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Article

A gradient enhanced constitutive
framework for the investigation of
ductile damage localization within
semicrystalline polymers

Soheil Satouri, George Chatzigeorgiou,
Adil Benaarbia and Fodil Meraghni

Abstract

The paper presents a gradient enhanced model dealing with nonlocal phenomena driven by the ductile

damage in semicrystalline polymers that exhibit rate-dependent and rate-independent mechanisms. The

study aims at capturing the material localization at high damage levels. To this end, a viscoelastic-

viscoplastic constitutive model is formulated considering a gradient enhanced thermodynamic potential,

function of local and nonlocal state variables. The model is based on two different options for the

nonlocal state variable: the first option considers nonlocal damage scalar, while the second considers

nonlocal hardening state variable. An appropriate user defined material subroutine is developed so as to

define and to update the stress, the state variables, and the associated tangent moduli towards finite

element structural computations. The analogy between the steady-state heat equation and the nonlocal

gradient enhanced relation enables coupling the displacement and nonlocal fields within a finite element

package code (i.e., ABAQUS). Structural analyses for polyamide 66 (PA66) material are presented to

assess the efficiency of the developed nonlocal model. This research work demonstrates that the model is

able to capture efficiently the ductile damage localization and simulate the related fields when using the

nonlocal hardening or damage state variable. This study for the first time combines viscoelasticity,

viscoplasticity, and damage with nonlocal approaches, and can be considered as an initial step towards

developing a constitutive formulation towards multiscale analyses for polymer-based composites.
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Introduction

Polymeric materials are very popular thanks to their high performance and ease of use in a variety

of industries such as automotive, aerospace, packaging, and medical equipment. In this regard,

researchers have presented many constitutive models in the literature so as to describe the complex

deformation mechanisms (Arif et al., 2014; Arruda and Boyce, 1993; Boyce et al., 1988; Breemen

et al., 2011; Buckley and Jones, 1995; Govaert et al., 2000; Klompen et al., 2005; Nouri et al., 2009;

Praud et al., 2021; Tervoort et al., 1998). Polymers often exhibit softening and consequently mate-

rial instability after exceeding a certain level of plastic deformation, for which the conventional

continuum models are not capable of characterizing the material behavior within the highly dam-

aged zones. As a matter of fact, the tendency for releasing the least amount of inelastic stored energy

during the failure leads to internal variables localization into narrowest areas (Benaarbia et al.,

2014; Pamin, 1994), leading to non-objective solutions when refining the mesh in the computational

models. To address this issue, the local model is often modified using the nonlocal framework as a

form of “localization limiters”, in which the length scale is included so as to derive objective

responses (Ba�zant, 1976; Bazant and Lin, 1988).
In this respect, different nonlocal approaches are reported in the open literature. Some authors

apply the integral form in which the local variable is replaced by its nonlocal counterpart derived by

a weighted average over the corresponding neighborhood (Jirásek, 1998, 2002, 2007; Jirásek et al.,

2004; Pijaudier-Cabot and Ba�zant, 1987). In this manner, nonlocal variables depend not only on

their local positions but also on their weighted average in the whole body. The Taylor expansion of

the integral nonlocal formulation yields to gradient enhanced forms that are more simple to imple-

ment into finite element codes compared to the integral one, and the interaction between local and

nonlocal variables are defined through their gradients (Ba�zant et al., 1984; Dimitrijevic and Hackl,

2011; Forest, 2009; Jirásek, 2007; Peerlings et al., 2001). In addition, other methods based on phase

field, micromorphic, and peridynamics approaches are also widely employed in the literature, for

which more detailed information is available in (Borst and Verhoosel, 2016; Miehe et al., 2010,

2016; Saanouni and Hamed, 2013; Silling, 2000; Silling and Lehoucq, 2010). In reference to what is

mentioned above, there are two types of nonlocal gradient models: explicit and implicit forms. The

first one is derived through the Taylor expansion of the nonlocal integral formulation (Al-Rub and

Voyiadjis, 2004; Engelen et al., 2003). The second one is another simplification of the integral form,

deduced from the explicit one, for which solutions are often in a good agreement with the classical

integral type (Borst et al., 1998; Peerlings et al., 2001; Seupel et al., 2018).
Regarding the choice of the nonlocal variable, many approaches in the open literature consider

plastic deformation, equivalent strain, damage, etc. as nonlocal variables (Brepols et al., 2017; Geers

et al., 1999; Pijaudier-Cabot and Ba�zant, 1987; Simone et al., 2004; Wu et al., 2013). In this con-

nection, Saanouni and Hamed presented a nonlocal micromorphic model based on various nonlocal

variables and used the micromorphic damage variable to characterize the material behavior in the

softening phase (Saanouni and Hamed, 2013). To ensure a proper connection between local and

nonlocal variables, several options can be adopted. Indeed, the chosen local variable can be either

enforced to behave as its nonlocal counterpart through Kuhn-Tucker conditions (Seupel et al.,

2018) or directly replaced by the nonlocal variable in the constitutive laws (Geers et al., 2000).

As an efficient alternative, one can propose a thermodynamically based extended framework, in

which the free energy is enhanced with a nonlocal term including the nonlocal variable and its

gradient (Dimitrijevic and Hackl, 2011; Forest, 2009; Kiefer et al., 2018; Ostwald et al., 2019).
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This study proposes a nonlocal thermodynamically based framework for semicrystalline poly-

amides formulated under small deformation and rotation assumption. It performs a parametric

study to investigate the capability of the gradient enhanced model in yielding mesh objective and

physically meaningful solutions within the highly damaged zones under softening, which considers

the nonlinear rheology of the material including all inelastic mechanisms (viz. viscoelasticity at

different time scales, VE, viscoplasticity, VP, ductile damage, D, etc.). It also introduces the non-

local hardening state variable to address the damage localization in a VEVPD model, where its

efficiency is justified compared to the nonlocal damage. Since the framework is developed for

polyamide materials, the goal is to adopt the model in multiscale analyses. For fiber-reinforced

composites, the deformation levels are usually small, thus it is reasonable to develop the present

nonlocal framework using small deformations/rotations hypothesis.
This paper is organized as follows: in the next section, the constitutive laws of the considered

material are derived for both nonlocal damage and nonlocal hardening state variable. In section

‘Numerical implementation’, the return mapping numerical approach as well as the nonlocal model

implementation are established. In section ‘Numerical examples and discussions’, a parametric

analysis is provided to explore the ductile damage development and mesh objectivity of the nonlocal

model based on benchmark examples.
In this study, the tensor notations are explained as follows: the bold and blackboard symbols

represent the second and fourth order tensors, respectively, and the others denote the scalar

variables. In addition, the following tensor products are used in this work:

P : Q ¼ Pij : Qkl; P : Qð Þij ¼ PijklQkl; P� Qð Þijkl ¼ PijQkl

Gradient enhanced constitutive modelling

Nonlinear behavior of polyamides

Based on the open literature (Arif et al., 2014; Benaarbia et al., 2014, 2014, 2016, 2019; Praud et al.,

2017), semicrystalline polyamides exhibit highly nonlinear and dissipative mechanisms including

viscoelasticity at different time scales, viscoplasticity, and ductile damage. Many constitutive laws

have then been proposed to capture this nonlinear behavior using physics-based (Arruda and Boyce,

1993; Billon, 2012) and phenomenological approaches (Benaarbia et al., 2018; Krairi and Doghri,

2014; Launay et al., 2011; Praud et al., 2017). Most of these models have been formulated within the

framework of Thermodynamics of Irreversible Processes, TIP, (Germain et al., 1983; Halphen and

Nguyen, 1975). For the polyamide 66, cyclic creep recovery tests have been conducted in (Benaarbia

et al., 2014, 2016) and have shown that capturing the material behavior requires to assume that the

total strain can be decomposed into decoupled viscoelastic and viscoplastic strain components

