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Abstract 

In this paper, four plastic instability criteria, which are based on the bifurcation theory, are 

coupled with the GTN damage model for the prediction of diffuse and localized necking. 

General bifurcation (GB) criterion and limit-point bifurcation (LPB) criterion are used to predict 

diffuse necking, while loss of ellipticity (LOE) criterion and loss of strong ellipticity (LOSE) 

criterion are used to predict localized necking. The resulting constitutive equations and 

instability criteria are implemented into the finite element code ABAQUS/Standard. The 

constitutive equations are formulated within the framework of large deformations and fully 

three-dimensional approach. Since the developed numerical tools have intended applications 

mainly for thin sheet metals; therefore, the plane-stress conditions are considered within the 

instability criteria. The present contribution focuses on the effect of destabilizing mechanisms, 

due to non-associative plasticity and non-normal plastic flow rule, on the prediction of forming 

limit diagrams (FLDs). Theoretical classification of the bifurcation criteria, in terms of their 

order of prediction of critical necking strains, is first presented. Then, several variants of the 

GTN model are combined with the bifurcation criteria for the prediction of FLDs for fictitious 

materials. It is shown that the hierarchical prediction order of the different instability criteria is 

consistent with the theoretical classification, for all the considered variants of the GTN model. 

More specifically, it is shown that the GB criterion provides a lower bound to all bifurcation 

criteria, in terms of necking prediction, while the LOE criterion represents an upper bound. 

Keywords: 

Bifurcation approach; Gurson-type model; Forming limit diagram; Ductile damage; Diffuse 

necking; Localized necking; Non-associative plasticity; Non-normal plastic flow. 
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1. Introduction 

Sheet metal forming is undoubtedly a manufacturing process that has massive applications 

in various areas, such as automotive, aerospace, home appliance and food industry. However, 

various defects may occur during forming processes, such as wrinkling, necking and fracture. In 

this work, focus is confined to plastic instabilities that are inherent to the material, which are 

known to be responsible for limiting the sheet metal formability. These material plastic 

instabilities may include either diffuse or localized necking. Therefore, controlling such plastic 

instabilities results in enhanced productivity and high quality of products during the 

manufacturing process. 

In order to characterize the formability of sheet metals, the concept of forming limit 

diagram (FLD) was first introduced by Keeler and Backofen [1], and later improved by Goodwin 

[2], which till date is widely used. The original procedure for the determination of FLD is based 

on experimental measurements, where metallic sheets of various geometries (covering different 

strain-path ratios, ranging from uniaxial tension to balanced biaxial tension) are deformed 

plastically with the help of a punch. The plot of the in-plane major and minor strains, which 

correspond to the onset of plastic strain localization, for the various sheet metal specimens, 

allows determining the forming limit diagram for the studied material. Various punch designs 

and sample geometries have been recommended in the literature (see, e.g., [3−5]). However, the 

experimental determination of FLDs is still very tedious and requires advanced equipment. 

Moreover, the experimental results are subject to lack of reproducibility. For these reasons, 

various theoretical and numerical approaches have been proposed in the literature for the FLD 

prediction. These approaches essentially require the combination of two key components, i.e., 

constitutive models and instability criteria. The constitutive models allow reproducing the 

essential physical phenomena that occur within the material for a specific loading condition. The 

instability criteria are coupled with the constitutive models to predict the occurrence of plastic 

instabilities (diffuse or localized necking in this work) for a given loading path. 

Experiments have shown that when ductile materials undergo large plastic deformations, 

softening is observed prior to fracture, which causes the material to gradually lose its stress 

carrying capability. Therefore, the realistic representation of the mechanical behavior for ductile 

materials requires the coupling of elastic–plastic constitutive equations with damage theory. In 

this regard, two classes of damage theories have been developed in the literature over the last 

four decades. The first class, i.e. Continuum Damage Mechanics (CDM), treats the damage 

variable as the surface density of cracks, assumed to exist on the surface of a representative 

volume element (RVE) (see, e.g., [6−16]). Depending upon the anisotropy and softening 

behavior, the damage variable may be a scalar or a tensor quantity. The second class of damage 

theory is based on the micromechanical analysis of a porous material, which is represented by a 

void surrounded by a dense matrix inside an RVE. The damage variable in this case is the ratio 

of the void volume to the RVE volume. Gurson [17] first developed a micromechanics-based 
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damage model by kinematic analysis of a spherical void present inside a spherical RVE. 

Gurson’s model incorporates the effects of hydrostatic stresses and void growth. Subsequently, 

the Gurson model was extended by Tvergaard [18−20], Chu and Needleman [21] and Tvergaard 

and Needleman [22] in order to incorporate the effects of void nucleation, void coalescence, and 

void interaction parameters, in addition to void growth. The complete ductile damage model is 

commonly referred to as Gurson–Tvergaard–Needleman (GTN) damage model. Later, the GTN 

damage model was further extended for a wide variety of applications. For instance, extended 

versions of GTN damage model have been proposed in the literature, which are specific to oblate 

or prolate ellipsoidal voids [23−25] or generalized to non-spheroidal voids [26−29]. Shear 

modified extended Gurson models have also been developed for specific low stress triaxiality 

conditions (see, e.g., [30−34]). Dormieux and Kondo [35] and Morin et al. [36] presented their 

Gurson-based model, which considers the effects of initial void size. Moreover, a GTN-based 

layered model has been proposed by Lacroix et al. [37] and Morin et al. [38], which allows 

modeling advanced isotropic and kinematic hardening, while Gurson-like models have been 

developed for anisotropic matrix material in the work of Monchiet et al. [39] and Morin et al. 

[40]. 

To accurately model the plastic anisotropy of metallic materials, various phenomenological 

constitutive models have been developed in the literature in the recent decades. Hill [41] first 

proposed the quadratic yield function for anisotropic materials, as straightforward extension of 

the von Mises yield function. In order to enhance some anomalous behavior regarding material 

anisotropy, much effort has been made for the development of non-quadratic anisotropic yield 

functions (see, e.g., [42−48]). Most of these yield functions are based on the associative flow rule 

(AFR), in which the yield surface and the plastic potential function coincide. Unlike AFR, in the 

context of non-associative flow rule (NAFR), plastic flow is controlled by a specific potential 

function, which is different from the yield surface. Although AFR has been widely used for sheet 

metal forming applications, there are some theoretical [49−50] as well as experimental [51−54] 

evidences suggesting the non-applicability of AFR. With NAFR, it is possible to capture the 

directional yield stresses as well as the r-values (i.e., Lankford coefficients) simultaneously. For 

instance, in the work of Stoughton [55], Hill’48 quadratic yield function was implemented with 

NAFR, and accurate predictions of directional yield stresses and r-values were obtained. 

Furthermore, the predictive capabilities for anisotropy characteristics obtained from NAFR 

models in conjunction with quadratic yield functions have a level of accuracy similar to some 

advanced non-quadratic yield functions coupled with AFR (see Lian et al. [56]). Consequently, 

anisotropic plasticity models based on NAFR have recently been used by several researchers in 

the context of sheet metal forming (see, e.g., Lian et al. [56], Ghorbel et al. [57], Shen et al. [58], 

Tang et al. [59]). 

For the prediction of plastic instabilities, a number of theoretical and numerical criteria 

have been developed in the literature. These criteria can be broadly classified in either diffuse or 

localized necking criteria. Considère [60] first proposed the maximum force criterion for the 
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prediction of diffuse necking under uniaxial tension. Considère’s criterion has been subsequently 

extended to in-plane biaxial loading by Swift [61]. Concurrently, Hill [62] proposed a localized 

necking criterion, which is based on bifurcation theory, also known as Hill’s zero extension 

theory. Since Hill’s criterion can only predict localized necking on the left-hand side of the FLD 

(i.e., from uniaxial tension to plane-strain tension), it has generally been used in conjunction with 

Swift’s criterion to predict the complete FLD. Hora et al. [63] and Mattiasson et al. [64] 

extended Considère’s and Swift’s criteria in order to take into account strain-path changes in the 

prediction of localized necking. Marciniak and Kuczyński [65] developed another theoretical 

approach, commonly named as M–K initial imperfection method, for the prediction of plastic 

instability based on the introduction of an initial imperfection. The M–K initial imperfection 

method was further extended and improved by Hutchinson and Neale [66] and Yamamoto [67]. 

