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1 Introduction

Manufacturing of products is a process subjected to un-
certainties which are associated with the geometrical imper-
fections that the products are subjected to. The imperfec-
tions cause unfavourable effects on the performance of the
system. To limit these effects it is preferred to take into ac-
count the uncertainties as soon as possible during the design
stage. One of the main sources of uncertainty in products as-
sembly, consisting of mating or interconnecting sub compo-
nents, is the variation arising from manufacturing processes.
Tolerancing is therefore an important part of design phase
and a key element that should be considered when deal-
ing with robustness of any product. Tolerancing decisions
should respect the limited capabilities of the required manu-
facturing processes as well as the functionality of the prod-
uct.

Designers and manufacturing engineers adopt new prac-
tices, in the mechanical and industrial engineering fields, in
the early phases of the design to reach a product with high
quality and minimum cost.This is known as interactive de-
sign [1]. The interactive design is also considered as a new
practice in the early phases of the design to support decision
making. In the interactive design, manufacturing a product
can be controlled by three factors: the experts’ knowledge,
the end-user satisfaction and the realization of functions [2].
Ibrahim and Chassapis [3] present an interactive environ-
ment between the design model and the process capabilities
to evaluate the risk of manufacturing variations. In the early
design phase, the designers set the nominal dimensions, the
tolerance intervals and the capability requirements that need
to be respected in the manufacturing process. They also in-
dicate the dimensions that have to be considered as Key-
Characteristics (KCs) on the engineering drawings, i.e. the
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dimensions with a first order influence on the functional-
ity (sometimes indicated with a diamond, especially in the
French automotive industry). This paper proposes a method
that can be considered as part of interactive design meth-
ods. It aims to reduce the number of KCs in the engineer-
ing drawings during the design stage. Therefore, the cost of
the production is reduced during the manufacturing process.
As a consequence, the costumer can buy the product with a
good quality and an affordable price.

Several definitions of the Key Characteristics can be found
in the literature and standards such as the European stan-
dards EN 9100 and 9103. The Key Characteristics are de-
fined in [4] as follows: “A Key Characteristic is a quantifi-
able feature of a product or its assemblies, parts, or pro-
cesses whose expected variation from target has an unac-
ceptable impact on the cost, performance, or safety of the
product”. Key Characteristics need special attention and ef-
forts during their production. The larger the number of di-
mensions set as KC the higher is the cost of manufactur-
ing. There is a need to reduce the number of KCs by iden-
tifying only the necessary ones. Different methods exist for
the KCs’ identification. They can be distinguished between
qualitative and quantitative methods. The qualitative meth-
ods are based on the concept of the KC flow-down which
is a method that can identify the low level Key Character-
istics such as the sub-assemblies of the product [5]. How-
ever, the classification of the identified KCs is not possible
when KC flow-down approach is used. In practice, the in-
dustries use the Failure Mode Effects and Criticality Analy-
sis (FMECA), which is a common qualitative method used
for the identification of critical chains, as a way to spec-
ify the KCs [6]. They assume that once a chain is set as
critical, all the involved parts are set as KCs [7]. This is a
very conservative way to identify the KCs since they may
not all have the same impact. Some dimensions have first
order impact and some others have reduced impacts on the



performance of the system. The use of such methods cause
higher costs of production. The lack of knowledge in the
qualitative approaches pushed researches to adopt quanti-
tative methods for the identification of KCs. Thornton [8]
used the Taguchi loss function as a measure of the relative
quality of the product-KC and proposed a variation model
to calculate the impact of a KC, which is dependent on the
sensitivity to the variation of product quality. Dantan et al.
[9] proposed an information model, based on KC-Flowdown
and some quantitative information, to formalize and capital-
ize the causality between Manufacturing Process KCs and
Part / Product KCs. According to Han et al. [10] who did
a detailed review on the KCs, both the qualitative and the
quantitative methods are applicable to identify the key pro-
cess characteristics.

The objective of this paper is to develop quantitative
methods for the identification of the most influencing di-
mensions and classify them as KCs in the same critical func-
tional requirement in the design stage. The approaches al-
ready mentioned for the identification of KCs do not provide
the uncertain impacts of each dimension in the early design
stage. Further analysis is needed for this purpose. This paper
suggests the use of the sensitivity analysis in this context.

The sensitivity methods are used to study the influence
of input parameters on the output of a model. They are dis-
tinguished between the local ones and the global ones. Dif-
ferent works exist in the literature where the sensitivity anal-
ysis is used in the context of tolerancing. Stuppy and Meerk-
amm [11] applied the arithmetical contributor analysis, sta-
tistical contributor analysis and high-low-median sensitivity
analysis in tolerance management, which are local sensitiv-
ity analysis methods. Ledoux and Teissandier [12] proposed
a method based on local sensitivities to analyse the influ-
ence of the tolerance zones and geometric parameters on the
probability of non-compliant functional requirement. Eifler
et al. [13] provided an approach to measure the impact of
different design parameters in a network of physical effects,
based on existing methods for sensitivity analysis. The dif-
ferent indices are studied with respect to their applicability
during conceptual design. Ziegler and Wartzack [14] imple-
mented global sensitivity analysis methods on convex hull
based tolerancing techniques, such as deviation domains.