(Gudimetla and Doghri, 2017). In the present study, a viscoelastic viscoplastic (VEVP) rheological

model is adopted to describe the dissipative mechanisms during the deformation process of the

material.
To account for the viscoelasticity, several models have been proposed in the literature (Chen

et al., 2012; Papanicolaou and Zaoutsos, 2011; Rodas et al., 2014; Simo and Hughes, 2006), among

which the Kelvin-Voight is applied in this work, whereas the viscoplastic mechanisms can be cap-

tured based on either unified or non-unified viscoplasticity theories (Chaboche, 2008). Hereafter,
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the viscoplastic behavior is modelled based on the unified theory considering an isotropic hardening

function. The reduction in the material stiffness is taken into account by introducing a damage

internal variable, D, based on the effective stress concept (Chaboche, 1997; Kachanov, 1958;

Rabotnov, 1968).
The linear viscoelastic response of the material model is accounted for through a certain number

Nv of Kelvin-Voigt branches, in which a linear spring is connected to a dashpot in parallel. Defining

more than one Kelvin-Voigt branch allows capturing creep and relaxation for several characteristic

times (Praud et al., 2017). The viscoplastic mechanism is modelled by considering a parallel assem-

bly of a nonlinear spring, a nonlinear dashpot, and a friction rheological element with an initial

yield stress, Ro. The latter is activated once the model exceeds the von-Mises plastic yield surface, f:

f r;�R; D; rð Þ ¼ req rð Þ
1�D

� R rð Þ � R0 (1)

where r, R, and r denote the second order stress tensor, the conjugate, and state variables of the

isotropic hardening, respectively. The term req stands for the equivalent stress defined as

req ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
r0 : r0

q
, where r0 is the deviatoric part of the stress tensor while the symbol “:” defines

the double contracted product. The hardening state variable rate _r is considered as follows:

_r ¼ f r;�R; D; rð Þ
Rvp

* +p�1
vp

þ
(2)

where “hiþ” denotes the Macaulay brackets, and Rvp and pvp are respectively, the viscoplastic

resistance and exponent. Here, D denotes the scalar ductile damage variable driven by plasticity,

whose evolution directly depends on the hardening state variable rate, _r, as:

_D ¼ KD _r (3)

which is derived through the evolution laws and discussed at section ‘State and evolution laws’.
Detailed exposition of the local model constitutive relations and evolution laws is given in

(Praud et al., 2017). Considering the above inelastic mechanisms, the Euler-Lagrange equations

for the nonlocal framework based on the thermodynamic principles are derived as in the following

section.

Thermodynamically based Euler-Lagrange equations

In this section, a thermodynamically based nonlocal model is presented to capture the size effect at

the microscale and to address the loss of uniqueness on the local model response during the material

softening. To this end, an internal state variable, u, its nonlocal counterpart, unl, and its gradient,

;xunl, are introduced into the thermodynamic potential to describe the nonlocal phenomena within

isothermal conditions (Dimitrijevic and Hackl, 2011; Forest, 2009):

W �; vif gi¼2;N
;u;unl;;xu

nl
� �

¼ Wl �; vif gi¼2;N
;u

� �þWnl u;unl;;xu
nl

� �
(4)
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where � denotes the total strain tensor, and vif gi¼2;N
is the set of internal state variables which can

be scalar or tensorial. Therein, the thermodynamic state of the polyamide is described through the
following internal variables:

• the state variable, u, defined as follows:

u ¼ v1 ¼ r; D ¼ v2; or u ¼ v1 ¼ D; r ¼ v2

• the viscoplastic deformation, �vp ¼ v3,
• and the elementary viscoelastic strain components, �vif gi¼1;Nv

¼ vif gi¼4;Nvþ3
; of Kelvin-Voight

branches.

The local potential Wl is split into an elastic part, We, a set of viscoelastic potentials, Wvif gi¼1;Nv
,

and finally the viscoplastic free energy, Wvp:

Wl �; �vp; �vif gi¼1;Nv
; r;D

� �
¼ We �; �vp; �vif gi¼1;Nv

;D
� �
þ
XNv

i¼1

Wvi �vi;D
� �

þWvp rð Þ (5)

with

We ¼ 1

2
��

XNv

i¼1

�vi � �vp

 !
: 1�Dð ÞCe : ��

XNv

i¼1

�vi � �vp

 !
(6a)

Wvi ¼ 1

2
�vi : 1�Dð ÞCvi : �vi; for i ¼ 1; . . . ;Nv (6b)

Wvp ¼
Z r

0

R rð Þdr (6c)

The nonlocal thermodynamic potential Wnl is expressed as (Forest, 2009):

Wnl u;unl;;xu
nl

� �
¼ nnl

2
k;xu

nlk2 þ 1

2
cnl u� unl
� �2

(7)

where the operator “jj . jj” denotes the second norm, while nnl and cnl stand for the nonlocal model
parameters considered positive. They introduce the length scale effect into the thermodynamic

potential as lnl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
nnl=cnl

q
. The gradient parameter nnl determines the degree of regularization

governing the nonlocal part of the free energy and is derived from the internal length scale incor-
porating the microstructural effects into the model (Dimitrijevic and Hackl, 2011; Kiefer et al.,

2018; Ostwald et al., 2019). The nonlocal parameter cnl is assigned to ensure that i) the local variable
behaves as closely as possible to its nonlocal counterpart, and ii) the performed analyses are mesh
objective.
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Considering the above thermodynamic potential, the equilibrium equations are obtained using
the minimum potential energy postulate. Accordingly, the total potential energy, PE, in a reference
domain B is the sum of external, �PEext, and internal, PEint, potential energies:

PE ¼ PEint � PEext ¼
Z
B
W �; vif g2¼1;N

;u;unl;;xu
nl

� �
dV�

Z
B
u:Fb dV�

Z
@B
u:Fs dS (8)

where Fb and Fs are respectively the external force per unit volume and external force per unit
surface, and u denotes the associated displacement field.

The minimum potential energy postulate allows to write:

fu;unlg ¼ arg½minu;unl2B PEð Þ� (9)

Accordingly, the differential of the potential energy with respect to the displacement field, u, and
the nonlocal variable, unl, is set to zero:

@PE

@u
:du ¼

Z
B

@W
@�

:
@�

@u
:du

� �
dV�

Z
B
Fb:du dV�

Z
@B
Fs:dudS ¼ 0 (10a)

@PE

@unl
dunl ¼

Z
B
nnl;xu

nl:;xdu
nl � cnl u� unl

� �
dunl

	 

dV ¼ 0 (10b)

Based on the small deformations assumption, the strain tensor can be replaced by the symmet-
rical gradient of the displacement field ;sym

x u. Substituting it into equation (10a) and using the
Gauss-Ostrogradski theorem results in:

�
Z
B
;x:rð Þ:du dVþ

Z
@B

r:nð Þ:du dS�
Z
B
Fb:dudV�

Z
@B
Fs:du dS ¼ 0 (11)

Using Gauss-Ostrogradski theorem, equation (10b) is expanded as:Z
@B
nnl;xu

nldunl:n dS�
Z
B
nnl ;2

xu
nldunl dV�

Z
B
cnl u� unl
� �

dunl dV ¼ 0 (12)

From equations (11) and (12), the Euler-Lagrange equations with the associated boundary con-
ditions are derived:

• Stress equilibrium:

;x: rþ Fb ¼ 0 8x 2 B; r:n� Fs ¼ 0 8x 2 @B (13)

• Nonlocal balance equation:

nnl;2
xu

nl þ cnl u� unl
� �

¼ 0 8x 2 B; ;xu
nl:n ¼ 0 8x 2 @B (14)
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State and evolution laws

The conjugate state variables, Aif gi¼1;N can be derived from the partial derivative of the
thermodynamic potential with respect to the internal state variables, vif gi¼1;N

, as follows (see
Table 1):

Ai ¼ @W
@vi

; with i ¼ 1; . . . ;N (15)

Aside this, the partial derivatives of the nonlocal term, Wnl, lead to the following nonlocal con-
jugate state variables:

Yunl ¼ @W
@unl

; Y;xunl ¼ @W
@;xunl

(16)

Accordingly, using the rate form of the free energy, the intrinsic mechanical dissipation inequal-
ity is expressed by:

D ¼ Pm � _W � 0 (17)

where Pm is the sum of strain and nonlocal energy rates such that:

Pm ¼ r : _� þ Yunl
_unl þ Y;xunl � _;xunlð Þ (18)

According to the state laws (see Table 1) and substituting into equation (17), the dissipation is
expanded to:

D ¼ r : _� þ Yunl
_unl þ Y;xunl � _;xunlð Þ � @W

@�
: _� þ

XN
i¼1

@W
@vi

: _vi þ
@W
@unl

_unl þ @W
@;xunl

� _;xunlð Þ
 !

