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h i g h l i g h t s

� VM approach allows the study of theoretical case in connection with the real experiment.
� Analytical approach to study isotropy of heterogeneous specimens was suggested.
� The specimens behaviour significantly depends on the volume fraction of inclusions.
� The specimens behaviour weakly depends on the size of inclusions.
� VM approach can be used in tasks of homogenization and numerical optimization.

a b s t r a c t

The present article is connected to the study of a bituminous mixture (BM) material, used on modern rail-
way track as sub-ballast layer. Influence of size and volume fraction of rigid monodisperse spherical
inclusions, randomly packed into a hyperelastic matrix, on the mechanical behavior of an obtained com-
posite structure was investigated using ‘‘Virtual Material” approach. 3D geometry of inclusions was
defined and used for 3D printing and 3D finite element modeling. This approach allows a numerical study
of a theoretical case without losing connection with real experiment (by means of direct geometrical cor-
respondence). Parameters of 7 specimens were chosen in accordance with a Doehlert experimental
design. Analysis performed on the basis of the ‘‘response surfaces” approach has shown that mechanical
parameters of studied specimens have a strong dependence on the value of inclusions volume fraction
and almost no dependence on the value of the size of inclusions. Stress/strain concentrations were ana-
lyzed using FE method in order to find and to visualize load-bearing chains going through the matrix. It
was found that Von Mises stress in load-bearing chains is almost 8 times higher than the average in the
matrix.

1. Introduction

The modern railway track is a complex multilayer structure,
designed to sustain the dynamic load of passing trains while
improving the resistance of railway bed to external factors and
increasing its lifetime at a wide range of working conditions. Clas-
sical sub-ballast layer, constituted of a well-crushed and compacted
stones, was initially designed to sustain only compressive loads in a
vertical direction. The lack of binding between particles in such a
structure as well as the constant influence of precipitation, temper-
ature changes and cyclic loading inevitably lead to degradation of
the layer and accumulation of a vertical deformation. Moreover,

recent in-situ measurements have shown that tensile deformation
of the sub-ballast layer, caused by a passing train, in longitudinal
and transversal directions cannot be neglected [1]. It was found that
using a bituminous mixture (BM) layer instead of a compacted
crushed-stone layer improves the mechanical behavior of railway
track and leads to a significant decrease of maintenance operations
[1]. Viscoelastic properties of such a material allow damping noise
and vibration while rigid particles, bound together by asphalt, form
a stable support for upper layers. Despite obvious advantages of
such approach, there is still not enough experience in this field:
experimental investigations and modeling of BM are commonly
based on its macroscopic behavior, which depends directly on char-
acteristics of the material composition (mechanical properties of
constituent materials and their volume/mass fractions). A BM clas-
sically consists of compacted mineral aggregates of different size
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(�80–85% of the total volume and 90–96% of the total mass) incor-
porated into the bitumen matrix (�10–12% of the total volume and
4–10% of the total mass) with a presence of a low quantity of air
bubbles (�3–5% of the total volume).

In engineering applications, it is common to focus experimental
studies mainly on macroscopic parameters (such as dynamic mod-
ulus, fatigue resistance, etc.) of BMs’ mechanical behavior [2]. It
can be also noted that constitutive models of BM are usually pro-
posed on the basis of the macroscopic behavior of the material
[3–5]. However, a full investigation of heterogeneous materials
cannot be carried out apart from the mesoscopic approach. Analy-
sis of the material behavior on meso-scale allows to study precisely
the influence of parameters of internal structure on the macro-
scopic behavior [6,7]. Experimental techniques available for such
studies, however, are very limited to a few methods of nondestruc-
tive testing (e.g. X-ray tomography) and often apply restrictions on
specimen’s size, shape and conditions of the experiment.

Significant progress in computational capacities allows the use
of numerical approaches, such as finite element method (FEM) and
less often discrete element method (DEM), to study internal
mechanics of composite materials. Works concerning numerical
modeling of composite materials on meso-scale can be divided into
two groups. Works from the first group are devoted to study of a
theoretical representative volume element (RVE) using 2D [8,9]
or 3D [9–13] approaches. These works usually lack connection
with real cases and provide more theoretical and qualitative
results. In the second group, authors have chosen to work with
numerical RVE (2D and 3D) developed from real architecture using
X-ray tomography or optical surface scanning techniques [14–19].
These works represent the physics and properties of the material,
are sufficient for performing numerical analysis, but are devoted
to study one specific given case.

The present study investigates a new ‘‘Virtual Material” (VM)
concept, based on inclusions embedded in matrix made from addi-
tive manufacturing process. It allows keeping the connection
between numerical and real specimens without losing generality
and studying the influence of heterogeneity of a two-component
material on its mechanical behavior.

2. Virtual material concept

Main ideas of VM concept can be postulated as follows: 1)
development of an artificially heterogeneous material with con-
trolled level of heterogeneity by parameters chosen a priori; 2)
direct geometrical correspondence between numerical and real
specimens in order to exclude influence of the inclusions location
and distribution in the matrix; 3) material models for the numer-
ical specimen are based on the mechanical behavior of materials
constituting the real specimen.

