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Electromechanical response of
multilayered piezoelectric BaTiO3/
PZT-7A composites with wavy
architecture

Wenqiong Tu1 and Qiang Chen2

Abstract
Electromechanical laminated composites with piezoelectric phases are increasingly being explored as multifunctional
materials providing energy conversion between electric and mechanical energies. The current work explores thus-far
undocumented combined microstructural effects of amplitude-to-wavelength ratio, volume fraction, poling direction of
piezoelectric phases on both the homogenized properties and localized stress/electric field distributions in multilayered
configurations under fully coupled electro-mechanical loading. In particular, the Multiphysics Finite-Volume Direct
Averaging Micromechanics (FVDAM) and its counterpart, an in-house micromechanical multiphysics finite-element
model, are utilized to investigate the homogenized and localized responses of wavy multilayered piezoelectric BaTiO3/
PZT-7A architectures. These two methods generate highly agreeable results. Moreover, we critically examine the conver-
gence of the finite-volume and finite element-based approaches via the Average Stress Theorem and Average Electric
Displacement Theorem. The comparison shows the finite volume-based approach possesses a better numerical conver-
gence. This study illustrates the FVDAM’s ability toward the analysis and design of engineered multilayered piezoelectric
materials with wavy architecture.
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1. Introduction

As an essential component of sensors, actuators, trans-
ducers, and energy harvesting devices under intensive
research and development (Li et al., 2019; Liu et al.,
2018; Na and Baek, 2018), the piezoelectric material
possesses the capability to convert mechanical energy
to electric energy through direct piezoelectric effect or
vis-à-vis through the inverse piezoelectric effect. While
monolithic piezoelectric materials have several limita-
tions, such as brittleness, limited range of coupled prop-
erties, and pronounced directionality (Kar-Gupta and
Venkatesh, 2005, 2007), the composite piezoelectric
materials offer a promising solution toward the above
issues (Kar-Gupta and Venkatesh, 2013; Kar-Gupta
et al., 2008; Sun and Kim, 2010).

To use and design the composite piezoelectric mate-
rials effectively, it’s indispensable to have certain micro-
mechanics techniques which can take into account the
piezoelectric effect under thermal, electric, and mechan-
ical loads in an accurate and efficient manner. In past
decades, the classical micromechanics models, such as

Mori-Tanaka, composite cylinder/sphere assemblage,
and three-phase models, which are based on single fiber
embedded in another media, have been extensively
developed to calculate the homogenized properties of
piezoelectric composites (Chatzigeorgiou et al., 2019;
Jiang and Cheung, 2001; Li and Dunn, 1998; Xiao
et al., 2016; Yu Li and Dunn, 2001). However, those
models are microstructural detail-free models which
only estimate the homogenized properties and do not
predict the accurate internal stress/strain, as well as
electric displacement distributions. To fully understand
the performance of piezoelectric materials and facilitate
their applications in the real world, it’s important to
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develop effective computational micromechanics mod-
els for piezoelectric composites which can both predict
accurate homogenized and local responses. The finite
element approach is the major approach to create
micromechanics models. However, in order to obtain
the homogenized and localized responses of unidirec-
tional piezoelectric composites, a three-dimensional
unit cell analysis needs to be conducted in the commer-
cial software, such as Abaqus, and the periodic bound-
ary conditions of the nodal displacements and electric
potential need to be enforced explicitly during the
model creation process (Chen et al., 2018a). To over-
come the above computational inefficiency and appli-
cational cumbrousness, a fully anisotropic two-
dimensional Q8-type multiphysics quadratic element
has been constructed under the generalized plane strain
constraint (Chen and Wang, 2020). Hence, a full set of
homogenized moduli can be generated directly without
using the time-consuming 3D analysis of unit cell prob-
lems. Meanwhile, the parametric multiphysics Finite
Volume Direct Averaging Micromechanics has proven
to be an effective tool to obtain an accurate homoge-
nized and local responses of unidirectional piezoelectric
composites with the added advantages of stability and
efficiency (Chen and Wang, 2020).

As an important type of piezoelectric composites,
the flat multilayered piezoelectric composites have been
studied extensively. For instance, the multilayered
piezocomposites are utilized to yield high hydrostatic
piezoelectric response, to satisfy the demanding require-
ments of clinic ultrasound imaging (Cannata et al.,
2006), and to improve the shear piezoelectric actuation
of beams and annular plates via an off-axis lamination
design (Dubey and Panda, 2019; Panda and Kumar
Dubey, 2020), as well as to create effective energy har-
vesting devices via parallel links (Asano et al., 2020) or
a stacking design (Kim et al., 2020). Further, to better
understand the relation between the constituent mate-
rial properties and the overall response of the layered
system which would enable the tailoring of composite
system’s performance, the electromechanical response
and homogenized material properties have been exten-
sively investigated via both analytical and numerical
approaches by various researchers (Camarena and Yu,
2019; Challagulla and Venkatesh, 2009; Kar-Gupta
and Venkatesh, 2013; Kim et al., 2009; Wang et al.,
2009; Zhang et al., 2019).

In contrast with the well-studied regular flat multi-
layered piezoelectric composites, research work on the
piezoelectric multilayers with wavy architectures is lim-
ited but shows great potential. Most recently, the piezo-
electric multilayers with wavy architectures are employed
to develop an advanced intelligent acoustic emission
(AE) and mechanical impedance hybrid sensor (Feng
and Huang, 2013; Feng et al., 2009), an efficient wear-
able energy harvesting system with high stretchability
(Feng et al., 2011; Qi et al., 2011) and a sandwich-type

piezoelectric energy harvester powered by human walk-
ing (Han et al., 2016; Singh et al., 2018). It is worth men-
tioning that the mechanical behaviors of multilayers with
wavy architectures have been extensively studied, includ-
ing thermal-elastic behavior (Khatam and Pindera,
2009b), plasticity (Katz et al., 2015; Khatam and
Pindera, 2009a), finite deformation (Tu and Pindera,
2013). The above work illustrates wavy multilayers’
capability in achieving excellent toughness and mimics
the biomaterial’s performance by designing the wavy
microstructures and constituent properties. To fully
exploit the potential of the wavy multilayered piezoelec-
tric composites, it is essential to understand the relation
between the constituent’s material properties, material
microstructures, and the macro electromechanical beha-
vior of the wavy layered system. However, to the best
knowledge of the authors, the homogenized and local
responses of piezoelectric multilayers with wavy architec-
ture have never been investigated.