(19)

Table 1. State and evolution laws for the local model (Lemaitre and Chaboche, 1990) enhanced by the nonlocal and
gradient components (k stands for the viscoplastic multiplier and both Kvp and KD are the viscoplastic and damage
directions, respectively).

State variables Conjugate (dual) variables Evolution laws

Observable

Strain tensor, � r ¼ @W
@�

�
Internal

Viscoelastic strains, �vi �rvi ¼ @W
@�vi ¼ 1� Dð ÞCvi : �vi � r _�vi ¼ @Xvi

@rvi ¼ V
við Þ�1

ð1�DÞ : rvi

Viscoplastic strain, �vp �r ¼ @W
@�vp

_�vp ¼ @F
@r

_k ¼ Kvp
_k

Hardening state variable, r R ¼ @W
@r

_r ¼ � @F
@R

_k ¼ _k

Damage variable, D �Y ¼ @W
@D

_D ¼ @F
@Y

_k ¼ Y
SD

� �bD _k
1�D

¼ KD
_k
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From equation (16), the nonlocal terms can be canceled out, and the dissipation is expressed as:

D ¼
XNv

i¼1

rvi : _�vi þ r : _�vp � R _r þ Y _D � 0; with � Y ¼ @W
@D

(20)

According to the Generalized Standard Materials formalism, GSM, the evolution laws presented

in Table 1 are derived through convex dual dissipation and indicative functions (Halphen and

Nguyen, 1975). A set of sub-potentials, Xvi; are introduced to derive the elementary viscoelastic

strain rates, _�vi; with respect to their associated thermodynamic forces, rvi, such that:

Xvi rvi;D
� �

¼ 1

2
rvi :

V
vi�1

ð1�DÞ : r
vi (21)

where Vvi denotes the viscosity tensor of the ith viscoelastic Kelvin-Voigt branch. According to the

J2-viscoplasticity theory (Simo and Hughes, 2006), the viscoplastic evolution laws coupled with

damage are derived using the normality rule by considering the following indicative function, F:

F ¼ f r;�R; D; rð Þ þ fD Y;Dð Þ with fD ¼ SD

ðbD þ 1Þð1�DÞ
Y

SD

� �bDþ1

(22)

where bD and SD are damage related parameters. Table 1 gives a summary of the evolution laws

used in the current model.
In order to capture the damage localization and to address the mesh sensitivity during FE

computations, the nonlocal model is formulated based on two different nonlocal variable cases:

the first considers the nonlocal damage, Dnl; as the nonlocal variable by enhancing the damage

release energy, Y, while the second considers the nonlocal hardening state variable, rnl, by modifying

the hardening function, R. The constitutive laws related to both cases are derived in the following

sections.

Case 1: Nonlocal damage variable

Replacing unl by Dnl in equation (7), the nonlocal free energy can be re-expressed as:

Wnl D;Dnl;;xD
nl

� �
¼ nnl

2
jj;xD

nljj2 þ 1

2
cnl D�Dnlð Þ2 (23)

According to the state laws, the damage release energy, Y, can be decomposed as:

�Y ¼ @W
@D

¼ �Yl � Ynl; with � Yl ¼ @Wl

@D
and � Ynl ¼ @Wnl

@D
(24)

where the local part, Yl, is obtained as:

Yl ¼ 1

2
��

XNv

i¼1

�vi � �vp

 !
: Ce : ��

XNv

i¼1

�vi � �vp

 !
þ 1

2

XNv

i¼1

�vi : Cvi : �vi (25)
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The nonlocal term, Ynl, is given by:

Ynl ¼ �cnl D�Dnlð Þ (26)

Ynl is often a negative value added to the positive Y1 (Dimitrijevic and Hackl, 2008). In certain

instances, the total Y becomes negative and violates the positivity of the dissipation. This can be

prevented through considering only the positive part of Y in the damage related indicative function,

fD; as follows:

fD ¼ SD

ðbD þ 1Þð1�DÞ
Yh iþ
SD

� �bDþ1

(27)

Substituting equation (27) into the damage evolution law (see Table 1) yields:

_D ¼ 1þ sgnðYÞ
2

� �
Yh iþ
SD

� �bD _k
1�D

(28)

where “sgnð:Þ” denotes the sign function.

Case 2: nonlocal hardening state variable

In the second case, the nonlocal hardening state variable, rnl, can be adopted to limit the damage

localization within the softening zones. Thus, substituting the nonlocal hardening state variable, rnl,

into the thermodynamic potential, W, in equation (7) leads to:

Wnl r; rnl;;xr
nl

� �
¼ nnl

2
jj;xr

nljj2 þ 1

2
cnl r� rnlð Þ2 (29)

It is worth mentioning that since the damage evolution is derived by the evolution of the hard-

ening state variable, r, the nonlocal hardening state variable, rnl, also affects the ductile damage

implicitly. Substituting the above nonlocal energy equation (29) into equation (4), the hardening

state function is enhanced with the nonlocal term, Rnl, as follows:

R rð Þ ¼ @W
@r

¼ Rl þ Rnl (30)

with:

Rl ¼ Hmr
Hp ; Rnl ¼ @Wnl

@r
¼ c r� rnlð Þ (31)

As indicated above, the constitutive laws are modified by introducing the nonlocal variables in

two given cases and summarized in Table 2. Considering equations (30) and (31), if rnl gets much

larger than its local counterpart, r, then there is a possibility that the total hardening function

becomes negative. However, as the next sections show, in all the analyses performed, this has not

occurred.
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Numerical implementation

Gradient enhanced field development within the FE package code ABAQUS

The gradient model requires a nonlocal balance equation as well as the stress equilibrium. In order

to impose the additional Euler-Lagrange equation into a commercial FE code like ABAQUS,

several authors propose developing a user defined element (UEL) (Dimitrijevic and Hackl, 2011;

Kiefer et al., 2018), in which, besides its inherent complexities, requires a considerable extent of

programming. To avoid such technical problems, one can consider the nonlocal fields in a fully

coupled temperature-displacement frame without developing a special UEL (Hortig, 2010; Ostwald

et al., 2019). Assuming the steady state heat equation, the following analogy is derived:

Kc;x
2hþ hg ¼ 0 () nnl;x

2unl þ cnl u� unl
� �

¼ 0 (32a)

q:n ¼ 0 () ;xu
nl:n ¼ 0 (32b)

where Kc denotes the heat conduction, hg the heat sources and q the heat flux vector derived from

the Fourier’s law:

q ¼ �Kc;xh (33)

Although, the thermomechanical tangent operators can be defined within the UMAT, it has

never resulted in convergent solutions due to some unclear technical reasons (Seupel et al., 2018).

Concerning this, HETVAL as an auxiliary user subroutine is employed to allow definition of the

heat flux, heat sources, and interaction between internal state variables and the thermal field. In the

present study, the HETVAL subroutine is adopted by replacing the temperature and its associated

fields with the nonlocal scalar variable and the analogous fields.

Return mapping algorithm

The time discretization is implemented through a backward Euler scheme, based on which

an arbitrary variable N is updated from the time step n into the time step nþ 1 as

Nnþ1 ¼ Nn þ DNnþ1. An iterative algorithm is required so as to solve the time discretized equations.

Table 2. Modified associated variables in presence of the nonlocal variables along with the related evolution laws.

