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Abstract

Purpose — The purpose of this paper is to compute flow effects of the transition from adherence-to-slip
in two-dimensional flows, for a polymer melt obeying a memory-integral viscoelastic equation,
in isothermal and non-isothermal cases.

Design/methodology/approach — Temperature dependence is expressed by Arrhenius and
William-Landel-Ferry models. A coupling approach is defined. For the dynamic equations, the Stream-
Tube Method (STM) is used with finite differences in a mapped rectangular domain of the real domain,
where streamlines are parallel and straight. STM avoids particle-tracking problems and allows simple
formulae to evaluate stresses resulting from the constitutive equation. For the temperature field,
a finite-element method is carried out to solve the energy equation in the real domain.

Findings — The approach avoids numerical problems arising with classical formulations and proves
to be robust and efficient. Large elasticity levels are attained without convergence and refinement
difficulties that may arise close to the “stick-slip” transition section. The method highlights the role of
temperature conditions and reveals interesting differences for the ducts considered.

Practical implications — The results of the study are of interest for polymer processing where slip at
the wall can be encountered, in relation with the physical properties of the materials.
Originality/value — The paper presents a simple approach that limits considerably numerical
problems coming from stick-slip boundary conditions and avoids particle-tracking. Results are
obtained at flow rates encountered in industrial conditions.

Keywords Finite elements, Viscoelasticity, Stick-slip problem, Adherence-to-slip,

Non-isothermal two-dimensional flows, Memory-integral models
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1. Introduction

Slip of polymer melts, solutions and other materials along the wall of solid surfaces is
often dealt with in chemical engineering processes, in relation to its influence on flow
characteristics in ducts. Viscoelastic polymer processing systems generally involve
heating or cooling imposed at the boundaries and heat resulting from viscous
dissipation. Heat transfer is relatively small, owing to the low-thermal conductivity of
polymeric fluids. Large temperature gradients in flow domains may be observed,



notably in situations concerned by singularities for the boundary conditions
(e.g. Yesilata et al, 2000). Investigation of such problems aims to ensure a better
performance for processes as extrusion and injection molding and to optimize material
properties toward final products. More precisely, one wish to obtain flow characteristics
of materials in relation with the adherence-to-slip transition, that corresponds to mixed
boundary conditions at the wall.

Since the early Mooney’s work (1931), the phenomenon of slip has been investigated
in several experimental papers (e.g. El Kissi and Piau, 1994; Kay ef al, 2003; Robert
et al., 2004) involving studies performed to measure the slip velocity. Several phenomena
are associated with slip problems as shark-skin in extrusion processes (Wo Inn ef al,
2001). Theoretical approaches and numerical simulations, more extensively, have been
proposed in the literature, notably on the so-called “stick-slip” problem that reports the
transition from adherence to slip in tubes of circular cross-section. Thus, slip at the
wall of ducts, considered as a benchmark problem, has been studied theoretically
(Richardson, 1970; Trogdon and Joseph, 1980; Pares, 1988) and widely in numerical
simulations with finite-element methods (e.g. Barsoum, 1977; Guenette and Fortin, 1995;
Ngamaramvaranggul and Webster, 2001; Elliotis et al, 2005).

The main difficulty of the transition from adherence-to-slip study in a duct concerns
the singularity problems arising from the abrupt change in conditions for the velocity
vector V' at the boundary I', partitioned into two sub-domains I'; and I's (I'= Ul ),
defined by the following relations:

V=0
VM e(Ty): V #0 M

One of the first relating numerical studies has been provided by Nickell et al. (1974)
for a Newtonian fluid, who used a Galerkin finite-element method without mesh
refinements, owing to computer possibilities at that time. Other finite-element
approaches have been developed, for example, by Marchal and Crochet (1987) with
sub-elements, for stick-slip flows of fluids obeying differential Maxwell and Oldroyd-B
models. A spectral method has been adopted in the planar case by Owens and Phillips
(1991) with an Oldroyd-B fluid. Coleman (1998) has used boundary integral methods to
simulate non-Newtonian stick-slip flows. To describe the numerical solution in the
vicinity of the transition point between adherence and slip with the finite-element
method, several authors have also defined singular basis functions (e.g. Morley, 1973)
or singular elements (Tracey and Cook, 1977). Barsoum (1977) has defined a local
transformation of domains close to the transition point. Ngamaramvaranggul and
Webster (2001) have obtained finite element computed solutions by a time-marching and
semi-implicit method for stick-slip and die-swell flows of differential viscoelastic fluids.

