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ABSTRACT
Modelling the foot-ankle system (FAS) while exposed to foot-transmitted vibration (FTV) is
essential for designing inhibition methods to prevent the effects of vibration-induced white-
foot. K-means analysis was conducted on a data set containing vibration transmissibility from
the floor to 24 anatomical locations on the right foot of 21 participants. The K-means analysis
found three locations to be sufficient for summarising the FTV response. A three segment, four
degrees-of-freedom lumped parameter model of the FAS was designed to model the transmissi-
bility response at three locations when exposed to vertical vibration from 10 to 60Hz.
Reasonable results were found at the ankle, midfoot, and toes in the natural standing position
(mean-squared error (e) ¼ 0.471, 0.089, 0.047) and forward centre of pressure (COP) (e¼ 0.539,
0.058, 0.057). However, when the COP is backward, the model does not sufficiently capture the
transmissibility response at the ankle (e¼ 1.09, 0.219, 0.039).

Practitioner summary The vibration transmissibility response of the foot-ankle system (FAS)
was modelled with varying centre of pressure (COP) locations. Modelling the FAS using three
transmissibility locations and two foot segments (rearfoot and forefoot) demonstrated reason-
able results in a natural standing and forward COP position to test future intervention strat-
egies.

Abbreviations: COP: centre of pressure; DOF: degrees-of-freedom; FAS: foot-ankle system; FTV:
foot-transmitted vibration; HAVS: hand-arm vibration syndrome; LDV: laser Doppler vibrometer;
LP: lumped-parameter; VWT: vibration-induced white-toes; WBV: whole-body vibration
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1. Introduction

Prolonged exposure to occupational foot-transmitted

vibration (FTV) can cause neurological, vascular, and

osteoarticular symptoms in the feet (House et al. 2011;

Thompson et al. 2010). Workers are exposed to FTV

when standing on a vibrating surface or platform

(Eger et al. 2014) in industries such as construction

(House et al. 2011), forestry (Jack and Oliver 2008),

welding (Toibana et al. 1994), rock drilling (Hasiguichi

et al. 1994) and underground mining (Leduc et al.

2011; Hedlund 1989). Moreover, heavy equipment

operated by foot pedals also exposes the workers to

FTV (Tingsgard and Rasmussen 1994), leading to an

increased risk of developing vibration-induced white-
toes (VWT). Symptoms of VWT parallel those of vibra-
tion-induced white-finger – the vascular component of
hand-arm vibration syndrome (HAVS) – where damage
to the blood vessels can cause constriction and result
in episodic blanching of the digits due to reduced
blood flow (Schweigert 2002). Ultimately, prolonged
occupational exposure to FTV can lead to worker dis-
ability with chronic tingling, numbness, and pain in
the feet (Eger et al. 2014).

The ability to quantify the extent of disability
caused by FTV is confounded by the fact that it has
been historically grouped with whole-body vibration
(WBV) exposure (e.g. standing WBV in International
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Standards (ISO-2631-11 1997)). A further consequence
of this lack of attention is that modelling of FTV has
been virtually ignored relative to the number of
lumped-parameter (LP) models that have been devel-
oped to predict the biological response to both WBV
(Coermann 1962; Smith and Kazarian 1994; Zhou and
Griffin 2014) and hand-transmitted vibration exposure
(Reynolds and Soedel 1972; Mishoe and Suggs 1977;
Wood, Suggs, and Abrams 1978; Gurram, Rakheja, and
Gouw 1995; Dong et al. 2007). Whole-body vibration
LP models usually simulate a standing human body
and account for the effects of vertical vibration (z-axis)
exposure on the human body as whole, but they do
not typically include the foot (or parts thereof) as dis-
tinct components (Zadpoor and Nikooyan 2010;
Subashi, Matsumoto, and Griffin 2008; Gupta and
Gupta 2017). Therefore, existing WBV models are
incapable of capturing foot-specific behaviour that can
result in VWT.

Only two LP models with detailed foot representa-
tion have been developed to model vibration
response. The five-mass LP model of Wee (2012) was
validated over a frequency range of 10–50Hz at 5 Hz
increments using transmissibility data collected at the
medial malleolus and tibial tuberosity. No data was
collected on the foot itself. Moreover, the test subjects
were seated rather than standing, with various loads
placed on their knees. Neither the model nor the val-
idation data is suitable for standing workers. A six
mass model (four foot and two body segments) has
also been presented which captures the vibration
response of the foot over 10–100Hz in a neutral
standing position (Chadefaux et al. 2020). Although
this model incorporated more details of the foot, it
was based on the person remaining in a neutral pos-
ition and did not incorporate the influence of changes
in the centre of pressure.

