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Tolerance analysis of a deformable component using the
probabilistic approach and Kriging-based surrogate

models

P. Beaurepaire,! C. Mattrand, 2 N. Gayton, ® J.-Y. Dantan*

ABSTRACT

Tolerance analysis is a key issue in proving the compatibility of manufactur-
ing uncertainties with the quality level of mechanical systems. For rigid and
isostatic systems, multiple methods (worst case, statistical or probabilistic ap-
proaches) are applicable and well established. Recent scientific developments
have brought enhancements for rigid over-constrained systems, using probabilis-
tic and optimization based methods. The consideration of non-rigid systems is
more complex, since large-scale numerical model must be taken into account for
an accurate prediction of the quality. The aim of the present paper is the illustra-

tion of the probabilistic tolerance analysis approach for an industrial application
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involving deformable parts. The distributions associated with the dimensions of
the components are identified using real components collected from the assembly
lines. A nonlinear finite element model is used to predict the mechanical behav-
ior. A reliability analysis is performed in order to compute the defect probability
and estimate the quality of the products. A Kriging-based surrogate model is

used to reduce the numerical efforts required for the reliability analysis.

Keywords: Tolerance analysis; Defect probability estimation; System reliabil-

ity; Kriging-based surrogate model, Wiping system

INTRODUCTION

Engineers are aware that uncertainties in the dimensions of manufactured
products cannot be avoided, i.e. mechanical components manufactured on the
same assembly line using the same tools and the same raw materials have slightly
different shapes; and their dimensions are also different from the designer’s tar-
get. Tolerance analysis offers a rational framework to study such uncertainties,
and enables engineers to guarantee that the quality resulting from the produc-
tion process remains acceptable. Consequently, production wastage and global
manufacturing costs are considerably reduced.

It is assumed that the behavior of a mechanical system is fully characterized by
a finite set of parameters X, which are associated with the deviations between the
ideal geometry and the geometry of real components; the shape of the components
is parameterized; and the vector X has a finite size. The response of the system
Y is described using the functional characteristics (Nigam and Turner 1995); its

expression is of the form:

Y = f(X) (1)

where f denotes the response function of the mechanical component.
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Tolerance analysis can be performed by considering the upper and lower
bounds of the functional characteristic expressed in Equation (1). The system is
functional as long as its response is between these two bounds. Two strategies
are applicable to deal with the geometric deviations (Chase and Parkinson 1991;

Greenwood and Chase 1987; Nigam and Turner 1995).

1. With the worst case approach, each dimension X; is characterized by
an upper and a lower bound; and the configuration leading to the worse
performance is identified. The tolerance intervals of the dimensions are
adjusted in order to guarantee that the component is functional for the
worst case (i.e. that the functional characteristics are between the prede-
fined bounds for all the possible values of X).

2. The statistical approach consists of introducing a probabilistic model
for the dimensions, and uncertainties are subsequently propagated to the
response of the mechanical component. The function characteristic may
be outside the predefined bounds; this is tolerated as long as such events
remain rare and the frequency of occurrence is controlled. The objective
of the tolerance analysis is the determination of this occurrence proba-
bility, which is referred to as the defect probability. It provides a metric
associated with the quality of the production, which is often expressed in
parts per million (ppm) or in parts per billion (ppb) for systems manu-
factured by Valeo VWS (the industrial partner in this study). The worst
case approach is more conservative, which leads to excessively tight tol-
erance intervals and higher manufacturing costs (Hong and Chang 2002;

Roy et al. 1991); the statistical approach is therefore used here.

During the last two decades, three main issues have been addressed by the

tolerance analysis community for the statistical approach. Issue 1 concerns the
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modeling of random dimensions by probability distributions. Tolerance analysis
is commonly performed in the design stage to predict defect probability, and the
tolerance intervals are adjusted to meet predefined quality requirements. One of
the major challenges is the lack of information at this stage, since parts are not
available and it is hence not possible to use measurements of the uncertain dimen-
sions to identify their distributions. As a result, assumptions must be introduced
into the uncertainty model (using, for instance, feedback obtained with similar
components). A possible strategy consists of modeling each dimension with a
uniform distribution inside the tolerance interval (Greenwood and Chase 1987).
However, this approach may be conservative, and alternative strategies are appli-
cable, such as the use of centered or shifted Gaussian distributions (Evans 1975;
Scholtz 1995). The uncertainty model may also be defined by means of a dynamic
approach (Gayton et al. 2011) when considering batch production. A multi-level
model is introduced and the dimensions are modeled using Gaussian distribu-
tions. The parts in the same batch have identical mean and standard deviation
for all their dimensions. These moments are modeled as random variables, which
introduces a second level of uncertainty (Gayton et al. 2011; Scholtz 1995). All
these models require assumptions which have considerable consequences on defect
probability prediction. The second major issue (issue 2) is the tolerance analysis
in case of over-constrained mechanical systems. Equation (1) is not applicable to
such problems, as the functional requirement involves the uncertain dimensions
of the components, but also gap variables, which may be associated with the dis-
tance between the components of the assembly. It is not possible for the designer
to set the value of these variables, and they are not characterized by a probabil-
ity density function. As the gaps cannot be modeled using random variables nor
design variables, they are referred to as free variables in this manuscript. The for-