To our knowledge, numerical simulations of the transition of the adherence-to-slip
problem reported in the literature have concerned inelastic or differential viscoelastic
models, in isothermal conditions. The present approach concerns a numerical work
with a memory-integral viscoelastic equation. The flow features are obtained for
axisymmetric tubes (DUCT) and a converging domain (CONV1), with transition from
adherence to slip at the wall, using the so-called Stream-Tube Method (STM),
under non-isothermal steady conditions. We define here a coupled approach where
finite-differences are adopted for the isothermal sub-problem while a finite element
method is set up for solving the energy equation. The flow domains involving mixed



Figure 1.
Transition from
adherence to slip
for flows in
axisymmetric
converging
geometries
(half-domains)

velocity conditions at the wall are shown in Figure 1. In our calculations, we have
adopted a Newtonian model and the memory-integral viscoelastic Wagner equation
that has been found to be consistent with experimental data for a linear low-density
polyethylene melt (LLDPE). Section 2 of the paper presents the basic equations of STM,
the conservation laws and the viscoelastic model. The discretization and the numerical
procedure are provided in Section 3. The numerical results related to flows in the two
selected geometries, at different temperatures, are given and discussed in Section 4.

2. Governing equations

2.1 Stream-tube equations — conservation laws

We wish to recall here the main features of the STM that have been detailed elsewhere
(Clermont, 1988) for incompressible fluids. A three-dimensional approach of STM has
been applied by Normandin ef al (1999) for a swelling problem, where the free
surface and streamlines are approximated by analytic functions. In the Stream-Tube
analysis, the classical “velocity/pressure” fluid dynamics formulation is replaced by
a “transformation function/pressure” approach. The physical domain £ is mapped into
a computational domain £° where the streamlines are parallel and straight. The
mapping functions are unknown and evaluated numerically on a simple rectangular
mesh in the transformed domain. Thus, when considering two-dimensional duct flows
without vortices, we may define a one-to-one transformation of streamlines from
a physical domain £2 toward a mapped domain 2 of rectilinear parallel streamlines. In
the ax1symmetr1c case, we adopt cylindrical coordinates (7, 8, z) and (R, ©, z) for domains
Q and Q" respectively. As usually done in STM for duct flows, we refer to an upstream
section X of the physical flow domain where the kinematics are known. The mapped
domain Q" is defined such that its upstream section at z= 2, is identical to the original
one at z= z,. The transformation 7 Q>0 is thus defined by the following equations:
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The Jacobian A of the transformation 7, expressed in the axisymmetric case by
|8(r z)/O(R, Z)} fpis assumed to be non-zero, corresponding to flows with

open streamlines. Thus, the derivative operators are expressed as (Clermont, 1988):
Q_fl’.%’ é__f_ZT—i—_

F1gure 2 111ustrates the transformation of the physical domain £ into the mapped
domain Q" that allows a rectangular mesh to be defined on the transformed parallel
streamlines, for discretizing the equations and unknowns, in the STM formulation.
The velocity profile w, at the upstream reference section 2, is assumed to be known.
The components of the velocity vector V = u(r, z)e, +w(r, z)e,, expressed in the
orthonormal basis (e,, e,) of cylindrical coordinates (* =1, § =2, z=23), are given by
(Clermont, 1988):

wy S
ffR ff}e

Mass conservation is verified by these velocity equations. Thus, numerical streamline
calculations, in the isothermal case, require only the writing of the dynamic equations
associated with the boundary conditions.