In this study, a methodology is proposed for the classifi-
cation of the dimensions according to their influence on the
performance of the system. It is inspired from the works pre-
viously discussed. The proposed approach is based on the
sensitivity analysis and more precisely on the global sen-
sitivity analysis. It allows the classification of the dimen-
sions with high or reduced impact on the performance of
the system, that is dimensions that are defined as KC or
not KC. It quantifies the impact of the variation of the sta-
tistical parameters on the variation of the Non Conformity
Rate (NCR) which is the probability that the functional re-

quirement is not satisfied. The main contribution of the pro-
posed approach is that it takes into account the variability of
the statistical parameters corresponding to the dimensions,
that is the variability of the corresponding distributions’ pa-
rameters. This aspect is not taken into account in the previ-
ous works that perform the sensitivity analysis in the con-
text of tolerancing. In addition, this method is applicable
when the system comprises more than one functional re-
quirement.This method also allows an interactive environ-
ment between the designers and manufacturing engineers by
taking into account the uncertainties in tolerances in the de-
sign drawings and the manufacturing variations during the
processes.

The outline of this paper is as follows: Section 2 de-
scribes the uncertainties in parameters and how they prop-
agate to the NCR; Section 3 describes the followed proce-
dure in this article and explains the choices of the model
components. Then the different steps of the approach with
the mathematical formulations are given in Sect.4; Section
5 presents the case studies in which the proposed method is
applied. Finally, conclusions and perspectives are developed
in Sect. 6.

2 Propagation of uncertainties

2.1 Functional requirements and Non Conformity Rate

In industry, the quality of the product is one of the main
measures checked to satisfy the needs of the customer. Ac-
cording to the technical requirements and specifications im-
posed by the customer, a list of functional requirements is
defined for dimensional chains. A functional requirement
can be expressed as a function of input parameters X, these
parameters are the dimensions of the parts included in the
dimensional chains. In the case of a function f, the dimen-
sional chain is expressed as:

Y = f (X) (1)

where X is the vector defining the dimensions. The math-
ematical formulation of this function can be linear such as
the case of a linear stack-up or non-linear for problems of
greater complexity. Furthermore, f can be implicit when the
system studied is over-constrained [15]. Tolerance analysis
is used to improve the product quality and to reduce the man-
ufacturing cost in the design stage [16]. The value of func-
tional requirements is verified by the tolerance analysis after
setting tolerances on each dimension. When the functional
characteristic of a product does not respect the functional
specified requirements, it is called a defect or a non con-
form product. The defect probability is defined as the prob-
ability that the functional characteristic does not respect the
specification limits. In this paper, the defect probability is



referred to as the Non Conformity Rate (NCR). The NCR
therefore provides suitable metrics to measure the quality.
It can be interpreted as the probability that an assembly is
non-functional, or as the frequency of manufacturing non-
functional components. The NCR, defined by Eq.(2), is the
probability that a functional requirement is outside the per-
missible bounds. It is often expressed in parts per million
(ppm).

NCR = P(Y /∈ [LSLY ;USLY ]) (2)

LSLY and USLY are respectively the lower specification limit
and the upper specification limit. They are called the func-
tional bounds.

2.2 Dimensions’ uncertainty

The manufacturing process vary from day to another de-
pending on the controlling factors, so the characteristics will
deviate from the required specifications. The process capa-
bility ratio Cp is a quantitative way to express the process ca-
pability [17]. Another process capability ratio for off-centre
process is Cpk, it takes into account the location of the pro-
cess mean with respect to the specifications. The reference
standard ISO 22514-1 provides definitions and mathemati-
cal expressions for the capability indices Cp and Cpk that are
applicable for all types of distributions. When the process is
in a state of statistical control, Cp is expressed as the ratio of
the tolerance interval t and the reference interval. The nor-
mal distribution is frequently assumed for the dimensions or
the characteristics of a statistical sample, being simple to im-
plement and close to the real cases of the production [4]. For
the case of a normal distribution the capability requirements
are expressed such as Eqs. (3-4).

Cp =
t

6σ
(3)

Cpk =
t/2−|δ |

3σ
(4)

where δ is the mean shift of the off-centred distributions
and σ is the corresponding standard deviation. The process
in this paper is assumed to be in statistical control, so the
capability indices Cp and Cpk are used. The capability re-
quirements to be respected are Cp ≥ C(r)

p and Cpk ≥ C(r)
pk .