Nonlocal variable Associated variables Evolution laws

Nonlocal damage Dnl Y ¼ Yl þ Ynl , Ynl ¼ �cnl D� Dnlð Þ _D ¼ @F
@Y

_k ¼ Y
SD

� �bD _k
1�D

Yunl ¼ @W
@Dnl ¼ �cnl D� Dnlð Þ �

Y;xunl ¼ @W
@;xDnl ¼ nnl;xD

nl �
R ¼ Rl _r ¼ � @F

@R
_k ¼ _k

Nonlocal hardening state variable rnl Y ¼ Yl _D ¼ @F
@Y

_k ¼ Y
SD

� �bD _k
1�D

Yunl ¼ @W
@rnl

¼ �cnl r � rnlð Þ �
Y;xunl ¼ @W

@;xrnl
¼ nnl;xr

nl �
R ¼ Rl þ Rnl; Rnl ¼ cnlðr � rnlÞ _r ¼ � @F

@R
_k ¼ _k
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At the time step nþ 1 and the kth iteration, the iterative equations are expressed as Nkþ1
nþ1 ¼ Nk

nþ1 þ
dNk

nþ1 and subsequently DNkþ1
nþ1 ¼ DNk

nþ1 þ dDNk
nþ1. As a return mapping algorithm, convex cutting

plane approach is employed to integrate the constitutive laws and update the state variables at each

time step (Simo and Hughes, 2006; Qidwai and Lagoudas, 2000). To this end, the rate dependent

constitutive relations are integrated through inelastic criteria whose nullity must be satisfied at each

time step n:

/vi ¼ 1

1�D
V

við Þ�1
: rvi � _�vi ¼ 0; with i ¼ 1; . . . ;Nv (34a)

/vp ¼ _r � f r;�R; D; rð Þ
Rvp

* +p�1
vp

þ
¼ 0 (34b)

where rvi is given in Table 1, and /vi and /vp are respectively the viscoelastic and viscoplastic criteria

derived from the constitutive relations. Since the viscoelastic deformation is always activated, its

associated criteria, /vi, have to be always satisfied. However, the viscoplastic criterion is taken into

account once the viscoplastic deformation appears, where the equivalent effective stress exceeds the

elastic limit, Ro, defined through the yield surface. Hence, the return mapping algorithm works in

two steps: firstly, viscoelastic correction-prediction, and secondly, full correction.

Viscoelastic correction-prediction

As long as the plastic flow is not activated, the return mapping algorithm solely deals with the

viscoelastic correction-prediction, in which only the elementary viscoelastic strains, �vinþ1, at the time

step nþ 1, evolves, and the rest of internal variables remain constant (drnþ1 ¼ dDnþ1 ¼ 0 and

d�vpnþ1 ¼ 0). The viscoelastic criteria converge to zero through the following iterative equation:

/
viðkþ1Þ
nþ1 ¼ /

viðkÞ
nþ1 þ d/viðkÞ

nþ1 ¼ 0; with i ¼ 1; . . . ;Nv (35)

For more simplicity, the subscription nþ 1 and superscriptions k are ignored in the following

equations and the related expansions. Considering equation (34a), the viscoelastic criteria incre-

ments, d/vi; are properly determined with respect to d�vi and substituted in equation (35):

/vi � A
vi :

XNv

j¼1 j6¼ið Þ
d�vj � B

vi : d�vi ¼ 0; with i ¼ 1; . . . ;Nv (36)

where the related mathematical procedure of deriving equation (36) is expressed in detail in

Appendix 1. The expression (36) allows us to constitute a system of equations so as to update

the viscoelastic criteria in each iteration as long as it converges to zero. Calculating �vi and subse-

quently r and req, the yield function sign, sgnðfÞ, determines whether the material is subjected to the

plastic deformation or it still responds within the viscoelastic domain. In other words, the equivalent

stress, req, smaller than the elastic limit, R0, gives f < 0 which means there is no plastic flow where

the algorithm goes to the next time step. On the contrary, when f > 0, the material has gone through
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the viscoplastic deformation which requires full correction via enforcing both viscoelastic and

viscoplastic criteria to be zero, as expressed in the following section.

Full correction

In the full correction step, the variation of all internal state variable increments (d�vinþ1; d�
vp
nþ1; drnþ1,

and dDnþ1) are taken into account, while the nullity of viscoelastic and viscoplastic criteria must to

be satisfied:

/
vi kþ1ð Þ
nþ1 ¼ /vi kð Þ

nþ1 þ d/vi kð Þ
nþ1 ¼ 0; with i ¼ 1; . . . ;Nv ;

/vp kþ1ð Þ
nþ1 ¼ /vp kð Þ

nþ1 þ d/vp kð Þ
nþ1 ¼ 0

(
(37)

Similarly, for more simplicity, k and nþ 1 are ignored for the following equations. Considering

all internal variable increments, the viscoelastic and viscoplastic criteria increments (34) are

expressed with respect to d�vi and dr and substituted into equation (37):

A
vi :

XNv

j¼1 j6¼ið Þ
d�vj þ B

vi : d�vi þ Bgidr ¼ /vi;

Avp :
XNv

j¼1

d�vj þ Bsdr ¼ /vp

8>>>>><
>>>>>:

(38)

where the whole mathematical procedure of deriving equation (38) is expressed in detail within

Appendix 1. The internal variable increments and subsequently the inelastic deformations, �vp and

�vi, are then derived allowing to update the stress tensor for the next time step.

Tangent operators

The UMAT subroutine, within the nonlocal framework, not only requires the tangent stiffness

tensor Tr
� , but also the associated nonlocal tangent operators. Thus, considering the stress equilib-

rium, the stress increment Dr is given by:

Dr ¼ T
r
� : D�þ Tr

unl Dunl (39)

where Tr
unl denotes the nonlocal tangent modulus. The computation of the tangent stiffness tensor,

T
r
� , is described in Appendix 1. In the nonlocal formulation, equation (14), the increment of cnlðu�

unlÞ is expressed as follows:

D cnlðu� unlÞ
	 


¼ Th
� : D�þ Th

unl Dunl (40)

where Th
�, and Th

unl denote the nonlocal tangent operators. Technically speaking, HETVAL subrou-

tine, among all nonlocal tangent operators indicated in equations (39) and (40), solely demands for

Th
unl which is assigned as the rate of cnlðu� unlÞ with respect to the nonlocal variable, which is

simply derived as:

Th
unl ¼ �cnl (41)
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The return mapping algorithm including viscoelastic correction-prediction and its interactions

with the solver and HETVAL is summarized as a flowchart depicted in Figure 1.

Numerical examples and discussions

In this section, the model is examined through finite element computations using a unilaterally

notched rectangular plate and an asymmetrically double notched structure, whose dimensions are

depicted in Figure 2. In both examples, the material properties are given according to the polyamide

66, which has been earlier calibrated as a local VEVPD model (see Table 3).
As already indicated, in order to perform a nonlocal analysis in a ductile damage model, the

nonlocal variable may be derived from the damage variable, D, or from the hardening state variable,

r. In this section, first, the model based on the nonlocal damage variable, Dnl, is used to investigate

the unilaterally notched plate under monotonic strain controlled tensile loading, then its efficiency

in controlling the damage localization is discussed. As a second step, the model derived from the

nonlocal hardening state variable, rnl, is applied on the structure considering the same loading

conditions, and the results are compared with the latter case (related to Dnl). Moreover, the influ-

ences of the nonlocal parameters, nnl and cnl, on the damage localization are explored through a

parametric study. As another numerical example, the asymmetrically double notched structure is

used so as to examine the efficiency of the nonlocal model in a more complex geometry case.
The nonlocal framework can be switched to the local model simply by setting the nonlocal

parameters nnl and cnl to zero, which enables comparing the responses with those using the nonlocal

model. Technically speaking, in highly nonlinear systems, the finite element solver often requires

Figure 1. Flowchart of return mapping implementation on UMATand its interaction with the FE solver and HETVAL
subroutine.
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decreasing the time increments to achieve convergent solutions in the “unstable deformation zones”.