To evaluate stresses of memory-integral constitutive equations, particle tracking vs
time is necessary. In STM, the time ¢ which corresponds to a position My (ro, 6, 2o) of a
particle X of the fluid, at time #,, depends only on the variable Zin the mapped domain
Q" and can be expressed by the following relation (Clermont, 1989):

w =

(for R # 0). 3
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This equation implies a one-dimensional problem to be solved for determining the time
evolution of particle in the mapped domain.

When ignoring inertia and body forces, the vector form of the dynamic equations
is written as:
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PHYSICAL DOMAIN Q
streamline

MAPPED DOMAIN Q*

mapped streamline

RA

A

Figure 2.
Transformation
between the physical
domain £ and

the mapped
computational
domain Q"



where p denotes the isotropic part of the stress tensor, / the unit tensor and 7 the extra-

stress tensor. In STM, by using the derivative operators previously recalled, we get the
following equations:

7 o1’ o'
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In Equations (6), the superscripts of the tensor components are still related to variables
(r, 2) of the physical domain. As for the velocities, the components of 7 are expressed
in terms of the mapping function f and its derivatives upon variables (R, Z).
We thus consider a set of non-linear equations of the general form El[ 1 blw =0,
Ex[f, bl =0, to be solved in the mapped rectangular domain Q"

For the non-isothermal problem, we consider a velocity/pressure formulation and,
assuming that the internal energy depends on temperature only (pure entropy elasticity)
as pointed out by Al-Mubaiyedh et al (2000), we adopt the following form of the
energy equation:

[ RN

DT
pcpﬁ = sz(T)+§ :D. @)

In this equation, the symbol “” denotes the scalar product, V2 the Laplacian operator,
T the temperature, p the fluid density. The heat capacity C, and the thermal

conductivity % are constant parameters and D denote the rate-of-deformation tensor.

To relate the flow charactgristics to the thermal effects, we use the Peclet number
Pe = pC,w*R* |k, where R and w* denote the respective radius and average velocity
at the upstream Poiseuille flow section.

2.2 Constitutive equation — temperature dependence

As pointed out previously, we retain for the viscoelastic calculations the Wagner model,
related to rheological properties of the LLDPE melt at 160 °C (Carrot ef al,, 2001), where
the extra-stress tensor is given, at time ¢, by the following memory-integral relation
(Wagner, 1976):

(t— t/)) cl) ,
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Equation (8) involves the kinematics history related to the respective Cauchy and
Finger tensors C,(¢') and Qflt(t/). The exponential terms correspond to the memory
function of the model. The spectrum data of the relaxation times 4, and moduli g, are
presented in Table I. The material parameters «, § and b have the following values :
a=10.086, #=0.02, b =2.56. Figure 3 provides the material functions according to the
experimental data points and the theoretical predictions of the Wagner model for shear,
elongation and normal stresses. Starting from the previous work by Clermont (1992),
we also extend Adachi’s approach (Adachi, 1983, 1986) with Protean coordinates to the
STM formulation. Therefore, the components of the deformation tensors involved in



the Wagng:r equation can be evaluated by analytical formulae in the computational
domain £, in contrast to classic formulations where, in general, the streamlines do not
pass through the mesh points. The relevant formulae have been provided by Clermont
(1992), using the natural basis vectors £, E, E related to a material point M, in
relation with the curvilinear coordinates (R,0,7) according to the following relations:

oM

oM oM
Ey== E,===E,= = ©)
=k 0R>=©9 0@ =% oZ
The stress components of the Wagner model are then evaluated by Gauss-Laguerre
formulae.
For the non-isothermal problem, the temperature dependence of the constitutive
equations is needed. According to the Arrhenius model, based on the theory of reaction
rate (e.g. Chine, 2007) we can express the rheological parameters in terms of a scale

factor ar given by:
T=SPIR\T Ty |

where E is the activation energy, R the universal gas constant. T and 7|, denote the
fluid and reference temperatures (in Kelvin), respectively. Then, we use a7 as a shift
factor according to the William-Landel-Ferry time-temperature superposition principle
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(Ferry, 1980). Thus, we get the following relations for the viscosity function and the
relaxation times of the Wagner model:

n[)(1), T] = ar-n[)(To), To]. 2(T) = ar-7p(To). 1)