Recently, it has been discovered that the average
resonant frequencies of the different regions of the
foot (i.e. toes, midfoot, hindfoot) vary based on the
centre of pressure (Goggins et al. 2019b). In other
words, as someone shifts their weight to their fore-
foot, the resonant frequencies of the toes increase.
The opposite is also true: concentrating the COP
towards the hindfoot causes an increase in resonant
frequency at the ankle (Goggins et al. 2019b). Since
the overall body posture will have an effect on the
response of the foot, the long-term objective of vibra-
tion modelling would be the development of a full-
body model that can simultaneously capture the FTV
and WBV responses. The increasing complexity associ-
ated with these models means that efforts must be

made to reduce the number of components within
different regions of the model (e.g. trunk, lower limbs,
feet) to ensure the total model is tractable.

A recent analysis of the foot-ankle system’s (FAS)
transmissibility suggests that the overall response can
be represented with measurements taken at four ana-
tomical locations (nail bed of first toe, distal head of
first metatarsal, middle of second metatarsal, and the
lateral malleolous) (Goggins et al. 2020). Chadefaux
et al. (2020) developed a model with four foot seg-
ments and five transmissibility responses. Further sim-
plification may be possible; however, a foot that is
composed of two segments is potentially the simplest
model that would allow for different regions responses
of the toes, midfoot, and hindfoot (Goggins et al.
2019a). It would also be the simplest that incorporates
important anatomic features that are expected to con-
tribute to the overall behaviour (Dawe and Davis
2011): the medial longitudinal arch of the foot (Simkin
and Leichter 1990; Salathe, Arangio, and Salathe 1986)
and the plantar fascia (Gefen 2003; Kim and
Voloshin 1995).

The goal of the current work is to assess whether a
three-segment mode (two foot segments, one body
segment) is capable of predicting the frequency
response of the foot and ankle under three scenarios:
neutral, forward, and backwards COP. K-means analysis
of the experimental data was performed to identify
the number of regions and measurement points that
would be representative of the response for all three
COP values. The model structure based on the K-
means analysis was then created and the equations
for that model were determined. Finally, the model
was fit to previously collected human biodynamic
response data. Identifying the simplest model of the
foot capable of predicting its biomechanical response
to vibration will enable incorporation into more holis-
tic WBV simulation efforts, and will reduce the number
of experimental measurement points needed to valid-
ate such models. It is hoped that improved predictive
abilities can one day be used for interventions to
reduce the incidence and severity of VWT.

2. Methodology

The model was created using a vertical vibration trans-
missibility data-set, from 10 to 200Hz, that includes
measurements at 24 anatomical locations of the foot,
under three loading conditions, from 21 participants
(Goggins et al. 2019a, 2019b) (Figure 1). One challenge
when developing an LP model is determining how
many segments to include. Previous analysis of this



data, based on the transmissibility magnitude, found
four locations (nail bed of first phalange; distal head of
first metatarsal; proximal head of second metatarsal; lat-
eral malleolus) were sufficient to capture the FTV
response (Goggins et al. 2020). In this work, a modified
K-means clustering analysis was performed to provide
guidance about which unique anatomical regions
should be represented in the foot model and which
measurement points are representative of those regions.

2.1. K-means analysis: identify anatomic regions

2.1.1. Algorithm
K-means clustering is typically performed to minimise
the total variance (MacQueen 1965), r2, that is, the
sum of the variance in each group, r2

g: One curve,
TðfÞ, the average transmissibility response over the
frequencies, f , from 10–200Hz, was taken as represen-
tative of the behaviour at each of the 24 locations.
The variance of a group, r2

g, was then calculated as
the sum of the variances of the individual curves,
TiðfÞ, relative to the group average, T ðfÞ:

Since the intent was to identify regions of the foot
having comparable responses, an additional spatial

constraint was added. A connectivity network was
superimposed on the measurement points that
described their positions relative to one another. Groups
were constrained to be connected so as to ensure, for
example, that the big toe and the heel were not found
to be part of the same ‘regional’ group.

