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A B S T R A C T

Variability is unavoidable in the realization of products. While design must specify ideal geometry, it shall
also describe limits of variability (tolerances) that must be met in order to maintain proper product
function. Although tolerancing is a mature ﬁeld, new manufacturing processes and design methodologies
are creating new avenues of research, and modelling standards must also evolve to support these
processes. In addition, the study of uncertainty has produced widely-accepted methods of quantifying
variability, and modern tolerancing tools should support these methods. The challenges introduced by
new processes and design methodologies continue to make tolerancing research a fertile and productive
area.

1. Introduction
Uncertainty is ubiquitous in any engineering system, at all
stages of product development and throughout the product life
cycle. This presence of uncertainty incurs risks – to the product
performance, to process scheduling, to market acceptance, or to
the business itself. To mitigate these risks, strategies that bound
design variables and their associated uncertainty are employed.
These related concepts-uncertainty, risk, and tolerances-create the
landscape within which many engineering design activities are
performed. In the classic geometrical domain, uncertainty appears
as dimensional variability, risk relates to non-conformance, and
tolerances are used to limit the allowable variability.
The rising demand for high reliability, robustness and safety of
complex engineering systems, such as automobiles and aircraft,
requires engineers to understand and manage various uncertainties
during the design process. Such uncertainties include anticipated
manufacturing variation, imperfect numerical approximations,
imprecise estimates of loading, and limited prototypes on which
to perform testing. These uncertainties, if incorrectly managed, could
lead to signiﬁcant design bias, costly maintenance, even catastrophic

consequences, especially for multidisciplinary systems. Therefore, it
has become imperative to identify the sources of uncertainty and
quantify the impact of multiple types of uncertainties in multidisciplinary systems design [12,225,248,293,294].
Examples of uncertainty include manufacturing imprecision,
variations in product usage, and geometric variability; all of these
are subject to imperfections and incomplete information. Such
uncertainty has a signiﬁcant impact on product performance. The
ability to evaluate and improve product performance where
several types of uncertainty are present is very important to avoid
warranty returns and scraps [60].
V. Srinivasan identiﬁed two axioms underlying his discussion of
computational metrology [280,281]. These are:
1) The axiom of manufacturing imprecision: “All manufacturing
processes are inherently imprecise and produce parts that vary.”
2) The axiom of measurement uncertainty: “No measurement can be
absolutely accurate and with every measurement there is some
ﬁnite uncertainty about the measured attribute or measured
value.”
Due to the imprecision associated with manufacturing process;
it is not possible to repeatably produce the product's theoretical
dimensions. This results in a degradation of the product performance. In order to ensure the desired behavior and the

performance of the engineering system in spite of uncertainty, the
component features are assigned tolerance limits within which the
characteristic of the feature – i.e. situation and intrinsic
characteristic – lies. This activity is referred to as “tolerancing”.
Further, the inability to determine the true value of actual part
characteristics inﬂuences the ability to properly characterize
manufacturing processes. To manage the rate of out-tolerance
products and to evaluate the impact of component tolerances on
product performance, designers need to simulate the inﬂuences of
uncertainty with respect to the functional requirements.
1.1. History of tolerancing
The development of tolerancing can be traced back to the end
of the 19th century or the beginning of the 20th century through
the need for more precisely engineered components to be
assembled interchangeably [99,47,131,240]. Since 1905, the
“Taylor Principle” or “envelope requirement” which is based
on the hard gauging practice, allowed the development of a
function-oriented approach for assembly, thus enabling the
foundations for a scientiﬁc approach to tolerancing [287]. Subsequently, the military and manufacturing sectors encouraged
the development of standards addressing limits and ﬁts,
technical drawings, subcontracting documents, and also gave
more consideration to manufacturing operations and the control
of workpiece variability in the practices of the design and
engineering ofﬁces [130].
A geometric model for tolerancing was developed by S. Parker
in 1938 through the development of tolerances of location and
tolerance zones [230]. Parker’s work is seen as the foundation of
geometric tolerancing and has paved the way for new concepts
such as the principle of the maximum material condition
developed by Chevrolet in 1940 [64]. At the same time, efforts
to standardize the graphical symbolism of tolerancing for
technical drawing led to the GD&T (Geometric Dimensioning
and Tolerancing) system through the development of American
standards MIL-STD-8 (1949), ASA-Y14.5 (1957), USASI Y14.5
(1966), ANSI Y14.5 (1973), ANSI Y14.5M (1982), ASME Y14.5M
(1994) [27], and ASME Y14.5 (2009) [24]. Similarly, international
tolerancing standards (ISO) have also evolved from the ISO system
of limits and ﬁts ISO/R 286 (1962) and standards for technical
drawing and geometrical tolerancing ISO/R 1101 (1969) to a new
system of standards for Geometrical Product Speciﬁcations (GPS)
which are now being developed in the different working groups
of lSO/TC 213 [222].
The work in TC 213 is based on the idea that the ﬁeld of
geometrical product speciﬁcations can be described as a matrix:
the rows are the various requirements and the columns are the
various pieces that have to be in place to create an unambiguous
speciﬁcation. In this new approach, speciﬁcations are deﬁned by
an ordered set of operations, each of which is applied to a
feature [167] according to Mathieu and Ballu [208], based on
these ordered set of operations (or operators) the uncertainties
links to tolerancing activities are developed in [169]. The idea of
the GPS system is to guarantee and ensure mechanical product
properties in terms of functionality, reliability and interchangeability.
Over the last 40 years, the conﬂuence of industrial need, the rise
of the CAx software, and the development of coordinate metrology
has justiﬁed both signiﬁcant research and an evolution of the
tolerancing standards. The CIRP Seminar on Computer Aided
Tolerancing (CAT) was conceived during the 1980s following the
growing desire of the CIRP community to undertake cooperative
projects on the topics of tolerancing and dimensioning of
mechanical parts, the functional meaning of tolerances, uncertainty and standardization [132,232,314]. Two main needs were
identiﬁed to be emerging at that time [313]: the integration of
tolerancing procedures in the CAD/CAM environment, and the
assessment of geometrical errors of Coordinate Measuring
Machines (CMMs) and algorithms for analyzing workpiece data.

These two areas were being researched extensively with most of
those contributions being published at the CIRP Annals
[241]. Meanwhile, in the ﬁeld of Computer Aided Process Planning
(CAPP), tolerance transfer and tolerance charting were being
computerized in order to be integrated into CAD/CAM systems
[115,117]. Bearing in mind the relevance that CAT was acquiring,
the necessity to meet, share and discuss the developments of this
ﬁeld was manifest. In December 1989, in response to this need,
Prof. R. D. Weill organized the ﬁrst two-day Working Seminar on
CAT in Jerusalem, Israel. Since then, the seminar has been held
every two years, taking place 15 times worldwide and with over
600 papers published.
1.2. New challenges in tolerancing
The introduction of new manufacturing technologies has
broadened the scope of both geometry and material attributes
that a designer may specify. With this speciﬁcation naturally
comes the need for control of variability in these new attributes. As
an example, new additive manufacturing processes can produce
assemblies in as-built form, create complex lattice structures for
support, and produce gradients in the density and composition of
material throughout the workpiece. These potential workpiece
attributes introduce challenges in the modelling of the workpiece’s
nominal design, and until the nominal properties are deﬁned,
variability in these attributes is difﬁcult to control. For example,
consider the complex support structure in Fig. 1: both the explicit
modelling of this geometry, and appropriate controls to the
support shapes represent challenges to conventional tools and
practice. However, there is a great opportunity to simultaneously
consider control methods as the modelling methods are developed. If a particular representation is chosen to describe how
material density changes throughout a part, this representation
should accommodate the allowable variation in this density
attribute.

Fig. 1. Complex support structure.

In addition to broadening the domain of workpiece speciﬁcation, the consistency and traceability of data throughout the
product lifecycle is of increasing importance as enterprises rely
more heavily on a digital representation of not only the workpiece,
but the processes that produce, inspect, and maintain the product
through-out its lifecycle. Current standards describe how the
tolerances associated with features may be presented to a human
user, as shown in Fig. 2, but do not require a speciﬁc underlying
model or representation. The concept of a “digital thread” is that all
product information is captured in a format that is usable by the
design, manufacturing, and inspection activities of the product's
lifecycle, and that the information is uniquely identiﬁable, so that
the traceability of information may be maintained.
These new challenges (and others) are revisited in more detail
in Chapter 7, where a framework for future research is proposed in
the context of the information provided in the intervening
Chapters.

uncertainty are brieﬂy explained through Section 2.1. Afterward,
uncertainty taxonomies are provided in Section 2.2.
2.1. Concept of uncertainty

Fig. 2. Example of model presentation to the user.

1.3. Extensions to tolerancing
The concept of tolerance is similar to the concept of margin,
with the main difference being that these concepts are used in
different ﬁelds. The term “engineering tolerance” refers to the
permissible limit or limits of variation in a physical dimension or in
a physical property of a material, while a margin may refer to
model parameters in a variety of situations.
Quantiﬁcation of Margins and Uncertainty (QMU) [225,226]
focuses on the identiﬁcation and analysis of performances and
their margins that are evaluated under uncertainties using
computational modelling and simulation. QMU focuses on
rigorously quantifying model uncertainty in order to support
comparison to design margins, and evaluate their impacts on the
response output variables. There is currently no standardized
methodology across the simulation community for conducting
QMU.
1.4. Subsequent chapters
There are many different approaches to manage uncertainties
which are closely interrelated with tolerancing. The remainder of
this paper is organized as follows: Chapter 2 contains a review of
uncertainty taxonomies, and this language is used throughout the
following chapters; Chapter 3 describes how these uncertainties
are relevant to the different stages of the product design process.
The unambiguous speciﬁcation of tolerances requires a standardized language for communication (Chapter 4). Techniques to
propagate and analyze the tolerances are described in Chapter 5,
and methods to allocate the tolerances are covered in Chapter
6. New challenges foreseen in the ﬁeld of tolerancing are discussed
in Chapter 7, with conclusions and a structure to guide future work
in Chapter 8.