3. Boundary conditions — discretization and numerical procedure

3.1 Boundary conditions for the stick-slip problem

Using variables (R, Z) of the computational domain £, the boundary conditions for the
flows under study are given as follows:

at the upstream section, the mapping function f, the temperature 7 and the
velocity profiles are known and we write the following conditions:

of(R, 0)
=0, (12)
w(R,Zy) = wy(R), (13)
T(R,0) = Tp (R). (14)

at the wall of the flow domains, f and the wall temperature 7}, are known and we
write the following specifications:

Swanr =1 (Ro, 2), (15)

wMerl(ROnZ)zoy ZSZS)
TTZM el (RO,Z) = Oa zZ> ZS: (16)
T(Ry,Z) = Ty, with Ty > T. 17
where T} denotes the reference temperature.
along the axis of symmetry, f is known (f= 0) and we get:
op0,2)
0T(0,2)
=0. 1
OR 0 19
at the limiting downstream section, we write the Neumann conditions as:
f (R, Z5)
“e) 2
2=, 20)
O0t*(R, Z5)
“el 21
=0, @
ow(R,Zs)
—az 0 @2

The unknowns of the governing equations are the mapping function £, p and 7.
Numerical tests have shown that the assumption of the plug flow at the downstream



section z, have ensured a constant temperature field for z>z,. The lengths upstream
and downstream the transition section (at z=2z,) of the computational domain are
denoted by L; and L, respectively (Figure 1). With the STM approach, the flow
geometries, of upstream radius Ry= 0.01 m, should require axial lengths sufficiently
large to insure the validity of the imposed boundary conditions, notably the writing of
Equation (23), in non-isothermal cases. Accordingly, we have adopted the following
characteristics for the calculations:

+ tubes of circular cross-section (DUCT) (Figure 1(a)): L; =15R,, L,=43R, in

isothermal cases, L, = 22R,, L, = 1,960K,, for non-isothermal conditions;

« converging geometries of downstream radius R; (CONV) (Figure 1(b)): Lc=R,
with L; = 11R, L, = 17R, in the isothermal case, L; = 11R, L, =1,520R, in non-
isothermal situations.

3.2 The isothermal problem

The kmematlcs are determined from the STM approach, using the rectangular mapped
domain Q" referred by variables (R, Z). To compute the mapping function f and the
pressure p in domain 2, we solve the dynamic Equatlons (6) on a finite-difference mesh
built on the rect111near streamlines. A regular grid is defined in the R-direction,
while refinements are made in the Zdirection close to the transition point Pi.
Figure 4 shows an example of mesh in domain £ for the two geometries investigated,
involving the location of the transition point. The first-order derivatives of the
mapping function, the pressure and the stress components of Equations (6) are
approximated by central-difference formulae in the R-direction, and, in the Z-direction,
by a mixed approach involving summation of both upwind and downstream schemes.
The discretized set of the non-linear equations is solved by the Newton-Raphson
algorithm.

3.3 The temperature problem

The energy Equation (7) is solved in the physical domain £, given the kinematics and
the pressure. Using a Galerkin finite element method, we obtain, for an element £°, the
corresponding form of Equation (7) as:

/ PGV V(DAY = / IATN QL + [ (z:D) Apd,  (23)
Q, o o

where V? denotes the Laplacian operator and AiT the weighting function. By
integrating by parts the diffusion term, we get the following linear equation (weak form
of Equation (7)) in terms of the unknown 7

/ pC,V - V(T)ALde2*— / DyALdre +
J Qe

Te Qe

kY(T)-Y(AiT)dQez (z: D)ALA. (24)

Ja.

In this equation, @, denotes the heat flux (normal to the surface) through the boundary
I? of the element.