The main objective of the current paper is to under-
stand the effects of amplitude-to-wavelength ratio, vol-
ume fraction, and the poling direction of constituent on
both the homogenized properties and local stress/elec-
tric field distributions of the wavy multilayered piezo-
electric BaTiO3/PZT-7A architectures. Secondly, the
paper critically examines the accuracy of finite volume
and finite element-based micromechanics approaches.
The remainder of the paper is organized as follows:
Section 2 describes the theoretical framework of the
multiphysics FVDAM, including the homogenization
framework, generalized local stiffness construction,
generalized stiffness matrix assembly, and homogeniza-
tion. Section 3 validates the multiphysics FVDAM
against an analytical solution found in the literature
and then focuses on the numerical results of the wavy
multilayered piezoelectric BaTiO3/PZT-7A architec-
tures, demonstrating the effects of amplitude-to-
wavelength ratio, volume fraction, the poling direction
of constituent on both the homogenized properties and
local stress/electric field distributions. In Section 4, the
accuracy of FVDAM and finite-element based multi-
physics micromechanics are accessed based on the aver-
age stress and electric displacement theory. Discussions
and future work are described in Section 5. The sum-
mary and conclusions are presented in Section 6.

2. Multiphysics FVDAM

The details of the mechanical version of the finite-
volume direct averaging micromechanics approach have
been presented in a sequence of papers (Cavalcante and
Pindera, 2016; Cavalcante et al., 2012; Chen and
Pindera, 2020; Chen et al., 2018b). The FVDAM with
coupled thermo-electro-elastic capability was developed
recently by Chen et al. (2018a) for periodic materials
undergoing infinitesimal deformations in order to



generate higher fidelity of stress and electric fields rela-
tive to the classical micromechanics theories and finite-
element techniques. For a piezoelectric material, the
generalized Hooke’s Law reads:

sij =Cijklekl � ekijEk

Di = eiklekl + kikEk

ð1Þ

where sij and Di are the stress and electric displacement
components, respectively, eij and Ek are the strain and
electric field components, respectively. Cijkl, eikl, and kik

denote the stiffness, piezoelectric coefficients, and
dielectric coefficients, respectively.

Equation (1) can be expressed in matrix and vector
notations for an easier implementation into the
FVDAM analysis:

s
D

� �
=Z

e
�E

� �
ð2Þ

where s= ½s11 s22 s33 s23 s13 s12�T, e= ½e11 e22 e33

2e23 2e13 2e12�T, D= ½D1 D2 D3�T, E= ½E1 E2 E3�T,

and Z=
C eT

e �k

� �
. To accommodate the general ani-

sotropic properties of poled piezoceramics, the subma-
trices of the generalized stiffness matrix are defined in
this work as:

C=

C11 C12 C13 C14 C15 C16

C12 C22 C23 C24 C25 C26

C13 C23 C33 C34 C35 C36

C14 C24 C34 C44 C45 C46

C15 C25 C35 C45 C55 C56

C16 C26 C36 C46 C56 C66

2
666666664

3
777777775
,

e=

e11 e12 e13 e14 e15 e16

e21 e22 e23 e24 e25 e26

e31 e32 e33 e34 e35 e36

2
64

3
75,

k=

k11 k12 k13

k12 k22 k23

k13 k23 k33

2
64

3
75:

2.1. Homogenization framework

The multiphysics FVDAM framework is a simplified
version of the mathematical homogenization theory.
The latter is based on a systematic asymptotic analysis
of periodic media whose response is characterized by
governing differential equations with periodically vary-
ing coefficients that reflect the spatial variation of the
microstructures (Charalambakis, 2010; Yang et al.,
2020; Zhu et al., 2020). The mathematical

homogenization theory provides a consistent frame-
work for taking into account the effect of macroscopic
strain and electric field variations in a periodic material
whose microstructural scale is characterized by the
small parameter §. Within this framework, the macro-
scopic and local variations of displacements and elec-
tric potentials are described using the global and local
scales x and y, respectively, connected through the
small parameter §= y=x. The operator ∂=∂xi in the
governing differential equations is then replaced by
∂
∂x
! ∂

∂x
+ 1

§
∂
∂y

which separates the governing differen-
tial equations into different orders of § or scales.

Consistent with the concept of scale separation, a
multiscale displacement u

§ð Þ
i x, yð Þ and electric potential

a §ð Þ x, yð Þ field representation based on the small para-
meter §,

u
§ð Þ

i x, yð Þ= u
0ð Þ

i x, yð Þ+ §u
1ð Þ

i x, yð Þ+O §2
� �

a §ð Þ x, yð Þ=a 0ð Þ x, yð Þ+ §a 1ð Þ x, yð Þ+O §2
� � ð3Þ

is used to separate the governing differential equations
into equations of different scale orders.

In the finite-volume homogenization theory, the dis-
placement and electric potential field in each phase of
the microstructure is partitioned into average and fluc-
tuating contributions dependent on the global and local
coordinates, x= x1, x2, x3ð Þ and y= y1, y2, y3ð Þ, respec-
tively, without considering the higher-order terms:

u
qð Þ

i x, yð Þ= �eijxj + u
0 qð Þ
i yð Þ

a qð Þ x, yð Þ= � �Ejxj +a0
qð Þ

yð Þ
ð4Þ

where �eij and �Ej are macroscopic strain and electric
field. u

0 qð Þ
i i= 1, 2, 3ð Þ and a0 qð Þ are displacement and

electric potential fluctuations.
Herein, we limit our analysis to multilayered wavy

composites with continuous reinforcements whose
response may be characterized by periodically repeating
material microstructure with two-dimensional periodi-
city, Figure 1(a). The unit cell is discretized into quadri-
lateral subvolumes designated by the index qð Þ, whose
location is specified by the subvolume vertices

y
i, qð Þ

2 , y
i, qð Þ

3

� �
referred to the fixed RUC coordinate sys-

tem. The qth subvolume is generated by mapping the
square-sided subvolume in the reference coordinates
h� jð Þ onto a quadrilateral subvolume resident in the
actual microstructure, Figure 1(b), using the Q4-type
mapping function:

y
qð Þ

i (x, y)=
X4

j= 1

Nj(h, j)y
j, qð Þ

i , i= 2, 3 ð5Þ

where Nj h, jð Þ is the shape function given by:



N1 h, jð Þ= 1

4
1� hð Þ 1� jð Þ,N2 h, jð Þ= 1

4
1+hð Þ 1� jð Þ

N3 h, jð Þ= 1

4
1+hð Þ 1+ jð Þ,N4 h, jð Þ= 1

4
1� hð Þ 1+ jð Þ

ð6Þ

2.2. Generalized local stiffness construction

The fluctuating displacements u
0 qð Þ
i i= 1, 2, 3ð Þ and elec-

tric potentials a0 qð Þ in the qth subvolume are approxi-
mated using the following polynomial expansion in the
reference coordinates h� jð Þ:

u0i
(q)