Uncertainty is ubiquitous in engineering design. As we aim for
designing more and more complicated systems, current tools are
not capable of accurately predicting the behavior and design
parameters of the designed systems. This inability, which can be
due to various reasons, is discussed as “uncertainty” in design. Lack
of knowledge about a system and its environment, imperfect
manufacturing, coupling of a system’s elements, errors and many
other issues cause the design to be uncertain. The concept of
uncertainty is discussed and classiﬁed in different engineering
domains such as systems engineering [183], civil engineering [28],
structural engineering [211], aerospace [88] and mechanical
engineering [228].
The term ‘uncertainty' has come to encompass a multiplicity of
concepts. Basic deﬁnitions of uncertainty include “liability to
chance or accident”, “doubtfulness or vagueness”, “want of assurance
or conﬁdence; hesitation, irresolution”, and “something not deﬁnitely
known or knowable”.
Uncertainties are things that are not known, known only
imprecisely, or incompletely. There is no value judgment in stating
that something is uncertain – it may be worse or better than
expected.
In the ﬁeld of production engineering, the concept of
uncertainty is associated with precision and metrology. Uncertainties are factual and measurable; things are known, or not
known, or known to a quantiﬁable degree or within quantiﬁable
bounds. Measurement results are affected by measurement
uncertainty, which leads to technical and economic risks in
industrial companies. By assessing the risks and the connected
consequences of the decisions (conformity veriﬁcation), the
signiﬁcance of the measurement result can be evaluated
[303,304]. The simulations of the functional chain of conformity
assessments generate an estimation of the signiﬁcance of
measurements in dependence of measurement uncertainty and
other types of uncertainties. This notion of uncertainty is by now
well entrenched in metrology.
Uncertainty is present in all areas of design, manufacturing
and metrology. ISO GPS standards established the duality
principle of speciﬁcation and veriﬁcation and that uncertainty
develops through the product lifecycle. In ISO/TS 17450-2, the
concept of uncertainty is expanded to speciﬁcation and
veriﬁcation. The uncertainties through the product life cycle
span from the design intent to the uncertainty in the
performance of the product as well as the environment in
which it will perform. The classiﬁcation is provided in Fig. 3. The
uncertainty is divided into correlation uncertainty and compliance uncertainty, which comprises speciﬁcation uncertainty
and measurement uncertainty:

2. Uncertainty taxonomy
In this chapter, a general view of the uncertainty concept is
provided. Relevant papers in the domain of uncertainty classiﬁcation, design under uncertainty, uncertainty, and tolerancing are
reviewed. Deﬁnition of uncertainty is widely different and is
greatly inﬂuenced by context and discipline.
One of the most controversial discussions in uncertainty
analysis relates to the classiﬁcation of uncertainty into several
types and of possible sources of uncertainty. A classical classiﬁcation is the separation of uncertainty into the two types: aleatory
and epistemic. Aleatory uncertainty, also referred to as irreducible,
objective or stochastic uncertainty, describes the intrinsic variability associated with a physical system or environment
[35]. According to the probability theory, aleatory uncertainty is
modelled by random variables or stochastic processes. Epistemic
uncertainty, on the other hand, is due to an incomplete knowledge
about a physical system or environment. The deﬁnitions of

- Correlation uncertainty is a measure of how well the functional
requirements correlate to product speciﬁcations. If there is a
good correlation between the functional requirements and the
speciﬁcation, then the correlation uncertainty is low.
- Compliance uncertainty is the sum of speciﬁcation uncertainty
and measurement uncertainty, with which it can be proven that a
workpiece complies with all possible interpretation of a
speciﬁcation.
- The speciﬁcation uncertainty characterizes the ambiguity in the
speciﬁcation expression. It is caused by poor deﬁnitions in
standards and other requirement documents [200].
- The measurement uncertainty is considered by the metrologists
and well described in GUM. The measurement uncertainty
includes all the causes of variation of the quantity intended to be
measured, usually through inspection. The computation method
of measurement uncertainty is given in GUM [134] and simpliﬁed
in ISO 14253-2 [166].

- The combination of the measurement uncertainty, the speciﬁcation uncertainty and the correlation uncertainty is called “total
uncertainty”.
It can be seen that even with a low uncertainty in measurement,
the total uncertainty could be very signiﬁcant when correlation
and/or speciﬁcation uncertainties are large.

matically and then be reduced signiﬁcantly. Whilst design for
additive manufacturing (AM) is genuinely function-oriented, the
challenges associated with AM speciﬁcations with consideration of
correlation uncertainty are still emerging (see Section 7.1). New
interdisciplinary approaches to correlate the geometry at multiple
scales and the function and the efﬁcient integration between
design, manufacturing and metrology are recently explored with
promising results [289].
2.3. Uncertainty taxonomy

Fig. 3. GPS uncertainty taxonomy.

A signiﬁcant amount of research has been devoted to the
deﬁnition and classiﬁcation of the uncertainty. We will consider
uncertainties from the point of view of the designer.
The analysis of this paper is mainly based on the classical
taxonomy with considering the categorization of Thunnissen
[294]. With basis of aleatory and epistemic uncertainties,
Thunnissen added two more categories: ambiguity and Interaction. This structure is shown in Fig. 4, and each of the uncertainty
categories is discussed in the paragraphs that follow.

2.2. Correlation uncertainty
The correlation uncertainty aims to ascertain the appropriateness of the geometrical product speciﬁcations to guarantee the
functional requirements. It is the designer’s responsibility to keep
the correlation uncertainty as low as possible by the correct
expression of the intended functional requirements. In the actual
ISO GPS standards, the “correlation uncertainty” is replaced by the
“ambiguity of the description of the function” [169] which refers to
the “uncertainty arising from the difference between the actual
speciﬁcation operator and the functional operator that deﬁnes the
intended function of the workpiece”.
Functions such as the assembly of parts can be completely
described by ISO GPS and ASME Y14.5 standards, and so the
correlation uncertainty is then considered to be low [140]. However, some functions are very complex and depend not only on the
geometry described by the shape, the size and the texture, but also
by the material properties, the manufacturing methods, and the
operating conditions and many simplifying assumptions must be
made. This difﬁculty is described in Refs. [236] and [177] as
“perhaps the biggest inverse problem in manufacturing” and also
by Srinivasan [280], stating “Correlation uncertainty, in particular,
is an uncharted territory. Standards do not tell us how to ﬁnd this.”
Only few research addressed correlation uncertainty. Dantan
et al. [73] developed an approach for the expression and evaluation
of the correlation uncertainty for gear conformity. Weckenman
and Hartman [311] proposed a function-oriented method based on
mathematical-physical model of the function, and integrated this
with the entire process chain for the micro-structured surfaces of
an inking roll. To accommodate the correlation uncertainty, Jiang
and Whitehouse [177,316] pointed out that the functional
performance should be basically classiﬁed and new technological
shifts should be addressed. The characterization of function and
the correlation with geometric parameters have been intensively
investigated in the domain of micro-geometry and surfaces using
function maps that permits also to consider the manufacturing
process with only few parameters to correlate the function and to
avoid contributing to “the parameter rash” [315].
The shift towards micro-parts, freeform and structured surfaces
for added-value manufacturing, and the optimization of the
performance of the products represent new challenges in modern
design when tackling correlation uncertainty. Functionalities of
such freeform and structured surfaces can be clearly deﬁned in the
ﬁrst place, such that the functionalities can be directly interpreted
into speciﬁcations to deﬁne the surfaces. It is envisaged that in
such cases, correlation uncertainty can be characterized mathe-

Fig. 4. Thunnissen’s uncertainty taxonomy.

Ambiguity has also been called imprecision, design imprecision, linguistic imprecision, and vagueness. Although it can be
reduced by linguistic conventions and careful deﬁnitions, ambiguity remains an unavoidable aspect of human discourse. In the
context of tolerancing, the speciﬁcation uncertainty is similar to
the ambiguity. This point will be detailed in the Chapter 4, where
standards play an important role.
Epistemic uncertainty is any lack of knowledge. The key
feature is that the fundamental cause is incomplete information or
incomplete knowledge of some characteristic of the system or the
environment. Thunnissen [294] classiﬁed epistemic uncertainty
into Model, phenomenological and behavioral uncertainty:
- Model uncertainty is in the accuracy of the model of a system
regarding the actual system. In other words, it is the difference
between the mathematical model and the actual behavior of the
system. Since the approach is to model the system; model
uncertainty is an important type of epistemic uncertainty here.
Some of the most difﬁcult problems arise from unintended
omissions from the model – these can be thought of as the
“unknown unknowns.” Model uncertainty can also be due to
approximation errors, programming errors or numerical errors.
- Phenomenological uncertainty is related to the behavior of a
system in different conditions. It can be due to unknown impacts
of the environment, unimaginable behavior of the system in
speciﬁc condition, or possible behavior of the system while using
speciﬁc design technique. It may also be due to limited
understanding of the behavior of key parameters of the
phenomenon or their interactions. To model a system, it is
necessary to predict its behavior. Therefore, considering
phenomenological uncertainty is essential. This type of uncertainty is mostly in qualitative form (related to the system’s

function) though it is important to consider this type of
uncertainty in modelling and designing the structure of the
system. So, for the elicitation of this type of uncertainty the
designer needs a model that creates the link between function
and physical structure.
- Behavioral uncertainty is related to the uncertain individual or
organizational behavior. It can be due to the design decisions that
are made during the design process, customer or stake holder
requirement uncertainty, uncertainty in future action of the user
or organization while interacting with the system, or human
errors during development of a system.
In the context of tolerancing, the variability analysis is affected
by these uncertainties. In fact, variability analysis includes
variability modelling, system behavior modelling and variability
propagation. This point will be detailed in the Chapter 5.
Aleatory uncertainty is inherent variation associated with a
physical system or environment under consideration. Aleatory
uncertainty goes by many names: variability, irreducible uncertainty, inherent uncertainty, or stochastic uncertainty. In the context of
tolerancing, this uncertainty is the most well-known [71].
Interaction uncertainty arises from unanticipated interaction
of many factors and/or disciplines, each of which might, in
principle, be or should have been foreseeable. Potential techniques
to deal with this type of uncertainty are simulation, multidisciplinary design optimization (MDO), and complexity science. In the
context of tolerancing, this uncertainty affects the tolerance
allocation (Chapter 6).
Although this paper will focus on Thunnissen’s classiﬁcation,
there are other classiﬁcations for uncertainty [87,184] in design
and modelling that need to be mentioned as well. Walter et al.
[302] has another categorization with focusing on modelling and
simulation. They categorized uncertainty into “phenomenological
uncertainty”, “uncertainty in human behavior”, “uncertainty in
data” and “uncertainty in model and simulation” (shown in Fig. 5).
In comparison to Thunnissen’s classiﬁcation, phenomenological
uncertainty and uncertainty in human behavior are epistemic
uncertainties in the sub-category of phenomenological and
behavioral uncertainties respectively. Uncertainty in data can be
due to its variation, which in this case is aleatory uncertainty, or
due to the vagueness, which in this case is epistemic uncertainty
[302]. Model and simulation uncertainty in this categorization can
be in the concept (epistemic-phenomenological), the mathematical model (epistemic-model), programming (epistemic-behavioral) or visualization of effect (aleatory). Structural engineering
follows a somewhat analogous classiﬁcation [211].

Fig. 5. Walter’s uncertainty taxonomy.

Engelhardt et al. [104] categorizes uncertainty into three types,
as shown in Fig. 6:
1) Stochastic uncertainties: these are related to the probability and
propagation of an event. They are also related to the uncertain
values for entities in design. This is aleatory uncertainty in the
Thunnissen’s classiﬁcation.
2) Unknown uncertainties: This is regarding the lack of knowledge
about an event, effect or behavior of a system. This is an
epistemic uncertainty.
3) Estimated uncertainty: This uncertainty is when the effect is
known but the probability of the event is partially quantiﬁed.

This represents a case where both aleatory and epistemic
uncertainties exist.

Fig. 6. Engelhardt’s uncertainty taxonomy [104].

2.4. Observations
This chapter summarizes uncertainty taxonomies and deﬁnitions in the ﬁelds of precision engineering and product design. The
classiﬁcation the is used separates uncertainty into four types:
ambiguity, epistemic, aleatory, and interaction. Epistemic uncertainty is further broken out into model, phenomenological, and
behavioral uncertainty.
The next chapter provides the position of the uncertainty
management in the context of Product design.
3. Uncertainty management in design
Engineering Design problems are ‘ill-deﬁned’ problems
[100]. In new product development (NPD) processes, the numbers
of unknowns far outweigh the number of knowns. This results in a
process that has a high degree of uncertainty at the start, which is
progressively reduced through co-evolution of product speciﬁcation and product design as the process progresses. In practice, NPD
processes generally follow a divergent convergent pattern with
stage-gated project process ﬂow allowing for progressive design
and development maturity [238]. This characteristic divergent
convergent pattern enables the designer to deduce and reduce the
uncertainty throughout the process by narrowing the choices
towards feasible solutions throughout the process. The design
state, which is deﬁned as the incorporation of all the information
about a design as it evolves, also progressively transitions from
being abstract (text descriptions, customer requirements), to
concrete (analytical models, controlled geometric representation,
ﬁrm speciﬁcations) [227,324,325].