However, in some cases, as in the present study, instabilities in the form of material softening cause

sudden changes in the stiffness tensor in the global equilibrium equation of the computational

model. In such cases, the time steps become too small and the analysis never ends or converges.

To address this issue, a viscous term is added to the global equilibrium that damps sudden changes
in the stiffness tensor, as an artificial inertia. In this respect, the “automatic stabilization” in the

Figure 2. Dimensions of the numerical examples and the given boundary conditions: (a) unilaterally notched plate
and (b) asymmetrically double notched plate.

Table 3. Material properties and model parameters for PA66 in 50 percent Relative
Humidity (RH) and room temperature (Benaarbia et al., 2019).

Mechanical features Parameter Value

Elastic properties:

Young’s modulus Ee 2731 (MPa)

Poisson ratio � 0.3 (–)

Viscoelasticity:

1st branch: Ev1 9751.44 (MPa)

sv1 0.36 (s)

2nd branch: Ev2 19125.64 (MPa)

sv2 6.72 (s)

3th branch: Ev3 30855.24 (MPa)

sv3 6.38 (s)

4th branch: Ev4 6771.25 (MPa)

sv4 128.49 (s)

Viscoplasticity coupled with damage:

Elastic limit: R0 4.76 (MPa)

Hardening model: Hm 1302.71 (MPa)

Hp 0.8 (–)

Viscoplastic model Rvp 45.86 (MPa:sPvp )
Pvp 0.07 (–)

Damage SD 20.03 (MPa)

bD �0.86 (–)
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finite element solver provides a viscous term with respect to displacement in the global equilibrium

equation, which is employed in the present work.

Unilaterally notched plate

In this part, the damage analysis is initially performed using the 4 nodes plane strain fully coupled

temperature displacement element type (CPE4T in Abaqus package) in different mesh sizes (300,

602, and 1200 elements). A reference point is set on the plate whose displacement is tied with the

upper side allowing to plot the force vs. displacement responses. This aims at extracting more

precise information regarding the hardening and softening mechanisms as well as the model behav-

ior beyond the material instability limits.

Figure 3. Force displacement curves for the unilaterally notched plate and comparison between local and nonlocal
damage models responses for different values of cnl when nnl ¼ 2 kN under uniaxial monotonic tensile loading with
the displacement rate _u0 ¼ 3mms�1; the nonlocal model is based on Dnl .

Figure 4. Force displacement curves for the unilaterally notched plate and comparison between local and nonlocal
damage models responses for different values of nnl when cnl ¼ 2MPa under uniaxial monotonic tensile loading with
the displacement rate _u0 ¼ 3mms�1; the nonlocal model is based on Dnl:
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In terms of boundary conditions, the plate is subjected to a monotonic displacement-controlled
tensile load with a rate of _u0 ¼ 3mm s�1 from one side, and the displacement components are set to
zero at the other side (see Figure 2). As already indicated, firstly, the nonlocal analysis is performed
based on Dnl and is compared with the local model results. The responses are extracted as the force
displacement curves in Figure 3 for the local and nonlocal models with different values of cnl when
the structure is meshed by 1200 elements. As previously mentioned, cnl controls the interaction
between D and Dnl via the nonlocal associated damage variable Ynl (see Table 2). As observed,

Figure 5. Damage distribution of the unilaterally notched plate using the nonlocal damage model (nnl ¼ 2 kN,
cnl ¼ 2MPa) under uniaxial monotonic tensile loading with the displacement rate _u0 ¼ 3mm s�1 (three mesh
refinements, NE ¼ {300,602,1200}); the nonlocal model is based on Dnl:

Figure 6. Distribution of the hardening state variable, r, in the unilaterally notched plate using the nonlocal model
(nnl ¼ 2 kN, cnl ¼ 2 MPaÞ under uniaxial monotonic tensile loading with the displacement rate _u0 ¼ 3 mms�1 (three
mesh refinements, NE¼{300,602,1200}); the nonlocal model is based on Dnl:
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introducing nonlocal parameters in this case leads to faster failures compared to the local model. In
other words, as the level of interaction with the nonlocal variable increases, the model becomes
more unstable and fails earlier.

From the same analysis, force displacement curves are plotted for several levels of nnl at a
constant value of cnl in Figure 4. As seen, variation of nnl almost has no influence on the material
responses because cnl is not sufficiently large to make a strong interaction between D and Dnl, and
on the other hand, for the reasons mentioned above, introducing the nonlocal parameters makes the
model more unstable than the local framework, and higher values of cnl are not feasible.

Figure 7. Local and nonlocal variables 2D maps under monotonic tensile loading: (a) hardening state variable
distribution using the local model, (b) hardening state variable distribution using the nonlocal model when cnl ¼ 5GPa
and nnl ¼ 6 kN, and (c) nonlocal variable using the nonlocal model when cnl ¼ 5 GPa and nnl ¼ 6 kN; the nonlocal
model is based on rnl.

Figure 8. Force displacement curves for the unilaterally notched plate and comparison between local and nonlocal
models responses for different values of cnl when NE ¼ 1200; nnl ¼ 6 kN, and _u0 ¼ 3 mms�1; the nonlocal model is
based on rnl.
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Figure 5 provides the damage distribution resulted from the nonlocal damage model in three
given mesh sizes, in which the damage, as expected, is localized into the crack zone restricted to a
single row of elements as the smallest possible area. Since the damage is coupled with plasticity, and
the damage rate is directly related to the hardening state variable rate _r based on the given evolution
laws, the damage localization may stem from the localization of r. Concerning this, the distribution
of r, for the nonlocal damage model (nnl ¼ 2 kN, cnl ¼ 2MPa), is extracted and depicted as Figure 6.
As shown, the hardening state variable is localized into the crack and exhibits mesh sensitivity by
refining the mesh, which consequently leads to damage localization. Regarding this, it can be

Figure 10. Force displacement curves for unilaterally notched plate and comparison between local and nonlocal
models responses for different values of nnl when NE ¼ f602;1200g, cnl ¼ 5GPa, and _u0 ¼ 3 mms�1. By increasing
the value of nnl , the analysis converges better for different mesh sizes; the nonlocal model is based on rnl .

Figure 9. Damage distribution in the unilaterally notched plate under tensile loading ( _u0 ¼ 3 mms�1) with 1200
elements using: (a) nonlocal model when nnl ¼ 6 kN and cnl ¼ 3 GPa, (b) nonlocal model when nnl ¼ 6 kN and
cnl ¼ 4 GPa, and (c) nonlocal model when nnl ¼ 6 kN and cnl ¼ 5 GPa; the nonlocal model is based on rnl .
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Figure 11. Damage distribution in the unilaterally notched plate meshed by 300, 602, and 1200 elements using
nonlocal model with cnl ¼ 5GPa and (a) nnl ¼ 2 kN, (b) nnl ¼ 4 kN, (c) nnl ¼ 6 kN, and comparison with (d) local
model; the nonlocal model is based on rnl .
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concluded that the nonlocal variable deriving from rmay address the damage mesh sensitivity in the

FE computations, which is discussed as follows.
As the second option, the nonlocal variable is derived from r, and the nonlocal free energy

dictates the nonlocal term Rnl into the hardening function R, as indicated in equations (29) and

(30). The model is implemented on the considered geometry under same loading and boundary

conditions, with the first option. To observe the interaction between local and nonlocal variables (r

and rnl), the unilaterally notched structure under tensile load with _u ¼ 3mm s�1 is analyzed, then

considering the localization time in the local model, the 2D maps of the hardening state variable

using the local and nonlocal models (based on rnl) are compared with the distribution of the non-

local variable in the same time increment (see Figure 7). As seen, r is localized in the local model

(Figure 7(a)) while r and rnl on the nonlocal model show no localization or shear band at this stage

(Figure 7(b) and (c)). The responses are also exported with respect to cnl as force displacement

curves in Figure 8. As observed, the softening zone in the nonlocal responses are more extended

compared to those predicted by the local model and subsequently they drop more smoothly.

