonal structure without periodic boundary condi-
tions that the assumed infinity does not significantly affect our
results. The mesh density has also been checked to ensure adapted
numerical accuracy.

Using periodic boundary conditions, the electric potential U in
the elementary volume V takes the following form:

U ¼ 〈V U〉, x þ t c x 2V (7)

where 〈V U〉 indicates the volume average of the electric field in V
in Eq. (7), the fluctuation t is periodic, i.e. it takes the same values at
two homologous points on opposite faces of V. Furthermore, the
scalar of current density j ,n takes opposite values at the two
homologous points on opposite faces of V (n is the outwards

normal vector to vV). In order to determine the two components of
effective conductivity (i.e. esL and esT), two electric fields E are
subjected successively to V: 〈V U〉 ¼ E0 e1 for the longitudinal
conductivityesL, and 〈V U〉 ¼ E0 e2 (or E0 e3 ) for the transverse one

esT. Then the average current density 〈 j 〉 is determined by numer-

ical homogenization leading to the effective conductivity es� of PH by

using the following equation:

〈 j 〉 ¼ �es�,〈V U〉 : (8)

4.3. Scale transition strategy

Both GSC scheme and FEM PH are applied at the effective scale
H1 taking the size effect into account by the definition of seðiÞ of

each individual Cu/Nb component (see Table 2). It is found that the
effective electrical conductivity ðes�ÞH1 obtained by the two models

are in a very good agreement (percentage difference �1.0%). This
result allows an accurate prediction of the effective conductivity at
larger scales (i.e. scale H2/H3).

At scale H2 (Fig. 1(b)(e)), the effective long fibers consists of two
layers: (1) the nano-composite Cu-Nb zones containing 851 parallel
elementary fibers (i.e. H1 zones) and (2) the Cu-1 matrix. As illus-
trated in Fig. 3, an iterative process is proposed. The electrical
conductivity of the inner layer at scale H2, ðsð1Þ

� ÞH2, is given by the

effective tensor ðes�ÞH1 at H1. On the other hand,
�
s�

ð2Þ 	
H2 of the

second layer for H2 is associated with the conductivity of Cu-1�
s�
	
Cu­1. The scale transition is then performed by GSC and PH ap-

proaches, leading to the effective conductivity ðes�ÞH2 for the as-

sembly of 852 elementary long fibers. The same iterative process
will be repeated up to H3 for N ¼ 853 conductors using the same
models, allowing to estimate ðes�ÞH3.

The transverse isotropic effective conductivity ðes�ÞH2 (for

N¼ 852) and ðes�ÞH3 (for N ¼ 853) at 293 K are shown in Fig. 4(a) and

Fig. 4(b) respectively. The decrease in conductivity es� with the

diameter d reduction is due to the channel width d reduction
associated with drawing (i.e. due to size effect, see Section 2.3). It is
also found that, the magnitude of es� decrease is larger for N ¼ 853

than for N¼ 852 due to the higher influence of material refinement.
It is remarkable that the GSC scheme and PH provide very close

results for all the diameters d of N ¼ 852/853 conductors. The per-
centage difference between the predictions of these two models is
always �1%. This good match between model responses is likely
due to (i) the relatively small electrical contrast between Cu and Nb
electrical conductivities and (ii) both models take into account the
presence of a component playing the role of a matrix. Furthermore,
similar predictions of GSC and PH demonstrate a limited influence
of fiber distribution on conductivity, as these two models assume
respectively a random or a periodic distribution.

5. Experimental comparison and discussion

5.1. Experimental comparison for longitudinal conductivity

In Section 3, the experimental macroscopic longitudinal con-
ductivity by four-point probing at 293 K was recalled. Then the
anisotropic effective conductivity ðes�ÞH2 of N¼ 852 (also for ðes�ÞH3 of

3 c3d20: quadratic hexahedrons with 20 nodes per element.
4 Software for finite element method e http://www.zset-software.com.

http://www.zset-software.com


N ¼ 853) has been determined by the GSC scheme and the FEM PH
method with a scale transition iterative process in Section 4.3.

Predictions of the effective macroscopic longitudinal conduc-
tivities (i.e. ðesLÞS2/ðesLÞS3 for N ¼ 852/853 respectively) are compared
with experimental measures shown in Fig. 5. The uncertainty of the
conductivity measurement is on the order of ±5% for ðesLÞS2∕3 of Cu-
Nb composite specimens [50] and for the sbulk of bulk specimens
[6]. The model results depend directly on sbulk for each Cu/Nb
component, the uncertainty of sbulk leads to an uncertainty of a
similar magnitude on model results (i.e. ±5%) [19].