=W
(q)
i(00) +hW

(q)
i(10) + jW

(q)
i(01)

+
1

2
(3h2 � 1)W

(q)
i(20) +

1

2
(3j2 � 1)W

(q)
i(02)

a0
kð Þ
=W

qð Þ
4 00ð Þ+hW

qð Þ
4 10ð Þ+ jW

qð Þ
4 01ð Þ

+
1

2
3h2 � 1
� �

W
qð Þ

4 20ð Þ+
1

2
3j2 � 1
� �

W
qð Þ

4 02ð Þ

ð7Þ

where W
(q)
i(::) are the unknown microvariables associated

with each subvolume, which ensures that �e11 = e qð Þ
11 and

�E1 =E
qð Þ

1 due to the continuous reinforcement in x1

direction.
The employed two-scale expansion of displacements

and electric displacements produces local strain and
electric field in the form:

e(q)ij = �eij + e0 qð Þ
ij = �eij +

1

2
(
∂u0i
∂yj

+
∂u0j
∂yi

)(q)

E
qð Þ

i = �Ei +E
0 qð Þ
i = �Ei �

∂a0 qð Þ

∂yi

ð8Þ

Evaluating surface-averaged interfacial displace-
ments and electric potentials for the qth subvolume in
the reference coordinates produces the surface-averaged
displacements and electric potentials (the subscript q is
omitted for convenience), which provides the funda-
mental unknowns for the parametric multiphysics
FVDAM:

û
0(1, 3)
i =

1

2

ð+ 1

�1

u0i(h,71)dh û
0(2, 4)
i =

1

2

ð+ 1

�1

u0i(61, j)dj

â0
1, 3ð Þ

=
1

2

ð+ 1

�1

a0(h,71)dh â0
2, 4ð Þ

=
1

2

ð+ 1

�1

a0(61, j)dj

ð9Þ

The first- (W
qð Þ

i 10ð Þ, W
qð Þ

i 01ð Þ) and second- (W
qð Þ

i 20ð Þ, W
qð Þ

i 02ð Þ)
order coefficients are explicitly expressed in terms of
surface-averaged displacements and electric potentials
as well as the zeroth-order coefficients (W

qð Þ
i 00ð Þ) upon

using the definition in equation (9). The four remaining
equations for the determination of the zeroth-order
coefficients are introduced by satisfying the stress equi-
librium equation and conservation equations in an
average sense within each subvolume:

1

Vq

ð
Vq

∂sij

∂xj

dV = 0,
1

Vq

ð
Vq

∂Di

∂xi

dV = 0 ð10Þ

Evaluating the surface-averaged interfacial tractions
and normal electric displacements in terms of surface-
averaged mechanical displacements and electric poten-
tials produces a system of generalized local stiffness
equations which can be symbolically expressed as:

Ŷ
qð Þ
=K qð ÞÛ

qð Þ
+N qð ÞZ qð Þ �X ð11Þ

where

Ŷ
qð Þ
= p̂

1ð Þ
p̂

2ð Þ
p̂

3ð Þ
p̂

4ð Þ� 	 qð ÞT
, p̂

p, qð Þ=

t̂1 t̂2 t̂3 f̂
� 	 p, qð ÞT

, ti =sijnj, f =Dini, and n1 n2 n3½ �
are the unit normal vectors that define the orientation
of each face of a quadrilateral subvolume.

Û
qð Þ
= û0

1ð Þ
û0

2ð Þ
û0

3ð Þ
û0

4ð Þ
h i qð ÞT

, û0
(p, q)

=

û01 û02 û03 â0½ �(p, q)T, �X= �e11 �e22 �e33 2�e23½
2�e13 2�e12 ��E1 ��E2 ��E3�T, N qð Þ= n 1ð Þ n 2ð Þ

�
n 3ð Þ n 4ð Þ� qð ÞT,

n p, qð Þ=

0 0 0 n3 n2 0 0

n2 0 n3 0 0 0 0

0 n3 n2 0 0 0 0

0 0 0 0 0 n2 n3

2
664

3
775

p, qð Þ

. Z qð Þ is

the generalized local stiffness matrix of the q th subvo-

lume: Z qð Þ=
C eT

e �k

� � qð Þ
. The generalized local stiff-

ness matrices K qð Þ given explicitly by the subvolume

Figure 1. (a) Discretization of repeating unit cell of
multilayered piezoelectric composites with sinusoidal wavy
architecture and (b) mapping transformation in parametric
FVDAM.



geometry and material properties can be found in refer-
ence (Chen et al., 2018a).

2.3. Generalized stiffness matrix assembly

The unknown interfacial surface-averaged displace-
ments and electric potentials are determined by solving
a global system of equations generated by first impos-
ing traction and electric displacement continuity condi-
tions at common faces of adjacent subvolumes,
followed by direct enforcement of fluctuating mechani-
cal displacement and electric potential continuity con-
ditions. The resulting global system of equations can be
symbolically represented by:

KÛ
0=DZ�X ð12Þ

where K denotes the generalized global stiffness matrix,
the vector Û0 is comprised of all the unknown interfacial
mechanical displacements and electric potentials. The
matrix DZ represents the differences in the generalized
local stiffness matrices of adjacent subvolumes.

2.4. Homogenization

The solution of the global system of equations, equa-
tion (12), yields the fluctuating displacement compo-
nents and electric potentials, hence the local strains and
electric fields in equation (8). The generalized electro-
elastic concentration matrices relating averaged subvo-
lume strains and electric fields and their applied coun-
terparts (Hill, 1963), also noted as localization
relations, are established as:

�e
�E

� � qð Þ
=A qð Þ �e

�E

� �
ð13Þ

where the matrices A qð Þ can be determined by successive
imposition of unit macroscopic strain or electric field at
a time and then solving the corresponding boundary
value problems to obtain average subvolume strains
and electric fields at the specified loading condition.