In contrast to the M–K initial imperfection method, plastic instability theories based on 

bifurcation analysis have been developed over the past few decades. These theories predict the 

occurrence of plastic instabilities without the need for assuming arbitrary initial imperfection 

factors. Drucker [68] and later Hill [69] laid the foundations of general bifurcation theory for the 

prediction of diffuse necking. This theory requires the positiveness of the second-order work for 

non-bifurcation state. Later, Valanis [70] proposed the limit-point bifurcation theory for the 

prediction of diffuse necking. The latter occurs when the first Piola–Kirchhoff stress reaches a 

stationary value, which in turn requires the singularity of the elasto-plastic tangent modulus. On 

the basis of bifurcation theory, Rudnicki and Rice [71], Stören and Rice [72] and Rice [73] 

developed a plastic instability criterion for the prediction of localized necking in the form of a 

planar shear or necking band. This criterion for strain localization corresponds to the loss of 

ellipticity of the partial differential equations governing the associated boundary value problem. 

Then, Bigoni and Hueckel [74] and Neilsen and Schreyer [75] proposed a more conservative 

criterion for the prediction of flow localization, as compared to the loss of ellipticity criterion, 

namely loss of strong ellipticity criterion. Based on these bifurcation theories, closed form 

analytical solutions for limiting strains were also derived within the framework of small strains 

(see, e.g., [76−79]).  

In the present contribution, elastic–plastic–damage constitutive equations are coupled with 

bifurcation-based instability criteria in the framework of large strains for the prediction of FLDs. 

More specifically, the GTN damage model is coupled with four instability criteria, namely, 

general bifurcation criterion (GB), limit-point bifurcation criterion (LPB), loss of strong 

ellipticity criterion (LOSE), and loss of ellipticity criterion (LOE). The latter is usually referred 

to as the Rice bifurcation criterion (Rice [73]). Similar methodologies have been followed by 

Mansouri et al. [80], Chalal and Abed-Meraim [81], and Bouktir et al. [82]. In the latter, CDM 

approach has been coupled with the four bifurcation-based instability criteria, whereas in the 

former two references, the GTN damage model has been coupled with the LOE criterion. AFR 

constitutive models have been used in these earlier contributions; however, in the present work, 

NAFR constitutive model is used, which eventually brings more destabilizing effect, as reflected 

in the resulting elasto-plastic tangent modulus. Furthermore, the GTN damage model with stress-
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controlled void nucleation is considered in the present constitutive equations, which brings some 

sort of non-normality into the plastic flow (see, Needleman and Rice [83], Chu and Needleman 

[21]). Moreover, the present contribution focuses on the theoretical and numerical classification 

of the bifurcation criteria, in terms of their order of prediction of critical necking strains. The 

resulting constitutive equations and plastic instability criteria are implemented into the finite 

element code ABAQUS/standard via user-defined mechanical material behavior (UMAT) and 

user-defined output variables (UVARM) subroutines, respectively. Three-dimensional 

formulation is used for the constitutive equations; however, plane-stress conditions are 

considered while applying the plastic instability criteria, which is consistent with the context of 

thin sheet metal forming. 

The present contribution is organized as follows. The constitutive equations based on the 

GTN elastic–plastic–damage model are presented in section 2, along with their time integration 

scheme and numerical validations. Section 3 is devoted to the presentation of the bifurcation-

based plastic instability criteria for the prediction of diffuse and localized necking. In section 4, 

numerical results in terms of forming limit diagrams, effects of associative and non-associative 

plasticity rules, and hierarchical classification of the instability criteria are discussed. Finally, in 

section 5, some concluding remarks are presented. 

2. Constitutive equations for GTN elastic–plastic–damage model 

Within the framework of large strains, a rate form for the constitutive equations is adopted 

to describe the material response. In order to maintain the frame-invariance, objective rates of 

tensor valued variables must be used. Therefore, in the following formulation of constitutive 

equations, the Jaumann objective rate of the Cauchy stress tensor is used, which is also fully 

consistent with the formulation used in the finite element (FE) code ABAQUS/Standard. 

2.1. GTN yield surface and internal variables 

Based on the limit analysis of a spherical void inside a spherical representative volume 

element (RVE), Gurson [17] first developed a phenomenological model for ductile damage. 

Tvergaard [18] and Tvergaard and Needleman [22] extended the original Gurson model by 

introducing void nucleation and void coalescence mechanisms in addition to void growth. The 

complete model is commonly referred to as Gurson–Tvergaard–Needleman (GTN) damage 

model. This model has been widely used in many applications to predict ductile fracture. The 

GTN yield surface is expressed as follows: 

2

2

eq * *2 m
Y 1 3

Σ 3q Σ
Φ 2q cosh 1 q 0

σ 2σ

          
f f= + − − ≤  (1) 
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where σ  is the tensile yield stress of the fully dense matrix material, ( )m

1
Σ :

3
Σ I=  is the mean 

stress, Σ  is the Cauchy stress tensor and I  is the second-order identity tensor. 1 2q ,q  and 3q  are 

material parameters that are incorporated to account for void interaction effects. The effective 

porosity ( )*
f f  was introduced by Tvergaard [19] to model the void coalescence regime. In 

order to account for anisotropic matrix material in the GTN damage model, the Hill’48 

equivalent stress eqΣ  is introduced in Eq. (1), whose expression is given as follows: 

( ) ( ) ( )
2 2 2 2 2 2

eq Y 22 33 Y 33 11 Y 11 22 Y 23 Y 31 Y 12
Σ Σ Σ Σ Σ Σ Σ 2 Σ 2 Σ 2 ΣF G H L  M  N  = − + − + − + + +  (2) 

where Y Y Y Y Y, , , ,F G H L M  and YN  are material anisotropy parameters, which are 

experimentally identified using initial yield stresses along various orientations with respect to 

the rolling direction. In this work, the isotropic hardening of the dense matrix material is 

represented by the following isotropic hardening laws: 

( )

( )

( )

p p

0

p p

0

p p

0 sat R

σ( ) σ                         (Ludwig's hardening law)

σ( )                          (Swift's hardening law)

σ( ) σ 1 exp( C )    (Voce's hardening law)

n

n

ε K ε

ε K ε ε

ε R ε  

= +

= +

= + − −

 (3) 

where 0σ  is the initial yield stress, pε  is the equivalent plastic strain, K , 0ε , n , satR  and RC  are 

material hardening parameters for the above isotropic hardening laws. The rate form for the flow 

stress can be evaluated as: 

p p p p

p

σ
σ( ) ( ) 

∂

∂
ɺ ɺ ɺε ε h ε ε

ε
= =   (4) 

where p

p

σ
( )h ε

ε
= ∂

∂
 is the plastic hardening slope of the dense matrix material. From the 

equivalence relationship of the plastic work rate, the macroscopic plastic strain rate tensor p
D  is 

related to the equivalent plastic strain rate pɺε  as follows: 

p p(1 )σ :f ε− = Σ Dɺ   (5) 

The macroscopic plastic strain rate tensor p
D  is obtained using the following flow rule: 

p P
p

Φ∂
=

∂
D V

Σ
λ λɺ ɺ=   (6) 
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where ɺλ  is the plastic multiplier, and PΦ  is the plastic potential. pV  represents the direction of 

the plastic flow. Note that in the case of undamaged material and associative flow rule (AFR), 

the plastic potential PΦ  and the yield surface YΦ  coincide, while they do not coincide in the 

case of undamaged material and non-associative flow rule (NAFR). In the present contribution, 

the mathematical form of the plastic potential PΦ  is similar to that of the undamaged part of the 

yield surface YΦ  (i.e. 