Fig. 7. Generic product development process according to Ulrich and Eppinger
[105].

Using the uncertainty taxonomy described in the previous
section, and considering the 6 phases of a generic design process
[105] shown in Fig. 7, the types of uncertainty and their impact in
each phase can be identiﬁed. Each design phase is described in the
paragraphs that follow, and summarized in Fig. 8.
0. Planning: In this phase, the design state is in its most abstract
form. The design space is also at the point of being least
explored. Consequently, this phase is characterized by a high
degree of ambiguity and a signiﬁcant degree of epistemic and
interaction uncertainty. Due to the abstract nature of the design
state, the aleatory uncertainty cannot be well deﬁned in this
phase.

1. Concept development: This is a critical divergent-convergent
phase of the NPD process. In this phase, possible concepts to the
design problem are determined. This phase is characterized by a
reducing ambiguity as the design state evolves along with the
co-evolution of design problem and solution. This leads to a high
level inclusion of interaction uncertainty as different interactions between the elements of the system as well as the
interaction of the system with the different stakeholders
(environment, users, . . . ) is considered. Epistemic uncertainty
in designer’s decisions toward identifying a solution is
unavoidable.
2. System-level design: The concept obtained in the previous
phase is ﬁxed and system level decisions are made in this phase.
This phase is characterized by reducing ambiguity as the key
product decisions are agreed upon, enabling the designers to
ﬁnalize key speciﬁcations as key performance indicators. The
availability of early stage analytical models as well as basic
geometry allows the designers to start incorporating estimates
of aleatory uncertainty.
3. Detail design: The detail design entails a detailed focus on
discrete components. In this phase the details including form,
surfaces, tolerances, dimensions, and material are decided upon
based on the design of the previous phase. This entails a
signiﬁcant focus on aleatory uncertainty as the design as well as
manufacturing intents are ﬁnalized and key performance
indicators are simulated via modelling. The interaction uncertainty is integrated, controlled and managed in this phase via
developing more detailed models of the system and understanding the physical processes and their interaction with each
other. In addition to the epistemic uncertainty due to the
decisions of this phase or previous phases, the existence of
aleatory uncertainty in the value of physical entities and
environmental impacts are unavoidable [229].
4. Testing and reﬁnement: This is a notable phase in the design
process as one of the major objectives of the phase is to identify,
control, and reduce uncertainty. The key activities in this phase
are to develop and test functional prototypes to ascertain the
product performance as per the requirements in presence of
different uncertainties managed in the earlier phases. Additionally, this phase also allows to identify the uncertainties that may
not have been addressed or considered. As such, the interaction
and aleatory uncertainties are signiﬁcantly addressed in this
phase and any outstanding ambiguity or epistemic uncertainties
are accounted for.
5. Production ramp-up: This phase is characterized by a high
degree of focus on aleatory uncertainty as the key production
plans are put into action and any unexpected process variations
and uncertainties are managed and resolved before the
production ramp up process is converted into full production.
Fig. 8 shows the relative inﬂuence of the different types of
uncertainty through the phases of the design process. In addition
to the classical component design process, it is important to also
consider how uncertainty plays a role in higher-level project
design. The design of complex systems is more heavily weighted
toward the early stages, and the interaction uncertainty – driven by

Fig. 8. Effect of uncertainty in different phases of product development process.

complexity – plays a large role in the risk of the process. A
discussion of the evolution of uncertainties in cost over a product
lifecycle is described by Schwabe et al. [261].
3.1. Uncertainty and risk
To clarify the scope of uncertainty management in design, it is
important to identify the consequences of these uncertainties: The
uncertainties lead to risks. Concise Oxford Dictionary deﬁnes ‘risk’
means: “hazard, chance of bad consequences, loss, exposure to chance
of injury or loss”. In the context of system engineering, risk is
classiﬁed into technical (feasibility, operability, manufacturability,
and systems effectiveness), cost (estimates, goals), schedule
(technology/material availability, technical achievements, milestones), and programmatic (resources, contractual) [150]. Browning [43] proposes an overview on the link between risks and
uncertainties. The sources of risk in product development are
divided into six categories, described below and summarized in
Fig. 9:
1. Performance risk—Uncertainty in the ability of a design to meet
desired quality criteria (along any one or more dimensions of
merit, including price and timing) and the consequences
thereof.
2. Schedule risk—Uncertainty in the ability of a project to develop
an acceptable design (i.e., to sufﬁciently reduce performance
risk) within a span of time and the consequences thereof.
3. Development cost risk—Uncertainty in the ability of a project to
develop an acceptable design (i.e., to sufﬁciently reduce
performance risk) within a given budget and the consequences
thereof.
4. Technology risk—A subset of performance risk: uncertainty in
capability of technology to provide performance beneﬁts
(within cost and/or schedule expectations) and the consequences thereof.
5. Market risk—Uncertainty in the anticipated utility or value to
the market of the chosen “design to” speciﬁcations (including
price and timing) and the consequences thereof.
6. Business risk—Uncertainty in political, economic, labor, societal, or other factors in the business environment and the
consequences thereof.

Fig. 9. Uncertainty and risk taxonomy.

All types of uncertainty cause risks in that they affect the design
process [133]. Many techniques exist to reduce and mitigate these
risks [56]. To clarify the scope of these techniques, McManus and
Hasting [209] propose a framework: “Uncertainties lead to Risks or
Opportunities, which are handled technically by Mitigations or
Exploitations, which hopefully lead to desired Outcomes”. Based on
this framework, the taxonomy of uncertainty management is
provided in Fig. 10. In the next section of this chapter, this
taxonomy is used to deﬁne the aim, the scope and the position of
various approaches: Robust design, Reliability based design, and
tolerancing.

Fig. 11. Type-III robust design [65].

Fig. 10. Uncertainty management taxonomy.

3.2. Robust design
Robustness refers to performance stability in engineering.
Robust design is a set of engineering methods widely successful in
reducing sensitivity to such noise factors as design parameter
variation, customer use conditions, manufacturing variability, and
degradation of a system over time.
Robust Design Optimization (RDO) aims at minimizing the
sensitivity of the performance under variability. RDO methods
intend to achieve systems with slight performance variations
around their nominal values. The primary objective of RDO is to
reduce the uncertainty through selection of the values of design
variables X while considering the performances Y so that the mean
value of the performance mY(X) and their standard deviations s Y(X)
are within acceptable range of the design outcomes.
Find :
Minimizing :

X
w  mYðXÞ þ ð1  wÞ  s YðXÞ

ð1Þ

Choi [65] categorizes robust design into four types. Type-I
robust design is related to identifying design variable values to
satisfy the required performance requirements despite the
variations in noise factors [2]. Type-I RDO manages Aleatory
uncertainty from noise variables. Type-II RDO deals with
uncertainty in the value of design variables while considering
noise, thereby, addressing two sources of aleatory uncertainty. As
shown in ﬁgure X by the yellow region, both Type I, and II RDO aim
to stabilize the system response while considering aleatory
uncertainty. Type-III RDO deals with managing the effects of
uncertainty introduced by identifying adjustable ranges for design
variables, that satisfy sets of performance requirement ranges and
are insensitive to the variability within the model. This is shown by
the orange region of decreased system response variability in
Fig. 11. In addition to addressing Aleatory uncertainty, Type-III RDO
also deals with the epistemic uncertainty related to the
phenomenon and behavior of system. Type-IV is related to the
model uncertainty including errors in decisions and accumulated
errors by series of uncertain subsystem models [65].
The search for robust solutions has led to analyses and
modelling of uncertainties due to manufacturing imperfections,
external uncertainty and error modelling. These uncertainties can
be aleatory or epistemic by nature [226]. In the past few years,
many approaches have been developed to deal with uncertainty
such as robust design methodology (RDM) [212]. Most of these
approaches, however, focus on downstream design phases 3–5 and
are in form of analytical or numerical models, intended mainly to
study the impact of uncertainty on key design parameters
[213]. This is due to presence of ambiguity and epistemic

uncertainty in earlier phases, which hinders the application of
concrete numerical models in earlier phases. A few models aim to
resolve early stage uncertainty through integration of abstract
modelling techniques such as function modelling with metamodels of systems with uncertainty integration [83,103,204]. Some
approaches have addressed the integration of robust design in
early phases with downstream phases while considering the
impact of the design parameters on the sensitivity to variation as
well as cost [101].
It was mentioned at the start of this chapter that design
problems are ‘ill-deﬁned’. Robust design strategies help built
robustness in the process which is one of the critical outcomes of
the design process. Robustness of a design ensures that despite the
types of uncertainties that have been considered in the design
process the product’s performance will not be affected. In current
industrial practice, robustness is integrated in activities such as
design veriﬁcation, tolerances, and design choices. This in turn
primarily reduces the performance risk, development cost risk,
and has a subsequent effect on the market and business risk [44].
3.3. Reliability based design
Reliability can be deﬁned as the likelihood that a component
(or a system) will perform its intended function without failure for
a speciﬁed period of time under stated operating conditions.
Reliability is characterized by the probability that the system will
perform for a certain time. Reliability Based Design Optimization
(RBDO) methods are based on the probability distributions to
describe variability of design variables and model parameters.
They intend to achieve systems with an acceptable level of
reliability (failure probabilities) and a satisfying level of performance (Fig. 12).
A solution is said to be reliable if the probability of satisfying
each constraint is greater than a speciﬁed reliability level. RBDO
methods consist of design optimization with a reliability assessment,
Find :
Maximizing :
subject to :

X
ProbðZ ðX Þ 2 ½Z LL ; Z UL Þ
H ðX Þ > 0
X 2 ½LL; UL

ð2Þ

with,
X
Z
HðX Þ > 0
ProbðZ ðX Þ 2 ½Z LL ; Z UL Þ
LL; UL

Design variables
Performances which depend on X
Design constraints
Conformity probability
Lower and upper limits

Reliability analysis is an essential activity employed to manage
and reduce performance risk. It does so by mitigating epistemic
and aleatory uncertainty to a probability that is acceptable given

Fig. 12. Reliability illustration.

the technology, market, and business risks. RBDO techniques are
extensively used in phase 3 of the design process, mostly in the
form of statistical and stochastic models to estimate the product
function in terms of its mean life. Several qualitative techniques are
also used in the earlier design phases (phases 1 and 2) to mitigate
the interaction uncertainty by uncoupling the design variables and
their effect on reliable system performance.
3.4. Tolerance design
All manufacturing processes exhibit variation. This variation is
described in terms of aleatory uncertainty in terms of process
probability density function of a bounded process accuracy or
precision with a mean and variability. Due to this uncertainty, it is
impossible to attain theoretically nominal dimensions. Tolerancing is a
set of activities involving various tools and methods which allow the
designers to manage the manufacturing uncertainty during the
product development process. Tolerancing differs from robust design
and reliability based design by focusing and emphasizing on the
aleatory uncertainty introduced due to manufacturing processes.
The aleatory uncertainty in the manufacturing process translates into two fundamental aleatory uncertainties in the ﬁnal
geometry of the product: uncertainty in size, i.e., attaining nominal
dimension, and uncertainty in form, i.e., attaining a nominal shape.
Increases in either or both of these uncertainties directly result in
an increase in risk. This may be: performance risk in form of loss in
product performance due departure from intended function, with
an impact on robustness and reliability; schedule risk due to loss of
interchangeability of different components of the part, resulting
into lower ﬂexibility, evolvability, and interoperability, and
subsequently missed deadlines and adherence to schedules; or
development cost risk, by unforeseen batch rejects and reworks.
These risks increase the product’s market and business risk,
thereby risking the proﬁtability of the company. Tolerancing allows
the mitigation of these risks, contributing signiﬁcantly to
robustness, reliability, ﬂexibility, evolvability, and interoperability
of the ﬁnal product.
Tolerance design comprises three iterative activities: tolerance
speciﬁcation, allocation, and analysis. These activities are driven by
requirements of the product's performance, customer requirements, manufacturability, and interchangeability (Fig. 13). Currently they are extensively used in form of analytical, numerical,
stochastic, and statistical methods applied in Phase 3: detail design
to specify tolerance while considering the above constraints to
minimize and manage uncertainty. There are limited applications
of tolerancing in upstream design process. Dantan et al. [83,237]
have provided an integrated method to consider robust design and
tolerance design activities. Ebro and Howard [101] have related
tolerance sensitivity analysis to a products core function as well as
manufacturability and success in the early design phases. Zhang
et al. [328] also propose a concurrent method to develop the
structure of tolerance assignment in design.
The tolerancing activity is a highly coupled process that addresses
and guides allowable manufacturing uncertainty in the process.