The pseudo-code for the K-means clustering algo-
rithm with superimposed regional constraints is as fol-
lows, assuming an initial grouping for each point:

1. Calculate the averages and variance for
each group;

2. Calculate the total variance;
3. Identify the ‘edge points’, the measurement points

adjacent to another group;
4. Sort the edge points, based on their individual vari-

ance from the group average, largest to smallest;
5. Go through each edge point and attempt to

switch it to each adjacent group;
6. Calculate the updated total variance;
7. Keep a switch if it reduces the total variance and

maintains group connectivity, otherwise revert it
and try the next edge point in 5;

8. If an edge point switches group, return to step 1,
otherwise a local minimum has been found.

A common issue with K-means clustering techni-
ques is that they can only guarantee a local, and not
a global, minimum. Therefore, for each clustering
attempt, 100 random initial groups were assigned
using an initial seeding and region growing approach
that ensured group connectivity. The clustering algo-
rithm was then applied. The result with the lowest
total variance was identified as the final solution.

One further simplification was made. Nine measure-
ment points were excluded (white circles in Figure 2)
based on their difficulty to measure with a laser
Doppler vibrometer (LDV) or accelerometer. The
excluded points included all measures on the fourth
and fifth toes (T4 and T5 in Figure 1) due to a very
small surface area for measurement, and two measure-
ment locations on the midfoot and one on the heel
which can be influenced by skin artefact from liga-
ment contracture.

2.1.2. K-means analysis: findings
Using the algorithm described above, clustering of
the transmissibility responses was performed separ-
ately for the forward, natural, and backward data
published previously (Goggins et al. 2019a, 2019b).
The minimum variance findings are presented with
the COP in the forward (Figure 2), natural (Figure 3),

Figure 1. Twenty-four anatomical locations where transmissi-
bility measurements were taken (Goggins et al. 2019a, 2019b).



and backward (Figure 4) positions for two, three, and
four solution groups.

Results of the modified K-means cluster analysis
suggest that three groups (toes, midfoot, ankle) pro-
vide the most consistent results. While increasing
the number of groups does decrease the total vari-
ance, at K¼ 4, isolated clusters begin to appear,
where only a single anatomical location represents a
group. Any of the measurement points within these
three groups could be taken as representative of
that region; however, certain anatomic locations are
easier to landmark and measure with an accelerom-
eter or LDV (Goggins et al. 2020). Therefore, the nail
of the big toe (T1P1), the third metatarsal (L2), and
the lateral malleolus (L4) are recommended and will

be used in subsequent analyses as the refer-
ence functions.

2.2. Description of the proposed LP model

Based on the results of the K-means analysis, a planar
LP model was devised to incorporate three transmissi-
bility responses – at the ankle, midfoot and toes – as
the reference functions with the objective of replicat-
ing the dynamic behaviour of a FAS supporting half of
the total human body mass (Figure 5). The medial lon-
gitudinal arch, consisting of the calcaneus, talus,
navicular, three cuneiforms, and the heads of the first
three metatarsals, is simplified into a truss structure
(Gefen 2003; Kim and Voloshin 1995). As such the LP

Figure 2. Total variance results from K-Means cluster analysis
conducted on transmissibility results with the centre of pres-
sure in the forward position (Goggins et al. 2019b). White
circles are excluded locations. Thin transmissibility lines are
experimental measurements, and the corresponding thick
transmissibility line is the average of the group of locations.

Figure 3. Total variance results from K-means cluster analysis
conducted on transmissibility results with the centre of pres-
sure in the natural position (Goggins et al. 2019a). White
circles are excluded locations. Thin transmissibility lines are
experimental measurements, and the corresponding thick
transmissibility line is the average of the group of locations.



model includes two rigid body segments connecting
nodes P1 and P3 (rearfoot) and nodes P2 and P3 (fore-
foot). The mass, length and mass moment of inertia
(about its centre of mass Qi) of the i th segment (i¼ 1,
2) are denoted as mi, li and Ji, respectively. The iner-
tial properties of the rearfoot (i1) and forefoot seg-
ments (i2) used in the planar LP FAS model were:
147 g, 79.3mm, 280 kg�mm2, and 343 g, 106mm,
5.554 kg�mm2, respectively (Isman and Inman 1969;
Aruin and Zatsiorsky 1984; Zatsiorsky 2002).
Meanwhile, the half human body supported by the
FAS is represented by a rigid body whose mass m3 ¼
35 kg was identified experimentally based on data
obtained from 21 participants exposed to standing
FTV (Goggins et al. 2019a, 2019b). The midfoot, for its

part, is represented by a rigid body of negligible mass
where the rearfoot and forefoot segments are con-
nected by a passive revolute joint (node P3).

