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Abstract

In the context of strain gradient plasticity (SGP), description of higher-order dissipation is the subject of ex-
tensive on-going discussions. In most existing SGP theories including thermodynamically-consistent higher-
order dissipation, higher-order dissipative processes are described based on the decomposition of the higher-
order stresses into recoverable and unrecoverable parts. This higher-order stress decomposition represents
the basis of the so-called non-incremental (Gurtin-type) SGP theories, which are the most commonly used
in the literature. As formulated, these theories satisfy the thermodynamic requirement of non-negative dis-
sipation. However, they generally lead to unusual effects for some boundary value problems, such as the
occurrence of elastic gaps under non-proportional loading conditions. The present work proposes an al-
ternative way to describe higher-order dissipative effects, with an illustration within strain gradient crystal
plasticity (SGCP) framework. Inspired by rheological models in series like Maxwell model, the higher-order
stress decomposition is replaced by a decomposition of the plastic slip gradients into recoverable and un-
recoverable parts. Effects of this decomposition technique are studied and compared with those obtained
using higher-order stress decomposition. Capabilities of such a technique to deal with elastic gaps are also
investigated.

Keywords: Strain gradient plasticity, crystal plasticity, size effects, internal length scales, higher-order
recoverable effects, higher-order dissipative effects, elastic gaps

1. Introduction

Size effects in metals have been revealed by several small scale experiments (Fleck et al., 1994; Ma et al.,
2012; Sarac et al., 2016; Dahlberg et al., 2017). More specifically, an increase in hardening and/or strength-
ening have been observed when deceasing the geometrical size in the size range between a few hundreds
of nanometers and a few tens of micrometers. These effects can be explained by the so-called geometri-
cally necessary dislocations (GNDs) which are associated with nonuniform plastic straining (Ashby, 1970).
To overcome limitations of conventional plasticity theories in capturing such effects, Aifantis (1984, 1987)
has proposed in a pioneering work a strain gradient plasticity (SGP) theory, in which a plastic strain gra-
dient term is added to the conventional yield function. Motivated by the interesting features of this the-
ory, numerous SGP models have been developed over the last three decades for both single- and poly-
crystal structures. Both lower- and higher-order SGP models can be found in the literature. Lower-order
models preserve the structure of classical plasticity (with conventional stresses, equilibrium equations and
boundary conditions), with the difference that the yield condition includes strain gradient terms (Aifantis,
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1984; Mühlhaus and Alfantis, 1991; Acharya and Bassani, 2000). Although offering a simplified model-
ing framework, these models can yield likely unacceptable behaviors with pathological mesh dependence
for some problems (Niordson and Hutchinson, 2003). Higher-order SGP approaches substantially devi-
ate from conventional plasticity by considering new higher-order stresses and additional equilibrium and
boundary conditions (Fleck and Hutchinson, 1997; Aifantis, 1999; Gurtin, 2002, 2004; Gurtin et al., 2007;
Forest and Aifantis, 2010; Bardella, 2010; Forest and Bertram, 2011; Anand et al., 2012; Cordero et al., 2016;
Forest, 2020; El-Naaman et al., 2019; Jebahi et al., 2020; Jebahi and Forest, 2021; Cai et al., 2021). It is
nowadays widely accepted that higher-order SGP theories offer powerful modeling capabilities, making
them the most commonly used in the literature.

One of the challenging issues related to higher-order SGP theories is how to calculate the additional
higher-order stresses. Inspired by conventional plasticity, in the early higher-order SGP theories, these
stresses are calculated incrementally based on the increments of the plastic gradients. As an example of
such theories, which are known as incremental theories, the approach proposed by Fleck and Hutchinson
(2001) as a generalization of the J2 flow theory can be cited. This approach represents the basis of incre-
mental theories. However, as pointed out by Gudmundson (2004) and Gurtin and Anand (2009), it does
not always satisfy the thermodynamic requirement of non-negative dissipation, unless the nonlocal terms
are dropped. A modified version of this theory in which the higher-order stresses are assumed to be fully
recoverable is proposed by Hutchinson (2012) to ensure its thermodynamic consistency. Although used in
subsequent works to develop thermodynamically-acceptable incremental models (Fleck et al., 2014, 2015;
Nellemann et al., 2017, 2018), the assumption of no higher-order contribution to dissipation does not seem
to rely on physical arguments. Its consistency with the current understanding of dislocation mechanics is
questioned (Fleck and Willis, 2009; Voyiadjis and Deliktas, 2009). As reported by Fleck and Willis (2009),
direct experimental measurement shows that the core energy of dislocations stored during plastic deforma-
tion is much smaller than the plastic work dissipated in dislocation motion. Consequently, both statistically
stored dislocations (SSDs) and geometrically necessary dislocations (GNDs) would contribute more to plas-
tic dissipation than to a change in the free energy. Until now, there exist no thermodynamically-acceptable
recipes for an incremental model capable of modeling higher-order dissipative effects (Fleck et al., 2015).