mulation of the tolerance analysis problem with gap variables is described e.g. in
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(Dantan and Qureshi 2009). This is a challenging task, as the identification of an
explicit expression of the functional characteristic is in general not possible. For
over-constrained systems, multiple contact configurations are possible, leading to
multiple candidate values of the functional characteristic. Specific methods have
been proposed to identify appropriate contact configurations and compute the
defect probability (Dumas et al. 2015; Qureshi et al. 2012). However, tolerance
analysis of over-constrained systems remain a challenging task. The last issue
(issue 3) concerns the tolerance analysis of systems with deformable parts; the
compliance of the components is explicitly considered by introducing a mechani-
cal model, obtained for instance using the finite element method (see e.g. (Gordis
and Flannelly 1994; Liu and Hu 1996; Séderberg et al. 2006)). Liu and Hu (1997)
showed that dimensional variation has little effect on the stiffness of the compo-
nents, and a deterministic model can be used for their mechanical behavior. This
strategy, known as the influence coefficients method, has been applied with suc-
cess to multiple problems, see e.g. (Dahlstrom and Lindkvist 2006; Li et al. 2004;
Lindau et al. 2015). The method is applicable only if (i) the coefficient of varia-
tion associated with the uncertain dimensions is sufficiently small (in order they
have no effects on the stiffness matrix); (ii) the materials behavior is linear (or
the strain is sufficiently small to have a linear material behavior).

The Monte Carlo Simulation is widely used to compute the probability of
defect, as this method is applicable to non-linear models and non-Gaussian dis-
tributions. However, the Monte Carlo method requires considerable numerical
efforts when the defect probability is low or when a large scale model is used.
Advanced reliability methods, such as the First and Second Order Reliability
Method (FORM, SORM) or importance sampling can be used to reduce these
numerical efforts (Lemaire 2010).

The present paper deals with the implementation of an industrial tolerance
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analysis application. The problem is the prediction of the defect probability of a
deformable wiper blade system subjected to shape and material uncertainty. In
this work, the three issues discussed above are considered with great attention.
The manufacturing of these components started a few years ago and it is therefore
possible to directly measure their dimensions. The problem of the identification
of the distribution (issue 1) is hence simplified, as data are available and can
be used to identify the most suitable distribution for each dimension. The addi-
tional complexity introduced by free variables (issue 2) is addressed by calibrating
a response surface, which is subsequently used to eliminate these variables with
reduced computational efforts. For the tolerance analysis of such a component,
the functional requirements are obtained directly from the structural response.
The influence of the uncertain dimensions on the stiffness matrix cannot be ne-
glected (and has to be fully considered). The simplifying hypothesis used in the
literature for the tolerance analysis of deformable components (issue 3) is not ap-
plicable here, and multiple finite element simulations are required to perform the
reliability analysis and compute the defect probability. An advanced simulation
method is used to perform this analysis with acceptable numerical efforts; it relies
on the use of Kriging-based surrogate model (Echard et al. 2011; Echard et al.
2013; Fauriat and Gayton 2014).

This manuscript is structured as follows: the considered industrial problem in
described in Section 2; the stochastic structural model is described in Section 3
with a presentation of the modeling of uncertainties from profile measurements.
The proposed surrogate model-based methodology is next discussed in the fourth
section before presenting the results in Section 5. The article closes with conclu-

sions and perspectives in Section 6.

DESCRIPTION OF THE INDUSTRIAL PROBLEM
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This study concerns the tolerance analysis of a wiper system. Such compo-
nents are used in the automotive industry to remove water and debris from the
windshield. The methods developed here are applied to flat blade technology.
The blade is fixed at its center to the wiper arm, which applies an alternating
rotation movement (see Figure 1) and maintains the contact between the blade
and the windshield.