The kinematic quantities are derived from the given transformation function
f by using Equation (3). To ensure the continuity of first-order derivatives of the
velocity components used in Equation (23), we adopt a cubic approximation of
the w-component using Hermite elements Dhatt and Touzot (1984) similar to those
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previously considered by Marchal and Crochet (1986) for velocity/stress/pressure
formulations. In the physical domain €2, the cubic Hermite element is a trapezoid two
sides of which are segments of streamlines, the other sides being parallel to the 7-axis,
while this element is rectangular in the computational domain . Such consideration allows
to express the w-velocity component as:

12
w:ZNi'Wia (25)
=1

where N; denote the interpolation functions in the real domain with nodal values W;
corresponding to w;, ow; /dr, dw; /dz determined by means of Equations (3) when solving
the STM isothermal problem. Then, from the same equation, we evaluate the
u-velocity component by using the relation #=w. f’z. The unknown temperature is
approximated by a linear form, such that:

4
T=>Y M;T, 26)
=1

with interpolation functions M; and nodal temperature values 7;. Using Equation (26), we
solve a linear system in terms of the unknown temperature. Owing to the great sensivity of
the convective term of Equation (24) resulting from significant velocity gradients in the
vicinity of point of singularity, we adopt the Streamline-Upwind/Petrov Galerkin scheme
(Brooks and Hughes, 1982). Accordingly, the weighting function A’ related to the
convective term, is changed into another function A% expressed by:

A = 9+%Kv(/\g). @7

In this equation, % stands for a mesh segment and g is a parameter given by:

1

B = tan (Pe)_l—ZTe (28)

where Pe = |V |h/2k denotes the local Peclet number with % denotes the thermal
conductivity of the fluid.

Solving the non-isothermal problem leads to define an iterative decoupled algorithm
the main features of which may be summarized as follows:

given the temperature 7, solve the STM problem, involving the dynamic
equations and the constitutive equation of the fluid that leads to evaluate the
mapping function f and the pressure p (the isothermal problem);

given f and p, compute T by means of the energy equation (the temperature
problem), from a velocity/pressure formulation; and

coupling is achieved by a fixed-point iteration, characterized by specifications on
the norm of the dynamic equations and stability for the velocity and the
temperature.



Table II.

Stress results and
velocity results at
the transition section
z,, related to mesh
(M1, M2, M3 and
M4) tests performed
with the Wagner
model with the duct
geometry (DUCT1) in
isothermal flow
conditions

4. Numerical results

Newtonian and viscoelastic flows have been considered in the two configurations
(DUCT, CONV) previously defined. In this paper, we make the choice to present our
results in dimensional units and, in the figures, the position of the transition section z is
marked on the z-axis, when necessary.

We have performed numerical tests with four different meshes (M1, M2, M3
and M4) in the rectangular computational domain (Figure 4). The grids were refined
in the vicinity of the transition section. The flow field has been considered in a duct
of constant cross-section (DUCT1) at a temperature 7,=433K, for a flow rate
Q =8.265x 10~° m?/s, the maximum value adopted in our calculations. In Table II,
we present computed stress results and the maximum velocity at the transition
section (Z=Z,), for the viscoelastic Wagner equation. As pointed out in the
literature (e.g. Owens and Phillips, 2002), singularity problems in viscoelastic
flows may lead to mesh-dependent solutions, in relation to the non-linearity of the
governing equations and to the solving numerical method. Relating to our
approach, the results of Table II indicate a mesh-dependence of the results upon the
mesh size, but the difference of the computed stress values in terms for the
four meshes is found to be within 8 percent for the Z-refinements. In the R-direction,
we have adopted a regular grid. Beyond a grid size of Ro/15 (size adopted for
the four grids), mesh refinements have indicated smaller changes of the computed
stresses for the four meshes. This result confirms the behavior of numerical
solutions by STM previously reported when using the peripheral stream tube
(Clermont, 1992). According to the results reported in Table II, we adopted
the mesh M2 for the computations. Convergence has been obtained at all the flow
rates investigated.