2

peq

P

Σ
Φ 1 0

σ

     
= − ≤ ), for which the Hill’48 anisotropy coefficients 

p p p p p, , , ,F G H L M  and pN  are experimentally identified using strain r-values (i.e., Lankford 

coefficients). 

The evolution of void volume fraction (i.e., ɺf ) is attributed to the void growth and void 

nucleation. Therefore, ɺf  can be expressed as the sum of porosity evolution due to growth g
ɺf  

and nucleation n
ɺf : 

g nf f f= +ɺ ɺ ɺ   (7) 

From the principle of dense matrix incompressibility, Tvergaard [84] derived the 

expression for the porosity evolution due to void growth, which mainly depends on the stress 

triaxiality ratio and is given as: 

p

g (1 ) :f f= − D Iɺ   (8) 

Chu and Needleman [21] modeled the void nucleation through the following “normal 

distribution curve” relationship: 

n m
σ Σ

    
ɺ ɺɺN

N N

A
f B B

h
= + +   (9) 

where 

2
p

1
exp

22π

              

N N
N

NN

f ε ε
A

ss

−= −   (10) 

and 
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2

m

00

σ Σ σ1
exp

2 σσ 2π

              

N N
N

NN

f
B

ss

+ −= −   (11) 

Note that 
NA  and 

NB  represent the amplitudes of strain- and stress-controlled nucleation, 

respectively. When 0>NA  and 0=NB , void nucleation is strain-controlled, while it is stress-

controlled for 0=NA  and 0>NB . 
Nf  represents the void volume fraction of the cavities that 

are likely to nucleate, σN  and Nε  are respectively the mean stress and mean strain for 

nucleation, and Ns  is the standard deviation for the normal distribution curve.  

Tvergaard [18] and Tvergaard and Needleman [22] phenomenologically modeled the void 

coalescence phenomenon in order to simulate the rapid softening of the material near final 

fracture. Accordingly, the effective porosity *f  is introduced, which is calculated using the 

following phenomenological relationship: 

* ( )cr GTN crf f δ f f= + −   (12) 

where 
GTNδ  is the accelerating factor, which is equal to 1 before the start of coalescence (i.e., 

crf f≤ ) and GTN 1δ >  in the post-coalescence regime (i.e., crf f> ). 

2.2. Plastic multiplier and elastic–plastic tangent modulus 

To derive the expressions of the plastic multiplier ɺλ  and the analytical elastic–plastic 

tangent modulus ep
C , the yield function YΦ  and the plastic multiplier ɺλ  are written in a well-

known form of Kuhn–Tucker relationship as follows: 

Y YΦ 0,   0,   Φ 0ɺ ɺλ λ≤ ≥ =   (13) 

The above relation implies that, when YΦ 0< , no plastic flow occurs (i.e., 0ɺ =λ ), while a 

strict plastic loading (i.e.,  0ɺλ > ) necessarily implies that YΦ 0ɺ = . The latter condition is known 

as the consistency condition and can be expanded as follows: 

* * *

Y Y Y Y Y
Y * * *

Φ Φ Φ Φ Φ
Φ : σ 0

3 σ

N N
N

B Af f f
B f

f f f f h f f
= + + + + + =I Σ

Σ

      ∂ ∂ ∂ ∂ ∂∂ ∂ ∂                 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     
ɺɺ ɺ ɺ  (14) 

The different partial derivatives involved in the above equation can be evaluated as 

follows: 
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*
eq eqY 1 2 2 m

2

*Y 2 m
1 3*

2 *
eqY 1 2 m 2 m

3 2

*

2Σ ΣΦ q q 3q Σ
sinh  

σ σ 2σ

Φ 3q Σ
2q cosh 2q

2σ

2ΣΦ 3q q Σ 3q Σ
sinh

σ σ σ 2σ

 GTN

f

f
f

f  

f
δ

f

= +

= −

= − −

=

I
Σ Σ

∂  ∂    ∂ ∂

 ∂    ∂

 ∂    ∂

∂

∂

  (15) 

Within the co-rotational material frame, the Cauchy stress rate tensor is expressed using 

the following hypoelastic law: 

( ) ( )e p e ep

p: : :λ= − = −Σ C D D C D V C Dɺɺ =   (16) 

where D  represents the macroscopic strain rate tensor and eC  is the fourth-order tensor of the 

elasticity constants. The expression for the plastic multiplier ɺλ  is derived by substituting Eqs. (4-

12) and Eq. (16) into Eq. (14). The final form of ɺλ  is written as follows: 

e: :

H λ

λ = M C Dɺ   (17) 

where 

*

Y Y

*

Φ Φ

3

∂ ∂ ∂

∂ ∂ ∂
M I

Σ

NB f

f f
= +   (18) 

and 

( )
( )pe Y Y Y

p p* *

: Φ Φ Φ
H : : (1 ) :

(1 )σ σ

  ∂ ∂ ∂    ∂ ∂ ∂ 

Σ V
M C V V IN

λ GTN N GTN

h A
δ B δ f

f h f f
= − + + − −

−
 (19) 

Finally, by substituting Eq. (17) into Eq. (16), the analytical elastic–plastic tangent 

modulus can be derived as follows: 

( ) ( )e e

pep e e
: :

β β
H H

⊗ ⊗
=

C V M C P Q
C C C

λ λ

= − −  (20) 

where β 1=  for plastic loading and 0 otherwise. 
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2.3. Numerical implementation and time integration scheme 

The constitutive equations for the GTN damage model are implemented into the FE code 

ABAQUS/Standard using a user-defined material (UMAT) subroutine. Large strains and fully 

three-dimensional approach are considered in the formulation and its numerical implementation. 

The Jaumann objective rate of the Cauchy stress tensor is used in order to maintain material 

objectivity. It can be observed that the evolution of the stress state and internal variables can be 

represented by a general differential equation in the generic form: 

( )=ɺ
x

x g x   (21) 

where vector x  encompasses all GTN model variables to be updated at the end of each loading 

increment. In this work, an explicit time integration scheme, specifically, the fourth-order 

Runge–Kutta method is adopted. With this explicit time integration scheme, a reasonable 

compromise can be achieved in terms of accuracy, computational cost, and convergence (see, 

e.g., Mansouri et al., [80]). 

2.4. Numerical validations of implemented constitutive equations 

In this subsection, the numerical validations of the implemented constitutive equations and 

the time integration scheme are outlined. The numerical validation is carried out in two steps. 

First, the numerical results corresponding to a uniaxial tension test for the original isotropic GTN 

damage model, predicted with the present UMAT, are compared with those obtained from the 

built-in isotropic GTN damage model available in ABAQUS/Standard. Then, the numerical 

implementation of the undamaged anisotropic plastic behavior is validated through comparisons 

with reference results available in the literature, since the present anisotropic GTN damage 

model is not available in ABAQUS/Standard. 

2.4.1. Validations of GTN damage model 

For the numerical validations of the present model, simulations of a uniaxial tension test 

with the original isotropic GTN model are carried out. Note that the original isotropic GTN 

model is recovered from the anisotropic one when 
Y Y Y 0.5= = =F G H  and 

Y Y Y 1.5= = =L M N . Only void growth and strain-controlled nucleation (without coalescence) 

are considered in the simulations. The material parameters used in the simulations are 

summarized in Tables 1 and 2. Stress–strain curves as well as porosity evolution are shown in 

Fig. 1, for both the developed UMAT subroutine and the built-in ABAQUS model. As observed, 

the results predicted with the UMAT are in excellent agreement with those of ABAQUS built-in 

model, which allows validating the numerical implementation of the original isotropic GTN 

model. 
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Table 1 

Elastic–plastic material parameters used in the simulations. 