The homogenized stresses and electric displacements
for the unit cell of a volume V are expressed as a
weighted sum of the averaged stresses and electric dis-
placements over all elements:

�s=
1

V

ð
s xð ÞdV =

1

V

XNq

q= 1

ð
Vq

s qð Þ xð ÞdV qð Þ=
XNq

q= 1

v qð Þ �s qð Þ

�D=
1

V

ð
D xð ÞdV =

1

V

XNq

q= 1

ð
Vq

D qð Þ xð ÞdV qð Þ=
XNq

q= 1

v qð Þ �D
qð Þ

ð14Þ

where V qð Þ is the volume of the qth subvolume, and
v qð Þ=V qð Þ
V is the corresponding volume fraction.
Taking the localization relations in the expression for

the averaged composite stresses and electric displace-
ments, in conjunction with the element-averaged consti-
tutive relation of qth element, we obtain the global (or
effective) constitutive equation for the multiphase
piezoelectric composite in the form:

�s
�D

� �
=

C� e�T

e� �k�

� �
�e
��E

� �
ð15Þ

where C�, e�, and k� are the effective elastic, piezoelec-
tric and dielectric matrices, respectively, given by:

C� e�T

e� �k�

� �
=
XNq

q= 1

v qð Þ C eT

e �k

� � qð Þ
A qð Þ ð16Þ

3. Numerical results

3.1. Homogenized responses

In this section, the multiphysics FVDAM is employed
to investigate the homogenized stiffness, piezoelectric
and dielectric coefficients of multilayered piezoelectric
composites. The effectiveness of the multiphysics
FVDAM will be validated extensively, first against the
theoretical values found in the literature, and then an
in-house finite-element homogenization technique.

A flat multilayer can be considered as a special case
of the wavy multilayers when the amplitude-to-
wavelength ratio is zero. The multiphysics FVDAM is
first validated against a theoretical solution based on
the asymptotic homogenization model (AHM) devel-
oped by Kar-Gupta and Venkatesh (2013). Figure 2
illustrates the unit cell of a flat piezoelectric composite,
consisting of two different phases, that is, the PVDF
(white layer) and PZT-7A (gray layer). The elastic,

Figure 2. Unit cell of a bilayered piezoelectric composite used
for comparison with the asymptotic homogenization model
(Kar-Gupta and Venkatesh, 2013).



piezoelectric, and dielectric coefficients which can be
found in reference (Kar-Gupta and Venkatesh, 2013)
are given in Table 1. The large property contrast
between the constituent phases yields large stress and
deformation gradients in the vicinity of the interface,
providing a critical assessment of the multiphysics
FVDAM. Figure 3 describes the comparison of the
homogenized piezoelectric and dielectric coefficients
generated by the multiphysics FVDAM and asymptotic
homogenization model as a function of PZT-7A vol-
ume fraction. The results show an excellent level of
accordance between the two approaches, providing a
strong support for the multiphysics FVDAM approach.

We proceed to investigate the homogenized response
of a multilayered composite consisting of PZT-7A and
BaTiO3 piezoelectric phases of different volume frac-
tions and poling directions. Figure 4 illustrates the geo-
metric representation of a repeating unit cell of a
sinusoidal shape multilayered composite. The gray
layer is occupied by the PZT-7A while the two white
layers are both occupied by BaTiO3. The volume frac-
tion of the PZT-7A phase is denoted as yf . Both of
them are transversely isotropic with the axis of symme-
try oriented in the x1 direction, perpendicular to x2 � x3

plane. According to the relatively poling direction of
each ply, the piezoelectric multilayered composites can
be either ‘‘transverse’’ or ‘‘longitudinal.’’ In this work,
the longitudinally poled multilayers are defined when
all plies are poled along the x1 direction, whereas the
transversely poled multilayers are defined when the
PZT-7A ply is poled in the x1 direction while the
BaTiO3 plies are poled in the x2 direction.

Figure 5 presents the variation of selected homoge-
nized elastic moduli of the PZT-7A/BaTiO3 multi-
layered composite system as a function of PZT-7A
volume content over a wide range of volume fractions
for three different amplitude-to-wavelength ratios,
namely, 0% (flat), 10%, and 20%. It should be noted

that the poling directions of PZT-7A and BaTiO3

phases are both in x1 direction. For validation pur-
poses, the finite-element predictions are enclosed in the
figure for comparison. We note that the imposition of
the periodic boundary conditions is a difficult task for
multilayered wavy architectures with curved bound-
aries in the commercial finite-element tools. Therefore,
an in-house finite-element method (FEM) developed by
the present authors (shown in the Appendix) is
employed to generate reference results for comparison
with the multiphysics FVDAM predictions. The in-
house multiphysics finite-element method mimics the
unit cell solution methodology adopted by the multi-
physics FVDAM theory. Hence the two sets of results
may be compared on an equal footing. It is important
to mention that both multiphysics FVDAM and in-
house FEM results are generated using MATLAB
codes. The displacements, electric potentials, local
stress, and electric fields are calculated directly without
interpolation across element or subvolume interfaces.
This is in contrast to the commercial finite-element
codes that typically use averaging techniques in calcu-
lating local responses.

As expected, the homogenized moduli C�22, C�33, C�44,
C�55, and C�66 decrease with increasing PZT-7A volume
fractions while C�23 exhibits an opposite trend. This is
due to the fact that the material stiffness coefficients of
PZT-7A phase are smaller than those of BaTiO3 phase,
except for C�23. The ply waviness has a pronounced
effect on the homogenized moduli C�33, C�55, and C�66.
C�33 and C�66 decrease with the increase of amplitude-to-
wavelength ratio for a given PZT-7A volume fraction.
In contrast, C�55 increases with the increase of
amplitude-to-wavelength ratio for a given volume frac-
tion. Increasing the PZT-7A volume fraction first
accentuates the differences due to the ply waviness.
After reaching a maximum just below the volume frac-
tion of 0.5, the ply waviness effect becomes less remark-
able with increasing PZT-7A volume fraction. The
multiphysics FVDAM predictions coincide with the
finite-element results in the entire volume fraction
range and for all the amplitude-to-wavelength ratios,
providing good support for the developed FVDAM
technique.

Comparisons of homogenized piezoelectric and
dielectric coefficients generated by the multiphysics
FVDAM and finite-element approaches as a function
of PZT-volume fraction for three different ply
amplitude-to-wavelength ratios are provided in Figures
6 and 7, respectively. Similar to the previous observa-
tions, no visible differences are observed between the
finite-element and finite-volume predictions over a wide
range of volume fractions. While the ply waviness has a
negligible effect on the axial piezoelectric and dielectric
coefficients, namely, e�11, e�12, e�13, and k�11, it plays an
important role in affecting the transverse coefficients,
namely, e�26, e�35, k�22, and k�33.

Table 1. Electromechanical constants of constituent phases
(Kar-Gupta and Venkatesh, 2013).