The question of computational efficiency implies a number of
assumptions to be taken when the numerical approach on mesos-
cale is considered. To reduce the number of input parameters, the
‘‘Virtual Material” was developed with the following assumptions:
1) even if the influence of shape is expected [20], inclusions are
spherical and monodisperse; 2) location of inclusions is random;
3) inclusions are rigid (non-deformable) compared to the matrix;
4) the matrix has a non-linear elastic behavior. The size (diameter
D) and the volume fraction (Vfr) of inclusions were chosen as input
parameters for investigation of the mechanical behavior of VM. The
study was carried out using 3D approach, which allows to describe
out-of-plane contacts and interlock effects limited in 2D approach
[9,15,18].

An experimental investigation at quasi-static strain rate was
considered for this type of structure since both constitutive mate-
rials have a strain rate independent behavior.

2.1. General approach

Schematically, the process of development of numerical VM
specimen for a given {diameter; volume fraction} pair can be
explained as follows: (Step 1) forming an inclusions skeleton by
random packing of inclusions inside a cubic volume of edge L con-
serving a minimum distance between particles (Section 2.3.1);
(Step 2) locating the inclusions skeleton in the center of a cubic
matrix of edge equal to L +DL (secures inclusions inside the spec-
imen and prevents them from falling out); (Step 3) importing of
the numerical specimen to a finite element software and meshing
(Section 3.2.2).

Manufacturing of real specimens was based on the numerical
geometry obtained after Step 2 and required additional steps: (Step
3b) Arrangement of links, which connect inclusions between each
other (Section 2.3.2) and allows to maintain inclusions in their
original locations; (Step 4b) 3D printing of obtained inclusions
skeletons and (Step 5b) molding of the printed geometries into sil-
icon matrix (Section 2.4).

2.2. Parameters of VM specimens

The ratio between specimen and inclusions characteristic sizes
L=Dhas a direct influence on both numerical complexity of the
model and its prediction capabilities [21–25]. The range of values
for the inclusions size parameter (D = 8–12 mm) was chosen in
accordance with the grading curve of a BM material used on real
railway tracks [1], while the specimen size was chosen to keep
the ratio L=D in a range of 3.6–6.6 as proposed in [22]: here
L = 60 mm and DL = 10 mm were taken.

The range of volume fractions (0–30%) was taken keeping in
mind the maximum values for this parameter obtained in litera-
ture for monodisperse spherical inclusions during random packing
[24].

Finally, the following pairs of inclusions parameters ‘‘volume
fraction-diameter” (Vfr [%]; D [mm]) were chosen in accordance
with a Doehlert experimental design [26]: (0; 10), (7.5; 8), (7.5;
12), (15; 10), (22.5; 8), (22.5; 12) and (30; 10) (see Fig. 1). In the
following text, a particular specimen will be denoted by the form
Vxx-Dxx (i.e. V15-D10 refers to the specimen with 10 mm diame-
ter inclusions occupying 15% of 60 � 60 � 60 mm3 volume). The
use of experimental design allows identification of input factors,
which have the most significant influence on resulting value of
the studied output variable. Additionally, a qualitative study of
variation of the response variable, using polynomial interpolation
of experimental data can be carried out constructing ‘‘response
surfaces” (see Section 3.3.2).

Fig. 1. Specimens parameters on the scale of the Doehlert diagram (Vfr [%]; D
[mm]).



2.3. Numerical development of an inclusion skeleton

2.3.1. Packing of inclusions
Spherical inclusions were randomly packed [27] into a cubic

volume with L = 60 mm using open source software GranOO [28].
GranOO software tries to pack the predefined number of inclusions
while avoiding mutual intersection and intersection with borders
of the cubic specimen.

An additional constraint of a minimum distance a between
inclusions was applied during packing. First of all, this allows to
preserve the connection with a real case of the study, when parti-
cles are separated by matrix material [12,13,29]. Additionally, an
excessive mesh refinement (which can greatly affect the computa-
tional time) and the presence of distorted elements can be avoided
[21,22,30]. A minimum distance of 1 mm (16–25% of inclusions’
radius) between any two inclusions and 0.5 mm between any
inclusion and a border of the cube was guaranteed in the present
study. Target and resulted volume fractions (defined as

Vfr ¼ 4pR3
3 � Ninclusions=L

3 with R corresponding to the radius of inclu-
sions and Ninclusions to the total number of inclusions in the speci-
men), as well as a number of inclusions packed during the
procedure described above, are presented in Table 1. An average
difference between target and resulted volume fraction is found
to be less than 0.5%.

2.3.2. Arrangement of links
Presence of links between inclusions can naturally influence the

mechanical behavior of the final specimen. Thus, number and
length of links initially obtained using Delaunay triangulation were
optimized. First of all, links intersecting more than one inclusion
were deleted. Secondly, the number of links was optimized in such
a way that each inclusion is connected to not more than 4 links and
not less than 3 links.