However, after a certain level of the cnl, its increase does not yield a significant variation in

responses nor in the failure points.
The damage distribution contours visualize a clearer view of the Influence of cnl on the damage

profile (Figure 9). As shown, the bigger the value of cnl is, the wider damaged area evolves sur-

rounding the crack zone. The model is also examined for different nnl in a constant level of inter-

action (cnl ¼ 5 gPaÞ and is depicted in Figure 10. The mesh sensitivity is decreased by an increase in

Figure 12. Damage distribution using the local model: (I) before the maximum force and at 90 percent of the peak
(II) at the maximum force III) after the maximum force and at 80 percent of the peak.

20 International Journal of Damage Mechanics 0(0)



Figure 13. Damage distribution using the nonlocal model with nnl ¼ 6 kN and cnl ¼ 5GPa :I) before the maximum
force and at 90 percent of the peak II) at the maximum force III) after the maximum force and at 80 percent of the
peak; the nonlocal model is based on rnl .

Figure 14. Force displacement curves obtained from the local model for unilaterally notched plate under different
loading rates.
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nnl, and the softening zone becomes smoother, which leads to failure in higher deformation levels.
The aforementioned notion is confirmed with the damage distribution contours in three different
mesh sizes NE ¼ {300,602,1200} for several values of nnl (see Figure 11). In the local model contour,
as seen also earlier, the damage is localized into a single row of elements and shows mesh sensitivity
by changing the mesh size. This issue is addressed by introducing the nonlocal parameters into the
model. The damage in the vicinity of the crack is progressively evolved by an increase in nnl, and the
damage profile remains identical for different mesh sizes in the higher level of cnl.

Figure 15. Force displacement curves obtained from the nonlocal model (with nnl ¼ 6 kN and cnl ¼ 5GPa) for the
unilaterally notched plate under different loading rates; the nonlocal model is based on rnl.

Figure 16. Damage distribution in the unilaterally notched plate with 1200 elements using nonlocal model when
nnl ¼ 6 kN and cnl¼5GPa under displacement rates: (a) u0 ¼ 2mm s�1, (b) u0 ¼ 5 mms�1 and using the local model
under displacement rates: (c) _u0 ¼ 2mms�1, (d) _u0 ¼ 5 mms�1; the nonlocal model is based on rnl .
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In order to investigate how the nonlocal model affects and governs the damage development

within the structure prior and after the reaction force peak, three spots are taken into consideration:

I) the first spot at 90% of the peak prior to it, II) the second spot at the peak, and III) the third one

at its 80% after the peak, at which the damage distributions are compared for the local and nonlocal

models and illustrated in the Figures 12 and 13. As observed, as the material approaches the

instability region, the discrepancies in damage distributions between the local and nonlocal

models become more pronounced, particularly after the reaction force peak.
As the material is defined through the VEVPD rheological model, the change in the loading rate

necessarily affects the material behavior and the related damage distribution. Following this, the

structure is subjected to different loading rates and the force displacement curves are explored for

local and nonlocal models in the Figures 14 and 15. As observed, the curves obtained from the local

case are mostly affected by the loading rate in the hardening zone, and their failure point is slightly

shifted forward by an increase in the rate (see Figure 14). However, the rate effect is more significant

in the nonlocal model, particularly at the failure points, where the higher rate yields sharper soft-

ening regions and subsequent earlier failures (see Figure 15). The damage distribution is extracted

for _u0 ¼{2,5}mm s�1 and presented in the Figure 16. As seen, for the local model, no difference is

Figure 17. Damage distribution in the unilaterally notched plate with 300, 602, and 5625 elements using: (a)
nonlocal model when nnl ¼ 6 kN and cnl ¼ 5GPa, (b) local model; the nonlocal model is based on rnl .
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observable under given loading rates. However, in the nonlocal model, the damaged region sur-
rounding the crack is slightly reduced and localized toward the crack by an increase in the displace-
ment rate.

In order to capture the effects of transverse deformation in the thickness direction, the unilat-
erally notched structure is studied in a 3D setup considering a thickness of 1mm. The structure is
meshed using the 8 nodes thermally coupled brick element type (C3D8T). In terms of the boundary
conditions, all displacement components are bounded at the bottom, and a monotonic tensile load
( _u0 ¼ 3 mm s�1) is set to the top. The damage analysis results are extracted as contours and
depicted in Figure 17. As observed, the crack inclination is decreased compared to the plane
strain case, which it is reduced more drastically for the nonlocal model (see Figure 17(a)).

Asymmetrically double notched rectangular plate

Based on the results and discussions in the previous section, the nonlocal model employing rnl works
more efficiently than the first option using Dnl and is thereby preferred to implement as the nonlocal
model on the asymmetrically double notched structure (see Figure 2). For the 2D case, the structure
is meshed via 3 and 4 nodes plane strain temperature-displacement elements (CPE3T, CPE4T) in

Figure 18. Damage distribution in the asymmetrically double notched plate under uniaxial tensile load with the
displacement rate _u0 ¼ 10 mms�1 meshed by 1555 and 6346 elements using the nonlocal model with cnl ¼ 3 GPa
and (a) nnl ¼ 4 kN, (b) nnl ¼ 6 kN and comparison with (c) local model; the nonlocal model is based on rnl .
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two mesh sizes (NE¼{1555,6346}). The plate is subjected to the monotonic uniaxial tensile load with

_u0 ¼ 10 mm s�1 from the right side, and the displacement at the left side is bounded to zero. The

damage contours are extracted for the local and nonlocal models with nnl ¼ f4 kN; 6 kNg and

displayed in Figure 18. As seen, an increase in nnl leads to change in the damage profile and thicken

the shear band (Figure 18(a) and (b)). While, for the local case (Figure 18(c)), the damage is mostly

localized into the crack zone and shows the tendency to occupy the minimum possible area. The

aforementioned structure with a thickness of 1mm, under the same loading and boundary condi-

tions, is examined through the 3D element, C3D8T. The damage distribution is provided for the

local and nonlocal model (nnl ¼ 6 kN; cnl ¼ 3 GPa) and shown in the Figure 19. In the 3D case, the

damage localization is well addressed. In comparison with the 2D case, the damage profile

is affected by the Poisson’s effect, which leads to a less defused damage profile with a narrower

crack zone.

Conclusions and perspectives

A gradient enhanced thermodynamically based framework was proposed towards investigating the

polyamide 66 (PA66) mechanical behavior in the highly damaged levels and address the spurious

damage localization leading to the macroscopic failure as well as the consequent mesh sensitivity in

the FE computations. To this end, the thermodynamics of irreversible processes and the

Generalized Standard Materials formalism were employed to derive the constitutive equations.

A specific nonlocal formulation for the thermodynamic potential was considered and then enhanced

based on two cases regarding the nonlocal state variable: nonlocal damage, and nonlocal hardening

state variable. The constitutive laws were integrated through the convex cutting plane as a return

mapping algorithm and implemented within the finite element framework through a user defined

material subroutine. The analogy between the steady state heat equation and the nonlocal formu-

lation allowed to introduce the implicit nonlocal equation into the FE solver. Considering two

nonlocal variable cases, numerical examples were presented to perform a parametric study and

examine the nonlocal model efficiency in controlling the damage localization.

Figure 19. Damage distribution in the asymmetrically double notched plate under uniaxial tensile load with the
displacement rate _u0 ¼ 10 mms�1 meshed by 6444 elements using (a) local model, and (b) nonlocal model with cnl ¼
3 GPa and nnl ¼ 6 kN; the nonlocal model is based on rnl .
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Investigation of the numerical examples revealed that rnl is a proper nonlocal variable to control

the damage localization and to improve the mesh sensitivity compared to Dnl in FE computations.

In other words, employing Dnl as the nonlocal variable does not enable the model to control the

damage localization while a spurious plasticity localization appears during the material softening.