The fat pads at each of the support locations were
assumed to be viscoelastic materials based on a
Kelvin–Voigt model with stiffness ki, rest length di and
damping ci (i ¼ 1, 2). The plantar aponeurosis, for its
part, is represented by a spring-damper system of stiff-
ness k3, rest length d3 and damping c3 connecting the
calcaneus and metatarsophalangeal articulation (Wee
2012; Kim and Voloshin 1995). Finally, the connection
between the midfoot and body is modelled as having
stiffness k4, rest length d4 and damping c4:

Referring to Figure 5, the midfoot and body are con-
strained to translate along the Y axis of a fixed XY refer-
ence frame. A harmonic displacement yinðtÞ of the plate
on which the foot is resting is provided as the input to
the model. The fat pads at each of the foot support loca-
tions are assumed to be able to slide freely along the
plate. The model thus has a total of four degrees-of-free-
dom (DOF). The coordinates used to represent the motion
of the FAS includes angles h1 and h2 measured form the
vertical to the rearfoot and forefoot segments, respect-
ively, along with the heights of the midfoot (y1) and body
(y2) measured with respect to the plate.

2.3. Dynamic modelling of the LP model

The dynamic model of the LP model is developed
here using the Lagrangian formulation (Ji, Zhou, and
Zhang 2013), i.e.,

d
dt

oT
o _x

� �
� oT

ox
þ oD

o _x
þ oU

ox
¼ 0, (1)

where T , D, and U are the system’s kinetic energy, dis-
sipation function and potential energy, respectively,
while x ¼ y1, y2, h1, h2½ �T is the vector of generalised
coordinates used to represent its motion. The positions
of points P1, P2, and P3 in Figure 5 are obtained as

p1 ¼ p3 � ‘1
sinh1
cosh1

" #
, p2 ¼ p3 � ‘2

�sinh2
cosh2

" #
,

p3 ¼
0

y1 þ yin tð Þ

" #
,

(2)

whereas the lower extremities of the two fat pads cor-
respond to points P

0
1 and P

0
2 of positions

p001 ¼
�‘1sinh1
yin tð Þ

� �
, p

0
2 ¼

‘2sinh2
yin tð Þ

� �
: (3)

Meanwhile, the locations of the centres of mass of
the rearfoot and forefoot links as well as the half
human body are

Figure 4. Total variance results from K-Means cluster analysis
conducted on transmissibility results with the centre of pres-
sure in the backward position (Goggins et al. 2019b). White
circles are excluded locations. Thin transmissibility lines are
experimental measurements, and the corresponding thick
transmissibility line is the average of the group of locations.



q1 ¼ p3 �
‘1
2

sinh1
cosh1

" #
,

q2 ¼ p3 �
‘2
2

�sinh2
cosh2

" #
,

q3 ¼
0

y2 þ yin tð Þ

" #
(4)

The system’s kinetic energy, dissipation function and
potential energy may thus be expressed as

T ¼ 1
2

X3
i¼1

mi _q
T
i _q i

� �
þ 1
2

X2
i�1

Ji _h
2
i

� �
(5)

D ¼ 1
2

X2
i¼1

ci|| _p i � _p
0
i ||

2 þ 1
2
c3|| _p2 � _p1||

2

þ 1
2
c4|| _q3 � _p3||

2 (6)

U ¼
X3
i¼1

migj � qi þ
1
2

X2
i¼1

ki ||pi � p
0
i ||� di

� �2

þ 1
2
k3 ||p2 � p1||� d3
� 	2 þ 1

2
k4 ||q3 � p3||� d4
� 	2

(7)

respectively, where g ¼ 9.81m/s2 and j ¼ 0, 1½ �T :
Given the demonstrated limited impact of nonlinear

effects in the biodynamic response of standing partici-
pants (Tarabini et al. 2014), the dynamic model is line-
arised about the system’s static equilibrium
configuration which corresponds to x ¼

y1, y2, h1, h2

 �T

: The required rest lengths of the
springs to ensure static equilibrium in this configur-
ation (i.e. di with i ¼ 1, 2, 3, 4) may be found in
terms of x from the solution of the static equilibrium
equations, i.e.,

oU
ox

jx¼x ¼ 0 (8)

The linearised dynamic model is finally obtained in
the form

MD €x þ BD _x þ KDx ¼ �Min€yin tð Þ (9)

where Dx ¼ x � x :

2.4. Vibration transmissibility

Expressions for the amplitude ratios of the output
coordinates with respect to the input amplitude were
developed:

DY1
Yin

¼ f1 xð Þ, DY2
Yin

¼ f2 xð Þ, Dh1
Yin

¼ f3 xð Þ, Dh2
Yin

¼ f4 xð Þ
(10)

where x is the input frequency (i.e. yin tð Þ ¼ Yinsin xtð Þ)
while Y1, Y2, h1 and h2 are the amplitudes of the cor-
responding harmonic responses of the output coordi-
nates (in steady state). Finally, fi xð Þ (i ¼ 1, 2, 3, 4)
represents some function of the input frequency (to
be determined). It should also be noted that the

Figure 5. Schematic representation of the proposed planar LP model of the FAS.



above amplitude ratios apply to deviations of the out-
put coordinates from their nominal values (about
which the model was linearised).

The system’s frequency transfer functions from
Equation (9) were obtained as follows:

DX jxð Þ
Yin jxð Þ ¼ D jxð Þ½ ��1Minx

2 (11)

where

D jxð Þ ¼ K � x2Mð Þ þ j xBð Þ (12)

and

DX jxð Þ
Yin jxð Þ ¼ DY1 jxð Þ

Yin jxð Þ ,
DY2 jxð Þ
Yin jxð Þ ,

Dh1 jxð Þ
Yin jxð Þ ,

Dh2 jxð Þ
Yin jxð Þ

� �T
(13)

from which the desired amplitude ratios (as functions
of the input frequency) with corresponding experi-
mental data (Goggins et al. 2019a, 2019b) were
obtained as:

DY1
Yin

¼ DY1 jxð Þ
Yin jxð Þ

����
����, DY2

Yin
¼ DY2 jxð Þ

Yin jxð Þ
����

����,
Dh1
Yin

¼ Dh1 jxð Þ
Yin jxð Þ

����
����, Dh2

Yin
¼ Dh2 jxð Þ

Yin jxð Þ
����

����
(14)

where �j j represent the magnitude of the imaginary
function corresponding to the argument.

2.5. Parameter estimation and optimisation

Initial values for each spring were set to 1� 104 N/m
and set to be in the range of 100N/m and 5� 105 N/m.
Similarly, damping coefficients were initially guessed to
be 10Ns/m and set to be within the range of 0.1Ns/m
and 5� 103 Ns/m. To optimise the model parameters
(k1...4 and c1...4), a nonlinear curve-fitting in least-squares
sense was used (lsqcurvefit function implemented in
Matlab R2018a software). Then the deviation between
the modelled and measured transmissibility (Equation
(15)) and phase (Equation (16)) responses at the three
locations (reconstructed quadratic error) (EÞ was calcu-
lated as (Dong et al. 2008):

EðTÞ1...3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

X60
f¼10

T�
1...3

fð Þ � T1...3 fð Þ
����

����
2

vuut (15)

EðPÞ1...3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

X60
f¼10

P�
1...3

fð Þ � P1...3 fð Þ
����

����
2

vuut (16)

where f is the frequency, T�1...3 and T1...3 are the
modelled and measured transmissibility functions,
P�1...3 and P1...3 are the modelled and measured phase
functions, and N is the length of the discrete

transmissibility functions. The optimisation was run on
the transmissibility and phase functions to a maximum
of 1� 104 iterations and stopped once residual devia-
tions were below 1� 10�10. After trials using the
entire frequency range of the reference functions
(10–200Hz), it became evident that the frequency
range need to be limited. As such, a frequency range
from 10 to 60Hz was used to incorporate the frequen-
cies at which equipment operators could be exposed
to FTV (Eger et al. 2014).

2.6. Sensitivity analysis

Finally, to estimate the model sensitivity a Monte
Carlo analysis (Chadefaux et al. 2020) was conducted
using 100 randomised combinations of the stiffness
and damping parameters to estimate the three trans-
missibility functions. The stiffness and damping param-
eters were varied based on an assumed normal
distribution with a mean equivalent to its optimised
value and a standard deviation of 20% of the mean.
The variability between the optimised transmissibility
function and the Monte Carlo simulated transmissibil-
ity functions were estimated with the percentage
of deviation between the two values at
10Hz intervals.

3. Results

The estimated parameters of the 4-DOF lumped par-
ameter model of the FAS (Figure 5) exposed to vertical
vibration between 10 and 60Hz are presented in
Table 1. Separate sets of parameters are given for
each of the three COP positions (forward lean, neutral,
backward lean) studied in the experiments.