Fig. 13. Tolerance design considerations in design process.

However, this also directly affects the function of the product due to
the acceptable change in the allowed variation. Tolerancing itself is
linked to a number of design decisions such as cost, manufacturing
process selection, and required design speciﬁcation [110]. It is
present signiﬁcantly in the downstream product design process and
has a critical effect on the product development and manufacturing,
eventually effecting products’ success.
3.5. Observations
It is important to point out the difference in the primary foci of
different techniques discussed in this section. Firstly, all of the
above techniques are primarily sets of tools and methods to
identify, model, simulate, and optimize uncertainties in the
product design and development processes; however, the primary
focus of each method is different. Robust design techniques
primarily manage and mitigate uncertainty related to the selection
of values of design variables and aim to reduce the uncertainty in
the product performance. The reliability based methods aim to
reduce the uncertainty of the product failure in terms of its mean
life. Tolerance design activities primarily focus on managing and
reducing the risk in product design by managing manufacturing
uncertainty while assuring the product performance and customer
requirements. It must be noted that all of these activities are
mutually coupled and are iteratively and concurrently carried out
to minimize uncertainty in the design process. These techniques
are an intermediate activity in the design process that translates
the customer requirements into a successful design with the
required outcomes as shown in (Fig. 10 at end of Section 3.1).
4. Speciﬁcation and veriﬁcation of allowable uncertainty
A clear picture of the importance of standardizing the
speciﬁcation, veriﬁcation and exchange of product geometry is
given by Srinivasan [282]. The picture is completed by the
discussion of the evolution of these standards driven by the need
of reducing their uncertainties and ambiguities.
In the following, the current situation in terms of tolerance
speciﬁcation and veriﬁcation will be summarized.
4.1. Tolerance speciﬁcation
The International Organization of Standards (ISO) has produced
many standards related to dimensioning and tolerancing
[153,154,158–165,167–169,174]. Each of these standards cover
one or more cells in the Geometrical Product Speciﬁcation (GPS)
matrix [172]. The GPS matrix deﬁnes nine geometrical property
categories (six related to the geometry, i.e. size, distance, form,
orientation, location, run-out, and three related to the surface
ﬁnish, that is proﬁle surface texture, areal surface texture, and
surface imperfections). For each property, a ‘chain of standards’ is

deﬁned, grouping all the standards related to such property and
deﬁning symbols (syntax), meaning (semantics, i.e. mathematical
foundation), and measurement procedures for it. The chain is
formed by ‘chain links’, which group the standards related to some
speciﬁc step in the property deﬁnition. The recently redesigned
[223] GPS matrix reserves the ﬁrst three chain links to the
tolerance speciﬁcation issue (A–C), the last three chain links to the
tolerance veriﬁcation issue (E–G), while chain link D consists of ISO
GPS standards deﬁning the requirements for comparison between
speciﬁcation requirements and veriﬁcation results.
The American Society of Mechanical Engineers (ASME) has
collected the majority of GD&T requirements in ASME Y14.5
standards [24]. Although ASME GD&T [24] does not explicitly cover
the mathematical deﬁnition and the veriﬁcation issue and the link
between tolerance speciﬁcation and veriﬁcation, other ASME
standards deal with these instrument-speciﬁc topics [19–22].
ISO GPS ‘chain of standards’ clearly testiﬁes one important
issue: the need to harmonize veriﬁcation with speciﬁcation of
product tolerances, thus reducing uncertainties in the information
ﬂow from design to manufacturing. Are we sure that the design
intent is clearly transferred to manufacturing?
It is worth noting that this issue has been a fundamental reason
for developing manufacturing oriented standards [24–
26,173]. These standards refer to well-established manufacturing
ﬁelds: casting, forging, and the production of molded parts and
composites. Nevertheless, problems may arise if new manufacturing technologies enable the production of new products, such as
those that are micro- or nano-scaled, or additively-manufactured.
Considering the latter (AM) case, it is possible to address these
problems distinguishing between process-driven issues and issues
highlighted by the capabilities of additive manufacturing, despite
the alleged beneﬁt of “complexity for free” [4,321].
4.2. ASME—ISO main differences in tolerance speciﬁcation
The best-known difference between the ASME and ISO
tolerance speciﬁcation standards is in the governing principle
that size controls form (called Rule #1) in ASME, where size is
independent of form in ISO. However, ASME allows to use the
independency symbol to override Rule #1, and ISO uses the
enveloped principle to invoke Rule #1 if required.
Despite this fundamental difference, ASME and ISO standards
have more similarities than differences, and a convergent path
seems in progress. Heysiattalab and Morse have recently reviewed
the main differences [141] that the two standards have with
respect to terminology (Table 1) and symbols (Table 2). The most
relevant are the different interpretations that ASME and ISO have
for some identical tolerance symbols, actual values, and material
conditions. Table 3 shows those differences.
4.3. 3D Tolerance speciﬁcation
GD&T requirements need to be transferred to manufacturing
and inspection. However, until recently, GD&T information
consists in two dimensional annotations on drawings. Since 3D

Table 1
ASME and ISO proprietary symbols.
Standards

Descriptions

ASME

Modifying symbols

Dimensioning symbols

ISO

Additional symbols

Symbol

Table 2
Comparison of ANSI Y14.5 and ISO terminology.
ASME

ISO

Basic dimension
Inner boundary
Outer boundary
Feature control frame
True position (TP)
Circularity
Reference dimension

Theoretical exact dimension (TED)
–
–
Tolerance frame
Theoretical Exact Position (TEP)
Roundness
Auxiliary dimension

Table 3
Different interpretations of standards.
Tolerance

ASME

ISO

Flatness

Applied only to one surface

Orientation
applied to axis
or median
plane
MMC* or LMC**

Applied to a perfect-form
feature axis or plane
(mating envelope)

Applied to one or two
surfaces
Applied to the extracted
axis, line or median surface

Symmetry and
concentricity

Not applied to concentricity
and symmetry
Applied to the median
points

Position

Applied only to a FOS***

Run-out

Tolerance zone always
normal to the nominal
proﬁle
Tolerance zone deﬁned by
two equally or unequally
disposed surfaces or lines
about the true proﬁle that
extend to intersection
points
Used for positional and
proﬁle tolerances

Proﬁle

Composite
tolerancing

Applied to concentricity
and symmetry
Applied to the extracted
median line or extracted
median surface
Applied to a FOS or to a
plane
Tolerance zone normal or
non-normal to the nominal
surface of the part
Tolerance zone deﬁned by
two equally or unequally
disposed surfaces or lines
formed by sweeping a
sphere or a circle around
the nominal proﬁle
Means two independent
tolerances

models have almost completely replaced 2D drawings as the
master for product technical data in manufacturing industry
[282,299], the need arose for standardized indications of dimensions and tolerances on 3D models [119] or, better, inside modelbased engineering (MBE) packages.
This need has led to the development – for over 30 years – of a
family of standards, the ISO 10303 series, known as STEP (STandard
for the Exchange of Product model data) that describes standardized data models in several Application Protocols (AP). In
particular, AP242 entitled ‘Managed Model Based 3D Engineering’
is the most comprehensive product model-based deﬁnition (MBD)
of STEP, as it contains several types of 3D model data, including
dimensional and geometric tolerances [171]. It is developed using a
modular architecture [118]. Its modules use the EXPRESS schema
language, as appropriate for the intended applications, to deﬁne
the data models [231].
The transition to digital manufacturing is rising the importance
of incorporating Product and Manufacturing Information (PMI) in
the (MBE) packages [322]. It also enables Computer Aided
Manufacturing (CAM) software to deﬁne and validate machinereadable instructions for manufacturing and Computer Aided
Engineering (CAE) software to validate and optimize the product
deﬁnition. Manufacturers are recognizing the beneﬁts of MBD and
moving away from reliance on 2D drawings to represent PMI [194].
As a standard language for PMI does not exist yet, CAD/CAM
software vendors develop and implement their own PMI in their
software. The software vendors’ implementations are tested in an
‘Implementer Forum’ [61,62,63] to ensure that PMI has been
correctly implemented and can be exchanged smoothly, even if
partially, using the STEP standards. The CAx Implementer Forum
(CAx-IF) deﬁnes recommended practices for interoperable data
exchange using STEP ﬁles [194].
An example of PMI related to GD&T is the ANSI “Quality
Information Framework” (QIF) [11]. It adopts the modern

Extensible Markup Language Schema Deﬁnition (XSD) as information modeling language, and it covers (quality) metrology systems
[141]. It is a feature- and characteristic-based data format that
deﬁnes four aspects of a characteristic: Deﬁnition, Nominal, Item
and Actual. This allows QIF to both deﬁne PMI requirements and
report measurements results in a common data model, allowing
the linking of results to the original design.

Fig. 14. Mapping between the main concepts of speciﬁcation model and the
uncertainties.

Another language to express the speciﬁcation from function to
veriﬁcation is GeoSpelling [32]. The objective of the GeoSpelling
language is to enable the semantics of speciﬁcations to be
expressed and to deﬁne their meaning clearly. The concepts of
GeoSpelling have been integrated into the ISO 17450-1 and -2
standards [167,169].
The continuous review and revision of the different standards
and the growing industrial interest in digital manufacturing, it is
expected to reduce the information loss in data translation among
different MBE packages and, with the help of PMI, to mitigate the
uncertainties in the information content. However, both the ASME
and ISO systems continue to struggle with the increased
complexity of products and their requirements.
4.4. Tolerance veriﬁcation
Although ASME GD&T [25] does not cover this aspect, the need
for tolerance veriﬁcation is clearly stated in the ISO GPS
[148,167]. The recently redesigned [223] GPS matrix reserves the
last three chain links to the problem of tolerance veriﬁcation:
– Chain link E, ‘measurement’, refers to the optimal procedures
and requirement for the performance of measurements to verify
conformance to tolerances;
– Chain link F, ‘measurement equipment’, deﬁnes the requirements of the equipment used to verify tolerances;
– Chain link G, ‘calibration’, states how the measurement
equipment must be managed to guarantee the accuracy of
tolerance veriﬁcation.
– Furthermore, chain link D ‘conformance and non-conformance’
acts as a liaison between the links relative to the deﬁnition of
tolerances and the links related to the veriﬁcation of the same.
The use of low accuracy veriﬁcation systems can lead to an
apparent reduction of the process capability [186], which is of
course of great impact on the tolerancing process.
Uncertainty has been deeply studied in the ﬁeld of metrology,
and quite often the term “uncertainty” directly refers to the GPS
measurement uncertainty [318], which is aleatory uncertainty.
When trying to prove the conformance to geometric tolerance, the
uncertainty reduces the reliability of any statement. This issue is
treated in GPS chain link D, and the reference standard is the ISO
14253-1 [170], which states rules for proving the conformance of
parts to a tolerance. The main rule is that the uncertainty always
‘plays against’ who is performing the test. This means that the
conformance zone is reduced in when a supplier performs the test