C(r)
p and C(r)

pk are industrial requirements usually imposed by
the companies. A capability domain VD is defined for each
part dimension X which defines the set of acceptable (δ ,σ )
pairs. The shape of this domain differs according to the in-
dices used and depends on the tolerancing practices of each
company [18]. In this paper it is represented on a σ -δ di-
agram. The shape of the capability domain is triangular in

the case where C(r)
p =C(r)

pk which is the case adopted in this
paper. Fig. 1 illustrates the capability domain corresponding
to one dimension.

Fig. 1 Representation of the capability domain VD (grey
area)

It can presumed that the uncertainty of the process leads
to uncertainties in the distribution parameters of the input
variables. This will lead to uncertainties in the functional
requirement function that will affect in its turn the NCR such
as illustrated in Fig.2.

NCRYX
f

δ ,σ

Fig. 2 Uncertainty propagation to the NCR

3 Proposed procedure for the KC identification

The objective of this paper is to define the most con-
tributing dimensions using sensitivity analysis. The proce-
dure to be followed should respect the quality measures and
the different requirements given for an industrial problem.
In order to perform a sensitivity analysis, it is required to
select:

– the input random variables.
– an output quantity, which is expressed in terms of a set

of input random variables.
– a suitable sensitivity metrics, as multiple definitions of

the sensitivity indices are available.

A model is considered in this study with input and output pa-
rameters that need to be selected properly, such as detailed
in Section.3.1. The choice of the sensitivity metrics is de-
scribed in Section.3.2.



3.1 Selection of input and output parameters of the model

Two strategies can be followed to check the importance
of the variables. One strategy is to analyse the effect of the
dimensions XXX on the functional characteristics Y . An alter-
native procedure is adopted herein, which consists of inves-
tigating the effect of the variable statistical parameters, de-
fined by the vectors σσσ and δδδ , on the NCR. The statistical pa-
rameters are considered because the production of the prod-
ucts is not perfect, therefore there is a variation in the mean
shifts and standard deviation of the dimensions. This vari-
ability has non negligible impact on the NCR. In addition,
their use as input parameters aggregates the effects of the ca-
pabilities and of the tolerance intervals. The model has two
levels of uncertainties (the parameters σσσ , δδδ and the dimen-
sions X). The functional requirement is expressed in terms
of the model uncertainties, it is therefore considered as a
variable with two levels of uncertainty. Sensitivity analysis
can be applied only to a problem with a single level of uncer-
tainty, therefore the functional requirement cannot be used
directly as the output in the sensitivity analysis. However,
it is possible to use any statistical quantity derived from the
functional requirement such as the mean and standard devi-
ations. It is suggested here to use the NCR that is a function
of the statistical parameters. The choice of the NCR, is that
in addition to its use by industries as a quality measure, it
allows the identification of the interactions for the case of a
functional requirement defined by a linear function, unlike
the case where the sensitivity analysis is applied on the func-
tional requirement. In addition, the method remains applica-
ble when multiple functional requirements are involved, as
the NCR can be computed using system reliability.

3.2 Choice of the sensitivity analysis method

The choice of the sensitivity analysis method depends
on the required criteria of each problem. First, it is essen-
tial to know the existing sensitivity analysis methods that
among them, a proper one can be adapted for the identi-
fication of the KCs . Saltelli et al. [19] defined the Sensi-
tivity Analysis as the study of how the uncertainty in input
parameters can influence the uncertainty in the output of a
model . The idea behind the sensitivity analysis is to know
the importance of the input design parameters, so the per-
formance of the system can be improved by dealing care-
fully with these important parameters. Numerous sensitivity
analysis methods exist in the literature and are being devel-
oped progressively. The challenge of this work is to choose
the appropriate approach that is suitable to the problem and
that can give consistent results. Sensitivity analysis meth-
ods are categorized as local methods and global methods. A
detailed review in [20] presents the existing local and global

sensitivity methods and then interprets the results of the sen-
sitivity analysis by giving a classical example. Another re-
view in [21] explains the methodological framework of dif-
ferent global sensitivity analysis methods. Local sensitivity
considers the influence of the input parameters in the vicin-
ity of a reference point. Mathematically, the local sensitivity
analysis consists in estimating the partial derivative with re-
spect to each variable input that characterizes the effect on
the random value. In the global sensitivity approach, the im-
pact of an input factor is measured by varying all other input
factors [19]. Several approaches corresponding to the global
sensitivity analysis exist such as the variance-based and the
density-based methods.

– The variance-based methods assume that output vari-
ance is a sensible measure of the output uncertainty. They
allow the estimation of the main effects of the input vari-
ables on the variable output in addition to the total ef-
fects which are the interactions between the input vari-
ables [22].