E (GPa) ν  K (MPa) n 0
ε  

70 0.33 371.2 0.17 0.00324 

Table 2 

GTN damage parameters for strain-controlled nucleation. 

0
f  

N
f  

Nε  Ns  
1

q  2
q  3

q  

0.01 0.25 0.27 0.1 1.5 1 2.15 
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Fig. 1. Comparison between the built-in ABAQUS GTN model and the developed UMAT 

subroutine, with strain-controlled nucleation, in terms of true stress–strain curves (left) and 

porosity evolution (right), for a uniaxial tension test. 

In order to achieve qualitative validations, specifically intended to stress-controlled 

nucleation, stress–strain curves are plotted for a uniaxial tension test with the GTN damage 

parameters listed in Table 3. Note that the initial porosity is taken to be zero in order to focus 

attention on the void nucleation mechanism (without coalescence regime). 

Table 3 

GTN damage parameters for stress-controlled nucleation. 

0
f  

N
f  σN (MPa) Ns  

1
q  2

q  3
q  

0 0.25 400 1 1.5 1 2.15 
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For stress-controlled nucleation, 
N

f , Nσ  and Ns  are varied, one at a time, while the 

remaining parameters are kept constant (see Table 3). The resulting stress–strain curves for 

uniaxial tension are plotted in Fig. 2, along with the stress–strain curve corresponding to 

undamaged isotropic elastic–plastic model. From this figure, it can be observed that large values 

of 
N

f  and small values of 
Ns  increase the nucleation amplitude (see 

NB  in Eq. (11)), which 

consequently accelerates the softening regime (see Figs. 2a and 2c). On the other hand, the 

nucleation parameter 
Nσ  controls the onset of void nucleation; therefore, large values of 

Nσ  

delay the material softening (see Fig. 2b). Note that the undamaged isotropic elastic–plastic 

material response is recovered from stress-controlled nucleation for = 0
N

f , or for large values 

of Ns  or Nσ . 
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Fig. 2. Comparisons in terms of true stress–strain curves between the GTN-damage model using 

stress-controlled nucleation (UMAT subroutine) and undamaged isotropic elastic–plastic model 

(ABAQUS built-in model) under uniaxial tension. Investigation of the effect of void nucleation 

parameters (a) 
N

f , (b) 
Nσ , and (c) 

Ns . 
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2.4.2. Validation of Hill’48 anisotropic behavior 

In order to validate the numerical implementation of the undamaged anisotropic material 

behavior, the results predicted for uniaxial flow properties, i.e., normalized flow stresses and r-

values as functions of the tensile angle orientation with respect to the rolling direction, are shown 

in Fig. 3, along with the reference results reported by Neto et al. [85]. The Hill’48 anisotropy 

coefficients used in the simulations are listed in Table 4. It can be seen from Fig. 3 that the 

predicted results are in excellent agreement with the reference ones, which validates the present 

implementation for the whole anisotropic behavior (i.e., r-values and flow stresses). 

Table 4 

Hill’48 anisotropy coefficients used in the simulations (Neto et al. [85]). 

F  G  H  L  M  N  

0.5688 0.5848 0.4152 1.5 1.5 1.8226 

0 20 40 60 80 100
0.90

0.92

0.94

0.96

0.98

1.00

1.02

o

N
o
rm

al
iz

ed
 y

ie
ld

 s
tr

es
s

Angle from rolling direction (  )

 Neto et al. [85]

 UMAT

         

0 20 40 60 80 100
0.6

0.7

0.8

0.9

1.0

1.1
r-

v
al

u
e

Angle from rolling direction (  )

 Neto et al. [85]

 UMAT

o

 

Fig. 3. Validation of the anisotropic behavior: normalized flow stresses (left), and r-values 

(right) under uniaxial tension. 

In addition to the above results, validations in terms of yield locus and stress–strain curves 

for uniaxial tension tests at o0 and o90  from the rolling direction are also presented Fig. 4, which 

are compared with those obtained with the built-in Hill’48 model available in ABAQUS. The 

material parameters used in the simulations are listed in Table 5. Again, the numerical results 

provided by the UMAT subroutine and the built-in ABAQUS model coincide. 

Table 5 

Hill’48 anisotropy coefficients and Voce’s hardening parameters used in the simulations. 

F  G  H  L  M  N  0σ (MPa) satR  (MPa) RC   

0.7 0.48 0.52 1.5 1.5 1.265 124.2 167 9.5 
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Fig. 4. Hill’48 normalized yield surface (left), and uniaxial tensile stress–strain curves at 0�  and 

90�  from the rolling direction. 

3. Bifurcation-based plastic instability criteria 

In order to predict plastic instabilities that may occur during sheet metal forming processes, 

various plastic instability criteria have been proposed over the last few decades. Four 

bifurcation-based plastic instability criteria are used in this contribution, i.e., general bifurcation 

criterion and limit-point bifurcation criterion are used to predict diffuse necking, while loss of 

ellipticity criterion and loss of strong ellipticity criterion are used to predict localized necking. 

Prior to presenting these plastic instability criteria, the elastic–plastic tangent modulus that will 

be involved in the formulation of these criteria is derived hereafter. 

The nominal stress tensor N , the first Piola–Kirchhoff stress tensor B , and the Cauchy 

stress tensor Σ  are related by the following classical relationships: 

T
J  = =F B Σ F N⋅ ⋅   (22) 

where J  is called the Jacobian, defined as the determinant of the deformation gradient F , i.e., 

( )detJ = F . Note that the nominal stress tensor and the first Piola–Kirchhoff stress tensor are the 

transpose of each other (i.e., TN = B ). In addition, the nominal stress rate tensor Nɺ  and the 

velocity gradient G  are related by the following constitutive relation: 

=N L G:ɺ   (23) 

where the fourth-order elastic–plastic tangent modulus L  will be determined in what follows. By 

taking the time derivative of Eq. (22), and rearranging, the expression of the nominal stress rate 

tensor can be evaluated as follows: 

( )( )1 trJ= + −N F D Σ Σ G Σ
− ⋅ ⋅ɺ ɺ   (24) 



15 

 

Following an updated Lagrangian approach, i.e., 1J =  and F I= , the expression of the 

nominal stress rate tensor can be simplified as: 

( )tr ⋅ ⋅N Σ D Σ D Σ Σ Ωɺ ɺ= + − −   (25) 

where Ω  is the spin tensor defined as the anti-symmetric part of the velocity gradient G . For the 

sake of material objectivity, the Jaumann objective rate of the Cauchy stress tensor has been used 

in the present work. Therefore, the hypoelastic law for large strains, as defined in Eq. (16) using 

the co-rotational material frame, can be expressed in a fixed reference frame as follows: 

( )J e p ep: :Σ C D D C Dɺ = − =   (26) 

where J
Σɺ  represents the Jaumann objective rate of the cauchy stress tensor, which is defined by 

the following relationship: 

J − +Σ Σ Ω Σ Σ Ω⋅ ⋅ɺ ɺ=   (27) 

Finally, by combining Eqs. (25-27), the expression of the nominal stress rate tensor can be 

obtained as: 

( )ep : tr − −N C D + D Σ D Σ Σ Ω⋅ ⋅ɺ =   (28) 

From the comparison of Eqs. (23) and (28), the expression of the tangent modulus L  can 

be derived as: 

ep

1 2 3L C C C C= + − −   (29) 

where the analytical elastic–plastic tangent modulus ep
C  is given by Eq. (20), while 1C , 2C  and 

3C  are composed of convective stress components, which are induced by the large strain 

framework. Their expressions depend only on Cauchy stress components, and are given by the 

following expressions: 

( )

( )

1i jkl ij kl

2ijkl jk il jl ik

3ijkl ik jl il jk

C Σ

1
C Σ Σ

2

1
C Σ Σ

2

δ

δ δ

δ δ

=

= +

= −

  (30) 

where 

ij

1 for i j

0 for i j




δ
=

=
≠

  (31) 
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3.1. Formulation of bifurcation-based plastic instability criteria 

The different bifurcation-based plastic instability criteria, which will be used in the present 

contribution for the prediction of FLDs, are briefly discussed in what follows.  