The stiffness of the plantar aponeurosis k1ð Þ was
the greatest in the natural standing position and the
least when the COP was closer to the heel, while the
damping c1ð Þ remained at the minimum (0.1 Ns/m)
regardless of the COP location. The stiffness of the
mass of the human body k3ð Þ was the largest in the
natural standing position, and was the imposed min-
imum (100N/m) in the forward and backward COP
locations. The damping of the mass of the body c3ð Þ
is the largest in the natural position, followed by the
forward and then backward COP locations.

The stiffness of the calcaneus fat pad k2ð Þ is the
greatest in the natural standing position, and the low-
est in the backward COP position; the damping of the
calcaneus c2ð Þ is the greatest in the forward COP pos-
ition, and the imposed minimum (0.1 Ns/m) in the nat-
ural and forward COP positions. Finally, the stiffness



and damping of the tarsal fat pad k4, c4ð Þ are oppo-
sites, where the stiffness is the greatest in the forward,
natural, and backward COP location respectively; the
damping is greatest in the backward, natural, and for-
ward COP location, respectively.

The transmissibility and phase angle of the mod-
elled and measured responses of the ankle, midfoot,
and toes while in the natural standing position are
presented in Figure 6. The mean-squared error (e) per-
centage between the measured and modelled trans-
missibility response was 4.7, 8.9, and 47.1% at the
toes, midfoot, and ankle respectively (Table 2). From
the proposed model of the FAS, the greatest variance

in transmissibility response occurred at the ankle.
Whereas, the mean-squared error (e) percentage
between the measured and modelled phase angle
response was 4.7, 14.1, and 1.0% at the toes, midfoot,
and ankle respectively, with the greatest difference
being at the midfoot (Table 2).

Similarly, the transmissibility and phase angle of
the modelled and measured responses of the ankle,
midfoot, and toes while in the standing forward COP
position are presented in Figure 7. The mean-squared
error (e) percentage with the COP forward towards the
toes, was 5.7, 5.8, and 53.9% at the toes, midfoot, and
ankle respectively with the greatest difference

Table 1. Estimated model parameters, using single location transmissibility responses T1P1, L2, L4), including
the stiffness and damping coefficients of each model segment in the natural standing position and under two
changes in centre of pressure location (towards the forefoot and rearfoot).

Parameter Unit

COP location

DescriptionForward Natural Backward

k1 N/m 1.33� 106 2.86� 106 4.11� 105 Stiffness of the plantar aponeurosis
k2 2.76� 105 9.00� 105 1.72� 105 Stiffness of the calcaneus fat pad
k3 100 1.21� 104 100 Stiffness of the mass of the body
k4 5.57� 105 6.46� 104 102 Stiffness of the tarsals fat pad
c1 Ns/m 0.10 0.10 0.10 Damping of the plantar aponeurosis
c2 1.26� 104 0.10 0.10 Damping of the calcaneus fat pad
c3 2.24� 103 5.09� 103 621 Damping of the mass of the body
c4 0.10 7.89� 103 2.52� 105 Damping of the tarsals fat pad

Figure 6. The modelled (black) and measured (grey) transmissibility modulus and phase responses of the ankle, midfoot, and
toes of the barefoot in a natural standing position exposed to vertical vibration between 10 and 60Hz (Goggins et al. 2019a).



occurring at the ankle (Table 2). Whereas, the mean-
squared error (e) percentage between the phase angle
responses were 8.1% (toes), 27.5% (midfoot), and
15.4% (ankle).

Of the three modelled COP positions, the back-
ward COP had the poorest response at the ankle
(e¼ 109%) (Figure 8). The mean-squared error
between the modelled and measured transmissibility
responses is much smaller (e¼ 21.9 and 3.9%) at the
midfoot and toes, respectively (Table 2). The mean-
squared error (e) percentage for the phase angle
response were 8.1% (toes), 10.9% (midfoot), and
117% (ankle), again where the response at the ankle
was modelled the poorest.

3.1. Sensitivity analysis

Results of the Monte Carlo sensitivity analysis are pre-
sented for the four-DOF LP model of the FAS in the
natural (Figure 9), forward (Figure 10), and the back-
ward (Figure 11) COP positions. In general, the trans-
missibility function variability stimulated by the
randomised deviation in the stiffness and damping
coefficients (black lines) was always smaller than the
measured variability of the participants (grey area)
(Goggins et al. 2019a, 2019b).