2.3.3. Analytical study of developed inclusion structures
A random position of inclusions, as well as presence of rigid

links, can influence the specimen’s isotropy and homogeneity. Iso-
tropy is a very important characteristic of composite materials,
which can influence strategy for studying and modeling of such
materials. The internal structure of developed VM specimens was
analyzed analytically in order to study homogeneity of inclusions
distribution and estimate volume fraction and orientation of rigid
links.

a) Inclusions centroid and moment of inertia

Isotropy of inclusions distribution was analyzed following the
procedure proposed by Segurado and Llorca [30]: 1) computing
of the particles centroid coordinates, and 2) computing its moment
of inertia in relation to the three perpendicular axes originated at
the center of the specimen. Results of these calculations are plotted
in Fig. 2a and b versus the total inclusions surface (data obtained
for different specimens with the same value of Vfr can thus be dis-
tinguished). Coordinates of centroids were compared to the central
line of a cube (Fig. 2a). The moment of inertia of each inclusions
arrangement was compared with the moment of inertia of an
equivalent homogeneous cubic specimen, whose mass is equal to

the mass of all inclusions (Mcube ¼ VfrL
3q, where q is the density

of inclusions taken as 1 g/cm3 for simplicity).

b) Total volume fraction of links. Links orientation

Links can be considered as randomly oriented rigid fillers inside
the matrix. Volume fraction, as well as the orientation of links, can
be analyzed in order to estimate their contribution to the mechan-
ical behavior of VM specimens. The volume fractions of links
(1 mm in diameter, see Section 2.4.1) calculated for different spec-
imens is presented in Fig. 3a. It is seen that this value is negligibly
small (0.34% at maximum) compared with the volume fraction of
inclusions.

Rigid fibres oriented with the direction of load can sufficiently
increase the rigidity of a composite material. By analogy, an orien-
tation of links relative to the three directions of the cubic specimen
can influence isotropy of its behavior. It was assumed that the
mechanical response of a VM specimen is influenced mostly by
links inclined by less than 45� towards main axes. A percentage
of links oriented in each of three directions of the cubic specimen
is compared in Fig. 3b. It can be seen that the difference between
directions does not exceed 10% from an average for the most of
the studied structures.

Summarizing the above discussion, small volume fraction and
absence of the primary orientation allow expecting a negligible
influence of links presence on the mechanical behavior of studied
specimens, especially by the means of its isotropy.

2.4. Manufacturing of a real specimen

2.4.1. 3D printing of the inclusions skeleton
An example of the structure obtained after all described manip-

ulations is presented in Fig. 4. Inclusions skeletons were completed
by four supporting legs, which help locating it in the center of the
L +DL = 70 mm cubic box (Fig. 4).

Inclusions skeletons were manufactured by a 3D professional
printer using ABS plastic material (acrylonitrile butadiene styrene
terpolymer with density in a range of 0.9–1.1 g/cm3 and Young
modulus between 1700 and 2600 MPa) with a spatial resolution
of 0.25 mm. Each structure was printed using two materials: space
not occupied by inclusions and links was filled with supporting
material, which can be chemically removed afterwards. An exam-
ple of a printed inclusions skeleton (V22.5-D12) is presented in
Fig. 4b.

Geometries produced by 3D printing technique have a non-
smooth, stair-like surface with a step height equal to the printer
resolution (Fig. 4c). Such surface of inclusions can influence the
behavior of VM specimens, and more precisely, the contact behav-
ior between inclusions and matrix. In order to preserve conformity,
all specimens were printed in the X-direction.

The choice of links diameter was mostly based on the stability
of the printed structure and was defined by printing a small por-
tion of the final geometry. It was found that links with a diameter
of 1 mm provide sufficient rigidity for the structure without an
excessive increase in volume fraction (0.13–0.34%, see
Section 2.3.3b).

Printing and chemical leaching of each specimen took approxi-
mately 12–24 h depending on specimen complexity.

Table 1
Parameters of inclusions skeletons obtained after packing procedure.

V00-D10 V7.5-D8 V7.5-D12 V15-D10 V22.5-D8 V22.5-D12 V30-D10

Target Vfr [%] 0.0 7.5 7.5 15 22.5 22.5 30
Resulted Vfr [%] 0.0 7.45 7.54 15.03 22.46 22.62 30.06
Number of inclusions 0 60 18 62 181 54 124



2.4.2. Molding inclusions skeletons into silicone matrix
Inclusions skeletons were molded into a 70 mm side cubic

matrix using silicon material in the Z-direction (Fig. 4d). The sili-
cone is supplied as a liquid viscous substance, which solidifies after
mixing with a hardener component in the proportion of 100–5
(100 g of a silicone to 5 ml of a hardener). Silicone and hardener
components were taken with a precision of 0.1 g and 0.1 ml
respectively.

Liquide silicone can contain a certain quantity of air bubbles
(especially after mixing with the hardener), which can naturally
decrease the rigidity of the dried material. Thus, degassing of the
silicone mold is a very important step in the specimen preparation
process which was performed for each silicone mold using a vac-
uum chamber.

Finally, drying takes 1–2 days depending on the matrix volume
fraction. Plastic inclusions (EABS = 2150 MPa) can be considered as
rigid compared to the silicone matrix (Esilicone � 0.5 MPa). It must
be also mentioned that preliminary tests have shown no adhesion
between dried silicone and ABS plastic (used for 3D printing of
inclusions skeletons).