3.1.1. General bifurcation criterion 

A general condition for homogeneous strain state for rate-independent materials has been 

introduced by Drucker [68] and Hill [69], which can be expressed mathematically as the 

positiveness of the second-order work: 

B: : 0F L Fɺ ɺ >   (32)   

where BL  is a fourth-order tensor, defined as the tangent modulus relating the first Piola–

Kirchhoff stress tensor B  to the deformation gradient F , as given by the following relationship: 

B :B L Fɺ ɺ=   (33)   

As the nominal stress tensor N  and the first Piola–Kirchhoff stress tensor B  are the 

transpose of each other, their respective tangent moduli are related by the following relationship: 

B

ijkl jiklL L=   (34)  

The above criterion, given by the positiveness of the second-order work (see Eq. (32)), 

appears to be conservative, since it provides a lower bound for the initiation of diffuse or 

localized necking. The resulting sufficient condition for homogeneous deformation state requires 

that the quadratic form written in Eq. (32) be positive definite and, in practice, requires the 

positiveness of all the eigenvalues of the symmetric part of the tangent modulus B
L . 

3.1.2. Limit-point bifurcation criterion 

Following the above general bifurcation (GB) criterion, it has been observed that the 

predicted limit strains are too low in some practical applications (see, e.g., Abed-Meraim et al. 

[86]). As an alternative, Valanis [70] introduced a less conservative criterion, as compared to the 

GB criterion, named as the limit-point bifurcation (LPB) criterion. According to this criterion, 

diffuse necking takes place when the first Piola–Kirchhoff stress attains a stationary value, i.e., 

B :B L F 0ɺ ɺ= =   (35)  

which suggests that bifurcation is associated with the singularity of the tangent modulus BL , i.e., 

( )Bdet 0L = , or equivalently, when one of its eigenvalues becomes equal to zero. It is 
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noteworthy that, in the case of small strains, associative flow rules and undamaged material, the 

GB criterion and LPB criterion predict equivalent forming limit diagrams, due to the symmetry 

of the involved tangent modulus. 

3.1.3. Loss of ellipticity criterion 

Stören and Rice [72] and Rice [73] investigated the occurrence of localized necking in the 

form of a localization band, across which the velocity gradient is discontinuous. This localization 

bifurcation corresponds to the loss of ellipticity (LOE) of the partial differential equations that 

govern the associated boundary value problem. The localization band is described by a planar 

discontinuity band defined by its normal vector n , as schematically illustrated in Fig. 5. The 

abrupt jump in the velocity gradient, H B= −G G G� � , across the localization band, can be 

expressed by using Maxwell’s compatibility equation: 

G γ nɺ� �= ⊗   (36)   

where B
G  and H

G  represent the velocity gradient inside and outside the localization band, 

respectively. The vector ⋅γ G nɺ � �=  is the jump amplitude vector, which describes the 

localization mode (e.g., shear bifurcation mode when ⊥γ nɺ ). 

 

 

 

 

Fig. 5. Schematic illustration of a localization band within a sheet metal. 

The equilibrium of forces can be expressed in terms of jump of nominal stress rate tensor 

across the localization band, as follows: 



18 

 

( )H B

=

− =

n N 0

n N N 0

⋅

⋅

ɺ� �

ɺ ɺ
  (37)  

where 
BNɺ  and 

HNɺ  represent the nominal stress rate tensor inside and outside the localization 

band, respectively. By combining Eqs. (23), (36) and (37), the critical condition for the 

occurrence of localized necking can be expressed as the singularity of the acoustic tensor 

⋅ ⋅Q n L n= : 

( ) ( )det det 0= =Q n L n⋅ ⋅   (38)  

In practice, localization bifurcation is predicted numerically during the process of loading 

when the minimum value of the determinant of the acoustic tensor, for all possible orientations 

of the normal n  to the localization band, becomes non-positive. 

3.1.4. Loss of strong ellipticity criterion 

Similar to the loss of ellipticity criterion, Bigoni and Zaccaria [87] and Bigoni [88] 

proposed the loss of strong ellipticity criterion (LOSE) for the prediction of localized necking. It 

can be demonstrated that LOSE criterion is a special case of GB theory. Indeed, in the latter 

theory, no restrictive condition is imposed on the form of the velocity gradient Fɺ  (see Eq. (32)). 

However, if the compatibility condition proposed by Neilsen and Schreyer [75] is imposed on 

the velocity gradient, then LOSE criterion is recovered from GB criterion. LOSE criterion states 

that localized necking does not take place as long as the following condition holds: 

0⋅ ⋅γ Q γɺ ɺ >   (39)  

where the acoustic tensor ⋅ ⋅Q n L n=  is the same as that defined in the previous LOE criterion. 

Practically, LOSE condition is equivalent to the condition of positive definiteness of the acoustic 

tensor Q , which requires the positiveness of all the eigenvalues of the symmetric part of the 

acoustic tensor Q . 

It is interesting to note that, within the framework of small strains, associative plastic flow 

rule, and with no coupling to damage, the acoustic tensor is symmetric and therefore, both LOE 

criterion and LOSE criterion predict equivalent FLDs. 

3.2. Hierarchical classification for the bifurcation-based criteria 

In this subsection, a theoretical classification for the bifurcation-based plastic instability 

criteria, according to their order of prediction of necking, is established. For this purpose, let us 

consider a matrix K  and its symmetric part (i.e., sym T1
2 ( )= +K K K , where T

K  denotes the 

transpose of matrix K ). It has been shown in the literature (see, e.g., Abed-Meraim [89]) that 
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the real parts of the eigenvalues iμ
K  of matrix K  are bounded by the minimum and the 

maximum eigenvalue of its symmetric part ( symK ): 

( ) ( ) ( )
sym sym

sym sym( )( ) ( )
min maxi i i

SpSp Sp

 μ Re μ  μ≤ ≤K K K

KK K

  (40)  

where ( )
( )

i
Sp
Re μK

K
 represent the real parts of the eigenvalues 

i
μ

K  (1 i n≤ ≤ ) of matrix K , while 

( )
sym

sym( )
min i

Sp
 μK

K
 and ( )

sym

sym( )

max i
Sp

 μK

K

 denote the smallest and the largest eigenvalue of matrix sym
K . 

Based on Eq. (40), the following inequalities can be derived, which involve the eigenvalues of 

the tangent modulus B
L  and the acoustic tensor Q  and of their symmetric parts B

sym

L  and 
symQ , 

respectively: 

( ) ( )
 symB B

 sym BB ( )( )

min L L

LL
i i

SpSp

 μ Re μ≤   (41)  

( ) ( )
sym

sym ( )( )
min Q Q

QQ
i i

SpSp

 μ Re μ≤   (42)  

According to Eq. (41), the singularity of the tangent modulus B
L  cannot occur before the 

loss of positive definiteness of the symmetric part of the tangent modulus B
L . This mathematical 

property implies that, for the prediction of diffuse necking, the GB criterion is more conservative 

than the LPB criterion. Similarly, Eq. (42) implies that the singularity of the acoustic tensor Q  

cannot occur before the loss of positive definiteness of the symmetric part of tensor Q . In other 

words, for the prediction of localized necking, the LOSE criterion is more conservative than the 

LOE criterion. 