4.1 Tube of circular cross-section

4.1.1 Isothermal case. For the circular stick-slip problem, the duct radius is 0.01 m.
The section of transition z, is defined such that z,=0.15m. The isothermal case is
considered at a reference temperature 7,=7T,=433K for different flow rates
values @), with the viscoelastic Wagner model. In relation to the properties of this
viscoelastic fluid under, we refer the flow conditions to the Weissenberg number
We expressed by:

We=1", (29)
MESH Number of nodes 7% (Pa) 77 (Pa) % (Pa) 7 (Pa)  Wyax (/s at Zy)
M1 3210 —1.346 x 10° —8352x 10" —6435%x10* 1.2871x 10° 0.0396
M2 5,550 -1261x10° -7.725x10* —5859x10* 1.172x10° 0.0399
M3 8,025 -1.097x10° -7.555x10* —4.8261x10* 1.1068 x 10° 0.0414
M4 16,000 -1.168x10° —7.854x10* —52668x10* 1.1244 x10° 0.0408

Notes: Flow rate Q = 8.265x 10" m®/s



using an average relaxation time A as proposed by Luo and Tanner (1986):
217;:1 @ ‘/12

Yo pe1 @y

The average relaxation time . corresponding to the Wagner model (Carrot et al, 2001)
is found to be 1 = 10.385s, at 7= 433 K. According to this parameter, the Weissenberg
number has been found to be important even at low-flow rates, as shown in Table IL
Convergence of the numerical procedure has been obtained for all the flow conditions
reported, leading to cover a range of Weissenberg numbers attaining 118.

Streamline predictions from the Wagner model are practically the same for all the flow
rates considered in our computations, as illustrated in the examples given in Figure 5 for
We=5 (@ =3493x10""m%s) and We=80 (Q;=5.706x10"°m%s). Plots of the
velocity component w at the centerline (»=0) for different values of the Weissenberg
number given in Figure 6 indicate similar variations at low and high values of the
Weissenberg number. In relation to the viscoelasticity properties of the Wagner fluid, we
also find it of interest to consider the dimensionless ratio A defined as:

wz,(r = 0)—wy,
wy ’

(30)

A=

A= 31)
2

In this relation, w7, (r =0) denotes the (maximum) axial velocity component at
the centerline, related to_ the transition section Zs and wyz,the velocity at the plug
flow section. The plots of A vs the Weissenberg number on Figure 7 indicate a decrease vs
We (therefore of the flow rate) while the parameter A is a constant vs the flow rate @ for

the Newtonian fluid.
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Figure 5.
Computed
streamlines in
domain DUCT1
(T =433 K) with
the viscoelastic
Wagner model



Figure 6.
Variations of the
velocity component
w (Wagner fluid) at
the centreline (» =0)
(DUCT1, Ty=433K)
at different
Weissenberg
numbers

Figure 7.
Predictions of
parameter A
(Equation (31)) vs
the Weissenberg
number with the
Wagner model
(DUCT1, Ty=433K)
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The respective Figures 8 and 9 present, in dimensional units, the predictions of stress
components 7% and 7% along the wall for different values of We, in the small
(0.1-5) (Figures 8(a) and 9(a)) and larger ranges (10-118) (Figures 8(b) and 9(b)) of We.
The stress peaks are observed in all cases with growing values when the flow rate
increases. These results should be related to the effect of the singularity on the stresses
in the one hand, and to the elasticity properties of the Wagner fluid, in the other hand,
despite of the decrease in viscosity when the shear rate increases (Figure 3). The plots
also highlight a growth of stress peaks vs the flow rate, in the singularity region.
Higher intensities have been found for the 7* stress component, in relation to the effects
of the elongational velocity gradient on the viscoelastic model.
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4.1.2 Results for non-isothermal conditions. The non-isothermal simulations have been
performed at a given flow rate Q =2.0x10~* m%fs, corresponding to a mean upstream
velocity of the order of 0.01 m/s. We have adopted six different wall temperature 7p;
conditions (Table III):

Tp; = 433K, 443K, 453K, 463K, 473K, 483K (1 = 1,2, ..., 6). 32

For all the temperature conditions (32), the predicted computed streamlines, not provided
in the present paper, are found to be practically identical with the Wagner model, at
the flow rate Q@ =2.0x10™*m?s. Given a constant wall temperature T}, the computed
profiles of the temperature differences AT between the wall and the centerline vs Z are
presented in Figures 10(a) and 10(b), for the wall temperature conditions reported in (32).
A maximum temperature difference of the order of 1 K can be observed, as particularly
shown in the local plots of Figure 10(b), which also provides the position of the transition
point. So, the presence of the singularity does not affect significantly the temperature
variations in the stick-slip conditions of the present study.