trying to prove conformity, and is enlarged when a customer aims
at proving nonconformity.
Chain link G is in general covered by the ISO 14253-2 standard
[166]. Anyway, the rules stated in this standard are very generic.
More speciﬁc procedures for the evaluation of the measurement
uncertainty are covered in the ISO 15530 series [155]. However,
these standards do not cover the GPS method uncertainty
(ambiguity) arising from the risk of misunderstanding the
tolerances, in particular, when high precision part or complex
surfaces are involved. The deﬁnition of a common language for
tolerancing and tolerance veriﬁcation is yet to be realized. A
signiﬁcant step in this direction, in the case of features of size, has
been achieved with the introduction of the ISO 14405-1 standard
[174]. The new syntax in this standard allows for the deﬁnition of
the type of size (two points, least-squares, etc.) together with the
size value. An effort in this direction (the reduction of the
ambiguity when moving from speciﬁcation to veriﬁcation) has also
been undertaken with the deﬁnition of the skin model [13,258,257]
and of the GeoSpelling language [32,201,202] proposes to solve this
problem through a revision of the STEP standard. Examples of
integrated deﬁnition of the tolerance and veriﬁcation have been
proposed in the ﬁeld of gears [46,75,78,80,298].
4.5. Observations
Fig. 14 summarizes this chapter. The main objective of
speciﬁcation model is to provide a language to limit the
manufacturing imperfections (aleatory uncertainty). These languages or models are affected by ambiguity. To reduce this
ambiguity, new standards and models have been developed, but
their complexity increases the epistemic uncertainty (lack of
knowledge). In general, designers are not familiar with all of the
new concepts that appear in the standards. One of the challenges is
to ﬁnd a compromise between the ambiguity and the epistemic
uncertainty due to the speciﬁcation models and languages.
5. Tolerance analysis—uncertainties
In this chapter, tolerance analysis and variation simulation is
described from three main perspectives: (1) tolerance models for
representing the geometrical deviations on individual parts
(Section 5.1), (2) System behavior models, for representing how
variation propagates in a product or an assembly (Section 5.2). (3)
tolerance and variation analysis techniques (Section 5.3). Section
5.4 discuss and summarizes the different uncertainties involved in
tolerance analysis using the classiﬁcation given in Chapter 2.
5.1. Tolerance models
Tolerance models are the ﬁrst step towards translation of the
functional requirements and geometric relations in form of
quantiﬁable mathematical expression. A signiﬁcant amount of
research efforts has been carried out in the last decade to explore the
mathematical models for geometric deviation representation:
variational geometry approach, skin model shape, modal representation, and others. Among the most commonly used are variational
geometry approaches. In these approaches, the form defects are
neglected. These approaches are based on the parameterization of
deviations from theoretic geometry. The real geometry of parts is
considered by a variation of nominal dimension or it is bounded by a
variation (position and orientation) of the nominal geometry
[135]. The orientation and position deviations of each surface could
be represented by TTRS [6,36,39,66,67,91], kinematic formulation
small
displacement
torsor
(SDT)
[101,122,197,245,250],
[42,92,127,128,288], matrix representation [120,142], or vectorial
tolerancing [123,139,319]. In the TTRS model, any part can be
represented as a succession of binary surfaces associations forming a
tree. Additionally, each surface association, termed as a TTRS object,
is represented by a set of minimum geometric datum elements
(MGDE). Once established, each TTRS can be given appropriate

geometric dimensioning and tolerancing (GD&T) symbols through a
general procedure making use of GD&T tables and combination rules.
Thirteen different constraints for dimensioning and tolerancing
were proposed by Clemént et al. [67].
The geometric or dimensioning tolerances are represented by
deviation domain [120,127,129,180], Tolerance-Map1 [85,86,220]
or speciﬁcation hull [76,79,81,246,247,336]. These three concepts
are a hypothetical Euclidean volume in parameter space which
represents possible deviations in the size, orientation and position
of features. The T-Map point-space corresponds to possible
locations and variations of a feature which can arise from
tolerances on size, form, and orientation on a part. The model
has been applied to the ASME and ISO Standards for geometric
tolerances [3,38,85,86,220,268].
The TTRS model, the Deviation Domain model and the T-map
model were analyzed and compared by Ameta et al. [6]. The
methods are quite similar in their aim, using different mathematical approaches. No model is fully complete when it comes to
representing the tolerancing standard but provide a good support
for tolerance analysis. Speciﬁcally, modelling of form errors is not
possible.
Often, in early concept phases, before any physical parts are
manufactured, the exact variation behavior of the parts is not
known. However, typical manufacturing behavior or expected
form errors needs to be included in the tolerance analysis. Methods
to model part variation by superposing different variation modes
had been proposed by Chase et al. [15,40,49,57,58,84,143,147,109,
205,242,258]. Manufacturing signature for tolerance analysis was
addressed in Ref. [234]. The skin model, proposed by Ballu and
Mathieu [30], is a comprehensive framework that includes
position, orientation and form defects. The modal representation
method of geometrical deviation decomposition has extensively
been studied. Huang and Ceglarek [147] proposed discrete-cosinetransformation (DCT) based on decomposition method for form
defects modeling. Samper et al. [251] developed the Discrete
Modal Decomposition (DMD) considering modal shapes of a
discretized feature. Usually, the technical interpretation of these
modal representations is not easily achieved.
To capture and model part variation, Design of Experiments
(DOE) in combination with manufacturing simulation (stamping,
molding, forging) and principal component analysis (PCA) has
been proposed in Ref. [198,192]. Methods based on morphing
technologies and inspection data from similar projects have been
proposed in Ref. [300]. The description of part variation is used
together with Monte Carlo simulation in the assembly variation
simulation. All of these methods use a simpliﬁed triangular format
(VRML, STL, or FEA meshes) to represent part geometries, similar to
the skin model approach. All of these models are affected by model
uncertainty as it is not possible to model and identify all
manufacturing imprecisions.
5.2. System behavior models

These models for tolerance analysis can roughly be divided into
analytical models and numerical simulation models.
5.2.1. Analytical models
In terms of degrees of freedom, mechanisms can be divided into
two main categories: iso-constrained mechanisms, and overconstrained mechanisms. Given their impact on the mathematical
formulation for the problem of tolerance analysis, a brief
discussion of these two types is given by Ballu et al. [33]:
– “Isoconstrained mechanisms are quite easy to grasp. Geometrical
deviations within such products do not lead to assembly problems;
the deviations are independent and the degrees of freedom catch the
deviations. When considering small deviations, functional deviations may be expressed by linear functions of the deviations.”
– “Considering overconstrained mechanisms is much more
complex. Assembly problems occur and the expression of the
functional clearance is no more linear. Depending on the value of
the manufacturing deviations: the assembly is feasible or not;
the worst conﬁguration of contacts is not unique for a given
functional deviation. For each overconstrained loop, events on
the deviations have to be determined: events ensuring assembly,
events corresponding to the different worst conﬁgurations of
contacts. As there are different conﬁgurations, the expression of
the functional deviation cannot be linear."
Therefore, isoconstrained tolerances can be modeled in form of
explicit analytic functions of general form Y = f(X), where f is the
response (characteristic such as gap or functional characteristics)
of the assembly.
A commonly used method for 3D variation simulation and
tolerance analysis in industry is the so called “point-based
method”. The method is used in many of the commercial
computer-aided tolerancing (CAT) tools. In this method, mating
conditions between parts are described by deﬁning point-based
master locating schemes. The locating schemes deﬁne coordinate
systems that are aligned during assembly. For a master location
scheme, corresponding to an ABC datum frame, typically a pointbased orthogonal 3-2-1 locating scheme is used (see Fig. 16 left). A
number of different locating schemes exist and are used in various
industrial situations, see Söderberg, Lindkvist et al. [277]. Subordinate (local) locating schemes can be deﬁned to describe
dependencies on a single part. Tolerances are applied as variation
in the locating points, corresponding to the allowed tolerance,
deﬁned by the tolerance for the speciﬁc feature. Typically, holes,
slots, planes and surfaces are used as locating features and
tolerances are typically position, ﬂatness, surface proﬁle etc. For
non-rigid parts, over-constrained locating schemes with additional
support points, are used (see Fig. 16 right). The concept utilizes
transformation matrices to calculate how variation propagates in
the assembly. Critical dimensions in the assembly (object for the
analysis) such as position, clearance, parallelism, angles, etc. are
also evaluated from these point locations.

Fig. 15 shows a typical tolerance analysis situation where
tolerances on individual parts accumulate into tolerance on the
assembly. Or conversely, as described in chapter 6, the allowable
limits on the assembly must be assured by the limits on the parts.

Fig. 16. Rigid and non-rigid locating schemes.
Fig. 15. Tolerance analysis.

Analyzing the effect of variation in a product, model, or an
assembly requires establishing relations between the allocated
tolerances and the critical product dimensions in form of Models.

The point-based method is a straight forward method that captures
rotations, translations and non-linearity and is often combined with
Monte Carlo Simulation. The method is not limited to normal
distribution tolerances but use any distribution or samples of data,

such as inspection data, as input. Robustness optimization by
optimizing of locator positions has been presented in Wang and
Pelinescu [305]. During modelling, GD&T speciﬁcations are broken
down to variation in individual points on part features. When using
triangular formats such as STL or VRML (or FEA meshes for non-rigid
analysis) all points/nodes of the part features can be assigned a
tolerance. However, usually only points on features contributing to
variation propagation, or features to be studied in the analysis, are
assigned a tolerance. Tolerances assigned to points on the same feature
are often deﬁned with a dependency. CAT tools such as RD&T, VSA, and
3DCS use this approach to support the product development process
and bridge the gap between tolerancing and product development
[97,102,185,271,275,276]. Fig. 17 shows an example from variation
simulation in RD&T where the color coding of the rear lamp indicates
the robust (blue) and sensitive (red) areas due to variation in locators
(mating points). The statistical distribution in the ﬁgure insert shows
the expected variation in a critical product dimension – in this case
ﬂush between the rear window and the rear lamp.

Fig. 17. Variation simulation in RD&T [276].

In the general case of analytic formulation, the mathematical
formulation of tolerance analysis takes into account the inﬂuence of
geometrical deviations on the geometrical behavior of the mechanism and on the geometrical product requirements; all these physical
phenomena are modeled by constraints on the parameters [74]:
– Composition relations of displacements in the various topological loops express the geometrical behavior of the mechanism.
They deﬁne compatibility equations between the deviations and
the gaps. The set of compatibility equations, obtained by the
application of composition relation to the various loops, results
into a system of linear equations. Successful solution of this
system of equations indicates solution.
– Interface constraints model the assembly constraints. These
constraints characterize non-interference or association between substitute surfaces, which are nominally in contact. These
constraints also limit the gaps between substitute surfaces. In
the case of clearance contact, the relative positions of substitute
surfaces are constrained technologically by the non-interference. The interface constraints result in a system of linear
inequalities. In the case of slipping and ﬁxed contact, the relative
positions of substitute surfaces are constrained technologically
in a given conﬁguration by mechanical action.
– The functional requirements model the core functional constraints by limiting the orientation and the location between
surfaces, which are in functional relation. This requirement is a
condition on the relative displacements between these surfaces.
This condition is also modelled by a system of linear inequalities.