– The density-based methods consider the entire distribu-
tion without being dependent to a particular moment.
They are also known as moment independent methods.
Their use is preferable when the variance is not an ad-
equate proxy of uncertainty, this is applicable when the
output distribution is multi-modal or highly skewed [23,
24]. This is not the case of our problem.

Among these sensitivity analysis methods, the variance-based
method is considered in this article since the concern is to
have the sensitivities by considering the variation on the
whole domain and not only for a representative point (lo-
cal sensitivities) and since the variance is considered as a
good proxy of the uncertainty. Among the variance-based
approaches, Sobol’ approach is adopted in this study be-
cause of its efficient implementations that are well docu-
mented [25,26] and because of the possibility to perform
the sensitivity analysis with moderate numerical efforts.

4 Different steps of the proposed approach

After the selection of inputs, output and sensitivity method,
the procedure to follow can be described as given in Fig.3.
The application of the proposed method necessitates the es-
timation of the NCR which formulation is developed in Sect.
4.1. The sensitivity of the NCR with respect to the vari-
able parameters is performed by applying the Sobol’ ap-
proach which is one of the most used variance based methos.
(Sect.4.2). The use of this method requires the estimation of
the NCR N times, where N is the number of the Sobol’ itera-
tions which is usually a large number. If the system is linear
with dimensions following normal distributions, the NCR
has an explicit function, the calculation of the NCR N times
is not challenging. However, if the system is non-linear, the



estimation of the NCR is done using the Monte Carlo tech-
nique and there is need to repeat the Monte Carlo simula-
tion N times. Therefore, combining Monte Carlo with the
Sobol’ sensitivity analysis takes excessive numerical efforts
and is time consuming. An alternative way to deal with this
problem is the implementation of the re-weighting technique
which is similar to the one applied in importance sampling.
It is explained in details in Appendix A. Once the sensitivity
indices are evaluated, the contributing and non-contribution
input parameters can be known. Consequently the KCs can
be identified.

Generation of N
variables(δ σ ) in their

capability domain

Estimation of the NCR
for each combination
of variables (N times)

Linear Model Non-linear Model

Analytical formula
for variables with

normal distibutions

Monte Carlo simulation
for a representative case

Re-weighting tech-
nique for all other cases

Application of the Sobol’
method and estimation
of sensitivity indices

Classification of the
dimensions according

to their importance and
identification of KCs

Fig. 3 Steps of the proposed Approach

4.1 Formulation of the Non-Conformity Rates

The dimensions are variables following normal distri-
butions that in their turn have variable parameters such as
the mean shifts and the standard deviations. These param-
eters can follow a range of distributions (uniform, normal,
etc.). The random vector defining the mean shifts is noted
as δδδ = (δ1, ...δn) and the one for the standard deviations
as σσσ = (σ1, ...σn), where n is the number of dimensions.
The calculation of the NCR in this work takes into account

the variability of the distributions’ parameters. The statisti-
cal parameters are random variables, therefore the NCR is a
random variable as well, it is expressed in terms of δδδ and σσσ

and can be noted as NCR(δδδ ,,,σσσ). The distribution of σσσ and δδδ

is defined inside the capability domain already discussed in
Sect.2 having a triangular shape. The points that are placed
outside this area represent the cases where the capability in-
dices are below their threshold values and such parts should
not be used. In industry, the distribution may be identified
using the production statistics, but since no other informa-
tion is available, a uniform distribution is assumed for this
study. The proposed approach can also be applied when the
Inertial tolerancing [27] or the Process tolerancing [28] is
adopted for the estimation of the NCR and the assumption
of the capability domains. They also take into account the
variability of the statistical parameters.

Estimation of the NCR (general formula)

When the system is non-linear the NCR is defined similarly
to the failure probability which is the integral of the proba-
bility density function on the failure domain. A mean shift
and a standard deviation is associated to each dimension.
The expression of the NCR is given by:

NCR(δδδ ,,,σσσ) =
∫

g(xxx)≤0
fx(xxx|δδδ ,,,σσσ)dx

=
∫

∞

−∞

I(xxx) fx(xxx|δδδ ,,,σσσ)dx
(5)

where f is the joint probability density function, and I(.) is
an indicator function defined by

I(x) =
{

1 if Y /∈ [LSLY ;USLY ]

0 otherwise
(6)

where g(x) is the function defining the failure event. The
Monte Carlo simulation which is one of the most common
sampling technique for the estimation of the failure proba-
bility is used for the estimation of the NCR. The estimation
of the NCR for a particular case is given by:

NCR(δδδ ,,,σσσ)≈ 1
Nmc

Nmc

∑
i=1

I(xxx(i)) (7)

where Nmc is the sample size and xxx(i) are samples follow-
ing a set of independent normal distributions with the mean
shifts and the standard deviations. The NCR can be com-
puted using Monte Carlo simulation, even when the prob-
lem involves multiple functional requirements. Therefore,
the proposed procedure is applicable to problems involving
multiple functional requirements.