The blade is mainly composed of metallic splines and of a rubber profile that
is the focus of this paper. The shape of the splines matches the curvature of the
windshield; they provide sufficient stiffness to the assembly, preventing an uneven
distribution of the pressure at the contact between the blade and the windshield.

The rubber profile includes multiple sub-components (see Figure 2):

e the lips ensure wiping and windshield cleaning;

e the hinge, which controls the deformation of the blade and the contributes
to reverse the blade (when the wiper reaches the end of its travel and turns
back);

e the heel, which locks the fir to the blade assembly.

During wiping, the profile is considerably strained; the fir and the heel come
into contact as shown in Figure 2. The mechanical deformation of the rubber
profile during the wiping cycle depends on the tip force, the friction coefficient
between the windshield and the rubber, the material properties and the geomet-

rical characteristics. A good control of blade profile deformation prevents:

e fast deterioration of the rubber leading to ridge defect on the windshield
as shown in Figure 3a;
e return defects generated by particular geometrical conditions of the rubber

profile as shown in Figure 3b.
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The performance of the system is evaluated from the structural response,
i.e. fluid-structure interactions are not considered here, and therefore the multi-
physics problem is transformed into a mechanical problem. The two first per-
formance criteria of the wiper system are determined using the contact angle «
(i.e. the angle between the lips of the fir and the windshield) and the locking
angle § (measured at the contact point between the fir and the heel, as shown
in Figure 2). The maximum strain €, of the rubber hinge is used as a third
performance criterion, since it may be an indicator of the aging of the rubber.

This paper is focused on the investigation of the consequences of geometri-
cal and material uncertainties on the performance of a wiper system. Only the
uncertainties associated with the rubber profile are considered. Consequently,
the aim of this paper is the evaluation of the system probability that «, 5 and
€maz 1all outside functional ranges, each quantity depending on random geometry,
characterized by parameters grouped in vector D, and the material properties,
characterized by parameters grouped in vector P.

This work also enables us to obtain feedback on the actual distribution of the
dimensions of the wiper blade. This is an important matter, since in practice
designers lack this information to estimate the quality level associated with a
component. The study provides an opportunity to analyze real part data, iden-
tify the distribution associated with the various dimensions, determine whether
the assumptions usually made during design are realistic, etc. The dependence
between the dimensions is an interesting element, too. Indeed, the profiles are
manufactured using an extrusion process, which introduces correlation between
the dimensions. The information collected here may be re-used in the future in
the definition of the random variable set for wiper profiles manufactured using

the same process.
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STOCHASTIC STRUCTURAL MODEL

Probabilistic model
Characterization of uncertain parameters

The components are manufactured using a rubber extrusion process, and the
profiles are subsequently cut to obtain blades of the required length. The uncer-
tainties associated with the length of the blade are not considered here, and thus
the geometry of the component is defined by the cross-section of the blade. The
reference cross-section, as it appears for instance in the computer-aided design
model, is shown in Figure 4a. The manufacturing process introduces unavoidable
geometrical deviations, and the actual geometry of a wiper blade differs from the
reference geometry. A manufactured part is shown in Figure 4b and geometrical
deviations are perceptible. The shape of the rubber profile is frequently controlled
in the factories to quantity these geometric deviations; a video measurement tool
is used to avoid the part deformation during its size control. The shape of the
observed cross-section is complex, and the preparation of a geometrical model
capturing fully the deviation with respect to the drawings would be a challenging
task. A simplified non-ideal cross-section is introduced; it is fully described using
a finite number of parameters D as shown in Figure 5. In total, 44 different
quantities are determined to characterize the reference cross-section of the blade
(length and width at various locations, fillet radii, etc). A probabilistic approach
is used and a random variable is introduced for each geometrical parameter.

It is assumed that the uncertainties can be fully characterized using the linear
correlation matrix and marginal distributions. Alternative strategies may be
considered to account for the correlation between the dimension, such as for
instance copulas (see e.g. (Mai and Scherer 2012; Scholzel and Friederichs 2008)).