PZT-7A BaTiO3 PVDF

C11 (GPa) 131 145.5 4.84
C12 (GPa) 74.2 65.94 2.22
C13 (GPa) 74.2 65.94 2.22
C22 (GPa) 148 150.4 4.84
C23 (GPa) 76.2 65.63 2.72
C33 (GPa) 148 150.4 4.84
C44 (GPa) 35.9 42.37 1.06
C55 (GPa) 25.3 43.86 5.26
C66 (GPa) 25.3 43.86 5.26
e11 (Cm22) 10.99 17.36 20.11
e12 (Cm22) 22.324 24.322 0.004
e26 (Cm22) 9.31 11.4 20.002
k11(nCV21m21) 2.081 15.1 0.07083
k22(nCV21m21) 3.984 12.8 0.06641



In order to demonstrate the effect of the poling
direction on the homogenized piezoelectric and dielec-
tric coefficients of the piezoelectric multilayered com-
posites, a transverse PZT-7A/BaTiO3 multilayered

composite is considered. Table 2 presents a detailed
comparison of the complete set of piezoelectric and
dielectric coefficients of 40% PZT-7A/BaTiO3 multi-
layered composites with different poling directions. The

Figure 3. Comparison of selected homogenized piezoelectric and dielectric coefficients as a function of PZT-7A volume fraction
generated by the multiphysics FVDAM and asymptotic homogenization model (Kar-Gupta and Venkatesh, 2013).



ply amplitude-to-wavelength ratios are prescribed as
10%. It is noted that different results may be obtained
by changing the relative poling direction of the PZT-
7A and BaTiO3 plies. The transverse isotropy ceases to
hold in the case of transversely poled composites. The
most interesting behavior is the moduli e�16, e

�
21, e�22, e�23,

e�34 and k�12, k�21 that are present in the transversely
poled composites but not in either of the individual
phase or the longitudinal composites. Therefore, those
coefficients are new material properties that are exhib-
ited by composites with designated poling directions.

Besides the above-mentioned new material proper-
ties that do not exist in the longitudinal material sys-
tem, certain homogenized piezoelectric properties of
the transversely poled multilayered PZT-7A/BaTiO3

composites vary much more significantly as the change
of volume fraction of PZT-7A and amplitude-to-
wavelength ratio. For instance, in the flat longitudin-
ally poled composites as shown in Figure 6, e�26 varies
within the range of [9.7–11.4] C/m2 and the difference
between lower bound and higher bound is 1.7 C/m2,
while in the flat transversely poled multilayers as shown
in Figure 8, e�26 varies within the range of [0–8.125] C/
m2 with a much larger difference between the lower
bound and higher bound, 8.125 C/m2. Meanwhile, in
the longitudinally poled multilayers, the most signifi-
cant change of e�26 due to amplitude-to-wavelength
ratio variation is 0.2 C/m2, occurring at the volume
fraction of 0.35. In contrast, in the transversely poled
composites, the most significant change of e�26 due to
the amplitude-to-wavelength ratio is much larger, that
is 1.25 C/m2, occurring at the volume fraction of 0.5.
e�35 also has a similar trend. In the flat longitudinally
poled multilayers, e�35 varies in the range of [9.8–
11.5] C/m2 with 1.7 C/m2 difference between the lower
and upper bound. In contrast, for the flat transversely
poled multilayers, e�35 varies in the range of [0–9.3] C/
m2 with 7.5 times higher difference. Meanwhile, in the
longitudinally poled multilayers, the highest difference
of e�35 due to amplitude-to-wavelength ratio variation is
0.18 C/m2, occurring at volume fraction of 0.25. In
contrast, in the transversely poled multilayers, the

highest difference of e�35 due to amplitude-to-
wavelength ratio variation is nine times higher, occur-
ring at volume fraction of 0.45. As we can see, in trans-
versely poled multilayers, the volume fraction and
amplitude-to-wavelength ratio have a significant effect
on the homogenized piezoelectric properties, e�26, e�35

and offer a large design space to tailor the homoge-
nized piezoelectric properties.

Figures 7 and 9 show the variations of selected
homogenized dielectric properties of longitudinally and
transversely poled multilayers at different volume frac-
tions for three different amplitude-to-wavelength ratios:
0%, 10%, and 20%. Dielectric properties, k�22 and k�33

of longitudinally poled multilayers are more sensitive to
the change of amplitude-to-wavelength ratio than the
transversely poled multilayers. However, the biggest
difference between the longitudinally and transversely
poled multilayers is the introduction of a coupling
dielectric property, k�12, which reaches a maximal value
at the volume fraction of 0.38. In particular, the nonli-
nearity of k�12 increases significantly as the increase of
amplitude-to-wavelength ratios. The new findings open
new opportunities to design new applications of piezo-
electric devices.

Table 3 shows comparison of the selected homoge-
nized properties of transversely-poled PZT-7A/BaTiO3

multilayered composites generated by the multiphysics
FVDAM and FEM approaches at two different
amplitude-to-wavelength ratios, that is, 10% and 20%.
The relative errors defined by: ( :ð ÞFVDAM�

��
:ð ÞFEM)= :ð ÞFEMj3 100% are also included in Table 3.
The PZT-7A phase volume fraction is fixed at 40%. As
observed, the multiphysics FVDAM and FEM agree to
two or three significant digits for all cases. The relative
percentage errors of the multiphysics FVDAM predic-
tions relative to the FEM results are negligible. The
above comparison provides additional evidence of the
accuracy of the multiphysics FVDAM for simulating
the multilayered piezoelectric architectures. It should
be mentioned that the finite-element homogenized
properties are generated based on the same mesh dis-
cretization as the multiphysics FVDAM technique,
namely, 120 3 40. We have verified that for the finite-
element homogenization, this mesh refinement pro-
duces results with sufficient accuracy, hence the finite-
element homogenized properties are reliable as refer-
ence solutions.

3.2. Local stress/electric fields

The ability to correctly recover the full-field localized
stress and electric displacement distributions within the
composite microstructures helps to understand the
underlying deformation mechanisms of the composite
materials and structures. To the best knowledge of the
present authors, there have been very few reliable tools
that yield accurate localized field distribution within

Figure 4. Geometric representation of a repeating unit cell
representative of multilayered composites with wavy
architectures.



the heterogeneous microstructures with only two excep-
tions, namely, the finite-element and finite-volume
techniques that explicitly impose periodic boundary
conditions. cf. Chen et al. (2018a) and Chen and Wang
(2018, 2020). Figure 10 presents a comparison of the
local electric displacements D2 and D3 distributions
with the imposition of unit homogenized electric

displacement �D2 generated by the multiphysics
FVDAM and an in-house finite-element code for the
40% PZT-7A/BaTiO3 composites with an amplitude-
to-wavelength ratio of 20%. Both the multiphysics
FVDAM and finite-element are generated using the
same mesh discretization, namely, 120 3 40. It is
observed that the concentration of electric

Figure 5. Comparison of homogenized mechanical properties of multilayered PZT-7A/BaTiO3 architectures as a function of PZT-
7A volume faction for three different amplitude-to-wavelength ratios: 0% (flat), 10% and 20%.



displacements which are nonuniform within the wavy
microstructures is significant. The correlation between
the two computational approaches is remarkable, pro-
viding good support for the developed multiphysics
FVDAM technique.