Estimation of the NCR for a linear case with dimensions
following normal distributions



When the system is linear and the dimensions follow nor-
mal distributions, the estimation of the NCR is done using
the analytical formula:

NCR(δδδ ,,,σσσ) = Φ

(
−µY (δδδ ,,,σσσ)−LSLY

σY (δδδ ,,,σσσ)

)
+Φ

(
−USLY −µY (δδδ ,,,σσσ)

σY (δδδ ,,,σσσ)

) (8)

where Φ is the cumulative density function of the standard
normal distribution.

4.2 Sensitivity Analysis of the statistical parameters on the
NCR

The Sobol’ approach is based on the work of Cukier
[29]. This approach was first introduced by Sobol’ in 1993
[30]. He demonstrated that a square integrable function can
be decomposed into a sum of functions. Based on this idea
the NCR, which is the studied quantity can be expressed as
in Eq.(9).

NCR(δδδ ,,,σσσ) = NCR0

+
n

∑
i

NCRi(δi,σi)

+∑ ∑
16i6 j6n

NCRi j(δiσi,δ jσ j)

+ ...NCR12...n(δ1σ1,δ2σ2, . . . ,δnσn)

(9)

where NCR0 = E(NCR) is a constant, NCRi(δi,σi) =

E∼δiσi(NCR | δi,σi), similar relations are obtained for higher
order terms of the decomposition. E is the mathematical ex-
pectation. Sobol’ indices are based on variance decompo-
sition and determine the part of the variance of the output
resulting from each variable. They measure the influence
of each input parameter and their interactions to the whole
model output variance provided that the parameters of the
model are independent. This is called ANOVA decomposi-
tion which is obtained by taking into account that the input
parameters θi are random and independent [31]. The vari-
ance of y can be expressed as in Eq.(10).

V =
n

∑
i=1

Vi +∑ ∑
16i6 j6n

Vi j + ...V12...n (10)

where V is the total variance of model output which is in this
study the NCR,

Vi =V (NCRi) =V [E(NCR | δiσi)]

Vi j =V [E(NCR | δiσi,δ jσ j)]

−V [E(NCR | δiσi)]−V [E(NCR | δ jσ j)]

Vi is the first order contribution of the ith model parameter,Vi j
is the effect of the interaction of the ith and jth parameters.

The use of his approach allows the measurement of the first-
order sensitivity index, or the main effect which is the con-
tribution to the output variance of the main effect of one
parameter, hence it measures the impact of the variation of
an input parameter alone, and averaged over variations in
other input parameters. The equation corresponding to the
first order index is given by Eq.(11).

Si =
Vi

V
(11)

If the value of Si is zero, it can be deduced that the function
NCR does not depend on δi,σi. In another hand if Si is equal
to 1, it means that NCR depends only on δi,σi. The total Sen-
sitivity index can also be estimated. It measures the interac-
tion of each variable with the other variables [32]. All the
terms of the decomposition in Eq.(10) where i is involved
are used. It is expressed as:

STi = Si +∑
j

Si j +∑
j,k

Si jk + . . . (12)

There is absence of interaction between Xi and other vari-
ables, if the value of the total effects is equal to the value
of the main effects. After the estimation of the NCR N times
for both the linear and non-linear cases, the sensitivity analy-
sis based on Sobol’ method is performed. The Monte Carlo
methods are used for the estimation of the Sobol’ indices
such as the work of Homma and Saltelli [32]. A more de-
tailed procedure of the calculation of Sobol’ indices is de-
scribed in Appendix B. In this work, the first and the to-
tal order indices are estimated. These indices aggregate the
contributions of the dimension to the variability of the NCR.
Dimensions with high Sobol’ indices need additional atten-
tion, as they can be associated with large variations of the
NCR.

5 Case Study

The application of the proposed approach is done on
three different cases. The first case is a linear stack-up, the
second one is an electrical plug procured by RADIALL hav-
ing a linearised functional requirement, and the third one is
adapted from a Gas Pedal system from Toyota having two
non-linear functional requirements. The functional require-
ments in the three examples are functions of a chain of di-
mensions. Target values Ti are set to each dimension. The
dimensions are subject to variations. These variations are
expressed by tolerances intervals ti which are assumed to be
centred on the corresponding target values. In addition the
dimensions follow normal distributions and are subject to
capability requirements C(r)

p = C(r)
pk . The Sobol’ sensitivity

analysis is performed on the NCR with respect to the dis-
tribution parameters δ and σ that are set as variables. The



statistical parameters are expected to vary uniformly in their
associated triangular capability domains.