However, such approaches are not used here.
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Initially, a set of candidate distributions is arbitrarily selected. Only four
candidate distributions are use here but additional distributions may be included
without modifying the proposed procedure. In the study, the dimensions may
follow either a uniform, exponential, normal or lognormal distribution. In each
case, it is necessary to identify the parameters of the distribution leading to
the best match with the data obtained from the factory. These parameters are

obtained by maximizing the likelihood function, which is expressed as:

45
(o, 0, ... D\ p, D) =[] f,(DY, p,D) 2)
j=1

where Dl(j ), j = 1...45 denotes the measurements available for the " dimension of
the wiper blade, which are used to identify the distribution of the corresponding
random variable; in total, 45 dimension measurements are used to identify the
distributions. p is a vector grouping all the distribution parameters (e.g. mean,
standard deviation, bounds), fp, denotes the probability density function of the
random variable D; and D represents the considered distribution (i.e. either the
normal, uniform, exponential or lognormal distribution). The value of the terms
of p is selected such that L is maximized.

The most suitable distribution is then selected using the Akaike Information

Criterion (AIC) (Akaike 1974):

AIC(DY,..,D™ p. D)= -2 L(DY,...,D™ p.D) +2¢(D)  (3)

(2

where p denotes the optimal value of the distribution parameters (which maximize
Equation (2)), and ¢ is the number of parameters associated with the distribution.
For an exponential distribution, ¢ is equal to one (and in this case p is a scalar);

otherwise ¢ is equal to two (and p is a vector with two terms). The distribution

10
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D associated with the maximum value of the AIC leads to the best fit with the
available data, and is subsequently used in the probabilistic model.

This operation is repeated for all the dimensions considered and, in total, 44
distributions are identified using the procedure described above. It is observed
that either the normal distribution or uniform distribution maximize the AIC for
most of the dimensions; the lognormal distribution is occasionally used, but it

remains rare; the exponential distribution is never used.

The manufacturing process has a strong influence on the dependence between
the uncertain parameters, as physical phenomena are involved and impact all
the dimensions. For instance, the rubber may expand after extrusion, causing
a positive correlation between the dimensions Hs and H, indicated in Figure 5,
whereas it causes a negative correlation between the dimensions H; and H,. Fig-
ure 6 represents a scatterplot of these dimensions, the correlation between the
dimensions is clearly visible. In this work, samples of the uncertain parameters
are available and for each measurement, all the dimensions are determined on
the same part. Thus, the correlation matrix can be directly computed from the

measurements.

The vector P gathers the uncertainties associated with the material param-
eters. These coefficients are used to define a probabilistic hyperelastic model of
the mechanical behavior of rubber. In total, two independent random variables
are used to characterize the material uncertainties. The details of this model are

not discussed here for confidentiality reasons.

11
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Isoprobabilistic transformation

Most reliability algorithms are applied in the so-called standard normal space,
where all the random variables are independent and have a standard normal dis-
tribution, with a zero mean and a unitary standard deviation. An isoprobabilistic

transformation is applied to each random variable; it is expressed as:
2z =01 (Fp, (D;)) fori=1,...,44 (4)

where &~ denotes the inverse of the standard normal cumulative density function,
Fp, is the cumulative distribution function associated with the variable D; and
z; denotes the random variables expressed using its original distribution and its
counterpart in the standard normal space, respectively.

In case the variables D; and D, are correlated before the transformation de-
scribed in Equation (4), the variables z; and z; are correlated as well, and pj;
denotes their correlation coefficient. The approximation of pj; available in (Liu
and Der Kiureghian 1986) are used here.

In the standard normal space the covariance matrix and the correlation matrix

are identical and defined as:

! /
= [pij]1<7;<44,1<j<44 (5)

The Karhunen-Loeve (Karhunen 1947; Loeve 1977) transform is used to decor-

relate the random variable, it is expressed as:
44
z = Z SV i (6)
i=1

where z = [21, ..., 244]; &, © = 1...44 denotes independent variables with a standard

normal distribution, and A; and ¢, denote respectively the eigenvalues and the

12
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eigenvectors associated with the matrix X',

In Equation (6), the eigenvalues are sorted in descending order, and hence the
first few terms have a major contribution to the variance of the set z. Figure 7
shows the percentage of explained variance, expressed in terms of the total num-
ber of considered eigenvalues. The Karhunen-Loeve expansion can be truncated
to reduce the total number of random variables involved in the problem, with
reduced loss of accuracy regarding the covariance matrix of the random variable
set. In this work, the Karhunen-Loeve expansion is performed using the 10 first
terms of Equation (6). We have >;%, /3% A, > 0.95 and hence at least 95%
of the variance of z is accounted for. The Karhunen-Loeve expansion allows us
to considerably reduce the dimensionality of the problem because the random

variables are strongly correlated.