Very good agreement (percentage difference<5% in uncertainty
range) is found between experiment and theory for macroscopic
longitudinal conductivity of bothN¼ 852 and 853 Cu-Nbwires with
various conductor diameters. The longitudinal model predictions

depend on the conductivity of each Cu/Nb component ðs�ÞNb∕Cu­i
(i ¼ 0, 1, 2, 3) and the scale transition strategy. The general good
agreement between the model predictions and the experimental
data supports the idea that Dingle's model (Equations (1) and (2))
correctly takes into account the size effect on the conductivity.
However, some deviations can still be observed, particularly with
conductor diameters d < 0.5 mm for N ¼ 852 (see Fig. 5(a)). Two
main reasons can explain these deviations between experiment
and theory: (i) dislocation density of highly hardened bulk Cu/Nb
specimen (see Section 2.3)) may not always correspond to the
density in Cu-Nb wires, especially for the wires with smaller
sample diameters. (ii) geometrical heterogeneity (i.e. fluctuations
around the cylinders of Nb/effective cylinders of Hi zone (i ¼ 0, 1, 2,
3) due to material processing, as observed in Fig. 1) is not consid-
ered by our models.

Fig. 4. Effective longitudinal and transverse conductivity of (a) H2 for N ¼ 852 and (b)
H3 for 853 with respect to the conductor diameter d. The curves are obtained by the
Generalized Self-Consistent model (GSC) and the points by Periodic Homogenization
(PH).

Fig. 5. Experimental data for macroscopic longitudinal conductivity compared with
model predictions with various diameters d for: (a) N ¼ 852; (b) N ¼ 853.



5.2. Experimental comparison for transverse conductance

In Section 3, the transverse electrical conductances I∕DU of the
cylinder-shape samples have been measured by four-point probing
at macro-scale (i.e. scale S2/S3 for N ¼ 852/853 respectively). These
data are shown in Fig. 7 with respect to the positions of the mobile
point P4. Unlike the uncertainties of P4 positions, the uncertainties
of the conductance measurement can be neglected. For the sake of
clarity, only error-bars of the positions of P4 are plotted in Fig. 7. It
should be noted that the transverse electrical conductivity sT cannot
be calculated easily by an analytical approach from the measured
conductance due to the irregular cylinder-shape sample geometry
[43]. In order to compare experimental data with model pre-
dictions, structural problems (i.e. S2 and S3) need to be solved by
FEM.

Fig. 6. Section view of the FE mesh at scale S2/S3 for N ¼ 852 and N ¼ 853 respectively.

Fig. 7. Experimental transverse conductance compared with model predictions with respect to the positions of P4: (a) P4 along the x3 diameter for N ¼ 852; (b) P4 along the Cu-2
ring for N ¼ 852; (c) P4 along the x3 diameter for N ¼ 853; (b) P4 along the Cu-3 ring for N ¼ 853. The wire diameter d for both N ¼ 852/853 is 2.10 mm.



Fig. 6 shows the 3D mesh (c3d20) using real dimensions of the
S2/S3 sample to compute the apparent electrical conductance. In
order to improve the computational efficiency for the S2/S3 mesh,
only half of the Cu-Nb sample is simulated. Symmetric boundary
conditions (i.e. electric potential U ¼ 0) are imposed on the
appropriate x3 ¼ 0 surface. For N ¼ 852 Cu-Nb wires, the electrical
conductivity of the inner Cu-Nb composite zone of H2 and the
external Cu-2 jacket are assigned to ðes�ÞH2 determined in Section

4.3 and ðes�ÞCu­2 (see Table 2) respectively. A similar process has been

followed for N ¼ 853. In analogy to experiments, the boundary
conditions are applied to the S2/S3 mesh as follows: prescribing
electric current I at P1 and P2 and computing potential U at P3 and
P4 lead to the electrical conductance (as illustrated in Fig. 2). In
addition, the uncertainties of the conductivity measurement for
bulk specimens sbulk and of the S2/S3 sample thickness are
considered, obtaining an uncertainty of conductance on the order

of ±0:6 mU�1.
From the experimental comparison of Fig. 7, it follows that the

S2/S3 model provides an excellent prediction of the transverse
electric conductance for both N ¼ 852 and 853 Cu-Nb Filamentary
wires. Furthermore, the transverse conductance depends directly
on the homogenized electrical conductivity ðesT	H2∕H3. In other
words, the proposed GSC scheme, PH and scale transition iterative
process are validated for the first time by experimental data,
especially in the transverse direction for the fiber-reinforced
materials.