The nonlocal model based on rnl yielded mesh objective responses and exhibited the capability of

investigating the material behavior in higher levels of damage during material softening stages. The

mesh objectivity of the results has been improved for the higher values of the nonlocal parameters

cnl and nnl. However, beyond a certain level of nonlocal parameters, no significant effect on the

solutions is observed.
Up to now, this research has proposed a nonlocal framework for isotropic semicrystalline poly-

mers which paves the path for micromechanical modelling and investigating the damage behaviors

in the fiber reinforced polymers (Chatzigeorgiou et al., 2015, 2016), in which the nonlocal phenom-

ena occur under small strains. In addition, the present model needs to account for the temperature

effects to enhance its capability for capturing the physical behavior of polymers under harsh

environments. To this end, a thermomechanical nonlocal damage model for polymeric based com-

posites must be developed via considering the self-dissipation and associated thermomechanical

coupling sources which have an undeniable influence on the material deformation mechanisms

and the damage growth (Benaarbia et al., 2015; Chatzigeorgiou et al., 2016). Moreover, the present

model can be more comprehensive by incorporating the hydrostatic pressure effect and the ratio of

compressive to tensile elastic limits into the yield function. In this regard, the given von Mises

criterion based on the second invariant of the deviatoric stress, J2, can be extended to a I1–J2
function which also considers the difference between the compressive and tensile elastic limits

(Ghorbel, 2008; Raghava et al., 1973). As another perspective, the effect of relative humidity on

the semicrystalline polymers deformation and nonlinear mechanisms can be investigated within the

nonlocal model. As the mater of fact, relative humidity affects the glass transition temperature in

polymers which causes exhibiting rubbery behavior in the nominal working temperatures

(Benaarbia et al., 2016). In terms of the experimental development, the present model will be

first calibrated experimentally and then validated through mechanical tests (Margu�eres and

Meraghni, 2013). In addition, the nonlocal parameter in function of the length scale according to

the dominant damage mechanisms requires to be identified via an inverse mixed numerical-

experimental optimization approach, which accounts for the microstructural characteristics at the

macro scale (Geers et al., 1999, 1999).

Highlights

• Formulation of a nonlocal gradient enhanced constitutive model for numerically capturing the

ductile damage localization in semicrystalline polymers coupling viscoelasticity and

viscoplasticity.
• Efficiency evaluation of the gradient enhanced model in predicting the damage localization when

using the nonlocal damage or the nonlocal hardening state variable.
• The use of the nonlocal hardening state variable to explore the semicrystalline polymers mechan-

ical behaviors within the highly damaged regions under strain softening.
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Appendix 1

Backward Euler time discretization

An implicit backward Euler scheme is imposed on the governing equations, particularly on the

nullity conditions /vp and /vi, so as to discretize them into n time steps, Dt:

/vi
nþ1 ¼

1

1�Dnþ1
V

við Þ�1
: rvinþ1ð Þ �

D�vi

Dt
; with D�vi ¼ �vinþ1 � �vin (42)

/vp
nþ1 ¼

fnþ1

Rvp

� �P�1
vp

þ
� Dr

Dt
; with Dr ¼ rnþ1 � rn (43)

fnþ1 ¼
reqnþ1

ð1�Dnþ1Þ � Rnþ1 � R0 (44)

rnþ1 ¼ 1�Dnþ1ð ÞCe : �nþ1 � �vpnþ1 �
XNv

j¼1

�vjnþ1

0
@

1
A (45)

rvinþ1 ¼ rnþ1 � 1�Dnþ1ð ÞCvi : �vinþ1: (46)

Linearization according to the convex cutting plane approach

In this section, in order to solve the time discretized relations, the return mapping algorithm is

implemented on the constitutive equations, in which the gradients of the flow are ignored for more

simplicity (Ortiz and Simo, 1986). The flow equations can be linearized based on the given evolution

laws (see Table 1):

d�vp ¼ Kvpdr; dD ¼ KDdr (47)

30 International Journal of Damage Mechanics 0(0)



where, from now on, the indices n and k are ignored. Based on equation (47), the linearization of the
stress, the viscoelastic conjugate state variable, the yield function, and the viscoelastic and visco-
plastic criteria (see Table 1) are derived as:

• stress tensor linearization:

dr ¼ @r

@D
dDþ @r

@�
: d�þ @r

@�vp
: d�vp þ @r

@�vi
: d�vi

¼ BedDþ B
d : d�� B

d : d�vp � B
d :
XNv

j¼1

d�vj

¼ BeKDdrþ B
d : d�� B

d : Kvpdr� B
d :
XNv

j¼1

d�vj

¼ Bpdrþ B
d : d�� B

d :
XNv

j¼1

d�vj (48)

with

Be ¼ �C
e : �� �vp �

XNv

j¼1

�vj

0
@

1
A (49)

B
d ¼ 1�Dð ÞCe (50)

Bp ¼ BeKD � B
d : Kvp: (51)

• viscoelastic conjugate state variable linearization:

drvi ¼ @rvi

@r
: drþ @rvi

@�vi
: d�vi þ @rvi

@D
dD

¼ dr� 1�Dð ÞCvi : d�vi þ C
vi : �vidD

¼ Bpdrþ B
d : d�� B

d :
XNv

j¼1

d�vj � 1�Dð ÞCvi : d�vi þ C
vi : �viKDdr

¼ B
d : d�þ Bwidr� B

h : d�vi � B
d :

XNv

j¼1 j6¼ið Þ
d�vj (52)

with

Bwi ¼ Bp þ C
vi : �viKD (53)
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B
h ¼ B

d þ 1�Dð ÞCvi: (54)

• yield function linearization:

df ¼ @f

@r
: drþ @f

@r
drþ @f

@D
dD

¼ fr : drþ frdrþ fDdD (55)

with

fr ¼ Kvp ¼ @f

@r
¼

ffiffiffi
3

p
r0

2ð1�DÞ ffiffiffiffiffi
J2

p (56)

fr ¼ @f

@r
¼ HpHmr

Hp�1 (57)

fD ¼ @f

@D
¼ req

1�Dð Þ2 : (58)

Substituting equation (48) into equation (55) yields:

df ¼ Kvp : Bpdrþ B
d : d�� B

d :
XNv

j¼1

d�vj

0
@

1
Aþ frdrþ fDKDdr

¼ Kvp : B
d : d�� B

d :
XNv

j¼1

d�vj

0
@

1
Aþ Bmdr (59)

where

Bm ¼ Kvp : B
p þ fDKD þ fr: (60)

• viscoelastic criterion linearization:

d/vi ¼ @/vi

@rvi
: drvi þ @/vi

@�vi
: d�vi þ @/vi

@D
dD

¼ 1

1�D
V

við Þ�1
: drvi � 1

Dt
d�vi þ 1

1�Dð Þ2 V
við Þ�1

: rvidD:
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Substituting equation (52) into the above equation yields:

d/vi ¼ 1

1�D
V

við Þ�1
: B

d : d�þ Bwidr� B
h : d�vi � B

d :
XNv

j¼1 j6¼ið Þ
d�vj

0
@

1
A

� 1

Dt
d�vi þ 1

1�Dð Þ2 V
við Þ�1

: rviKDdr

¼ 1

1�D
V

við Þ�1
: B

d : d�� B
d :

XNv

j¼1 j6¼ið Þ
d�vj

0
@

1
A� B

vi : d�vi � Bgidr (61)

with

B
vi ¼ 1

1�D
V

við Þ�1
: Bh þ 1

Dt
I (62)

Bgi ¼ � 1

1�D
V

við Þ�1
: Bwi � 1

1�Dð Þ2 V
við Þ�1

: rviKD: (63)

• viscoplastic criterion linearization:

d/vp ¼ @/vp

@f
dfþ @/vp

@r
dr

¼ X�df� dr
Dt

(64)

with

X� ¼ 1

Pvp

fþ jfj
2Rvp

 !P�1
vp �1

1þ sgnðfÞ
2Rvp

: (65)