5.1 Application on a linear stack-up example

A simple linear stack-up composed of two parts is con-
sidered as shown in Fig.4. The functional requirement can
be expressed as:

Y = f (X) = X1 +X2 ∈ [9.5;10.5] (13)

Fig. 4 Simple two-part example

The objective is the identification of variables with a sig-
nificant influence on the performance of the system. If the
local sensitivity is applied that is, the calculation of the par-
tial derivatives, it will be clear that the parts have equal in-
fluence on the performance of the system. But this way the
tolerance intervals and capability requirements associated to
each variable are not taken into consideration. To overcome
this problem, the Sobol’ sensitivity analysis method is ap-
plied. Two procedures can be followed. First the sensitiv-
ity analysis is performed on the functional requirement with
respect to the dimensions(in this case the distributions’ pa-
rameters are fixed,δ = 0 and σ = t

6Cp
). Then the sensitivity

analysis is performed on the NCR with respect to the vari-
able parameters characterizing the distribution of the dimen-
sions (mean shifts and standard deviations). A comparison
between the two procedures is then done to show the interest
of the one adopted in this study. Different cases are consid-
ered, they are presented in Table 1. The first case is when
the parts have equal input parameters such as the capabil-
ity requirements and the tolerance intervals. In the second
and the third cases the tolerance intervals and capability re-
quirements are changed respectively. The results are shown
in Fig. 5. In the first case where the sensitivity analysis is
performed on the functional requirement, the two parts have
equal impact on the output with no interaction. It is expected
since the relation of the functional requirement is linear. In
the case, where the sensitivity analysis is performed on the

Table 1 Three different cases of the input data for the linear
stack-up example

Case: 1

Dimensions Ti ti C(r)
p =C(r)

pk

X1 6 0.5 1
X2 4 0.5 1

Case: 2

Dimensions Ti ti C(r)
p =C(r)

pk

X1 6 0.5 1
X2 4 0.5 0.8

Case: 3

Dimensions Ti ti C(r)
p =C(r)

pk

X1 6 0.8 1
X2 4 0.2 1

NCR, the interactions between the parts can be measured.
The sensitivities of the two parts are no longer independent.
When the capability requirements are different, the most im-
portant influence is for the part having the less value which
is common in the industrial practices. When the tolerance
intervals have different values, the most important influence
is for the part having the highest value. This example shows
the interests of the method:

– it detects the interactions between input parameters re-
gardless the linearity of the model.

– it aggregates the effects of the tolerance intervals and of
the capability requirements.

5.2 Application on the Electrical plug from RADIALL

The application of the method is done also on a lin-
earised function. The case from RADIALL is an electrical
plug. Fourteen dimensions are involved in the dimensional
chain following the relation given in Eq.(14).

Y = f (X)≈ a0 +
14

∑
0

aiXi (14)

The functional requirement is that the misalignment of the
tip of the electric plug should not exceed a threshold value
such as shown in Fig. 6 (The example is provided by an in-
dustrial partner, we did not have access to the CAD model,
the figure is included as an illustration only). This functional
requirement is set as critical according to an analysis based
on FMECA. All the dimensions involved are considered as
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Fig. 5 First and Total order indices based on Sobol’ sensitiv-
ity analysis on the NCR

KCs when the design procedure used at RADIALL is ap-
plied. The input data of the problem is given in Table 2. The
purpose of this example to be able to classify the dimen-
sions regarding their importance on the performance of the
system. The first and total sensitivity indices are estimated
by the application of the Sobol’ sensitivity analysis on the
NCR with respect to the statistical parameters.

Fig. 6 Simplified Electrical Plug

Table 2 Coefficients, target values, tolerance intervals and
capability requirements for RADIALL case input parame-
ters

Dimensions ai Ti ti C(r)
p =C(r)

pk

X1 -0.04 10.53 0.2 1.1
X2 -0.5 0.1 0.2 1.1
X3 -0.5 0 0.06 1.1
X4 1.14 0.643 0.015 1.1
X5 0.91 0 0.06 1.1
X6 0.91 0.72 0.04 1.1
X7 1.10−4 1.325 0.05 1.1
X8 0.05 0.75 0.04 1.1
X9 1.10−4 0 0.04 1.1
X10 0.13 3.02 0.06 0.86
X11 -1.4 0.72 0.04 0.86
X12 -1.15 0 0.04 0.86
X13 -0.9 0.97 0.04 0.86
X14 0.13 0.4 0.06 0.86

The results are shown in Fig. 7. It can be deduced that
the variation of the statistical parameters of X2 and X5 has
the highest contribution on the value of the NCR. Looking
at the main effects, 50% of the variation of the NCR is due
to the variation in the parameters corresponding to X5 and
almost 12% due to X2. The total effects show that there are
interactions between the input parameters and most proba-
bly between X2, X5, X11, X12 and X13. Based on these results,
the mentioned dimensions can be set as KCs.
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Fig. 7 First and Total order Sobol’ Sensitivity indices for
RADIALL case dimensions



Validation of the results

To validate the results of this approach, the dimensions that
are set as KCs are grouped together. The problem is to check
the sensitivity of the NCR to the KCs alone and to the Non-
KCs. Figure 8 shows the percentage of the variability of the
NCR caused by the variability of the KCs, of the non-KCs
and their interactions. The results show that when there is
a variation in the NCR, 88% of this variation is caused by
the dimensions set as KCs, only 4% from the non-KCs, and
the rest from their interaction. Relying on these values, it
can be deduced that the choice of the KCs is relevant since
they have an important contribution on the NCR (more than
80%).