5.2.2. Numerical simulation models
In some cases, the geometrical deviations impact some nongeometrical functional requirements. To simulate the inﬂuences of
geometrical deviations on these requirements, an analytic

formulation cannot possibly be employed [45]. Instead, it is
necessary to use numerical simulation for which it is possible to
compute a value for Y given values of deviations and gaps:
Y = fnumerica simulation(X) or Y = fnumerica simulation (X,G).
For modelling variation propagation in assemblies with nonrigid parts, ﬁnite element analysis (FEA) may be used. An assembly
stiffness matrix, based on the stiffness matrixes for the individual
parts, describes the response in the output parameters. FEA is often
combined with the point-based method and Monte Carlo
Simulation. The method allows over-constrained locating schemes
that result in bending during assembly due to variation in parts and
ﬁxtures. Fig. 16 (right) shows a 17-7-1 non-rigid locating scheme
for a body side of a car.
To reduce computational time, the method of inﬂuence
coefﬁcient (MIC) is used in most MC based variation simulation
approaches [195]. The main idea of MIC is to ﬁnd a linear
relationship between part deviations and assembly deviations
after spring-back. A sensitivity matrix, calculated using FEA,
describes that linear relationship. The sensitivity matrix is then
used to calculate the response in each MC iteration.
In non-rigid analysis, mating conditions between parts are
deﬁned by constraints between parts and/or parts and ﬁxtures.
This is normally done by constraining nodes in the FEA model. Due
to part variation and bending during assembly, new contacts may
occur during this process. These contacts act as new constraints
and must therefore be taken into consideration. Contact modeling
for non-rigid analysis was addressed by Dahlström and Lindkvist
[70], Wärmefjord et al. [308], and Lindau et al. [193].
Variation simulation for non-rigid sheet metal parts and
assemblies is described in Refs. [193,206,306,307,309]. A tolerance
analysis methodology for sheet metal assembly based on physical/
functional modelling of the fabrication error using the beam-based
model was described in Ref. [55]. The modelling method includes
principles of decoupling automotive parts into beam members,
modelling of beam-to-beam joint geometry, and identiﬁcation of
part locating points. Modelling variation propagation of multistation assembly systems with compliant parts was described in
Ref. [48]. The problem of model growth in variation simulation is
discussed and treated in Ref. [191].
In many types of assemblies, the joining process is a contributor
to variation and a link in the chain from part variation to assembly
variation. The joining process then needs to be modelled and
included in the assembly model. For non-rigid parts, the joining
sequence is crucial for how variation in the individual parts,
ﬁxtures and welding equipment will affect the ﬁnal assembly.
Fig. 18 shows an example where the same two parts, with the same
ﬁxture, are joined together using two different sequences. As can
be seen, one sequence results in quite large deviation (red area)
while the other does not. In a sense, the latter can therefore be seen
as the more robust one. Joining sequence optimization is a nonlinear problem, and requires contact modelling [308]. Therefore,
genetic algorithms are often used to ﬁnd the optimal sequence
[310,263]. Furthermore, in Ref. [52] the cycle time is simultaneously optimized and in Ref. [53] the assembly feasibility of nonnominal parts is considered. An important aspect is also the
position variation of the welding gun [274].

Fig. 18. The effect of joining sequence [310].

For many non-rigid assemblies the force needed to close the gap
between the parts is quite critical. For sheet metal assemblies, this
may affect the size of welding gun that may be used and for
assemblies with plastic parts it affects the size and type of clips
that may be used to join the parts [309]. For joining of dissimilar
material, the effect of temperature is also quite important to
consider [199].
To be able to perform non-rigid assembly variation analysis that
correlates with reality, variation in material parameters may need
to be considered. This is especially important for new material such
as composites and for assemblies with mixed materials where
temperature and joining may affect how parts interact geometrically with each other. Variation simulation for composites is
treated in Ref. [175]. Geometrically induced variation simulation of
stress in composites is treated in Ref. [273].
5.3. Tolerance analysis techniques
Usually, tolerance analysis can be either worst-case or
statistical [224]:
– Worst-case analysis (also called deterministic or high-low
tolerance analysis) is based on allocating dimensions and
tolerances so that the probability of non-assembly is zero. The
method considers the worst possible combinations of individual
tolerances and examines the functional characteristic. Consequently, worst-case tolerancing can lead to excessively tight part
tolerances and hence high production costs [114]. The main
Worst-case analysis technique is the tolerance accumulation
that simulates the composition of tolerances i.e. linear tolerance
accumulation, and 3D tolerance accumulation. Based on the
displacement models, several vector space models map all
possible manufacturing variations (geometrical displacements
between manufacturing surfaces or between manufacturing
surface and nominal surface) into a region of hypothetical
parametric space. The geometrical tolerances or the dimensioning tolerances are represented by deviation domain, T-Map1 or
speciﬁcation hull. These concepts are discussed in Section 5.1. For
tolerance analysis, above mathematical representations of
tolerances allow calculation of accumulation of the tolerances
by Minkowski sum of deviation and clearance domains [176]; to
calculate the intersection of domains for parallel kinematic
chain; and to verify the inclusion of a domain inside other one.
The methods based on this mathematical representation of
tolerances are very efﬁcient for the tolerance analysis of linear
models.
– Statistical tolerancing is a more practical and economical way
of looking at tolerances and works on setting the tolerances so as
to assure a desired yield. Statistical tolerances are based on
probability density functions representing manufacturing processes. By using these functions and statistical process capability
indicators [1], tolerance allocation is carried out that admits the
small probability of assemblies which do not assemble or fail to
function as required. Statistical tolerancing therefore results in a
relaxation of tolerance intervals for individual dimensions, and
in turn reduces the manufacturing costs associated with tighter
tolerances. Statistical tolerance analysis computes the probability that the product can be assembled and will function under
given individual tolerances. The majority of research examples
are based on Monte Carlo simulation, and they allow the
probability computations for both isoconstrained mechanisms
[59,178,182,224,269,270,296] and overconstrained mechanisms
with numerical models [72,125,210,237,239,256].

that can be categorized according to (1) tolerance models for
representing the geometrical deviations on individual parts, (2)
system behavior models for representing how variation propagates
in a product or an assembly and (3) tolerance and variation analysis
techniques (Fig. 19). It is essential to be aware of both modelling
assumptions and simpliﬁcations, as well as model resolution.
Regarding modelling of variation related to individual parts, the
part variation itself, variation in material properties and gravity
may need to be considered. For the system model, the assembly
and joining process need to be modelled. This includes number,
position and geometries of locators and supports as well as their
variation and sequence. It also includes variation related to the
joining process such as forces, sequences, effect of heat, etc.
This mapping between the main concepts of the tolerance
analysis and the uncertainties shows the most divergence between
tolerance analysis and Quantiﬁcation of Margins and Uncertainty
(QMU): tolerance analysis focuses on the manufacturing imperfections (aleatory uncertainty) propagation and QMU focuses on
the model error (epistemic uncertainty) propagation [72,89];
neither of these uncertainties should be neglected. This observation shows the need for, and importance of, a global approach to
manage uncertainties.

Fig. 19. Uncertainties in tolerance analysis.

6. Tolerance synthesis and allocation
Tolerance synthesis covers both quantitative and qualitative
aspects in tolerancing and is a key issue for the optimization of
tolerances. Closely related to design and manufacturing activities,
tolerance synthesis enhances the scope of tolerancing to the
product life cycle.
Etienne et al. [111] proposed decomposing tolerance design into
three sub-activities: Geometrical requirement deﬁnition (Activity A1),
Tolerance speciﬁcation – qualitative determination of parts tolerances
(Activity A2) and Tolerance allocation – quantitative allocation of part
tolerances (Activity A3). These activities are shown in Fig. 20.
In this chapter tolerance synthesis is discussed from different
perspectives. Tolerance speciﬁcation or qualitative tolerance
synthesis is presented with the purpose of linking functional

5.4. Uncertainties in tolerance analysis
The ﬁnal geometric quality of a complex assembly depends
upon a number of phenomena. Tolerance analysis and variation
simulation consequently involves a large number of uncertainties

Fig. 20. Design and tolerancing processes [112].

and assembly requirements with tolerancing (tolerancing for
function or tolerancing for design) as well as manufacturing
requirements (tolerancing for manufacturing or tolerance transfer). Tolerance allocation is the assignment of tolerance values
according to speciﬁc rules, strategies or process capability of
manufacturing resources to enable tolerance analysis and tolerance optimization based on tolerance-cost models.
6.1. Detail tolerance speciﬁcation
Tolerance speciﬁcation or qualitative tolerance synthesis
addresses the qualitative issues of tolerancing and the mapping
of functional and manufacturing requirements into geometrical
speciﬁcations in conformance with actual tolerancing standards.
The aim of tolerance speciﬁcation is to identify toleranced features
and datums and to deﬁne the tolerance types, material conditions
and tolerance symbols. Tolerance speciﬁcation has been less
investigated than other tolerancing research topics since it is
mainly based on empirical rules or examples developed through
guidelines, standards and industrial practices leading to nonuniqueness of solutions, making automation difﬁcult to achieve,
and often requiring trial and error strategies [264].
The most common approach for tolerance speciﬁcation is based
on Datum Reference Frame (DRF) selection which highlights
contact surfaces in assembly or set-up surfaces in machining.
Moreover, functional and manufacturing requirements, tolerance
loops or stacks and Key Characteristics ﬂowdown [292,317] can be
related to DRFs.
Several tolerance speciﬁcation methods have been proposed in
the literature [16,267,329]. Among them TTRS (Technological and
Topological Related Surfaces) [67] showed that from the perspective of the degree of invariance under the action of rigid motions,
tolerance speciﬁcation can be established on the basis of
translational and rotational invariances and only a ﬁnite number
of tolerancing cases can be generated using composition rules
[190]. Functional decomposition and multi-level approaches have
been developed to provide a systematic approach for mapping
functional requirements into geometrical characteristics
[31]. These approaches cover different design stages starting from
conceptual design [82,249,77] and from the axiomatic design
perspective [277], in are also used in the context of concurrent
engineering [90], and considering the inﬂuence of contacts and
assembly sequence [10,252].
Formal approaches for tolerance synthesis have been developed
by Dantan et al. [81] using a mathematical formulation based on
quantiﬁers to enable an unambiguous expression of the conditions
corresponding to assembly and function. Other approaches
considering geometric reasoning and ontologies have been
developed recently. Zhang et al. [330] use Polychromatic Sets
Theory (PST) to generate assembly tolerance speciﬁcations and
tolerance zone types. Zhong et al. [332] proposed an ontologybased approach for automatically generating assembly tolerance
types. This work was extended through a meta-model with a
description-logic based approach [331].
While design tolerances are not often translated directly (i.e. on
a one-to-one basis) to tolerances addressed by manufacturing
processes, tolerance transfer still must be realized to guarantee
that manufacturing tolerances can fulﬁl allowable design tolerances under adequate manufacturing process parameters selection
while respecting the capabilities of the machines [284].
Early transfer methods were based on 1D tolerance transfer and
tolerance charts such as the method developed by Anselmetti and
Bourdet [8] to translate functional and machining requirements
into a set of machining dimensions through a linear model. This
work was extended to 3D by Ballot and Bourdet using the small
displacement torsor (SDT) theory [29]. Anselmetti et al. [9]
developed a tolerance transfer method based on vectorial
representation of the mobilities of the toleranced features and
datum reference frame. A tolerance zone transfer method, based
on the vectorial representation of tolerance zones and new