From the above discussion, the following theoretical classification of the bifurcation-based 

criteria can be established (see also Fig. 6): 

• The GB criterion provides a lower bound for the occurrence of any type of necking (diffuse 

or localized necking); 

• The LOE criterion provides an upper bound for the occurrence of localized necking; 

• The LPB criterion is less conservative than the GB criterion; 

• The LOSE criterion is more conservative than the LOE criterion. 
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Fig. 6. Illustration of the theoretical classification of the four bifurcation-based criteria. 

3.3. Plane-stress conditions 

It should be recalled that the constitutive equations have been developed in Section 2 by 

following a fully three-dimensional approach. However, the plane-stress conditions are assumed 

during the implementation of the plastic instability criteria, since the intended application of the 

present numerical tool is the prediction of ductility limits in thin sheet metals. 

The tangent modulus L , which plays a key role in the formulation of the above-discussed 

bifurcation-based criteria, is reformulated within the framework of plane-stress conditions. 

Accordingly, the relationship between the nominal stress rate tensor and velocity gradient, 

defined by Eq. (23), can be rewritten for plane-stress conditions as follows: 

PS

ijN L G , with , , , 1, 2αβγδ γδ α β γ δɺ = =   (43) 

where PSL  represents the tangent modulus for plane-stress conditions. PSL  can be expressed in 

terms of three-dimensional tangent modulus L  as follows: 

33 33PS

3333

L L
L L

L
= − αβ γδ

αβγδ αβγδ   (44) 

Note that, for the prediction of localized necking under the plane-stress conditions, the 

localization band is sought in the plane of the sheet, defined by an in-plane band orientation 

angle θ  (see Fig. 5). 
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4. Prediction of ductility limits with GTN damage model and bifurcation-

based instability criteria 

In this section, the GTN elastic–plastic–damage model, described in Section 2, is coupled 

with the bifurcation-based plastic instability criteria for the prediction of forming limit diagrams 

(FLDs). The resulting numerical tool is implemented into the FE code ABAQUS/Standard 

within the framework of large strains. In order to investigate plastic instabilities that are inherent 

to the material alone, which exclude all structural (geometric) effects, a single finite element with 

one integration point is used in the simulations, which results in a homogeneous strain state in 

the material prior to the occurrence of plastic instability. Boundary conditions corresponding to 

in-plane biaxial stretching are applied to the finite element, in order to generate various 

proportional loading paths ranging from uniaxial tension to balanced biaxial tension. The single 

finite element, specifically C3D8R solid element in ABAQUS, is shown in Fig. 7 along with the 

associated boundary conditions. 1U  and 2U  represent the prescribed displacements along the 

major and minor directions, respectively. In order to maintain a constant strain-path ratio 

throughout the loading, the minor displacement 2U  is defined as a function of the major 

displacement 1U  via a user-defined displacement (DISP) subroutine. The instability criteria are 

implemented in ABAQUS via a user-defined output variables (UVARM) subroutine. It should 

be noted that the full GTN damage model presented in Section 2 is not available in the 

ABAQUS/Standard finite element code. Indeed, only the Gurson model, including void growth 

and strain-controlled nucleation mechanisms, is available in ABAQUS/Standard code. Moreover, 

the non-associative flow rule and stress-controlled nucleation are not available in 

ABAQUS/Standard, which has motivated in part our own implementation of the extended GTN 

model in ABAQUS/Standard via UMAT subroutine. Note that at the end of each loading 

increment, when the equilibrium condition is satisfied, the updated tangent modulus epC  as well 

as the associated internal variables are transferred from the UMAT subroutine to the UVARM 

subroutine, where the calculations of elastic−plastic tangent moduli (i.e., L  and B
L ) are 

performed and the plastic instability criteria are evaluated. 

The effects of non-associative plasticity with non-normal plastic flow on the prediction of 

plastic instabilities are investigated hereafter. First, the elastic−plastic undamaged model based 

on the Hill’48 plastic anisotropy is coupled with the four bifurcation-based instability criteria. 

The FLDs are predicted by considering both associative and non-associative plasticity and 

compared with each other. Then, the GTN damage model with strain-controlled nucleation is 

considered; first, in the case of associative plasticity, and then, in the case of non-associative 

plasticity. Finally, the case of non-associative plasticity with stress-controlled nucleation is 

combined with the four bifurcation-based instability criteria. For each variant of the constitutive 

model mentioned above, numerical classification of the four bifurcation-based instability criteria, 

in terms of their order of prediction of the occurrence of necking, is established and discussed. 



22 

 

The elasticity constants and Ludwig’s isotropic hardening parameters for the fictitious material 

used in the simulations are listed in Table 6. 

 

Fig. 7. Presentation of a single finite element (C3D8R) and the associated boundary conditions. 

Table 6 

Elasticity constants and Ludwig’s hardening parameters. 

E (GPa) ν  K (MPa) n 0σ (MPa) 

210 0.3 443.59 0.219 300 

4.1. Undamaged anisotropic elastic−plastic model 

In this section, an undamaged elastic−plastic model with Hill’48 plastic anisotropy is 

considered for the prediction of FLDs. For this purpose, the initial porosity 
0

f  and the Gaussian 

amplitude 
N

f  , involved in the constitutive equations in Section 2, are set equal to 0. Moreover, 

the void interaction parameters (i.e., 1 2 3
q q  and q, ) are set equal to 1. The FLDs are predicted for 

both cases of associative and non-associative plastic flow rule. The Hill’48 anisotropy 

parameters for both the yield surface and the plastic potential are listed in Table 7. 

Table 7 

Hill’48 anisotropy coefficients for non-associative plasticity. 

Y
F  

Y
G  

Y
H  

Y
L  

Y
M  

Y
N  

P
F  

P
G  

P
H  

P
L  

P
M  

P
N  

0.251 0.297 0.703 1.5 1.5 1.29 0.215 0.347 0.653 1.5 1.5 1.32 
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Fig. 8 shows the corresponding FLDs predicted by using the four bifurcation criteria. Note 

that strain localization does not occur in the right-hand side of the FLD (i.e., for positive biaxial 

strain-path ratios). Indeed, in the works of Mansouri et al. (2014) and Chalal and Abed-Meraim 

(2015), it has been shown that, using the bifurcation theory along with phenomenological models 

with smooth yield surface, the occurrence of strain localization for positive biaxial strain-path 

ratios requires the critical hardening modulus to be strongly negative, which can be achieved by 

the consideration of damage-induced softening. Moreover, from the comparison of Fig. 8a and 

Fig. 8b, it can be clearly observed that the consideration of non-associative plasticity, which 

results in a non-symmetric analytical elastic–plastic tangent modulus, leads to the prediction of 

quite distinct necking limit strains for the four bifurcation-based plastic instability criteria. 
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Fig. 8. FLDs predicted by the four bifurcation-based instability criteria coupled with the 

undamaged elastic−plastic model. Case of associative plasticity (left) and case of non-associative 

plasticity (right). 

 

 

4.2. Strain-controlled nucleation and associative plasticity 

In this section, the GTN damage model with strain-controlled nucleation and associative 

plasticity is considered for the prediction of FLDs. Void nucleation amplitudes are 0NA > , 

0NB = . In this case of associative plasticity, the plastic potential PΦ  is taken the same as the 

yield surface 
YΦ , which leads to the classical normal plastic flow rule. This implies that: 

Y P
p

Φ Φ∂ ∂
=

∂ ∂
M V

Σ Σ
= =   (45) 
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and 

( ) ( )e e

ep e
: :

β
H

⊗C M M C
C C

λ

= −   (46) 

It is interesting to note that the analytical elastic–plastic tangent modulus epC  becomes 

symmetric in this special case. However, the localization tangent modulus L  remains non-

symmetric, since large strain framework in considered, which involves non-zero values of 

convective stress components. The GTN damage parameters used in the simulations, which 

correspond to two fictitious materials, i.e. M1 and M2, are reported in Table 8. The Hill’48 

anisotropy parameters for both materials are 0.5F G H= = =  and .5L M Ν= = = 1 , which 

corresponds to von Mises isotropic plasticity. 