5.3. Current density distribution in the Cu-Nb composites

The anisotropic effective electrical conductivity es� was predicted

by multiscale modeling (Section 4.3) which are validated by
experimental data in both longitudinal direction (Section 5.1) and
transverse direction (Section 5.2). As shown in Fig. 4, it is found that
the effective longitudinal conductivity is always larger than the
transverse one esL > esTðesL∕esT z1:3Þ. In this section, our models
will provide a quantitative understanding of this anisotropy by
exploring the current density distribution at all scales.

The N ¼ 852 conductor with a diameter of 2.10 mm is chosen

here. The transverse current density jT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j22 þ j23

q
is investigated

when sample S2 is numerically subjected to a current I¼ 0.1 A at P2
(mentioned in Section 5.2). Fig. 8(a) indicates the obtained jT dis-
tribution at scale S2. A rectangular area corresponding to the H2

RVE size is chosen to determine the average current density 〈 j 〉.
This current density is then injected to the mesh at scale H2. This
localization is carried out successively up to H1. The jT distributions
at H2 and H1 are shown in Fig. 8(b) and (c) respectively using the
same color scale.

It is found that the current density jT displays a non-uniform
distribution: about 50% of the Cu channel exhibits a higher jT up
to �0.5 Amm�2 than the other part due to the fiber-reinforced
microstructure. However, jT in Nb fibers is negligible compared
with Cu matrix. Thus, multi-scale modeling demonstrates that
current flows along the least resistive path, i.e. within Cu as much
as possible, leading to “curved” current lines. On the contrary, when
assessed longitudinally, current lines remain parallel to the fibers
[22]. In this case, jL (i.e. j1) exhibit a uniform distribution in each Cu/
Nb component. Therefore, experiments and theory find consis-
tently that the Cu-Nb wires exhibit an anisotropic effective con-
ductivity due to the significant influence of their specific
microstructure.

6. Conclusions

This work focuses on multiscale modeling of the anisotropic
electrical conductivity of architectured and nanostructured Cu-Nb
composite wires, then this modeling strategy is validated by
experimental data for the first time. The main conclusions of this
work are the following:

1. Size effect is considered in models by the definition of the
conductivity of each component in the Cu-Nb wires. For
instance, bulk polycrystalline Cu exhibits a conductivity of 0.568
mU�1cm�1 at 293 K, while the conductivity of long Cu channels
with a width as small as 50.9 nm is predicted to be 0.327
mU�1cm�1. The size effect taken into account by multiscale
modeling of Cu-Nb wires is then confirmed by experiments.

2. Two homogenization models are applied and compared for the
determination of the effective electrical conductivity of the

Fig. 8. Transverse current density jT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j22 þ j23

q
distribution for N ¼ 852 Cu-Nb Fila-

mentary wires with a diameter of 2.10 mm at (a) scale S2, (b) H2 and (c) H1.



fiber-reinforced microstructure. A mean-field GSC scheme and a
full-field FEM PHwere proposed assuming a random or periodic
distribution of Cu-Nb long fibers respectively. The perfect
agreement between the two models reveals a limited influence
of fiber distribution on the effective conductivity.

3. An iterative homogenization approach is used to predict the
effective electrical conductivity up to scale H2/H3 for N ¼ 852

and N ¼ 853 respectively. The effective conductivity estimated
by the GSC scheme and PH always almost coincide at all scales.

4. The anisotropic electrical properties of Cu-Nb wires are deter-
mined by the four-point probe technique, in particular the
transverse conductance is measured for the first time in these
materials.

5. The model predictions are successfully compared with experi-
mental data obtained in this work for both longitudinal and
transverse conductivities (i.e. esL and esT). Experiments and the-
ory show consistently that the specific architecture and micro-
structure of Cu-Nb composites have a significant effect on their
anisotropic conductivity (leading to esL∕esTz 1.3).

Further work is in progress in the following directions: Cu-Nb
wires are used in winding coils for generation of intense mag-
netic fields (>90 T) at 77 K (instead of 293 K studied in this work)
[6]. Therefore, theory and experiment will be extended taking
various temperatures into account. In addition, the precise values of
dislocation density for various conductor diameters and realistic
geometrical heterogeneity will be considered in multiscale
modeling.
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