3. Macroscopic response of ‘‘virtual material

In accordance with the definition of ‘‘Virtual Material”, both
experimental and numerical approaches were used in the present
study. Macroscopic response of VM subjected to compressive load

was analyzed mainly by means of two parameters of its observed
behavior: 1) maximum force parameter (Fmax) and 2) fraction of
dissipated energy from the total accumulated energy (E%).

The value of Fmax corresponds to the value of force at the max-
imum level of applied compressive displacement and allows to
compare the stiffness regardless the nonlinearity of the specimen
response.

Parameter E% corresponds to the capability of VM to dissipate
energy and can be defined as follows:

E% ¼ Energy dissipated
Energy accumulated

� 100% ð1Þ

where Energy accumulated is the energy accumulated in the mate-
rial during loading and Energydissipated is the energy dissipated
by material for one loading–unloading cycle.

3.1. Experimental approach

3.1.1. Experimental method
VM specimens were subjected to quasi-static compression load

with displacement control, using an electromechanical testing
machine, instrumented with a 50 kN load cell and stainless steel
compression plates. No glue or lubricant was applied between
specimens and plates’ surfaces to limit frictional sliding. Before
the experiment, all specimens were kept in a climate chamber at
23 �C for 24 h in order to eliminate the influence of the tempera-

Fig. 2. Values of coordinates of centroid of spherical inclusions (a) and moment of inertia of inclusions set in relation to the three main axes of the cube (b) as function of the
total surface of inclusions. Results obtained for inclusions arrangements were compared to the central line of the cube (a) and the moment of inertia of an equivalent
homogeneous cube (b).

Fig. 3. Analytical study of links influence: (a) total volume fraction of links in each specimen; (b) percentage of links inclined by less than 45� towards each of three main
directions.



ture variation. In order to decrease the influence of links on the
mechanical behavior, all specimens were preliminarily subjected
to cyclic loading with an amplitude of 15 mm in each of primary
directions (X, Y and Z). It is assumed that the majority of links
was broken during this pre-cycling procedure.

The loading scheme was identical for each specimen and each
loading direction. The speed of load was equal to 8.4 mm/min,
which corresponds to a macroscopic strain rate equal to
2�10�3 s�1. Each specimen was initially preloaded up to 5 N in
order to establish contact between specimen and compression
plates. After four loading cycles in series with Dd = 15 mm (21.5%
of macroscopic strain from the initial state), the fifth cycle with
Dd = 10 mm (14.3% of macroscopic strain from the initial state)
was applied. Displacement load was always applied relative to
the starting point of the following cycle. Pre-cycling eliminates
effects of permanent (broken or/and shifted links) and temporary
(Mullin’s effect) damage in the material. Experimental data from
the 5th cycle was used in the following study.

Pre-cycling effect (residual strain) was not the same for all the
specimens. Thus, for a better correspondence between experimen-
tal data obtained for different specimens and loading directions,
experimental curves were plotted in Force vs macroscopic strain
coordinates. The experimental procedure was performed in each
of three main directions (Z, Y and X) with 2 h rest time in the cli-
mate chamber between experiments.

3.1.2. Global response (experimental study)
Values of parameters Fmax and E% in each of three main loading

directions are summarized in Table 2. It was found that a relative
frictional sliding between specimen and compression plates leads
to an additional energy dissipation (see values of E% for the V00-
D10 specimen without inclusions). The value of E% connected to

this friction will be referred by Efr
% in the following text.

Assuming that the value of Efr
% remains constant for all the spec-

imens considered, it can be found that Efr
% constitutes a significant

part of E% for studied specimens (from 11% up to 36% for X- and Y-
load directions and up to 70% for the Z-load direction).

From Table 2 it can be seen that, for almost all VM specimens, Z-
loading direction is characterized by a decreased value of Fmax and
increased value of E% compared to other loading directions. For
example, for the specimen V15-D10, F Z

max = 414 N, while F X
max and

FY
max are equal to 430 and 436 N respectively. The value of E% for

the same specimen is about 13% higher in Z-loading direction.
These differences can be explained by recalling silicone molding
process and the fact that the molding box was filled with the sili-
cone in the Z-direction. Due to the surface tension a concave
meniscus-like effect can be observed. Consequently, after drying,
the top surface in the Z-direction of the specimen has a small cur-
vature, which changes contact conditions during the experiment.
We believe that this difference in the contact conditions at differ-
ent loading directions led to the difference in the observed
mechanical behavior. It must be noted that contribution of this
concave meniscus cannot be estimated and, as a result, the com-
parison between Z and X or Z and Y directions becomes difficult.
Comparison between data obtained in X and Y directions for a
given specimen, on the contrary, have not shown significant aniso-
tropy. Thus, for the sake of simplicity, experimental results corre-
sponding to the Y-loading direction were considered here.

3.2. Finite element approach

3.2.1. Material models
Inclusions were modelled using Hooke’s law for elastic materi-

als with parameters taken in accordance with ABS material speci-
fications (E = 2150 MPa and m = 0.4). The nonlinear elastic behavior
of the silicone matrix was modelled using the Arruda-Boyce hyper-
elastic model as it provides good prediction capabilities along with
a stable behavior [31].