Table 8 

GTN damage parameters for strain-controlled nucleation. 

Material 0
f  

N
f  

Nε  Ns  
1

q  2
q  3

q  cr
f  

GTNδ  

M1 0.01 0.1 0.3 1.5 1.5 1 2.15 0.0601 20 

M2 0.02 0.2 0.35 1.5 1.5 1 2.15 0.04 22 

Figure 9 shows the predicted FLDs for the studied materials M1 and M2, using the four 

instability criteria. It is noteworthy that only two distinct FLDs are observed, which correspond 

to diffuse necking (predicted by GB and LPB criteria), and localized necking (predicted by 

LOSE and LOE criteria). Similar results have been reported by Abed-Meraim et al. [86] and 

Bouktir et al. [82], using the CDM approach and associative plasticity. The reason behind this 

observation is that the non-symmetric part of the tangent modulus L , which is due to the 

convective stress components, is not significant enough to provide separate FLDs for localized 

necking (as predicted by LOE and LOSE criteria), and diffuse necking (as predicted by GB and 

LPB criteria). Nevertheless, the theoretical classification established in the previous section is 

well respected. More specifically, the GB criterion represents a lower bound to all the bifurcation 

criteria, in terms of necking prediction, while the LOE criterion provides an upper bound. 
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Fig. 9. FLDs predicted by the four bifurcation-based instability criteria coupled with the GTN 

damage model and strain-controlled nucleation. Case of associative plasticity: (left) material M1, 

and (right) material M2. 

In order to further analyze the above predictions, the true stress–strain curves and the 

porosity evolution curves are plotted in Fig. 10, for three strain loading paths corresponding to 

uniaxial tension (UT), plane-strain tension (PST), and balanced biaxial tension (BBT). Note that, 

for conciseness, only results corresponding to material M1 are shown. It can be seen, from the 

comparison of the strain levels involved in Figs. 9 and 10, that diffuse necking, predicted by the 

GB and LPB criteria, takes place in the positive hardening regime, well before the onset of the 

coalescence stage for the three strain loading paths. With regard to localized necking, the latter 

also occurs in the positive hardening regime for the UT and PST loading paths, while negative 

hardening modulus is required for the BBT loading path. These observations are consistent with 

the available literature. 
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Fig. 10. True stress–strain curves (left) and porosity evolution (right), for material M1 under UT, 

PST and BBT, using the GTN damage model with strain-controlled nucleation and associative 

plasticity. 
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4.3. Strain-controlled nucleation and non-associative plasticity 

In the present investigation, non-associative plasticity is coupled with the GTN damage 

model using the Hill’48 plastic anisotropy. In this case, the analytical elastic–plastic tangent 

modulus epC  is non-symmetric (see Eq. (20)), with the following relation for tensor M : 

Y
Φ∂

∂
M

Σ
=   (47) 

In this section, only one material is simulated, which corresponds to the fictitious material 

M1 used in the previous section (see Tables 6 and 8 for the elasto-plasticity and damage material 

parameters, respectively). The Hill’48 anisotropy parameters for both the yield function and the 

plastic potential surface are reported in Table 7. 

The predicted FLDs using the non-associative GTN damage model with strain-controlled 

nucleation are shown in Fig. 11. In contrast to the previous predictions (i.e., using associative 

plasticity and strain-controlled nucleation), it can be observed that the consideration of non-

associative plasticity, which results in a non-symmetric analytical elastic–plastic tangent 

modulus, leads to the prediction of quite distinct necking limit strains for the four bifurcation-

based instability criteria. More specifically, in the left-hand side of the FLDs, the lowest and 

highest ductility limits are predicted by GB criterion and LOE criterion, respectively. For the 

LOSE criterion, the latter appears to be more conservative than the LOE criterion, while the LPB 

criterion is less conservative than the GB theory. In the right-hand side of the FLDs, the order of 

prediction for diffuse necking is similar to that obtained in the left-hand side of the FLDs, while 

for both LOSE and LOE criteria, the same limit strains for localized necking are predicted. 

Overall, this hierarchical order of the predicted FLDs is well consistent with the theoretical 

classification (see Section 3.2). 

-0.1 0.0 0.1 0.2
0.0

0.2

 Loss of ellipticity 

 Loss of strong ellipticity 

 Limit−point bifucation

 General bifurcation
 

M
aj

o
r 

S
tr

ai
n

Minor Strain  

Fig. 11. FLDs predicted by the four bifurcation-based instability criteria coupled with the GTN 

damage model and strain-controlled nucleation. Case of non-associative plasticity. 
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Figure 12 compares the FLDs predicted by the AFR and NAFR GTN damage models with 

strain-controlled nucleation, which are combined with the four bifurcation criteria. It can be seen 

that the FLDs predicted by considering the NAFR GTN model are lower than those predicted by 

the AFR GTN model for all strain paths. The reason behind this observation is that the 

introduction of NAFR in the constitutive model brings more destabilizing effects, which 

promotes early occurrence of plastic instability. 
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Fig. 12. Comparison of the FLDs predicted by the associative and non-associative GTN damage 

models with strain-controlled nucleation and (a) GB criterion, (b) LPB criterion, (c) LOSE 

criterion, and (d) LOE criterion. 

As to the stress–strain curves and porosity evolution, Fig. 13 depicts the material responses 

for three typical strain paths: UT, PST and BBT. Results that are similar to the case of 

associative plasticity are observed, with the occurrence of localized necking in the positive 

hardening regime for the UT and PST loading paths, while for the BBT loading path, negative 

hardening modulus is required for localized necking. 
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Fig. 13. True stress–strain curves (left) and porosity evolution (right), under UT, PST and BBT, 

using the GTN damage model with strain-controlled nucleation and non-associative plasticity.  

4.4. Stress-controlled nucleation and associative plasticity 

Unlike the previous section, where non-associative plasticity was considered to bring about 

significant destabilizing effect, the GTN damage model with stress-controlled nucleation and 

associative plasticity is considered in this section. In this case, the void nucleation amplitudes are 

0NA =  and 0NB > . Note that the yield surface and the plastic potential are similar, i.e., 

Y PΦ Φ= . However, the stress-controlled nucleation leads to some sort of non-normality in the 

plastic flow, which results in a non-symmetric analytical elastic–plastic tangent modulus epC  

(see Eq. (20)). The GTN damage parameters for the fictitious material used in the simulations are 

summarized in Table 9. 

Table 9 

GTN damage parameters for stress-controlled nucleation. 

0
f  

N
f  

Nσ (MPa) Ns  
1

q  2
q  3

q  cr
f  

GTNδ  

0.01 0.1 850 1.5 1.5 1 2.15 0.0601 20 

Figure 14 depicts the FLDs predicted by the four bifurcation-based instability criteria, 

where four distinct FLDs are obtained. Indeed, in contrast to the first studied case of strain-

controlled nucleation and associative plasticity, the predicted limit strains are well distinct in the 

left-hand side of the FLDs, for diffuse necking criteria (i.e., GB and LPB) as well as for localized 

necking criteria (i.e., LOSE and LOE). However, in the right-hand side of the FLDs, the limit 

strains coincide for both localized necking criteria, which has been also observed in the case of 

strain-controlled nucleation. Note that the GB and LPB criteria predict the occurrence of diffuse 

necking at different limit strains for all of the strain paths considered, except for the BBT strain 

path loading, where the limit strains coincide for both diffuse necking criteria. On the whole, as 

for the previous two cases in Sections 4.2 and 4.3, the hierarchical order of the FLDs is well 

respected with regard to the established theoretical one. 
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Fig. 14. FLDs predicted by the four bifurcation-based instability criteria coupled with the GTN 

damage model and stress-controlled nucleation. Case of associative plasticity. 