The variability (as a percentage) between the opti-
mised functions and the Monte Carlo simulated func-
tions are presented for the transmissibility (Figure 12)
and phase (Figure 13) at 10Hz intervals. Overall, the
variability was lower for the transmissibility (10.1±6.2%)
than the phase (22.0 ±14.9%). As anticipated for the
transmissibility sensitivity variance analysis, the variance
was the highest at the ankle regardless of COP location.
The ankle appeared to become less sensitive as the
transmissibility increased, whereas the midfoot and toes
became more sensitive as the transmissibility increased.
Although, the phase sensitivity variance analysis
revealed the midfoot had the highest variance

Table 2. Mean-squared error (e) between the reference func-
tion and optimised modelled response of the three segment,
four degrees-of-freedom lumped parameter model of the
foot-ankle system.

Modulus Phase (radians)

Forward Natural Backward Forward Natural Backward

Toes 0.057 0.047 0.039 0.081 0.047 0.081
Midfoot 0.058 0.089 0.219 0.275 0.141 0.109
Ankle 0.539 0.471 1.09 0.154 0.010 1.174

Figure 7. The modelled (black) and measured (grey) transmissibility modulus and phase responses of the ankle, midfoot, and
toes of the barefoot standing with the COP towards the forefoot, while exposed to vertical vibration between 10 and 60Hz
(Goggins et al. 2019b).



regardless of COP location, and there was not a visible
trend in sensitivity depending on the frequency.

4. Discussion

The purpose of this paper was to develop a simple
model of the FAS system and to determine whether
such a model could predict the experimental vibration
response in each of the three COP scenarios. The K-
means analysis of previously published data (Goggins
et al. 2019a, 2019b) suggested that three measure-
ment locations would be sufficient for modelling the
transmissibility response of the FAS: the nail of the big
toe (T1P1), the third metatarsal (L2), and the lateral
malleolus (L4). Using the truss-structure framework
from Simkin and Leichter (1990) and Kim and Voloshin
(1995), a three-segment, 4-DOF LP model of the FAS
exposed to vertical vibration from 10 to 60Hz was cre-
ated. The model was then fit to the transmissibility
measurements from 21 participants (Goggins et al.
2019a) in order to assess the effects of changing the
COP location on the model parameters (Goggins
et al. 2019b).

A different set of optimal anatomical measurement
locations were identified in a previously published
study (Goggins et al. 2020) via multiple correspond-
ence analysis of the transmissibility magnitudes. The
current work used a different analytical approach to
capture the transmissibility frequency differences –
clustered K-means analysis of the transmissibility
response curves – to arrive at a comparable set of
measurement locations. The former analysis suggests
four sites (T1P1, T1P3, M1, and L4) are needed to char-
acterise transmissibility magnitude differences in the
biodynamic response of the foot to FTV, while the
later suggest three (T1P1, L2, and L4) for the transmis-
sibility frequency curves. The relative agreement
between the two methods is noteworthy given the
different analyses by which and different experimental
features from which, they were obtained. Though
there are differences in the specific locations recom-
mended, both approaches separate locations at the
ankle, midfoot, and toes, with the T1P3 location being
grouped in with the midfoot (Figure 2).

Based on the recommended three measurement
locations, a simplified model of the foot was devel-
oped which included the medial longitudinal arch and

Figure 8. The modelled (black) and measured (grey) transmissibility modulus and phase responses of the ankle, midfoot, and
toes of the barefoot standing with the COP towards the rearfoot, while exposed to vertical vibration between 10 and 60Hz
(Goggins et al. 2019b).



Figure 9. Model sensitivity (black curve) for the natural COP position (grey dotted line) and measured± standard deviation (grey
area) (Goggins et al. 2019a) of the transmissibility modulus and phase computed at three modelled locations (toes, mid-
foot, ankle).

Figure 10. Model sensitivity (black curve) for the forward COP position (grey dotted line) and measured± standard deviation
(grey area) (Goggins et al. 2019b) of the transmissibility modulus and phase computed at three modelled locations (toes, mid-
foot, ankle).



the plantar aponeurosis. These two features were
incorporated in the model because of previous studies
that highlight their importance to the biomechanics of
the foot in gait. Interestingly, the large stiffness
(41.1� 104–286.2� 104 N/m) and negligible damping
(0.1 Ns/m) values of the spring-damper system repre-
senting the plantar aponeurosis suggest that it does
not play a significant role in vibration absorption.
Similar results were found by Kim and Voloshin (1995)

when the foot was modelled with and without a plan-
tar fascia; the absence of the fascia only caused a 10%
change in the impact acceleration of the ankle joint,
implying an insignificant role in shock absorption.
However, the difference in the current study between
the stiffness in the forward (133.2� 104 N/m) and
backward (41.1� 104 N/m) COP locations may be
explained by the increased tension of the plantar apo-
neurosis (Salathe, Arangio, and Salathe 1986).