Inverse identification method was implemented to determine
parameters of the hyperelastic material model with an increased
accuracy. This method was based on minimization of a mean
square difference between Force vs Displacement curves obtained
for V00-D10 specimen during the experimental study and FE sim-
ulation. An iterative algorithm was developed using Python pro-
gramming language to control optimization process.

Fig. 4. Preparation of the specimen V22.5-D12: (a) the numerical inclusions skeleton; (b) the printed skeleton; (c) stair-like surface of a 3D printed geometry; (d) molding of
the skeleton into the silicone matrix.



Constants of the material model were modified in each iteration
step and a new simulation was performed afterwards. In this way,
inverse identification method allows fitting of the material model
using the mechanical response of the material subjected to a mul-
tiaxial state of load (due to the geometry of the specimen and
applied boundary conditions). Constant set identified by the
inverse-identification fitting algorithm (coefficient of determina-
tionR2 = 0.99) is presented in Table 3.

3.2.2. Finite element model of VM specimens

a) Meshing
The complex geometry of VM specimens requires additional

attention during meshing process. A big difference betweenmacro-
scopic and local characteristic sizes of a specimen makes compli-
cated the choice of meshing method and an element size (i.e. an
edge of the cubic specimen Lþ DL = 70 mm is much higher than
the minimum distance between inclusions a = 1 mm). An example
of obtained mesh for the matrix and inclusions is presented in
Fig. 5a and b.

b) Boundary conditions

For reasons of simplification and reduction of computational
time, displacement boundary conditions were applied directly on
the top surface of the structure (Fig. 5c). Nodes on the top surface
were rigidly coupled together and fixed in al DOFs except for the
direction of loading. Nodes on the bottom surface were also cou-
pled and all DOFs were fully constrained. These boundary condi-
tions allow to greatly reduce the complexity of the numerical
problem by eliminating resolution of the contact problem between
specimen and compression plates. This corresponds to a ‘‘glued”
top and bottom surfaces of a specimen, which can be accepted as
an approximation of a real case.

c) Contact type influence; influence of the friction value

Modeling of the VM structure requires the definition of a con-
tact law between the matrix and inclusions. In general, this contact
must be defined either as a tie constraint contact (an effect of
inclusions ‘‘glued” to the matrix) or as a frictional contact (relative
displacements and disconnection of contact surfaces are allowed).

It was found during the experimental investigation that VM
specimens dissipate energy during cyclic loading, while silicone
material of the matrix exhibits a hyperelastic behavior and does
not dissipate energy by itself. Thus, energy dissipation during cyc-
lic loading was caused by friction between inclusions and the
matrix and the frictional contact type was chosen.

In order to find an appropriate value of friction coefficient, pre-
liminary simulations were carried out. Influence of the value of
friction coefficient on the mechanical behavior of the structure
was studied using V15-D10 specimen. This specimen was chosen
as a compromise between complexity of the numerical model
and the number of inclusions in the structure. Force vs Deforma-
tion curves obtained during compression experiment and FE simu-
lation using different friction coefficients are presented in Fig. 6.

It can be seen that a decrease in the value of friction coefficient
leads to a decrease in the value of Fmax. The value of friction coef-
ficient equal to 0.1 provides the best fit to experimental data. How-
ever, the lower the friction coefficient, the higher relative
displacements between contacting surfaces and the higher the
numerical complexity of the finite element problem. For example,
a decrease of a friction coefficient from 0.3 to 0.1 increases the
computational time by 40% (from �19.5 h to �48 h). Thus, follow-
ing the compromise between accuracy and computational effi-
ciency, a friction coefficient value equal to 0.3 was chosen for FE
simulation.

3.2.3. Global response (FE study)
Summary of all macroscopic data (Fmax and E% [%]) obtained

during FE simulation campaign is summarized in Table 4.
First simulation results, obtained for specimens V7.5-D8, V7.5-

D12 and V15-D10 in all three directions of load (X, Y and Z) and
for the specimen V22.5-D8 (with the highest number of inclusions)
in two load directions (Y and Z), have shown that observed aniso-
tropy of the specimen’s behavior does not exceed 0.5% of the value
of Fmax and 5.5% of the value of E% and can be neglected (Table 4).
Thus, only Y-direction of loading was considered for the further
study.

3.3. Comparison between two approaches

3.3.1. Comparison of the global responses
Comparison between the global response of numerical and real

VM specimens was carried out in terms of coefficient of determina-
tion R2, parameter of the material stiffness Fmax and dissipative
capabilities parameter E% (Fig. 7a). Additionally, comparison of
Force vs Macroscopic strain curves was carried out. For example,
Fig. 7b shows that the numerical model successfully predicts the
global mechanical behavior of V15-D10 and V30-D10 specimens.
It can be noted that the relative difference between values of
Fmax for specimens V00-D10, V7.5-D8, V15-D10 and V30-D10 cal-
culated using experimental and FE simulation data is small and
varies from 0 to 5%.

Table 2
Maximum force and dissipated energy fraction data obtained during experimental investigation of VM specimens subjected to compression load.