Mechanical model

A finite element model is prepared to predict the behavior of the blade and
determine the contact angle «, the locking angle 8 and the maximum strain &,,,,.
The boundary conditions applied to the structure need to be identified to set up
the mechanical model. The reaction forces at the contact and the coefficient of
friction between the blade and the windshield are the key inputs.

The contact forces are not constant along the wiper blade; they are therefore
expressed in terms of the x-coordinate. This variation of the contact forces is
caused by the geometry of the wiping blade and the curvature of the windshield.
It is observed that the maximum force is obtained in the middle of the blade, as
the connection with the wiper arm is situated in this location. Figure 8a shows
the distribution of the forces with respect to the x-coordinate. These curves are
obtained via a beam model; the details of its implementation are not discussed

herein. The inclination of the wiper on the windshield causes aerodynamic effects

13
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on its movement. During the upward movement, the wiping benefits from positive
airflow effects, and hence the applied load is lower. However, the downward
movement is adversely affected by the airflow, which causes a higher load. As a
result, two distinct types of forces are presented. The first curve (dashed black
line) corresponds to the efforts during wiping in the upwards direction and the
second curve (continuous grey line) to those in the downward direction. The
maximum load Fj,., is reached at the center of the blade for the wiping in the
upwards direction; the minimum load F,,;, is reached at two different positions
for the wiping in the upwards direction.

The friction coefficient between the blade and the windshield varies along
the wiper length as well, and is influenced by the velocity of the blade. The
friction coefficient increases as the velocity decreases. During wiping, the outer
portion covers a greater distance and therefore has a higher speed than the inner
part. In the mechanical model, the friction coefficient p follows a linear curve
along the length of the wiper, as shown in Figure 8b. Indeed, the difference in
values is explained by the fact that the speed is not the same along the whole
length of the wiper. In practice, stick-slips may be observed, leading to a more
complex behavior. The linear evolution of the coefficient of friction is a first-
order approximation and more complex models are not used here for the sake
of simplicity. A change in the friction model would not affect the tolerancing
methodology. The minimum and maximum values of the coefficient of friction
Mmin @and 4. are reached at the ends of the blade.

The finite element method is accurate only if the elements have roughly the
same size in all directions (i.e. the same length, width and height). The total
length of the wiper blade is approximately 100 times greater than its width or
eight. A three dimensional mesh would hence include a large number of elements.

The model is non-linear since the rubber has hyperelastic properties, large dis-

14
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placements are observed and the contact with the windshield is accounted for.
Hence, the problem is not suitable for the application of a three-dimensional
model, as it would involve multiple inversions of a large scale stiffness matrix.
A simplified two-dimensional mechanical model is used instead, as shown in Fig-
ure 9. Each simulation is associated with a specific position on the blade, i.e. with
a specific x-coordinate, since the boundary conditions are expressed in terms of
the x-coordinate. Thus, the corresponding load and coefficient of friction need
to be injected into the model; they are selected as shown in the curves repre-
sented in Figure 8. Multiple simulations are performed in order to account for
the variation in the response of the blade with respect to the x-coordinate, and
wiping in the upwards and the downwards directions also needs to be accounted
for. FEach finite element simulation takes one to ten minutes, depending on the

non-linearity (contact configuration, material parameters, etc.).

Performance functions

Performance functions are introduced for the reliability analysis; their for-
mulation involves the functional requirements. The value of the performance
function is less than zero in the failure domain, i.e. in the case where one of
the functional requirements is not fulfilled, and this function is greater than zero
otherwise. As discussed in Section 3, the boundary conditions are expressed with
respect to the x-coordinate in the blade. As a result, the performance functions
are also expressed in terms of the x-coordinate. The wiper blade is assumed to
be functional at a given position with z as a coordinate if the maximum strain
is below a predefined value; the contact angle and the locking angle are within a
predefined range. Hence, five normalized performance functions are introduced,

they are defined as:

15
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e — Emax(D, P,x
g1(D,P,x) = ( )

8%(11
92(D, P,x) = a(DJJ(sz) _ o
go(D,Pa) = “ af)f’P’@ (7)
_ Al
(D, P,x) = B(D,Pﬁ,la:) 8
(D, P = D

where ¢,,4.., @ and 3 denote the functional requirements, i.e. the maximum
strain, the contact angle and the locking angle, respectively; these functions are
evaluated in terms of the position along the rubber profile x and in terms of

a particular value of the uncertain dimensions D and material parameters P.

u

e 18 the maximum admissible strain; o and 5" are the maximum admissible

€
contact and locking angles, respectively; o! and B' are the minimum admissible

contact and locking angles, respectively.