Substituting equation (59) into equation (64) yields:

d/vp ¼ X� Kvp : B
d : d�� B

d :
XNv

j¼1

d�vj

0
@

1
Aþ Bmdr

2
4

3
5� dr

Dt
: (66)
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Viscoelastic prediction-correction

In this algorithm, the total strain is considered constant (d� ¼ 0). Only the viscoelastic strains

increments, d�vi, are activated and the remaining internal variables are assumed to be constant:

dr ¼ dD ¼ 0; d�vp ¼ 0: (67)

According to (35), the following tensorial equation is derived:

�d/vi ¼ /vi: (68)

Considering equation (67), the viscoelastic prediction-correction equation (68) is obtained as:

A
vi :

XNv

j¼1 j 6¼ið Þ
d�vj þ B

vi : d�vi ¼ /vi (69)

with

A
vi ¼ 1

1�D
V

við Þ�1
: Bd (70)

where can be shown more clearly as:

B
v1

A
v1

A
v1 : : : A

v1

A
v2

B
v2

A
v2 : : : A

v2

A
v3

A
v3

B
v3 : : : A

v3

: : : : : : :
: : : : : : :
: : : : : : :

A
vNv A

vNv A
vNv : : : B

vNv

2
6666666664

3
7777777775

d�v1

d�v2

d�v3

:
:
:

d�vNv

2
6666666664

3
7777777775
¼

/v1

/v2

/v3

:
:
:

/vNv

2
6666666664

3
7777777775
: (71)

Full correction

Once f � 0, the viscoplastic deformation coupled with damage is activated (see section ‘Full cor-

rection’). In order to implement the return mapping, full correction algorithm proposes an iterative

algorithm where the damage and hardening state variable increments are also taken into account.

However, the total strain is constant at each time step, and its increment d� is set to zero. According

to (37), the iterative equations are derived as:

�d/vi ¼ /vi;
�d/vp ¼ /vp;


(72)
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where, using equations (66) and (70), it is expanded to:

A
vi :

XNv

j¼1 j6¼ið Þ
d�vj þ B

vi : d�vi þ Bgidr ¼ /vi;

Avp :
XNv

j¼1

d�vj þ Bsdr ¼ /vp;

8>>>>><
>>>>>:

(73)

where

Avp ¼ X�Kvp : B
d (74)

Bs ¼ � X�Bm � 1

Dt

� �
: (75)

Equation (73) is expanded to its tensorial form as:

B
v1

A
v1

A
v1 : : : A

v1 Bg1

A
v2

B
v2

A
v2 : : : A

v2 Bg2

A
v3

A
v3

B
v3 : : : A

v3 Bg3

: : : : : : : :
: : : : : : : :
: : : : : : : :

A
vNv A

vNv A
vNv : : : B

vNv BgNv

Avp Avp Avp : : : Avp Bs

2
666666666664

3
777777777775

d�v1

d�v2

d�v3

:
:
:

d�vNv

dr

2
666666666664

3
777777777775
¼

/v1

/v2

/v3

:
:
:

/vNv

/vp

2
666666666664

3
777777777775
: (76)

Tangent operators

The finite element solver not only requires defining the stress, but also it demands for updating

tangent operators T
r
� , T

r
unl , T

h
�, and Th

unl at each time step. As already indicated, solely T
r
� and

Th
unl are required by UMAT and HETVAL. Before plastic flow activation, the tangent stiffness

tensor, Tr
� , is defined as the viscoelastic tangent operator by ignoring Dr, and after exceeding the

yield surface, the full tangent operator is requested, in which Dr is taken into account. In this sense,

it is assumed that the nullity of the criteria is satisfied, then the criteria increments are derived as:

D/vi ¼ 1

1�D
V

við Þ�1
: Drvi � 1

Dt
D�vi þ 1

1�Dð Þ2 V
við Þ�1

: rviDD ¼ 0 (77)

D/vp ¼ X�Df� Dr
Dt

¼ X� Kvp : Drþ frDrþ fDKDDr
� �� Dr

Dt
¼ 0: (78)
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Substituting equations (52) and (48) into equations (77) and (78) respectively yields:

D/vi ¼ K6ðiÞ : D�þ
XNv

j¼1

K8ðijÞ : D�vj þ K7ðiÞDr ¼ 0 ; (79)

D/vp ¼ K9 : D�þ
XNv

j¼1

K10 : D�
vj þ K11Dr ¼ 0 (80)

with

K1ðiÞ ¼ 1

1�D
V

við Þ�1
(81)

K2ðiÞ ¼ � V
við Þ�1

: Cvi � I

Dt
(82)

K3ðiÞ ¼ 1

1�D
V

við Þ�1
: Cvi : �viKD þ 1

1�Dð Þ2 V
við Þ�1

: rviKD (83)

K4 ¼ X�Kvp (84)

K5 ¼ X�fr þ X�fDKD � 1

Dt
(85)

K6ðiÞ ¼ K1ðiÞ : Bd (86)

K7ðiÞ ¼ K1ðiÞ : Bp þ K3ðiÞ (87)

XNv

j¼1

K8ðijÞ : D�vj ¼ K2ðiÞ : D�vi �K1 ið Þ : B
d :
XNv

j¼1

D�vj (88)

K9 ¼ K4 : B
d (89)

K10 ¼ �K9 (90)

K11 ¼ K4 : B
p þ K5: (91)

Viscoelastic tangent operator. In order to derive the viscoelastic tangent modulus, Dr is ignored in

equation (79), then D�vi with respect to D� is given as:

D�vi ¼ K
v
T : D� (92)
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with

K
v
T ¼ �

K8 11ð Þ K8 12ð Þ K8 13ð Þ : : : K8 1Nvð Þ
K8 21ð Þ K8 22ð Þ K8 23ð Þ : : : K8 2Nvð Þ
K8 31ð Þ K8 32ð Þ K8 33ð Þ : : : K8 3Nvð Þ

: : : : : : :
: : : : : : :
: : : : : : :

K8 Nv1ð Þ K8 Nv2ð Þ K8 Nv3ð Þ : : : K8 NvNvð Þ

2
6666666664

3
7777777775

�1
K6 1ð Þ
K6 2ð Þ
K6 3ð Þ
:
:
:

K6 Nvð Þ

2
6666666664

3
7777777775
: (93)

The stress increment, Dr, without plastic deformation is given as:

Dr ¼ 1�Dð ÞCe : D��
XNv

i¼1

D�vi
 !

: (94)

Substituting equations (92) into (94) results in:

Dr ¼ 1�Dð Þ C
e �

XNv

i¼1

K
v
T

 !
:|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

T
r
�

D�: (95)

Full tangent operator. Dr and D�vi with respect to D� can be extracted from equations (79) and (80) as:

D�vi

Dr

� �
¼ Xvi

Xr

� �
D� (96)

where

Xv1

Xv2

Xv3

:
:
:

XvNv

Xr

2
666666666664

3
777777777775
¼ �

K8 11ð Þ K8 12ð Þ K8 13ð Þ : : : K8 1Nvð Þ K7 1ð Þ
K8 21ð Þ K8 22ð Þ K8 23ð Þ : : : K8 2Nvð Þ K7 2ð Þ
K8 31ð Þ K8 32ð Þ K8 33ð Þ : : : K8 3Nvð Þ K7 3ð Þ

: : : : : : : :
: : : : : : : :
: : : : : : : :

K8 Nv1ð Þ K8 Nv2ð Þ K8 Nv3ð Þ : : : K8 NvNvð Þ K7 Nvð Þ
K10 K10 K10 : : : K10 K11

2
66666666664

3
77777777775

�1
K6 1ð Þ
K6 2ð Þ
K6 3ð Þ
:
:
:

K6 Nvð Þ
K9

2
66666666664

3
77777777775

(97)

Substituting equation (96) into equation (48) yields:

Dr ¼ Bp � Xr þ B
d � B

d :
XNv

j¼1

Xvj

0
@

1
A

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
T
r
�

: D� : (98)
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