Fmax[N] E%[%]
Specimen X Y Z X Y Z

V00-D10 398 400 372 Efr% = 2.2 Efr% = 1.8 Efr% = 5.2
V7.5-D8 427 428 401 6.6 6.5 7.8
V7.5-D12 394 393 379 6.0 6.3 7.2
V15-D10 430 436 414 8.3 8.2 9.3
V22.5-D8 396 378 388 12.4 10.9 11.4
V22.5-D12 397 406 406 12.1 11.0 12.6
V30-D10 480 490 476 15.6 15.7 16.5

Table 3
Constants of Arruda-Boyce hyperelastic model.

Arruda-Boyce hyperelastic model Constants of the model

WAB ¼ C1
P5

i¼1aib
i�1 IB

i � 3i
� �

C1[MPa] N

with b ¼ 1
N ;a ¼ 1

2 ;
1
20 ;

11
1050 ;

19
7000 ;

519
673750

� �
0.132 6.549

IBis the first invariant of the left Cauchy-Green deformation tensor.
WAB is the strain energy function of the Arruda-Boyce hyperelastic model.



Obviously, due to established boundary conditions and chosen
material behavior, FE model of the V00-D10 specimen does not
show any energy dissipation (EFEM

% = 0%). On the opposite, the pres-
ence of friction between the specimen and compression plates
results in energy dissipation during the experimental study

(Eexp
% ¼ Efr

% ¼ 1:8%). Thus, for comparison, the value of Eexp
% for all

specimens was decreased by Efr
% (see histogram for E_% in

Fig. 7a). We must note that in this case, the difference Eexp
% � EFEM

%

lays in between 1.6 and 2.3% for most of the specimens and may
be explained by the frictional dissipation on rigid links.

3.3.2. Response surfaces
The Doehlert experimental design uses a second-degree polyno-

mial model to predict response value and construct the ‘‘response
surface” [26]:

ymod
bV fr; bD� �

¼ b0 þ b1
bV fr þ b2

bD þ b3
bV fr

bD þ b4
bV 2

fr þ b5
bD2 ð2Þ

where bV fr and bD are standardized variables of Vfr and D respectively
and bi (i = 0, . . . 5) are parameters of the model. Identification of
parameters bi is carried out as a linear least square minimization
of the error between results of 7 experiments and the model

Fig. 5. The mesh of the matrix (a) and (b) inclusions the V30-D10 specimen; (c) boundary conditions for VM finite element model.

Fig. 6. Influence of a friction coefficient value on the mechanical response of the FE model of V15-D10 specimen: (a) macroscopic Load-strain curve and (b) numerical value of
Fmax and coefficient of determination value.

Table 4
Maximum force and dissipated energy fraction data obtained during FE simulation of VM specimens subjected to compression load.

Fmax[N] E%[%]

Specimen X Y Z X Y Z

V00-D10 — 399.6 — — 0.0 —
V7.5-D8 426.6 426.2 425.8 2.4 2.4 2.2
V7.5-D12 428.2 427.6 428.5 2.3 2.4 2.4
V15-D10 451.1 452.5 450.5 4.7 4.8 4.6
V22.5-D8 — 475.6 475.9 — 7.3 —
V22.5-D12 — 480.1 — — 7.5 —
V30-D10 — 515.9 — — 10.3 —



response with the help of the Moore-Penrose pseudoinverse matrix
[32]:

b ¼ ZTZ
� ��1

ZTy ð3Þ

where b is a column vector of unknown parameters of the model, Z
is the 7 � 6 matrix of the model and y is a column vector of 7 exper-
imental measurements.

Identification of the most significant input factors (among Vfr

and D), as well as a qualitative study of variation of the response
variable (Fmax or E%) with an increased precision was carried out
using response surface method.

a) maximum force parameter

Response surfaces for the Fmax parameter obtained using exper-
imental and numerical data are presented in Fig. 8 and their
expressions are as follows:

FExp
max

bV fr; bD� �
¼ 436:18þ 23:82bV fr � 1:79bD þ 36:44bV fr

bD
þ 8:57bV 2

fr � 49:3bD2 ð4aÞ

FFEM
max

bV fr; bD� �
¼ 452:49þ 54:96bV fr þ 1:71bD þ 1:77bV fr

bD
þ 6:4bV 2

fr � 2:32bD2 ð4bÞ
Fig. 8 shows that, in the experimental case, Fmax varies non-

monotonicallywith the growth of input parametersVfr andD. More-
over, a maximum value of Fmax can be found at each value of Vfr .

On the opposite, Fmax parameter of numerical specimens grows
monotonically with an increase in the value of Vfr and has a negli-
gible dependency on the value of D: in Eq. (4b), coefficients of Vfr

parameter are always higher than the corresponding coefficients
of D parameter.

b) Energy parameter

Response surfaces for the E% parameter obtained using experi-
mental and numerical data are presented in Fig. 9 and their expres-

sions are as follows (the value of Efr
% was not subtracted from

experimental data):

EExp
%

bV fr; bD� �
¼ 8:18þ 6:15bV fr � 0:035bD þ 0:208bV fr

bD
þ 0:53bV 2

fr þ 0:483bD2 ð5aÞ

EFEM
%

bV fr; bD� �
¼ 4:772þ 5:107bV fr þ 0:088bD þ 0:092bV fr

bD
þ 0:398bV 2

fr þ 0:015bD2 ð5bÞ
It is seen that in both experimental and numerical cases the

capability of VM to dissipate energy grows monotonically with
an increase in the value of Vfr . A negligible dependency of E% on
the value of D has been found during both approaches: it can be
seen in Eq. (5a and b) that coefficients of size parameter are smaller
than the corresponding coefficients of volume fraction parameter.