SKCs

88%

Snon−KCs

4%Sinteractions
8%

Fig. 8 Sensitivity of the NCR to the KCs, to the non-KCs
and to their interactions

The use of this approach allows the aggregation of the
coefficients ai and the tolerance intervals and the capability
requirements and allows to see the interactions between the
dimensions and to take into consideration the mean shifts
and the variation of the standard deviations.

5.3 Application on the Toyota Pedal case

Another application of the proposed method is on a Toy-
ota gas Pedal system shown in Fig. 9 and inspired from [33].
Two functional requirements should be satisfied in this ex-
ample. The moment and the bending stress, give respectively
in Eq. 15 and Eq. 16, have maximum values that should not
be exceeded (Mmax = 500Nmm and σmax = 50MPa follow-
ing a normal distribution with ±5MPa its estimated varia-
tion). The interest of this example is to show that the choice
of this method overcomes the problem faced to identify KCs
when the more than one functional requirement exist in the
system. The input data are given in Table 3. The sensitiv-
ity of the NCR with respect to the dimensional variables is
studied. A product is considered non-conform when the cor-
responding moment or the bending stress does not lie in the
required range of values.

The Monte Carlo method is used to calculate the NCR for a
reference case where the mean of each variable is equal to its
target value, that the zero mean shifts, and where the stan-
dard deviations are maximum. The re-weighting technique
is then used to calculate the NCR associated with other cases
where the mean shifts and standard deviations are variables.

Fig. 9 Toyota Gas Pedal System

M = Fspring.
(

b− c
d
.µ f .a

)
(15)

σb =
6.Fspring.c

w.h2 (16)

Where Fspring = k.s

Table 3 Target values, tolerance intervals and capability re-
quirements for Toyota gas pedal input parameters.

Dimensions Ti ti C(r)
p =C(r)

pk

a 10 0.1 1.3
b 16 0.1 1.3
c 11 0.12 1.3
d 8 0.1 1.3
s 16 0.2 1
w 4 0.08 1
h 5 0.08 1

The spring stiffness k and the coefficient of friction µ f are
also random variables following uniform distributions. k varies
in the interval [3.5;4.5] and µ f varies in the interval [0.65;
0.75] . They are considered for the estimation of the NCR,
however, they are excluded from the sensitivity analysis since
they are not dimensions and the designers cannot impose
any changes to these variables. The results of the analysis
are shown in Fig. 10. It is noticeable that the main effects
of the dimensions are negligible unlike the total effects that
have significant values for all the dimensions. It can be con-
cluded that the variation of the NCR is caused by the interac-
tions between the input variables. All the dimensions are set



as KCs since they are all contributing and it is not possible
to prioritize one on another .
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Fig. 10 First and total order Sobol’ indices for Toyota Gas
Pedal dimensions

6 Conclusion

This paper presents a design approach for the identifi-
cation of KCs in the critical dimensional chains. It allows
the reduction of the number of KCs with respect to the exis-
tent practices in the early design stage. Therefore, the efforts
dedicated to check the KCs are reduced and consequently
the manufacturing production costs. The application of this
approach allows the production with a reduced cost but with-
out losing the quality of the product. This proposed method
is a numerical method that takes into account the tolerances
during the design stage and the variation of the manufac-
turing processes. Therefore it establishes a link between the
work in the design offices from one side and the production
processes from another side and enables them to work in
an interactive environment. As a consequence it allows the
interactivity between the designers and the manufacturing
engineers. In addition, it prevents derogations after the pro-
duction (accepting the non-compliant products to be deliv-
ered). The sensitivity analysis is performed on the NCR to
identify the dimensions with high importance. The Sobol’
global sensitivity method is adopted in this context. For a
better accuracy, the NCR is estimated by taking into con-
sideration the variability of the input parameters associated
to the dimensions such as the mean shifts and the standard
deviations characterising their distributions. This is a sensi-
tivity analysis performed on two levels of uncertainty. The
application of this approach is done first on a linear stack-up
case with only two parts. The results show that the proposed
approach can show the interactions between parts even for
a linear functional characteristic knowing that the NCR is
the quantity studied. Another reason for the use of this ap-

proach is that it aggregates the input parameters, such as
the tolerance intervals, the capability requirements and the
multiplying coefficients. This is illustrated in the example
of the electrical plug with a linearised functional character-
istic. Furthermore, one other advantage of this approach is
that it can be applied for the case where more than one func-
tional requirement is needed. The application example of the
Toyota gas pedal illustrates this idea. It is also important to
mention that it is a model free method, that is can be per-
formed for the linear and the non-linear systems. The ap-
plication of the proposed approach on an over-constrained
system is a perspective of this work. In addition, the parts
are considered as rigid bodies so only dimension variations
are taken into account. Form and location variations can be
considered in later works.