Figure 11. Model sensitivity (black curve) for the backward COP position (grey dotted line) and measured± standard deviation
(grey area) (Goggins et al. 2019b) of the transmissibility modulus and phase computed at three modelled locations (toes, mid-
foot, ankle).

Figure 12. The percentage of deviation between the optimised transmissibility function and the Monte Carlo simulated transmissi-
bility functions, in three COP locations (natural, forward, backward) at 10 Hz intervals.



Concentrating the pressure towards the toes could
cause a flattening of the arch as the pressure under-
neath the heel is being released.

Other important changes were observed as a func-
tion of COP. The spring-dampers beneath the tarsal
heads and calcaneus, the two contact points between
the foot and the platform (Salathe, Arangio, and
Salathe 1986), exhibited the largest changes based on
COP. When the COP location is pushed forward
towards the toes, the stiffness at the tarsal fat pad
increased from 64.6� 103 N/m (natural) to 55.6� 104

N/m and the damping decreased from 7.88� 103 Ns/
m (natural) to the model minimum of 0.10 Ns/m.
Conversely, when the COP location shifts backward
towards the heel, the stiffness at the tarsal fat pad is
diminished to 102N/m and the damping increases
substantially (25.2� 104 Ns/m). The nature of the
observed changes suggests that increased loading on
the soft tissues increases their stiffness and damping
response. The reverse trend was observed in the calca-
neus fat pad, with stiffness increasing and damping
decreasing (Fontanella et al. 2016) as the COP was
shifted towards the rearfoot.

Simplifying assumptions are unavoidable when try-
ing to build a computationally efficient model of a
complex system (Morales-Orcajo, Bayod, and Barbosa
de Las Casas 2016). For example, the model presented
in this paper is limited to three segments and only
vertical axis vibration in order to limit the number of
experimental measurement locations needed on the
foot. It has also constrained the frequency range to
10–60Hz as these values are most representative of
the FTV exposure seen in industry (Eger et al. 2014).
This model is also limited by the experimental data,
which lumps together people of different ages, sex,
anthropometry, arch height, etc. All these factors are

expected to alter the response of the foot to FTV;
however, the exact nature of these relationships has
not been identified experimentally. Future work must
not only establish the significance of these parameters
but also evaluate the value of incorporating them into
predictive LP models.

One of the goals of this work was to evaluate the
efficacy of a simple model of the foot at predicting
the responses to FTV. Increasing model complexity
needs to be evaluated cautiously. More segments may
be added to the model to increase its predictive
powers; however, each change represents increased
costs in terms of both computational needs and the
experimental data necessary to validate such a model.
These costs may appear minor when considering the
foot in isolation, but become more burdensome when
combined with other regions (e.g. lower limbs, trunk,
head) to investigate WBV. Therefore, the clinical value
of the predictions must guide the development to
ensure an ‘improved’ model provides useful insights
into the risk of VWT. The effects of vibration in mul-
tiple axes (x, z, and potentially the rotational axes)
could be evaluated and modelled. Future work should
also consider the effects of raising the heel above the
plane of the metatarsals (Dawe and Davis 2011) to
evaluate and reproduce the effects of insoles and foot-
wear. The incorporation of these structures would
allow designers to investigate what height, stiffness
and damping characteristics of the insole and boot
are most effective at reducing FTV exposure.

5. Conclusions

The three-segment, 4-DOF LP model of the FAS
exposed to vertical vibration from 10 to 60Hz pre-
sented herein provides reasonable results at the ankle,

Figure 13. The percentage of deviation between the optimised phase function and the Monte Carlo simulated phase functions,
in three COP locations (natural, forward, backward) at 10Hz intervals.



midfoot, and toes in the natural standing position
(e¼ 0.471, 0.089, and 0.047) and with the COP pushed
forward towards the toes (e¼ 0.539, 0.058, and 0.057).
However, when the COP is pushed backward towards
the hindfoot, the model does not sufficiently capture
the transmissibility response at the ankle (e¼ 1.09,
0.219, and 0.039). While the current work represents a
useful initial model of the vibration response of the
foot, further refinements are needed to fully capture
its behaviour under a variety of loading scenarios.
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