Figure 11 illustrates the comparison of the local axial
shear stress s12 and s13 distributions during the

unidirectional electric displacement loading by
�D2 = 1C=m2, reflecting the coupling effect between the
mechanical response and applied electric field. Once
again, the differences between the multiphysics
FVDAM and finite element predictions are small.

The effect of the ply amplitude-to-wavelength ratio
on the localized stress and electric displacement

Figure 6. Comparison of selected homogenized piezoelectric properties of multilayered PZT-7A/BaTiO3 architectures as a
function of PZT-7A volume faction for three different amplitude-to-wavelength ratios: 0% (flat), 10%, and 20%.



distributions is illustrated in Figure 12. We consider a
unidirectional multilayered composite comprising 40%
PZT-7A for three different amplitude-to-wavelength
ratios. The composites are subjected to unidirectional
electric displacement loading �D2 = 1C=m2. In the case
of a flat multilayer, the shear stress s12 and electric dis-
placement D2 are uniform within each phase, whereas
the shear stress s13 and electric displacement D3 are

zero, indicating no coupling in s13 and D3. In contrast,
in the case of a wavy multilayer, the shear stress s13

and electric displacement D3 arise and the local stress
and electric displacement become nonuniform under
the same loading condition. As the ply amplitude-to-
wavelength ratio increases, larger stress and electric
field concentration are observed between the interface
of different plies. Hence the location and conditions for

Figure 7. Comparison of selected homogenized dielectric properties of multilayered PZT-7A/BaTiO3 architectures as a function of
PZT-7A volume faction for three different amplitude-to-wavelength ratios: 0% (flat), 10%, and 20%.

Table 2. Comparison of homogenized piezoelectric and dielectric properties of multilayered architectures with different poling
directions.

Piezoelectric coefficients Dielectric coefficients

Longitudinally Poled 14:79 �3:55 �3:52 0 0 0
0 0 0 0 0 10:64
0 0 0 0 11:01 0

2
4

3
5 9:90 0 0

0 8:98 0
0 0 7:55

2
4

3
5

Transversely Poled 4:46 �1:03 �0:91 0 0 6:71
�2:44 9:50 �2:25 0 0 4:44
0 0 0 4:56 7:13 0

2
4

3
5 8:65 �0:21 0

�0:21 10:62 0
0 0 8:84

2
4

3
5



Figure 8. Comparison of homogenized piezoelectric properties of transversely poled multilayered PZT-7A/BaTiO3 architectures as
a function of PZT-7A volume faction for three different amplitude-to-wavelength ratios: 0% (flat), 10%, and 20%.



the onset of mechanical failure in the piezoelectric com-
posites could be predicted.

4. Assessment of accuracy

Multiphysics FVDAM and FEM are fundamentally
different in the way of satisfying equilibrium and

conservation equations in the discretized domain of the
unit cell. In FVDAM, equilibrium and conservation
equations are directly satisfied in an integral sense for
every subvolume, hence the automatic satisfaction of
global equilibrium and conservation. In contrast, in
FEM, equilibrium and conservation equations are
achieved via the minimization of total potential energy,
which requires sufficient mesh refinement to achieve

Figure 9. Comparison of homogenized dielectric properties of transversely poled multilayered PZT-7A/BaTiO3 architectures as a
function of PZT-7A volume faction.

Table 3. Quantitative comparison of the homogenized properties of a transversely-poled PZT-7A/BaTiO3 multilayered composite
with 40% PZT-7A volume content for two different amplitude-to-wavelength ratios.

C�22
(GPa)

C�44
(GPa)

e�12
(C/m2)

e�22
(C/m2)

e�35
(C/m2)

k�11
(nC/Vm)

k�12
(nC/Vm)

k�33
(nC/Vm)

Wavelength-to-amplitude ratio: 10%
FVDAM 150.2174 42.2780 21.0262 9.4946 7.1288 8.6476 20.2070 8.8370
FEM 150.2172 42.2785 21.0261 9.4949 7.1287 8.6476 20.2069 8.8369
Relative Error (%) 0.0001 0.001 0.010 0.003 0.001 0 0.048 0.001
Wavelength-to-amplitude ratio: 20%
FVDAM 151.8153 41.646 21.2495 8.3956 6.1538 8.8346 20.4923 9.0349
FEM 151.8155 41.648 21.2497 8.3960 6.1537 8.8344 20.4923 9.0356
Relative Error (%) 0 0.005 0.016 0.005 0.024 0.002 0 0.008



global equilibrium and conservation, and then equili-
brium and conservation at the element level. To gauge
the satisfaction of equilibrium and conservation of an
element or a subvolume for current piezoelectric

analysis, unbalanced average stress and unbalanced
average electric displacement can be defined via the
Average Stress Theorem and the Average Electric
Displacement Theorem.

Figure 10. Comparison of local electric displacement distributions of longitudinally poled multilayered PZT-7A/BaTiO3

architectures with 40% PZT-7A volume content during unidirectional electric displacement loading by �D2 = 1C



m2 generated by the
FVDAM (left column) and FEM (right column): (a) D2 and (b) D3.

Figure 11. Comparison of local stress distributions of longitudinally poled multilayered PZT-7A/BaTiO3 architectures with 40%
PZT-7A volume content during unidirectional electric displacement loading by �D2 = 1C



m2 generated by the FVDAM (left column)

and FEM (right column): (a) s12 and (b) s13.



According to the Average Stress Theorem, for an
arbitrary domain in equilibrium status, the average
stress ŝij can be calculated by integrating the surface
tractions as follows:

ŝij =
1

V

ðð
�

S

TixjdS =
1

V

ðð
�

S

siknkxjdS ð17Þ

Converting the surface integral to volume integral using
Gauss’s Theorem, we obtain

ŝij =
1

V

ðð
�

S

siknkxjdS =
1

V

ððð
V

∂

∂xk

sikxj

� �
dV

=
1

V

ððð
V

∂sik

∂xk

xj +sij

� �
dV

ð18Þ

In the absence of body forces, when equilibrium is
satisfied in a pointwise sense, ∂sik

∂xk
= 0, the above

integral reduces to the standard definition for the
volume-averaged stress, as follows:

1

V

ððð
V

∂sik

∂xk

xj +
∂xj

∂xk

sik

� �
dV =

1

V

ððð
V

sijdV = �sij

ð19Þ

It should be noted that in FEM the equilibrium at
the subdomain is not automatically satisfied unless the
mesh discretization is sufficiently refined. Therefore, we
can define unbalanced average stress to gauge the
numerical convergence as follows:

D�sij = �sij � ŝij =
1

V

ððð
V

sijdV � 1

V

ðð
�

S

TixjdS ð20Þ

For each element or subvolume, the unbalanced aver-
age stress can be expressed as:

Figure 12. Effect of amplitude-to-wavelength ratio on the local stress and electric displacement distributions of longitudinally poled
multilayered PZT-7A/BaTiO3 architectures with 40% PZT-7A volume content during unidirectional electric displacement loading by
�D2 = 1C



m2: flat (left column); 10% (middle column); 20% (right column): (a) s12 and (b) s13 (c) D2, and (d) D3.