Fig. 7. Comparison between the global response of numerical and real VM specimens: (a) in terms of coefficient of determination R2, parameter of the material stiffness Fmax

and dissipative capabilities parameter E%; (b) by whole Force vs Macroscopic strain curves (for V15-D10 and V30-D10 specimens).



It can be concluded from Eq. (5a and b) that during experimental
study the value of D has a higher influence on the value of E% than
during numerical simulation.

3.4. Discussion of experimental and numerical results

Possible sources of the observed differences between the
macroscopic response of real and numerical specimens can be dis-
cussed. First of all, despite the small volume fraction and absence
of a primary orientation of rigid links (see Section 2.3.3b), their
presence (see Fig. 10a) can, though, influence the overall behavior
of specimens. Secondly, modeling of voids nucleation in the
regions of inclusions-matrix separation (no adhesion between
matrix and inclusions, Fig. 10b) can be not accurate enough
because of the complex stair-like surface of real inclusions manu-
factured using 3D printing (Fig. 10c). Finally, additional energy dis-
sipation observed during the experimental investigation can be
connected with this stair-like surface of links and inclusions, while
its influence may be non-uniform and may depend on the relative
location of inclusions and the level of applied load.

Taking into account presented approximations and differences,
it can be concluded that FE model establishes a satisfactory predic-
tion of a global behavior of real specimens. Thus, numerical speci-
mens can be used to study the internal mechanics of VM.

4. Analysis of VM at meso-scale

4.1. Load-bearing chains (surface of projections method)

In powders/granular materials the external axial load is non-
homogeneously transmitted through contacts between particles,
forming load-bearing chains (or force networks) which are going
through the material in the direction of load [33]. A similar mech-
anism can be assumed for a soft matrix reinforced by rigid parti-
cles. Schematically, this type of load transmission is presented in
Fig. 11a: closely located inclusions form regions of stress concen-

trations, which support most of the external load. Thus, the
strength of a composite material is not homogeneously distributed
throughout its structure.

Analysis of potential load-bearing chains was performed using
‘‘surfaces of projections”, constructed by projecting inclusions on
one of the 3 main planes of the cube. At each point, the magnitude
of such surface is defined by the number of inclusions projected to
this point (Fig. 11b). Construction of such surfaces for three main
planes of the cube (XY, XZ andYZ) allows to study length anddensity
of potential load-bearing chains and, in thisway, compare rigidity of
each specimen in different directions on a theoretical basis. Surfaces
of projections were built with a resolution of 0.25 mm (Fig. 11b).

Fig. 12 represents the surface of projections for the V22.5-D8
specimen with the highest number of inclusions (surfaces of pro-
jections for the rest of specimens can be found in Appendix). The
region with a given number of projected inclusions will be referred
by variable n: n = 1 for at least one projected inclusion, n = 2 for at
least two projected inclusions, etc. The maximum magnitude will
be denoted by nmax.

Although it is impossible to define the number of load-bearing
chains from the present analysis, itmust be proportional to the total
area covered by each of n colour contours. Fraction Snfr of a 60x60
square surface area covered by each of n colour contours can be cal-
culated for each of three main directions to confirm conclusions
about specimens’ isotropy and perform the comparison between
specimens.

Additionally, the variation of the value Snfr calculated for different
directions was analyzed using variation coefficient Cvar , defined as
follows:

Cvar ¼ 1
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Snfr Xð Þ � l

� �2
þ Snfr Yð Þ � l
� �2

þ Snfr Zð Þ � l
� �2

3

vuut
ð5Þ

where l ¼ 1
3 Snfr Xð Þ þ Snfr Yð Þ þ Snfr Zð Þ
h i

is the mean value of Snfr for a

given n. The value of Snfr calculated for the contour with number

Fig. 8. Fmax parameter of VM stiffness obtained during (a) experimental and (b) numerical studies as a function of inclusions’ volume fraction and diameter.

Fig. 9. E% parameter of VM dissipative capabilities obtained during (a) experimental and (b) numerical studies as a function of inclusions’ volume fraction and diameter.



n = nmax will be denoted in the following text as Smax
fr . Obtained data

are presented in Table 5a–c.
First of all, it is seen that an increase in the volume fraction, as

well as a decrease in the size of inclusions, lead to an increase in
load-bearing chains density (an increase in Snfr for each n) and an
increase in nmax.

Differences between main directions of specimens can be found
comparing data presented in Fig. 12 and Table 5a-c. For example,
the value of nmax obtained for the V22.5-D12 specimen in the Y-
direction (XZ-plane) is equal to 5, while, for the other two direc-
tions, this value is equal to 4. It means that potentially Y-
direction of the specimen can have a higher rigidity. Similarly,
for the case of the V7.5-D12 specimen, nmax equals to 2 in the X-
direction and to 3 in the other directions. It is also seen that the
value of Cvar grows with an increase of contour number n. It means
that the difference between values of Snfr , calculated for X-, Y- and
Z- directions becomes more distinct for high values of n, and,
thereby, it can be assumed that the stiffest direction can be found
by the highest value of Smax

fr (e.g. X for V7.5-D8, Y for V22.5-D8, Z for

V22.5-D12, etc.). A relatively small values of Smax
fr , however, allow to

consider these differences in stiffness as negligible. The last conclu-
sion can be indirectly confirmed by experimental and numerical
results discussed in Section 3 (see Table 2 and Table 4).