We have reported in Figure 11, for the Wagner model, the computed extra-stresses
predictions 7 and 7% along the wall, given different temperature boundary conditions. Stress
peaks are observed in all the cases as reported by other authors (e.g. Ngamaramvaranggul

i Q (m’™) 70 67 We

1 3.793x 1077 0481 5

2 7512x1077 0.963 10
Table III. 3 1.483 x 10_6: 1.926 20
Flow characteristics 4 2.207x107° 2.839 30
in terms of flow rate 2921x107° 3.852 40
(Wagner model) fora 6 3626% 1076 4.815 50
tube of circular 7 4326x107° 5.778 60
cross-section 8 5019%107° 6.741 70
(isothermal case, 9 5706 %1076 7.703 80
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and Webster, 2001) for viscoelastic stick-slip isothermal computations. As it can be
expected, peak values are reduced for greater temperatures owing to the decreasing
viscosity and elasticity effects on temperature. According to the plots, the higher stresses,
in absolute value, are obtained for the 7 component.

4.2 Converging flow
We denote by “CONV1” an axisymmetric converging geometry, of angle o = 26°56/100.
The upstream and downstream radii are fixed to Ry=0.01 and R;=0.005m,
respectively. The kinematic boundary conditions for the computations are shown in
Figure 1(b), with the section of transition from adherence to slip is set at z,=0.11m.
According to non-isothermal stick-slip results for the circular duct, indicating a limited
influence of temperature in the flow region, we have only performed isothermal runs at
the reference temperature 7 =433 K. The data of flow rates, shear rate at the wall and
also corresponding values of the Weissenberg number are provided in Table IV. For all
the cases investigated, the convergence of the numerical procedure was obtained.
Concerning kinematics results (for CONV1), Figure 12 presents the evolution
of the parameter A vs the Weissenberg number. When comparing the results to
those presented in Figure 7, a perceptible difference on the two sets of results can be
observed. The larger decrease related to the converging flow can be explained by more
important singularity effects at the re-entrant corner (section z,) of the converging
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Figure 12.
Predictions of
parameter A
(Equation (31)) vs
the Weissenberg
number with the
Wagner model for
the converging
geometry CONV1

Figure 13.
Predictions of the
axial velocity
component w, along
the centerline vs the
Weissenberg number
(CONV1)

domain, leading to increase the gradient at the wall, thus reducing the velocity profile in

the central flow region. For example, at We = 60, the parameter A is found to be 0.54 for
the die of constant cross-section DUCT1 and 0.39 for the converging domain CONV1.
Figure 13 illustrates the variations of the axial velocity component w, along the
centreline, with growing peaks at the transition section z; vs We, that are emphasized
by the contraction of the duct boundary, in comparison to results of Figure 6, in the
duct of constant-cross-section. In Figure 14, we have plotted, vs the Weissenberg
number, the maximum values of the stress components 7% and 7% in the flow domain.
The curves indicate a behavior similar to that encountered for the duct of constant
cross-section, with greater values.

We have also compared numerical predictions of Newtonian and Wagner fluids,
as shown in Figure 15, under assumption of constant temperature in the flow
domain. Examples of w-velocity variations downstream the transition section
illustrate significant different behaviors for the two fluids in the slip zone, before
attaining the plug flow. The differences concern particularly the radial variations
of the axial velocities w vs z. In our opinion, according to the higher tangential
stress peak predictions from the Wagner model compared to those given by the
Newtonian equation, in the transition region, the slip velocity at the wall is
more quickly modified at the wall than that resulting from the Newtonian
behavior (Table V).