D�s
qð Þ

ij =
1

Vq

ððð
Vq

sijdV � 1

V

ðð
�

Sq

TixjdS ð21Þ

While for the entire unit cell, a global unbalanced
average stress can be calculated by summing up all the
absolute value of unbalanced average stress for each
element or subvolume as follows:

D�sij =
XNq

q= 1

Vq

V
D�s

qð Þ
ij

��� ��� ð22Þ

Similarly, the unbalanced average electric displace-
ment can be defined and utilized to gauge the conver-
gence of the electric field. According to the Average
Electric Displacement Theorem, for an arbitrary
domain in the absence of electric charge, the average
electric displacement D̂i can be calculated by integrat-
ing electric displacements along the domain surface as
follows:

D̂i =
1

V

ðð
�

S

DinixjdS ð23Þ

Converting the surface integral to volume integral
using Gauss’s Theorem, we obtain

D̂i =
1

V

ðð
�

S

Dixj

� �
nidS =

1

V

ððð
V

∂Di

∂xi

xj +Di

� �
dV ð24Þ

In the absence of electric charge, when the conserva-
tion equation is satisfied in a pointwise sense,ÐÐÐ

V
∂Di

∂xi
= 0, the above integral reduces to the standard

definition for the volume-averaged electric displace-
ment, as follows:

1

V

ððð
V

∂Di

∂xi

xj +Di

� �
dV =

1

V

ððð
V

DidV = �Di ð25Þ

In FEM the conservation at the subdomain is not
automatically satisfied unless the mesh discretization is
sufficiently refined. Therefore, we can define an unba-
lanced average electric displacement to gauge the
numerical convergence as follows:

D�Di = �Di � D̂i =
1

V

ððð
V

DidV � 1

V

ðð
�

S

DinixjdS ð26Þ

For each subvolume/element, the unbalanced electric
displacement can be expressed as:

D�Di = �Di � D̂
qð Þ

i =
1

Vq

ððð
Vq

DidV � 1

Vq

ðð
�

Sq

DinixjdS

ð27Þ

While for the entire unit cell, a global unbalanced
average electric displacement can be calculated by sum-
ming up all the absolute value of unbalanced average

electric displacement for each element or subvolume as
follows:

D�Di =
XNq

q= 1

Vq

V
DD

qð Þ
i

��� ��� ð28Þ

To illustrate the degree of equilibrium and local con-
servation is satisfied as a function of mesh refinement
in the FEM and FVDAM approaches, the piezoelectric
multilayers are analyzed under electric displacement

loading �D2 of 1 C/m2. Figure 13 illustrates the varia-
tion of overall unbalanced shear stresses D�s13, D�s12

and normalized unbalanced electric displacements

D�D2=�D2, D�D3=�D2 over a wide range of mesh refinement
from 12 3 4 to 120 3 40 and it shows the unbalanced
quantity decreases with the increase of element number
in FEM. Particularly the magnitude of D�s13, D�s12

decreases from the value of 40 MPa and 63 MPa to the
value of 4 MPa and 6 MPa with the coarsest 12 3 4

and the finest mesh 120 3 40 discretizations, respec-

tively. And the percentage of D�D2=�D2 and D�D3=�D2

changes from the value of 18.6% and 12% to the value
of 1.71% and 1.14%, respectively. It is important for
researchers and engineers to notice that a mesh refine-
ment study needs to be conducted toward the analysis
of Multiphysics Piezoelectric Composites if the FEM-
based Multiphysics micromechanics homogenization
technique is utilized. In contrast, in multiphysics
FVDAM, both the unbalanced average stress and
unbalanced average electric displacement remain zero
and they do not change as the mesh refinement. This is
because in the FVDAM framework the equilibrium
and local conservation equations are enforced during
the process of analytical evaluation of the subvolume’s
generalized local stiffness matrices (Chen et al. 2018a).

Figures 14 and 15 present the distributions of nor-
malized unbalanced average stress Dŝ13 and electric
displacement DD̂2 at element/subvolume level for three
types of mesh refinement, 30 3 8, 60 3 14, and
120 3 40, in FEM and FVDAM. And Dŝ13 is normal-
ized by the maximal stress, smax

13 in the analysis domain
and DD̂2 is normalized by the applied electric displace-
ment, �D2. In FVDAM, the unbalanced average stress
and electric displacement for the entire domain are
exactly zeros due to the exact satisfaction of the equili-
brium equation and conservation equation at the sub-
volume level. In contrast, in FEM, the value of
normalized unbalanced average stress and electric dis-
placement varies significantly, in the range of [0%–
30%]. The unbalanced average stress and electric dis-
placement are more widespread in the unit cell with
coarser mesh than the unit cell with refined mesh. It is
interesting to observe the unbalanced average stress
and electric displacement concentrates along the inter-
face of two layers. This is consistent with the fact that
local stress and electric displacement concentration



occurs along the interface of different constituents with
distinctive material properties, and equilibrium and
conservation are more difficult to be satisfied in the
FEM framework due to the large gradient of stress and
electric displacement fields. Therefore, the multiphysics
FVDAM can serve as a more reliable tool to predict
the onset of failure due to large mechanical stress in the
piezoelectric composites without the concern of mesh
refinements.

5. Discussions and future work

The increasing applications of the piezoelectric multi-
layered composites in emerging technologies require an
accurate yet efficient micromechanics model to study
their homogenized and localized responses such that
laborious experimental test can be avoided or reduced.
Relative to the numerical technique such as the finite-
element method, the strengths of the present multiphy-
sics FVDAM are several folds. First, the FVDAM
satisfies the local (hence global) governing differential

equations (stress equilibrium equations and conserva-
tion equation) in each volume at each level of mesh
refinement. The finite-element method, however, is
based on the minimization of the global potential
energy of the analysis domain. Therefore, sufficient
mesh refinement may be required to ensure local equili-
brium and conservation conditions. Secondly, continu-
ity conditions are applied on both interfacial tractions
and displacements, as well as electric displacements and
potentials, across all common subvolume interfaces,
whereas only continuity of displacements and electric
potentials are enforced at the adjacent nodes in the
finite-element techniques. In the case of multiphased
and heterogeneous materials, the satisfaction of conti-
nuity of both tractions and displacements, as well as
electric displacements and potentials, is both demand-
ing and essential, especially along the interface separat-
ing different phases. Thirdly, as demonstrated recently
by the present authors, cf. Tu and Chen (2020), the
FVDAM is naturally well-suited for simulating the
damage initiation and evolution in composite materials

Figure 13. Comparison of unbalanced stresses and non-conservation of electric displacements as a function of mesh refinement
generated by the FVDAM and FEM approaches.



without experiencing the convergence and numerical
issues common to the finite-element approaches. The
ability to simulate evolutionary damage sets the
FVDAM apart from other micromechanics models, as
damage simulation used to largely rely on the finite-
element techniques. The present work provides a foun-
dation for the future extension for simulating damage
initiation and evolution in piezoelectric composites.