mobility operators [54] was developed to enable tolerance
speciﬁcation in manufacturing. Furthermore, analysis line method
allows tolerance analysis and allocation. Ding et al. [94] proposed a
process-oriented tolerancing to solve tolerance transfer issue by
optimally allocating tolerances of process variables in multistation manufacturing processes. Zhou et al. [333] developed a
state space approach for modelling variation propagation considering error sources in machining operations such as ﬁxture errors,
datum errors, raw part errors, machine tool errors and cutting tool
errors. Nejad et al. [221] proposed the Model of Manufactured Part
(MMP) method to describe positioning and machining errors at
each machining setup and the different geometrical deviations
using the concept of small displacement torsor (SDT).
More recently, Haghighi et al. [136] proposed a tolerance
transfer method based on T-Maps [86] to model the accumulation
of manufacturing errors through the different steps of the
manufacturing process. At present, this method is limited to
planar and cylindrical surfaces.
6.2. Key characteristics & process capabilities
In a complex product, it is not economically feasible to control
and/or monitor thousands of tolerances. To identify the key
tolerances, many organizations are using a method called Key
Characteristics (KCs). KC methods are used by design to identify
and communicate to manufacturing where excess variation will
most signiﬁcantly affect product quality. A.C. Thornton proposes
several deﬁnitions of KC [291]:
“Key Characteristics are the product, sub-assembly, part and
process features that signiﬁcantly impact the ﬁnal cost, performance, or safety of a product when the KCs vary from nominal.
Special control should be applied to those KCs where the cost of
variation justiﬁes the cost of control.”
Most KC approaches are based on the concept of a KC ﬂowdown.
The KC ﬂowdown presents a system view of potential variation risk
factors and captures designers and manufacturers knowledge
about variation and its contributors. A hierarchical tree structure is
commonly used to describe the Key Characteristics of a product
[292]. This tree structure, referred to as a KC ﬂowdown, links
customer requirements of the product to its component features
(Fig. 21). A KC ﬂowdown allows for a decomposition of the product
into essential features and processes – enabling traceability of
cause and effect.
Therefore, the KC ﬂowdown allows to quantify the impact of
Process KCs on Part KCs and Product KCs based on the process
capability data and the variation model [207]. Cao et al. [51]
describe how individual process capabilities can be rolled up to

Fig. 21. KC ﬂowdown [292].

provide a manufacturing performance indicator for an entire
company.
The process capability approach allows for an understanding
of the capability of a manufacturing resource to realize a feature
and to respect the geometrical speciﬁcation. Process capability
data is deﬁned as the expected and obtained standard deviations
and mean shifts for a feature produced by a particular process and
made of a particular material. This relationship is shown in
Fig. 22.

Fig. 23. Tolerance allocation techniques.

been proposed to describe the cost-tolerance relationship:
C i ðT i Þ ¼ ai þ
C i ðT i Þ ¼

bi
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Fig. 22. Process capability vs optimal inspection cost.

6.3. Tolerance allocation and optimization
Tolerance allocation involves the assignment and the distribution of the values of tolerances and therefore is the inverse problem
of tolerance analysis. Commonly used tolerance synthesis methods
are based on speciﬁc rules of thumb for the distribution of
tolerances such as equal tolerances assumption, same inﬂuence,
proportional scaling, constant precision factor [96]. With respect to
tolerance allocation, Hong and Chang [144] states that “Most of the
tolerance allocation approaches that have been published are
based on the optimization of the cost-tolerance function. They
usually try to get optimal tolerance ‘values’ while the tolerance
‘types’ are assumed to be ﬁxed. Unfortunately, however, the usage
of these models in industry is fairly limited. One of the major
reasons for this is that they usually try to take advantage of the
superﬁcial knowledge of processes, which is usually obtained from
the machinist handbook or the company manual.” This statement
emphasizes the importance of the tolerance speciﬁcation process,
described in Section 6.1.
Among all solutions available to perform tolerance allocations,
three can be distinguished:
- The ﬁrst consists in equally dividing the tolerance between the
workpieces achieving functional requirements (solution 1 in
Fig. 23). This solution is the most straight-forward.
- The aim of the second solution is to have the same capability for
all resources (solution 2 in Fig. 23) [125,292]. This solution selects
only quality controlled process plan, the cost of products
becomes expensive.
- Third tolerance allocation methods are based on single or multiobjective optimization of manufacturing-related functions
[181,283] such as the cost of manufacturing [244,266,278],
quality loss function [196], manufacturing capability [295] or any
combination of these functions.
Different cost-tolerance mathematical models were developed
in the literature and are mainly based on empirical cost-tolerance
data [95,149,151,179,260,279]. In the 1970s, various functions have

These models depend on many characteristics: from the
workpiece material, to the kind of operation employed, to the
machine or machines used in production. They are not sufﬁcient to
analyze most industrial cases, since workpieces are produced in
several conditions [187,301].
Several works exist proposing methodologies for the estimating
the impact of this approach on the overall manufacturing costs.
[111,113] have explicitly chosen an economic approach to the
overall management. The global aim is the variation management
during the process considering manufacturing, veriﬁcation, scrap,
and external failures [189,323]. The latter is the cost arising
geometric inspection errors leading to customers’ complaints. [41]
also implicitly consider the impact of the veriﬁcation in their ‘value
chain simulator’, as quality, affected by the veriﬁcation, is one of
the components of the model. Most of the proposed models are
based on the cost of the measurement [216,218,253,254]. In
general, the typical form of a cost function for the design of a
tolerance veriﬁcation system is:
CI ¼ CM þ CE

ð4Þ

In which CI is the total cost of the inspection, CM is the pure cost
of performing the measurement, and CE is the cost due to errors in
inspection. The last contribution refers to the cost that who runs
the inspection undergoes because of the measurement uncertainty, which reduces the conformance/nonconformance zones
generating an uncertainty range, thus creating the risk of incorrect
conformance statements. In general, accurate measurements are
more expensive (CM "), but are less prone to inspection errors
(CE #). As such, the choice of the inspection strategy is always a
trade-off between accuracy and measurement costs. [218] show
also that an optimal inspection planning is not always critical
(Fig. 22). In fact, when the process capability is high, almost all the
parts are good, and inspecting all parts is not required. Instead, one
should concentrate on the design of an optimal process control
[68,69,126]. When the capability is low, almost all parts are
rejected. In this condition one should consider a redesign of the
product/process (unless this is impossible – in this case,
measurement is fundamental to identify the few good parts).
Inspection plays a pivotal role between these two conditions. A
well-designed inspection can in this case lead to signiﬁcant
reductions in costs. This point of view leads also to the concept of
unnecessary inspection in those cases in which many tolerances
are stated for a single part. In this case, one should select, based on
the capability, which inspections are critical [111,214,215]. This
selection of critical inspections is analogous to the identiﬁcation of
KCs in manufacturing processes. Mousavi et al. [219] propose a
fuzzy model for the comparison of different inspection scenarios in

terms of process monitoring and ﬁnal inspection. The model
anyway is not speciﬁcally addressed to inspection planning.
6.4. Tolerance synthesis vs uncertainty
In conclusion, tolerance synthesis, transfer and allocation was
initially used for function, assembly and machining applications.
The development of process-oriented tolerancing approaches
especially for sheet metal parts, and compliant assemblies [7]
enhances the scope of tolerancing to the product life cycle and new
manufacturing processes such as additive manufacturing [5].
Tolerance synthesis is an important and speciﬁc activity for
uncertainty management. In fact, the main activity of uncertainty
management is the uncertainty propagation to quantify the
uncertainty impact. Tolerancing is not focused solely on functionality assessment under manufacturing imperfections, but also
places limits these manufacturing imperfections. To identify the
best limits, the main approaches are based on the designer
knowledge, the process capability assessment and the cost
assessment which are affected by epistemic uncertainty
(Fig. 24). Two of the main challenges are:
– to quantify and mitigate this epistemic uncertainty.
– to develop some predictive model of cost for tolerance and
uncertainty management.

Fig. 24. Tolerance allocation vs uncertainties.

7. New challenges
Tolerancing has a long history of research and practice, and
advances in the computational power to assist complex analyses
and simulations has given the ﬁeld a strong new trajectory as an
integral tool in managing the product lifecycle. This chapter will
address areas where unique product attributes and requirements
or new manufacturing processes will stimulate additional research
in variation management and – in particular – tolerancing.
7.1. Additive manufacturing
Global standards for additive manufacturing (AM) are already
advancing through the ASTM International Technical Committee
F42 on Additive Manufacturing Technologies and ISO/TC 261 Additive Manufacturing Technical Committee. ASTM has published
standards on speciﬁcation for AM format ISO/ASTM 52915:2013
and deﬁnition of AM terms ASTM F2792. A new ASME committee
(Y14.46) was created in 2015 to consider product deﬁnition
practices for additive manufacturing, including tolerances.
Current GD&T standards (ISO TC 213 GPS and ASME Y14.5) are
well established and have been developed focusing on the
capabilities of traditional manufacturing processes such as
machining. For AM, some efforts have been made in the past
years focusing mainly on data transfer, geometry and shape
speciﬁcations and deﬁnition of AM terminologies.
AM geometric speciﬁcation and veriﬁcation issues should
address both process driven issues and capabilities issues. Process

driven speciﬁcation standards are in vogue for composite
manufacturing, casting, forging and molding. Similarly, there is
a need to develop AM process driven speciﬁcation standards which
can focus on AM material, manufacturing, and geometry related
issues. Such issues include build direction and location, layer
thickness, support structures, heterogeneous materials and scan
direction [290].
AM possess excellent capabilities of producing complex
surfaces and internal features. AM has also the ability to produce
intricate assemblies in a single build eliminating the need of
assembling individual components. For freeform surfaces speciﬁcation, it is required to deﬁne the surface boundaries that need
different tolerances or have non continuous tolerance zones.
Moreover, with AM, produced shapes can be much closer to the
results of topology optimization. For this purpose, a general surface
proﬁle speciﬁcation with or without datum features indicating
from variations should be investigated.
Patterns of features as discussed in ASME Y14.5 and ISO
5458 can be adopted regarding inﬁlls (non-solid support
structures) governed by product function. Lattice geometries can
be speciﬁed based on patterns of unit cells or more elaborate
functions to model the variations of size and shape [4].
The challenges associated with speciﬁcation and veriﬁcation in AM
are emerging [34,146,217]. New methods are necessary to communicate design intent and validate inspection plan while achieving the
repeatability and the reproducibility required by AM processes and
technologies in production and quality assurance. These methods
must rely on tolerance representation techniques in conformance to
ISO GPS standards and extend beyond current GD&T practices
[334,335]. For this purpose, the following issues should be addressed:
– Development of new methods to tolerance complex, freeform
surfaces, heterogeneous materials and internal geometries.
Complex shapes obtained by topological optimization create a
new ambiguity in tolerance representation and seems therefore
particularly interesting for investigation.
– Development of methods and tools to facilitate conformance
assessment and tolerance veriﬁcation. New inspection techniques
are required to ensure that the ﬁnal part meets design speciﬁcation. In order to eliminate ambiguity in mapping tolerance
speciﬁcation to its veriﬁcation, uncertainty quantiﬁcation should
be investigated in order to enhance inspection capabilities.
– Geometric models and data interoperability are limiting the
progress of additive manufacturing. Moreover, a comprehensive
geometric model for Additive Manufacturing is not mature yet.
Dimensional and form accuracy and surface ﬁnish are still a
bottleneck for a larger impact of AM in production and industry.
Shape deviations in additive manufacturing are due to multiple
variation sources such as CAD Tessellation, slicing, process
variables and material properties. To improve geometric quality
and interoperability and control geometric variability, the
geometric deviations should be predicted, in-situ and off-line
measured and integrated into the digital thread. The new
developed Skin Model Shapes (SMS) paradigm enables to
capture geometry and shape variability during the whole
product life cycle [14]. Moreover, it is suitable for simulation
and visualization. Hence, it is an instance of the digital twin
concept, which is the backbone of the classical digital thread.