4.3 Comparisons of results for ducts and converging flows

We find it of interest to compare flow results for three different geometries: the
converging domain CONV1, and two dies of circular cross-sections of radii By = 0.01 m
(DUCT1) and R; = 0.005 m (DUCT2), which are the respective upstream and downstream
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radii of domain CONV1. For DUCT1 and DUCTZ2, we adopted as upstream Poiseuille
velocity conditions those corresponding to the respective upstream and downstream
fully developed flows of CONV1.

The results have been obtained from non-isothermal calculations, assuming
a constant wall temperature 7,=433K with a flow rate Q=7.853x10""m?%/s.
The corresponding flow characteristics at the upstream flow region, given in
Table V, indicate a higher value of the Weissenberg number associated to the
DUCT1 geometry. Predictions of the computed streamlines with the Wagner model
are provided in Figure 16, for the three domains. The pathlines of the transition
region show little change for DUCT1 and DUCTZ, but differ from those obtained for
CONV1 in the vicinity of the re-entrant corner. Variations of the axial velocity
component w, vs z, shown in Figure 17, along the centreline and the wall, point out
the singularity effects, emphasized by the shape of the converging domain and
reduced for DUCT1, owing to the lower corresponding pressure drop. It can also be
observed that, for DUCT1, the axial component w flattens toward a solid flow with a
lower slope than that predicted with DUCT2 and CONV1 geometries, resulting from
lower shear gradients before the transition point. In Figure 18, the computed
temperatures along the center line indicate negligible variations compared to the
assigned wall temperature for DUCT1 and CONV1 and a difference of the order of 1
K for domain DUCT?, resulting from the increase of the velocity gradient before the
transition point. Figure 19 presents the corresponding predicted Wagner stresses 7%
at the center line and the wall (Figure 19(a)) and 7’* along the wall (Figure 19(b)) for
the three geometries.

Figure 14.
Maximum values

of the stress
components 7% and
7 in the converging
flow domain
(CONV1) vs the
Weissenberg number
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5. Conclusions

In this paper, we have performed a numerical approach of the transition from
adherence-to-slip problem by means of the STM, using the memory-integral Wagner
model to fit experimental data for an industrial polymer melt. By restricting our study
to the case of open streamlines, STM has allowed us to determine the flow characteristics
by considering a rectangular computational domain, for the isothermal and temperature
sub-problems defined in the solving procedure. Using the Weissenberg number We to
quantify the level of elasticity in the flow problems investigated, the numerical approach
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Figure 18.
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has proved to be robust and efficient, thus leading to attain large values of We without
convergence difficulties. It should be underlined that the method has allowed us:

to avoid numerical complications arising with classical formulations for
approximating the unknowns and solving the governing equations in the
physical domain; and

to adopt as rheological model a realistic memory-integral constitutive equations
as the Wagner model with simple discretizing schemes.

The results presented have concerned flow kinematics, stresses and temperature
predictions in ducts of constant circular cross-sections and a converging domain.
In both cases, the streamlines are found to be close for different flow rates and
temperature conditions. However, significant deviations have been observed for
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the velocities and stresses, notably those concerning variations in the vicinity of the
transition section. For the duct and the converging geometries, the computed results
have revealed that slip at the wall localizes peaks of velocities and stresses in the
transition zone. Particularly for the converging geometry, such effects are emphasized
in the vicinity of section of the re-entrant corner defined as transition section from
adherence to slip. Comparisons between Newtonian and Wagner results have
pointed out significant differences in evolution for the velocity profiles in the slip
region downstream the transition point, leading to great deviations in the stress
predictions. Modifications of temperature boundary conditions have logically affected
the computed data (velocities, magnitude of stress peaks) but the stick-slip changes of
velocities in the vicinity of the transition section has not led to significant variations of
the temperature profiles in the flow domain.

Figure 19.
Predicted stresses of
the Wagner fluid for

transition from
adherence to slip in
DUCT1, DUCT?2 and
CONV1 geometries,
with non-isothermal
computations,

(T,=433K,
Q="783x10""m%s)
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