4.2. Local stress–strain concentrations (FE method)

Stress/strain concentrations localized in the matrix material,
confined between inclusions, can be presented by taking cross-
sections of the FE model of a studied specimen. Stress–strain maps
obtained in such cross-sections allow to visualize load-bearing

chains defined previously. It was assumed that the longest load-
bearing chains correspond to regions of highest stress–strain con-
centrations. Thus, a position for the cross section was chosen in
accordance with the location of potential load-bearing chains
determined by projection surfaces.

An example of such analysis, carried out for the V22.5-D8 spec-
imen, is presented in Fig. 13. A similar approach can be used for the
rest of the specimens. Maps of Von Mises stress and Y-component
of the true strain tensor were calculated at a � = 5 mm cross sec-
tion and are presented in Fig. 13a and b. Inclusions’ geometries
were removed from figures for a better representation of the
stress–strain state in the matrix.

Von Mises stress, computed from components of the Cauchy
stress tensor, can be considered as an integral parameter of a mate-
rial stress state. In this way, a map of Von Mises stress values can
represent stress concentrations regardless the prevailing loading
type (uniaxial, shear, etc.). Chains of Von Mises stress concentra-
tions going from the top to the bottom of the specimen are pre-
sented in Fig. 13a. As it was assumed earlier, it is seen that a
higher number of inclusions in the section leads to an increase in
a density and length of load-bearing chains. It can be also noted
that the value of Von Mises stress in the present cross sections
reaches �0.56 MPa, while the average value in the matrix is about
0.045 MPa (�12.5 times lower).

The similar picture can be found for the Y-true strain map: dis-
tinct chains of strain concentrations can be found in the present
section (Fig. 13b). It can be found that the magnitude of strain
reaches values 3–5 times higher than the average in the matrix
and 5–7 times higher than the applied strain (10 mm of applied
load � 0.15 of true strain).

5. Conclusions

Influence of heterogeneities (size and volume fraction of
monodisperse spherical inclusions) on the mechanical response
of composite structure was investigated using new ‘‘Virtual Mate-
rial” approach, which keeps the connection between numerical and
real cases of study. Results have shown a significant dependence of
the global response on the value of Vfr and non-significant depen-
dence on the value ofD.

The VM approach can be used in tasks of homogenization as
well as localization of stress/strain concentrations and numerical
optimization of the internal structure of the material.

Improvement of the studied case in terms of problem dis-
cretization (polydisperse and/or polyhedral shape inclusions) and
constitutive materials (visco-hyperelastic matrix, materials with
mutual adhesion, etc) can be proposed in order to study a more
general problem.

Fig. 10. Porosities in the structure of real VM specimens: (a) rigid links and (b) voids in regions of inclusions-matrix separation. (c) Stair like surface of inclusions and links.

Fig. 11. (a) Schematic representation of a load-bearing chain in a composite
material; (b) construction of a surface of projections.



Fig. 12. Surfaces of projections for the specimen V22.5-D8.

Table 5a
Snfr [%] calculated for each of the main directions and for different n – specimens V7.5-D8 and V7.5D12.

V7.5-D8 V7.5-D12

Snfr Xð Þ Snfr Yð Þ Snfr Zð Þ Cvar[%] Snfr Xð Þ Snfr Yð Þ Snfr Zð Þ Cvar[%]

Number of projected inclusions (n) 1 47.53 52.03 54.58 5.7 46.8 45.18 39.49 7.2
2 22.78 22.32 21.07 3.3 9.71 9.76 14.86 21.1
3 11.01 8.33 8.14 14.3 0.0 1.53 2.17 73.8
4 2.48 1.13 0.02 83.4 0.0 0.0 0.0 –
5 0.0 0.0 0.0 – 0.0 0.0 0.0 –
6 0.0 0.0 0.0 – 0.0 0.0 0.0 –

Table 5b
Snfr [%] calculated for each of the main directions and for different n – specimens V22.5-D8 and V7.5D12.

V22.5-D8 V22.5-D12

Snfr Xð Þ Snfr Yð Þ Snfr Zð Þ Cvar[%] Snfr Xð Þ Snfr Yð Þ Snfr Zð Þ Cvar[%]

Number of projected inclusions (n) 1 88.87 88.39 87.69 0.6 85.30 84.49 82.16 1.6
2 74.58 74.90 74.57 0.2 60.01 57.85 57.38 2.0
3 53.53 53.15 54.49 1.1 21.86 24.67 25.72 6.8
4 28.11 26.92 27.22 1.9 2.41 2.56 4.39 28.9
5 7.43 8.58 8.15 5.9 0.00 0.05 0.00 –
6 0.10 0.75 0.55 57.9 0.00 0.00 0.00 –
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