The functions described in Equation (7) can be used to describe the behavior
of the wiper blade locally, at the point with the coordinate x, whereas the func-
tionality of the wiper must be determined globally at the level of the system. For
a set of random variables D, P (geometric and material, respectively), the profile
is functional if it leaves no visible wiping defects on the windshield, i.e. all the
performance functions must be greater than zero for all the possible values of x.

To solve the reliability problem, the performance functions can be formulated
without dependence on the x-coordinate. They are expressed as:

Gi(D,P)= min g(D,P,z)fori=1.5 (8)

Tmin <T<Tmaz

16
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where GG; denotes the newly introduced performance function, and x,,;, and Z,,q.
denote the lower and upper bounds of the x-coordinate, respectively. System
reliability is used here and five performance functions are defined in Equation (7).

Therefore, the procedure described in Equation (8) is applied five times.

SOLUTION STRATEGY
Defect probability is expressed as a probability of failure, and a reliability
algorithm is thus used. The proposed procedure needs to deal efficiently with the

two following points.

e An optimization problem must be solved each time a performance func-
tion is evaluated, as indicated in Equation (8). A design of experiments is
performed with respect to the parameters of the boundary conditions, i.e.
the contact force and the coefficient of friction. Response surfaces are cali-
brated and subsequently used to identify the minimum of the performance
function with a reduced number of calls to the finite element model. The
procedure is described in Section 4.

e The total number of calls to the performance functions should be reduced
since a non-linear FE model is involved. An advanced procedure, based
on AK methods, is implemented to determine the defect probability with

reduced numerical efforts; this algorithm is described in details in Section 4

Evaluation of the performance functions
The identification of the minimum of the performance function expressed by
Equation (8) is numerically demanding. A non-linear finite element simulation is
required, and the identification of the minimum is thus numerically prohibitive.
Surrogate models are used to reduce the computational efforts associated with

Equation (8). A response surface is calibrated for each performance function and
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for each realization of the random variables (generated by the reliability algo-
rithm). The response surfaces involve as input parameters the coefficient of fric-
tion and the force applied as a boundary conditions. The calibration set consists
of nine samples selected such that they cover the range of variation of these pa-
rameters. In the case where the force F' is near its lower bound, the coefficient
may vary over a large range of values, and hence the design of experiments points
are scattered. In the case where the applied force is near its upper bound, the
coefficient of friction varies over a narrower range, and the design of experiments
points are concentrated. Finite element simulations are performed using realiza-
tions of the random variables generated by the reliability algorithm, which define
the geometry of the model. For each realization, nine simulations are performed;
the boundary conditions are set for the nine pairs (u® — F®) k = 1...9, as
shown in Figure 10. The position in the wiper is not considered at this stage
and only the parameters associated with the boundary conditions (i.e. p and
F') are involved in this design of experiments. In case the reliability procedure is

performed using N samples; 9N finite element simulations are performed in total.

For each realization of the random variables, the performance functions g;,7 =

1...5 are subsequently approximated by second order polynomials:
9:(DY, P9 0) = Q7 (F(x), p(x)) (9)

where ng ) denotes second order polynomials. Unlike surrogate model based
reliability algorithms (see e.g. (Bucher and Bourgund 1990)), the polynomials
ng ) are not expressed with respect to the random variables and the polynomial
coefficient need to be determined for each realization. The experience showed

that the responses of the finite element model are quasi-linear with respect to the
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force and the coefficient of friction (for the considered range of variation of these
parameters). Therefore, second order polynomials provide a suitable framework
to approximate the mechanical response, as they account for the linear trend and
the slight non-linearities. These polynomials are solely used to reduce the efforts
associated with the optimization problem described in Equation (8).

The quality of the polynomial fit is checked using cross-validation. The ap-
plied strategy consists of excluding a sample-result pair from the calibration set,
then calibrating the response surface using the remaining data and using it to
predict the outcome of the finite element model associated with the excluded
sample. As the response is known, the error associated with the surrogate model
can be estimated. The method is repeated multiple times, for all the nine de-
sign of experiments samples and for multiple realizations of the random variables.
The coefficient of determination for prediction R? is determined; it provides an
appropriate metric of the quality of the fit (Myers et al. 2008). All the design
of experiments points shown in Figure 10 are tested for 100 independent realiza-
tions of the random variables, and we obtain R? > 0.99 for all the performance
functions. It can be concluded from the high R? values that second-order poly-
nomials accurately approximate the response of the finite element models, and in
the following all nine design of experiments samples are used for the calibration

of the response surface.