Further, the usability of the FVDAM is at least two-
fold. The FVDAM can be easily used in a standalone
manner in the parametric studies aimed at understand-
ing the microstructure-homogenized structure relation-
ship, as conducted in the present work. Secondly, to
make full use of the potential offered by the proposed
method, the FVDAM can be incorporated into a struc-
ture analysis code for multiscale applications. For
instance, the structure version of the finite-volume the-
ory is incorporated into topology optimization code for
compliance minimization of continuum linear elastic
structures, cf. Araujo et al. (2020). The multiphysics
FVDAM with some modification is also suitable for
incorporation into a structural analysis tool, such as
Abaqus via the user material subroutine. This work is

in progress and will be reported elsewhere in our future
publications.

6. Summary and conclusion

With the aid of multiphysics FVDAM and in-house
micromechanical multiphysics finite-element model, a
comprehensive study is conducted to understand the
effects of poling direction, volume fraction, and
amplitude-to-wavelength ratio on the homogenized and
localized response of wavy multilayered piezoelectric
BaTiO3/PZT-7A architectures. Both approaches gener-
ated highly agreeable results, while multiphysics
FVDAM proves a better convergence in satisfying the
conservation equations. The principal conclusions of
this study are as follows:

1. In the longitudinally poled multilayers, the
increase of PZT-7A volume fraction first accent-
uates the variation of homogenized mechanical
properties of longitudinally poled multilayers
due to the amplitude-to-wavelength ratio, while

Figure 14. Comparison of subvolume unbalanced stress Dŝ13



smax

13 yð Þ as a function of mesh refinement generated by the FVDAM
(left column) and FEM (right column) approaches: (a) 30 3 8, (b) 60 3 14, and (c) 120 3 40.



the ply waviness effects decrease once the vol-
ume fraction is above 50%.

2. Comparing with the longitudinally poled multi-
layers, the transversely poled multilayered com-
posites produce six new homogenized
piezoelectric properties, e�16, e

�
21, e�22, e�23, e�34 and

two new homogenized dielectric properties, k�12,
k�21. Meanwhile, for the transversely poled mul-
tilayers, the amplitude-to-wavelength ratio has
a significant effect on the homogenized piezo-
electric properties, e�26, e�35 and the dielectric
properties, k�12, k�21, and offers a higher degree
of tunability for the material system.

3. The concentration of stress and electric displa-
cement field typically occurs at the interface of
PZT-7A/BaTiO3 layers. As the increase of
amplitude-to-wavelength ratio, the stress and
electric displacement concentration also
increase. And the multiphysics FVDAM and
FEM approaches enable us to predict the onset
of mechanical failure.

4. FEM-based Multiphysics mechanics is more
sensitive to mesh refinement. Multiphysics

FVDAM exhibits a better convergence due to
its direct satisfaction of the conservation equa-
tion at the subvolume level in an integral sense.
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Appendix

The multiphysics finite-element method developed for
comparison with the FVDAM predictions follows the
same zeroth-order homogenization framework, cf.
Chen and Wang (2020). That is, the displacement and
electric potential in the qth element are represented by a
two-scale expansion involving macroscopic and fluctu-
ating contributions:

u
qð Þ

i x, yð Þ= �eijxj + u0i qð Þ x, yð Þ

a qð Þ x, yð Þ= � �Ejxj +a0
qð Þ

x, yð Þ
ðA1Þ

The fluctuating parts of the displacement and electric
potential in each element are approximated using the
Q8-type interpolation function and nodal quantities:

u0i qð Þ=
X8

p= 1

Np h, jð Þuo p, qð Þ
i ,a0 qð Þ=

X8

p= 1

Np h, jð Þao p, qð Þ

ðA2Þ
where u

o p, qð Þ
i and ao p, qð Þ are the nodal displacements

and electric potential. The index p indicates the node
number at the four corners and four midpoints of the
actual element starting from the lower-left corner and
processing counterclockwise.

The employed two-scale expansion of displacements
and electric displacements produces local strain and
electric field in the form:

e qð Þ x, yð Þ=�e+B
qð Þ

u u0
qð Þ

o ,E qð Þ x, yð Þ= �E� B
qð Þ

u ϕ0
qð Þ

o

ðA3Þ
where u0 qð Þ

o and ϕ0 qð Þ
o are vectors including the fluctuat-

ing nodal displacements and electric potentials, respec-
tively. B

qð Þ
u is the standard strain-displacement matrix of

the q th element while B
qð Þ

u represents the gradient vec-
tor relating the electric-field and electric potentials. For
a piezoelectric solid within a domain V , the total poten-
tial energy of the system is the summation of bulk strain
and electric energies and the work done by the external
force and electric charge:

p =Ub +U e �W

=
1

2

ð
V

sTe�DTE
� �

dV � �sT�e� �D
T�E

� � ðA4Þ

Using the generalized Hooks’ law, equation (A4) can
be further expressed as:

p =U b +Ue �W

=
1

2

ð
V

Ce� eEð ÞTe� eTe+kE
� �T

E
h i

dV

� �sT�e� �D
T�E

� � ðA5Þ

Substituting equation (A3) into equation (A5) and
making the first variation yields:

dp = du0
T
o Kuuu

0
o +Kuuϕ0o � fu

� �
+ dϕ0

T
o KT

uuu
0
o +Kuuϕ0o � fu

� � ðA6Þ

where Kuu =
Ð

V
BT

uCBudV , Kuu =
Ð

V
BT

uCBudV , fu =Ð
V

BT
u e

T�E�BT
uCe

� �
dV and fu=

Ð
V
�BT

uee�BT
uk�E

� �
dV .

The global system of equations is obtained by dp=0:

Kuu Kuu

KT
uu Kuu

� �
u0o
ϕ0o

� �
=

fu
fu

� �
ðA7Þ