In order to provide better insight into the plastic instability phenomena for the four 

bifurcation theories, Fig. 15 exhibits the logarithmic plots for minimum values of determinants 

of the acoustic tensor Q , tangent modulus B
L , and their symmetric parts ( symQ  and B

sym

L , 

respectively), for three typical strain loading paths i.e., UT, PST, and BBT. The non-bifurcation 

condition according to the GB criterion requires all the eigenvalues of the symmetric part of the 

tangent modulus B
sym

L  to be positive. This condition amounts here to the positiveness of the 

determinant of the tangent modulus B
sym

L . Similarly, the non-localization condition given by the 

LOSE criterion requires positive definiteness of the acoustic tensor Q , which implies that, for a 

non-localization state, ( )symdet 0Q > . Recalling also that LPB and LOE predict diffuse and 

localized necking, respectively, when ( )Bdet 0L =  and ( )det 0Q = . Therefore, the different 

bifurcation criteria predict plastic instability when their associated minimum determinant of the 

tensor quantity, as discussed above, tends to zero (see Fig. 15). 

It is interesting to note that, when the tangent modulus B
L  is symmetric, or when the non-

symmetric part is negligibly small, then B B
sym

L L≈  and symQ Q≈ . In this case, the GB and the 

LOSE criteria become equivalent to the LPB and the LOE criteria, respectively (see Fig. 9). 

However, in Fig. 15, since the tangent modulus BL  is non-symmetric, it can be clearly seen that 

the occurrence of plastic instabilities with the GB and the LOSE criteria can be predicted earlier 

than the LPB and the LOE criteria, respectively. 
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Fig. 15. Logarithmic plots of minimum determinants of the tangent modulus ( )BL , acoustic 

tensor Q , and their symmetric parts ( B
sym

L and symQ ) for (a) uniaxial tension, (b) plane-strain 

tension, and (c) balanced biaxial tension. 

4.5. Stress-controlled nucleation and non-associative plasticity 

In this section, two destabilizing mechanisms are combined simultaneously within the 

constitutive equations, i.e., non-associative plasticity and stress-controlled nucleation, which 

induce some sort of non-normality in the plastic flow. More specifically, the anisotropic GTN 

damage model with stress-controlled nucleation is coupled with the four bifurcation theories for 

the prediction of FLDs. Moreover, the yield surface and the plastic potential are different with 

regard to the Hill’48 anisotropy coefficients. The anisotropy coefficients for the yield surface and 

the plastic potential as well as the GTN damage parameters used in the simulations are those 

used in the previous sections (see Tables 7 and 9). The FLDs predicted by the resulting approach 
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are shown in Fig. 16. In the left-hand side of the FLDs, the consideration of both mechanisms, 

i.e., non-associative plasticity and stress-controlled nucleation, seems not to destabilize the 

prediction of diffuse and localized necking, as in the case of associative plasticity and strain-

controlled nucleation (see Fig. 9). However, in the right-hand side of the FLDs, these 

destabilizing mechanisms lead to distinct limit strains for diffuse necking criteria (i.e., GB and 

LPB). Similar to the previous combinations of destabilizing mechanisms, the hierarchical order 

of prediction of FLDs, in this case, is once again well consistent with regard to the established 

theoretical one (see Section 3.2). 
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Fig. 16. FLDs predicted by the four bifurcation-based instability criteria coupled with the GTN 

damage model and stress-controlled nucleation. Case of non-associative plasticity. 

4.6. Orientation of the localization band 

The orientation of the localization band, as predicted by LOSE and LOE criteria, is 

investigated in this section. Note that the band orientation is only defined by a single in-plane 

angle, since the framework of plane-stress conditions is adopted in this work (see Fig. 5). Fig. 17 

shows the orientations of the localization bands, as predicted by LOSE and LOE criteria for 

different values of the strain-path ratio. The localization band orientations are also compared 

with the analytical band orientations given by the Hill’52 localized necking criterion [62]. For 

the considered variants of the GTN model, it can be seen that the predicted localization band 

orientations are in excellent agreement with the Hill’52 analytical formula (i.e., ( )1tan ρ−−θ = , 

where ρ  is the strain-path ratio), for both LOSE and LOE criteria. It is worth noting that because 

the Hill’52 criterion is only applicable to the left-hand side of the FLD, the comparison in the 

range of positive biaxial stretching (i.e., 0ρ> ) only involves the LOSE and LOE criteria, which 

predict equivalent band orientations. 
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Fig. 17. Orientations of the localization bands, predicted with the LOSE, LOE and Hill’52 

localized necking criteria.  

5. Conclusions 

In the present investigation, the widely-used GTN damage model has been coupled with 

four bifurcation-based plastic instability criteria for the prediction of forming limit diagrams. 

Two of these plastic instability criteria, i.e., general bifurcation criterion (GB) and limit-point 

bifurcation criterion (LPB), predict diffuse necking; whereas the two others, i.e., loss of strong 

ellipticity criterion (LOSE) and loss of ellipticity criterion (LOE), predict localized necking. The 

constitutive equations together with the four plastic instability criteria have been implemented 

into the finite element code ABAQUS/standard via user-defined material behavior (UMAT) and 

user-defined output variables (UVARM) subroutines. The constitutive equations have been 

formulated in a fully three-dimensional framework; however, plane-stress conditions have been 
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considered while applying the plastic instability criteria, since the intended application of the 

present contribution is the prediction of ductility limits in thin sheet metals. Various linear strain 

loading paths, corresponding to in-plane biaxial stretching, have been applied on a single finite 

element so that all structural (geometric) instabilities are excluded. These strain loading paths 

cover different loading conditions, including uniaxial tension, plane-strain tension, and balanced 

biaxial tension, for the purpose of predicting FLDs. 

Theoretical classification of the four bifurcation-based plastic instability criteria has been 

established, from which it appears that the theoretical lower bound for the prediction of necking 

is provided by the GB criterion and the theoretical upper bound is provided by the LOE criterion. 

As to the LPB criterion, the latter is less conservative than the GB criterion, while the LOSE 

criterion is more conservative than the LOE criterion. 

In this contribution, two destabilizing mechanisms have been introduced within the 

constitutive equations, i.e., non-associative plasticity and stress-controlled nucleation inducing 

some sort of non-normality in the plastic flow. To this end, the Hill’48 anisotropic model, with 

different sets of anisotropy coefficients for the yield surface and the plastic potential, has been 

coupled with the GTN damage model. Non-symmetry in the analytical elastic–plastic tangent 

modulus has also been introduced by considering stress-controlled nucleation, for which the 

nucleation amplitude depends on the mean Cauchy stress. 

First, the FLDs have been predicted by the GTN damage model with strain-controlled 

nucleation and associative plasticity. The analytical elastic–plastic tangent modulus is symmetric 

in this case, while the localization tangent modulus is non-symmetric due to the large strain 

framework. In this case, the GB and the LPB criteria predict the same critical strains for diffuse 

necking, while the LOSE and LOE criteria predict the same limit strains for localized necking. 

Then, non-associative plasticity is considered, which results in a non-symmetric analytical 

elastic–plastic tangent modulus. For this case, the GB criterion predicts limit strains lower than 

those obtained with the LPB criterion for all of the strain loading paths considered. As to 

localized necking, the LOSE criterion predicts limit strains lower than the LOE criterion only for 

the left-hand side of the FLD, while both LOSE and LOE predictions coincide for the right-hand 

side of the FLD. Similar destabilizing effects on diffuse and localized necking have also been 

observed when considering stress-controlled nucleation and non-associative plasticity. 

Throughout all studied cases, the hierarchical order of the predicted FLDs has been shown to be 

consistent with the preliminarily established theoretical classification, which states that the GB 

criterion is a lower bound to all the bifurcation criteria, in terms of necking prediction, while the 

LOE criterion provides an upper bound. 
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