Reliability analysis using AK methods

Probability evaluation using sampling techniques consists in classifying a large
population (obtained using Monte Carlo sampling or any equivalent procedure)
into safe and unsafe realizations according to the sign of the performance function

g(x), where x denotes the random variables, i.e. x” = [D?, P]. A schematic
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representation of the classification between the failure domain and the safe do-
main is shown in Figure 11a. Such approaches can become prohibitively expensive
in terms of computational effort, especially for low probability evaluations and/or
complex numerical performance functions. A possible solution consists of replac-
ing the latter with a surrogate model that can be evaluated inexpensively. Active
learning and Kriging based methods (AK) use Kriging in an iterative procedure
to build a separator of safe and unsafe realizations with only a few well-chosen
performance function evaluations. The AK-SYS method (Fauriat and Gayton
2014) is used in this application, since a system reliability problem is involved.
This algorithm is an adaptation of the AK classification principle for system re-
liability evaluation based on Monte Carlo simulation. The classification of the

AK-method is decomposed into 5 steps (Echard et al. 2011):

1. Generation of a Monte Carlo population S of size nye : xM..x"me),
At this stage none of them are evaluated on the mechanical performance
function.

2. Definition of the initial design of experiments by randomly select N points
in S. Compute all of the N points on the mechanical model.

3. Computation of the Kriging surrogate model according to the design of
experiments;

4. Prediction by Kriging on S and estimation of the probability of failure;

5. Identification of the best next point in S to evaluate on the performance

function if the stopping criterion is not yet reached.

A schematic representation of the AK method is shown in Figure 11b.
The main originality of the AK method is the preliminary choice of the pop-

ulation S. In the case of a unique performance function, the learning criterion is
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defined by:

' g(x(j)) )
U(X(J)) — ‘UQ(T,))‘ for j =1 :nyc (10)

where § (x)) and o, (x\)) are respectively the Kriging prediction and standard
deviation estimation. Under Gaussian assumptions, U(x7) is linked to the prob-
ability that §(x“)) would not have the same sign as g(x")). The stopping criterion
is reached when all the points of S are considered to be well classified, i.e. when
min(x)) > 2. For system reliability, the AK-SYS method (Fauriat and Gayton
2014) deals with m different performance functions g;(x) and union probability
is required:

Py = Prob(gi(x) < 0| J .| Jgm(x) <0) (11)

The AK-SYS method is based on the AK-classification principle and the follow

enrichment criterion is adopted as discussed in (Fauriat and Gayton 2014):

for j =1:nyc (12)

where s is the performance function index that minimizes g;(x). The advantage
procured by this approach is that no calls (or only a small number) will be made
to the true performance functions that have little or no influence on the system
failure domain.

In the implementation of the procedure, a constant trend is used for the
Kriging surrogate model, together with a Gaussian isotropic covariance function.
Therefore, three hyperparameters are used in total: the mean value, the variance
and the correlation length. They are identified using the method of the maximum
of likelihood.

Figure 12 represents the workflow implemented for the reliability analysis; it

can be described as a double loop approach. The outermost loop is the AK-
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based reliability method, which iteratively generates realizations of the random
variables. The innermost loop evaluates the performance functions associated
with the samples generated by the AK method. These functions also involve the
x-coordinate. For each realization, a response surface is calibrated and used to

eliminate this additional variable.

RESULTS

Figure 13 shows the variation in defect probability as the AK method is used.
In total, approx. 1300 finite element simulations are required to run the proce-
dure, as multiple analyses are performed for each evaluation of the performance
functions, as discussed in Section 4.

During the first few iterations of the procedure, the design of experiments
does not include enough samples and the Kriging surrogate models have low
fidelity. As a result, the confidence interval associated with the defect probability
is wide. During the subsequent iterations, the design of experiments is enriched
with additional samples, which improves the fidelity of the surrogate models and
reduces the width of the confidence intervals.

Defect probability remains below the predefined quality threshold, indicated
by a dashed line in Figure 13. The procedure is stopped prematurely, even though
it has not fully converged. Indeed, multiple nonlinear analyses are required,
which causes excessive numerical efforts. The defect probability is smaller than
its threshold value and the confidence interval does not include this threshold
value either. It can hence be concluded that the quality requirements are met
and no additional simulation is performed. The failure probability is determined
by counting the total number of samples in the failure domain using the surrogate
model (i.e. the samples with g(x) < 0). It is assumed that the sample x\7) is

very likely to be well classified in case U(xV)) > 2, the relevance of this threshold
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value is discussed e.g. in (Echard et al. 2011). This criterion is used to determine
the confidence bounds of the failure probability. The lower bound of the failure
probability is obtained using the samples in the failure domain with a low chance
of misclassification, i.e. the samples with g(x) < 0 and U(x) > 2; the upper
bound of the failure probability is determined using the samples in the safe domain
with a low chance of misclassification, i.e. the samples with g(x) > 0 and U(x) >
2.