A
Re-weighting technique for the estimation of the NCR

The re-weighting technique consists of considering one represen-
tative case where the mean values are assumed equal to the target value
and the standard deviations are assumed to have their maximum values.
A Monte Carlo simulation is conducted for the estimation of the NCR
for this particular case such as given in Eq. 1.

NCR(δδδ 000,,,σσσ000) =
∫

∞

−∞

I(xxx) fx(xxx|δδδ 000,,,σσσ000)dx (1)

The re-weighting technique is applied to estimate the NCR for the other
cases of different means and standard deviations. Equation (2) is the
expression of the NCR for another case of different mean shifts and
standard deviations. It is then multiplied by the ratio of the density
function defined for the reference case to the same density function so
that it is equal to 1, this is given by Eq. (3).

NCR(δδδ 111,,,σσσ111) =
∫

∞

−∞

I(xxx) fx(xxx|δδδ 111,,,σσσ111)dx (2)

NCR(δδδ 111,,,σσσ111) =
∫

∞

−∞

I(xxx) fx(xxx|δδδ 111,,,σσσ111)
fx(xxx|δδδ 000,,,σσσ000)))

fx(xxx|δδδ 000,,,σσσ000)))
dx

=
∫

∞

−∞

I(xxx) fx(xxx|δδδ 000,,,σσσ000)
fx(xxx|δδδ 111,,,σσσ111)))

fx(xxx|δδδ 000,,,σσσ000)))
dx

(3)

The estimation of the NCR can be given by:

NCR(δδδ 111,,,σσσ111)≈
1

Nmc

Nmc

∑
i=1

I(xxx(i))
fx(xxx(i)|δδδ 111,,,σσσ111)))

fx(xxx(i)|δδδ 000,,,σσσ000)))
(4)

The new NCR can be deduced from the reference one that is already
estimated from Eq.(1). After the application of this approach, there
is no need to generate new samples for each case where the density
function parameters vary. The same sample points are kept from the
failure region that provide non-zero values of the indicator function
I(xxx) and then multiplied by the weights.

B
Computation of Sobol’ sensitivity indices

The common way to compute the Sobol’ indices is to use what is
known as the brute force Monte Carlo approach [19,?]. Two matrices
A and B are generated comprising the input parameters denoted re-
spectively a ji and b ji where i = 1, ...,n and j = 1...N. n is the number
of input variables and N is the number of generated samples.

A =



a11 · · · a1i · · · a1n
... · · ·

... · · ·
...

a j1 · · · a ji · · · a jn
... · · ·

... · · ·
...

aN1 · · · aNi · · · aNn

B =



b11 · · · b1i · · · b1n
... · · ·

... · · ·
...

b j1 · · · b ji · · · b jn
... · · ·

... · · ·
...

bN1 · · · bNi · · · bNn


A matrix AB is defined, having all the columns of matrix A except

the ith column from matrix B. The same concept is applied on a matrix
called BA such that all its columns are from matrix B except the ith
column that comes from matrix A. They are presented as:

A(i)
B =



a11 · · · b1i · · · a1n
... · · ·

... · · ·
...

a j1 · · · b ji · · · a jn
... · · ·

... · · ·
...

aN1 · · · bNi · · · aNn

B(i)
A =



b11 · · · a1i · · · b1n
... · · ·

... · · ·
...

b j1 · · · a ji · · · b jn
... · · ·

... · · ·
...

bN1 · · · aNi · · · bNn


The first order index is calculated from the matrices A with B(i)

A by
applying the following formula:

VarXi [E[Y |Xi]] =
1
N

N

∑
j=1

f (A) j f (B(i)
A )− f 2

0 (B.1)

where

f0 =
1
N

N

∑
j=1

f (A) j (B.2)

The first order sensitivity index is computed as shown in Eq.B.3

Si =
Vi

V
(B.3)

The total order index is calculated from the matrices A and A(i)
B by

applying the following formula:

VarXi [E[Y |X∼i]] =
1
N

N

∑
j=1

f (A) j f (A(i)
B )− f 2

0 (B.4)

STi = 1− V∼i

V
(B.5)
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