7.2. Digital thread and digital twin
The promise of the fourth industrial revolution is that product
realization is supported by intelligent devices distributed throughout the manufacturing environment. Two phrases, “digital thread”
and “digital twin” have been used frequently and in a variety of
contexts. The digital thread is focused on the digital infrastructure
– complete digital product deﬁnition, standards for interoperability, data modeling, and communication methodologies – that
supports the movement of data through the product lifecycle both

from design to ﬁnal product and from deployed products back to
the designer. The anticipated beneﬁt of realizing this infrastructure
is that all processes in the product lifecycle can take advantage of a
traceable, authoritative data model, possibly adding information to
this model. This concept of processes and products adding
information to a product data model in captured in the notion
of a digital twin [259]. This phrase has been used in many contexts,
and has evolved from the NASA deﬁnition of “ . . . probabilistic
simulation of an as-built system . . . ” and can be considered as the
customized analogue of a full technical data package for a product,
containing additional information pertaining to a speciﬁc part,
product, or process.
The presence of the digital thread and digital twin provide
additional opportunities in the ﬁeld of tolerancing [259,272]. With
the data captured in digital twins, truly informed analysis of
tolerance sensitivities can be made as this information is passed up
the digital thread from actual products to the design phase.
Analytical tools for tolerance analysis, which have often – to this
point – operated with incomplete or inaccurate data, can be used to
support the evolution of product requirements and the more
effective speciﬁcation of new products and services. These tools
will require new standards to ensure that the context of
information is captured in a predictable manner, and that the
product speciﬁcations correctly ﬂow downstream to manufacturing, inspection, and ﬁeld service/maintenance operations.
7.3. Tolerances for micro-structured geometries
In parts whose size is scaled down to the micrometer, the
standard geometric tolerances may fail in describing the functionality of the part. This is due to an inherent confusion between
geometry and surfaces ﬁnish, which – at this scale – cannot be
completely separated. However, operating in this size regime
opens the possibility of changing and improving the characteristics
of the surface in terms of optical, adhesion, and wear resistance
properties. Additionally, by generating speciﬁc micro-geometric
patterns on the surface, we enter the realm of “structured”
surfaces. The current surface ﬁnish parameters deﬁned in the ISO
[156] and ASME [18] standards are not adequate, because they have
not been developed to verify a surfaced developed to provide a
speciﬁc functionality. But geometric tolerances fail as well,
because, even if structured surfaces are in general constituted
by repetitive patterns of well-deﬁned geometric features, in
general their actual geometry is not deﬁned well enough to apply
conventional geometric inspection policies.
To overcome these difﬁculties, Hartmann and Weckenmann
introduced the concept of a “virtual functional gauge”
[138,311,312]. The idea they propose is to completely avoid a
geometric description and tolerancing of the part. The structured
surface is instead directly optimized based on a simulation of the
surface behavior. The veriﬁcation step is based again on simulation: once the surface has been scanned by means of a 3D
microscope, the functionality is veriﬁed by simulating the behavior
of the real surface. The authors admit the approach is promising,
but is limited by the need of effective simulation models.
A more conventional approach is proposed both by MacAulay
et al. [203] and Senin et al. [265]. This approach is based on an
automatic segmentation of the structured surface to identify the
single constituents of the structured surface. Then each segmented
constituent is veriﬁed. The authors observe that the traditional
methods for tolerance deﬁnition and veriﬁcation fail in describing
the single constituents, and propose some new shape descriptors.
The primary challenge in the ﬁeld of micro-structured surfaces
is in the identiﬁcation of new ways to deﬁne the functionality of
the surfaces, and then to verify this functionality.
7.4. Managing perceived quality
In certain industries, notably the automotive industry, the
perceived quality of the product or the brand can play a large role in

the customer's purchase decision. The role of advertising and
branding are difﬁcult to quantify from a technical perspective, but
there are factors of perceived quality that can be distilled toward
technical requirements. Work by Stylidis et al. [285] has proposed
an initial classiﬁcation and taxonomy for perceived quality in the
automotive industry that identiﬁes Technical Perceived Quality as
a subset of the broader set of Value Based Perceived Quality
attributes. Numerous approaches and deﬁnitions have been used
to describe perceived quality, and tend to lean toward either an
aspect of the product's overall quality measure [124] or a
subjective measure evoked in the customer by the product [326].
The work toward providing a complete taxonomy of perceived
quality attributes without gaps or overlaps provides a foundation
for additional work in this ﬁeld. The Technical Perceived Quality
dimensions are based on different senses by which the customer
evaluates a vehicle: visual quality, feel quality, sound quality, and
smell quality. The “look” of an automobile can be a highly
subjective attribute, as beauty is in the eye of the beholder. The same
subjectivity may apply to the exhaust note of the engine. However,
road noise within the cabin is generally considered undesirable,
and the study of vehicle NVH is mature with explicit technical
requirements.
7.5. Tolerances for freeform geometries
Freeform surfaces have seen outstanding advances with many
applications in automotive, aircraft and energy industries.
Freeform surfaces are designed in a way to improve the functional
speciﬁcations while meeting aesthetic requirements. Freeform
surfaces are rarely described by complete explicit or implicit forms
and are instead deﬁned using parametric representations which
facilitate design modiﬁcation by locally controlling and modifying
control points [255].
An informal deﬁnition for freeform surfaces is proposed by
Campbell and Flynn, stating that such surfaces are composed of
one or more non-planar and non-quadric surface patches [50]. Besl
[37] states that “a free-form surface has a well-deﬁned surface
normal that is continuous almost everywhere except at vertices,
edges and cusps”. Savio et al. [255] classiﬁed freeform surfaces
according to criteria related to their geometry and their speciﬁcation. This search for a deﬁnition is to guide the considerations that
must be made when it comes to planning the manufacturing and
measurement of the freeform surfaces.
GPS standards deﬁne shapes according to their invariance class
[167] and freeform shapes are then considered as complex shapes
having no unconstrained degrees of freedom. Scott and Jiang [262]
identify complex shapes as surfaces exhibiting variations in shape
comprising partial geometries that can in turn be decomposed into
simple features. Fang et al. [116] equivalently states that “Freeform
surfaces can be deﬁned as surfaces with no axis of rotational
invariance (within or beyond the part)”.
For turbine blades in particular, tolerance speciﬁcations are
deﬁned on cross-sectional proﬁles using GPS or GD&T standards,
and following common practices. The speciﬁcation of each proﬁle
is in general independent of the others and more speciﬁcations can
be required depending on the complexity of the proﬁle and
considering the environment in which it is used. Another common
practice in proﬁle speciﬁcation is splitting. According to Nielsen
et al. [233], aeronautics companies specify aerodynamic constraints by splitting the proﬁle into features such as leading edge,
trailing edge, pressure curve and suction curve. Then each portion
of the proﬁle is appended a tolerance speciﬁcation alone.
Freeform optics are becoming increasingly popular in many
industries, since they outperform the conventional optical
surfaces. Axis-symmetric aspherical surfaces are well described
and standardized in ISO 10110-12 [157] and tolerance speciﬁcation
(form) follows the practices indicated in ISO 1101 [152] and ISO
10110-5 [156], but there is still a lack of correlation between optical
functions and shape parameters. A new paradigm for asphere
surfaces representation is leaning towards a novel representation

derived by Forbes [121]. Forbes’ models enable an orthogonal
decomposition, resulting in asphere parameters that are independent. Furthermore, design becomes easier as each parameter
controls one speciﬁc aspect of the shape of the asphere and is
related to a speciﬁc optical function.
7.6. Additional applications
As is evidenced by the new challenges in this section, there is no
shortage of applications in which a better understanding of
uncertainty and its sources would be a highly powerful lever with
which to vastly improve both the design process and its output. In
each case where a new manufacturing process is considered, there is
a great deal of epistemic uncertainty in its application. The
commitment to a particular new process or new material early in
the design phase can pose risks because of how much is simply not
known about the process. As the nature of the manufacturing process
becomes better understood, the risks naturally diminish. Modeling
of this evolution of risk is discussed in Refs. [261] and [104].
As more manufactured goods are used in lease or service
agreements, the concept of product reliability is extended so that
the objective function for design is not simply the time until failure,
but the total cost including maintenance, repairs, and support. The
support of agreements such as the “Contract for Availability” of a
product has a broad range of epistemic uncertainty contributors,
and frameworks to manage these uncertainties are beginning to be
developed [107,108]. The existing work in this ﬁeld may be a
natural precursor to the global framework that is described in the
next chapter.
8. Conclusions & research directions
In this paper, the role of tolerancing in the context of the
uncertainty management is revisited. Primary research topics in
the ﬁeld of uncertainty management are the modeling of
uncertainty and technique by which the uncertainty is propagated.
In the ﬁeld of tolerancing, the main issues discussed here are the
speciﬁcation model and language, the mathematical modeling of
both the geometric speciﬁcation and manufacturing imperfections, tolerance synthesis, and the adaptation of the tolerancing
process to new paradigms.
The mathematical modeling of geometric speciﬁcations and the
modeling of uncertainty share some basic underlying concepts.
The main techniques of tolerancing can be generalized to a more
abstract view in uncertainty management where limits on
uncertainty are managed by an allocation process, similar to that
of tolerancing. This generalization is described below.
In order to ensure that the product meets its functional
requirements, tolerance limits are established to bound the
allowable manufacturing imperfections. For each design activity,
this view can be adopted in a similar manner: the deﬁnition of
tolerances in order to limit uncertainties, thereby ensuring the
reliability and the robustness of that design activity. The designer
may deﬁne the limits of acceptable model errors in order to ensure
the accuracy of simulation or analysis results. The role of model
errors is central to the concept of QMU discussed in Section 5.3, and
is also addressed by new standards related to the veriﬁcation and
validation of computational methods [23].
Based on the concept of limiting the uncertainties in a process,
the second issue is the tolerance allocation. For each step of the
design process, some tolerances will need to be allocated, so that
the risk due to the previously identiﬁed uncertainties can be
mitigated.
Fig. 25 summarizes this global perspective of uncertainty
management and the proposed new global tolerancing framework.
As this structure is considered, new challenges and research
opportunities are revealed:
- The deﬁnition of a language to express the limit of the ambiguity,
and the deﬁnition of a scale to assess ambiguity.

- Similarly, how to express and limit epistemic uncertainty. It is
possible that the concepts of Technology Readiness Levels (TRL)
or knowledge management maturity models (KMMM) could be
extended in this area.
- The development of techniques for ambiguity propagation as an
allegory to tolerance analysis, and how to assess the impact of
ambiguity on the decision making during the design process.
- The development of techniques for tolerance allocation that
support not only new manufacturing processes, but also new
business models and new measures of cost and risk.

Fig. 25. A global tolerancing framework.

In addition to this new global framework, in which the idea of
tolerancing is applied as a risk mitigation strategy to a wide variety
of variables, the control of geometric variability will remain central
to both the perceived quality and functional performance of
manufactured products. The ﬁdelity with which the variability due
to manufacturing processes can be modelled, and the analytical
ability to propagate this variability through multiple features,
parts, or subassemblies continue to limit the success of tolerance
speciﬁcation, application, simulation, and veriﬁcation.
As can be seen from the course of this paper, tolerancing is a
mature, yet evolving ﬁeld. While the early use of geometric
tolerances to control geometry was constrained by primitive
computational resources, the computational tolerance models
used today are adequately supported by modern computers. The
success of tolerance models and the tools used for tolerance
propagation have helped motivate users and researchers to extend
dimensional management ideas to other aspects of the product
lifecycle.
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