The method also enables us to identify the dominant failure mode. This

information may be used as an input for quality improvement.

CONCLUSIONS

A procedure for the tolerance analysis of a deformable system is proposed
in this study. The method is used to determine the defect probability associ-
ated with an industrial problem: a wiper blade manufactured by Valeo Wiper
Systems. The distributions of the uncertain dimensions are estimated directly
from measurements obtained from the factory. The performance of the system
is obtained from the structural response. A finite element model is of the rub-
ber blade is prepared; it includes uncertainties in the geometry of the profile.
Structural reliability methods are subsequently used to compute the defect prob-
ability. The problem is formulated using a double loop approach: the outermost
loop consists of the reliability analysis and realizations of the random variables
are generated. The innermost loop consists of solving an optimization problem
for each realization of the random variables. The numerical efforts are reduced
using a surrogate model based procedure. In the innermost loop, design of ex-
periments is used for each sample and the structural responses are approximated
by second order polynomials. The so-called AK methods are used to reduce the

numerical efforts associated with the reliability analysis; such algorithm rely on
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the use of Kriging surrogate models. It is concluded from this study that quality
requirements are met by the wiper blade.

Two major original features are introduced in this study. Firstly, the distri-
butions associated with the dimensions are directly identified from their realiza-
tions, obtained from parts collected on the production lines. This strategy also
provides the correlation between the dimensions, which is important information
that designers often lack. It is necessary to adopt such an approach, based on in-
dustrial data, to obtain a realistic estimation of the defect probability. Secondly,
the approach is directly deployed on a full scale industrial model. Because of
the considerable uncertainties in the dimensions, the stiffness matrix cannot be
assumed to be constant, and the influence method is not applicable. A structural
reliability algorithm is used instead, and defect probability is computed using AK
methods.

Future work is geared towards improvements of the geometrical modeling of

the wiper blade by considering form defects.
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Alternating wiping
movement

FIG. 1: Alternating movement of the wiper system. The local coordinate system,

associated with the wiper blade, is indicated by the arrows.
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Wiping movement
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(a) (b)
FIG. 2: Blade profile. (a) Description of the profile. (b) Functional requirements

associated with the profile.
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FIG. 3: Wiping defects
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(a) (b)
FIG. 4: (a) Reference cross-section of the blade as it appears in the drawings of
the component. (b) Cross-section of a blade as obtained after extrusion (image

courtesy of Valeo, copyright Valeo).
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FIG. 5: Parameterization of the reference cross-section to take into account man-
ufacturing uncertainties.(a) Length of subcomponents. (b) Height of subcompo-

nents. (c¢) Angles and fillet radii.
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FIG. 6: Correlation between the dimensions. The black crosses represent the
data measured on parts and the grey points represent 1000 samples generated

using Monte Carlo simulation. (a) H; and Hs. (b) Hy and Hy.
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FIG. 7: Explained variance in terms of the number of eigenvalues used in the

Karhunen-Loeve expansion.
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FIG. 8: (a) Variation in force with respect to position along the wiper blade.
(b) Variation in the coefficient of friction between the blade and the windshield,

expressed with respect to the position along the wiper blade.
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FIG. 9: Finite element model of the blade profile.
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FIG. 10: Generation of the calibration set used for the response surfaces (hollow

points).
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FIG. 11: Schematic representation of the reliability procedures. (i) Classification
of samples (represented by the black points) into failure domain and safe domain.
The thick black line represents the limit state. (b) Basic concept of the AK
methods. The black points represent the enriched points where the performance
function is evaluated; the gray points represent the samples where the surrogate
model is used instead. The gray line represents the actual limit state, the black
line represents the approximate limit state obtained using the surrogate model

and used for the classification.
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FIG. 12: Workflow of the procedure.
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FIG. 13: Variation in defect probability (solid line) during the iterations of the
AK method. The dashed line represents the confidence bounds of the defect prob-
ability; the thick dashed line represents the upper bound of the defect probability

defined by the quality standards.
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