To overcome limitations of incremental SGP theories in modeling thermodynamically-consistent higher-
order dissipation, non-incremental (Gurtin-type) approaches have been developed (Gurtin, 2004; Gurtin et al.,
2007). In these approaches, the higher-order stresses are decomposed into recoverable (also called energetic)
and unrecoverable (also called dissipative) parts. To satisfy the requirement of non-negative dissipation, the
dissipative (unrecoverable) higher-order stresses are directly expressed in terms of increments of the plas-
tic gradients. Thanks to their interesting features, Gurtin-type SGP models have received a lot of attention
in recent years, and numerous variations of such models have been developed for single- and poly-crystal
structures (Gurtin, 2008; Gurtin and Anand, 2009; Bardella and Panteghini, 2015; Wulfinghoff et al., 2015;
Wulfinghoff and Böhlke, 2015; Panteghini and Bardella, 2018; Martínez-Pañeda et al., 2019; Jebahi et al.,
2020; Cai et al., 2021). An overview of key Gurtin-type theories can be found in Voyiadjis and Song (2019,
2020). As formulated, such theories allow for considering thermodynamically-consistent higher-order dissi-
pation. However, they may lead to unusual phenomena under certain conditions, like the occurrence of elastic
gaps under non-proportional loading conditions (Hutchinson, 2012; Fleck et al., 2014, 2015). As pointed out
by Fleck et al. (2015), non-incremental theories including higher-order dissipation always generate elastic
gaps for some boundary value problems. The existence of such gaps in reality is often questioned, as they
reflect a finite change in the higher-order stresses after an infinitesimal change in the plastic strain gradients.

In the absence of experimental works studying the physical nature of elastic gaps, next generation of
gradient-enhanced models allowing for removing such gaps while including thermodynamically-consistent
higher-order dissipation would be very useful. In this context, Panteghini et al. (2019) have recently pro-
posed a phenomenological SGP model based on a particular definition of the free energy density as a sum of
elementary quadratic plastic strain gradient functions that become linear at different threshold values. This



model has been applied by Panteghini and Bardella (2020) to simulate the cyclic response of poly-crystal
micro-sized copper wires. Good results have been obtained which compare favorably with the experimental
results of Liu et al. (2013). However, a large number of elementary quadratic functions are generally required
to obtain satisfactory results. To simplify identification of the associated parameters, a robust calibration pro-
cedure has been proposed by the authors (Panteghini et al., 2019; Panteghini and Bardella, 2020). Using an
original multiple kinematic decomposition of the Nye’s tensor (Nye, 1953) into recoverable and recover-
able parts, the phenomenological model of Panteghini et al. (2019) is the only existing gap-free model that
is capable of reproducing thermodynamically-consistent higher-order dissipation (Panteghini et al., 2019;
Bardella, 2021). It is worth mentioning that kinematic decomposition techniques have already been dis-
cussed in several works on generalized continua, including Cosserat (de Borst, 1993; Forest et al., 1997;
Forest and Sievert, 2003), micromorphic (Forest and Sievert, 2003; Forest, 2009; Regueiro, 2010) and strain
gradient (Gologanu et al., 1997; Fleck and Hutchinson, 1997) continua. In the context of strain gradient plas-
ticity, this kind of decomposition has only been discussed using phenomenological theories (Forest and Sievert,
2003; Forest, 2020; Panteghini et al., 2019). To the best of the authors knowledge, no application to SGCP
exists in the literature. In the present work, an alternative application of this kind of decomposition is
proposed to describe recoverable and unrecoverable higher-order effects, with an illustration within SGCP
framework. As a generalization of the displacement gradient decomposition, which is widely used in con-
ventional small deformation plasticity, the higher-order stress decomposition classically used in Gurtin-type
models is replaced by a decomposition of the plastic slip gradients into recoverable (non-dissipative) and
unrecoverable (dissipative) parts. An in-depth investigation of the proposed kinematic decomposition and
its effects on the response of single-crystal materials is conducted in this paper. As will be seen later, the
developed SGCP model based on this decomposition represents the first gradient-enhanced single-crystal
model that includes higher-order dissipation and systematically avoids elastic gaps.

After the present introduction, the present paper is organized as follows. Section 2 presents the main fea-
tures of the proposed SGCP model, based on the decomposition of the plastic slip gradients into recoverable
and unrecoverable parts. This model is developed assuming generalized non-quadratic defect energy and un-
coupled dissipation. Section 3 discusses the implementation of a simplified two-dimensional (2D) version of
the proposed SGCP model. This version is used to investigate, in a simple manner, the effects of the implied
dissipative constitutive parameters on the global response of a crystalline strip subjected to proportional and
non-proportional shear loading conditions. Results of this investigation are presented in Section 4. A com-
parison with the Gurtin-type SGCP model of Jebahi et al. (2020), which is based on classical higher-order
stress decomposition, is also given in Section 4. Finally, Section 5 presents some concluding remarks.

2. Strain gradient crystal plasticity (SGCP) model based on plastic slip gradient decomposition

2.1. Single crystal kinematics

Let u (x, t) denotes the displacement at time t of an arbitrary material point identified by x in a subregion
V of the studied continuum. Within small deformation framework, the displacement gradient ∇u can be
additively decomposed as follows:

∇u = He +Hp (1)

where He and Hp represents respectively the elastic distortion, due to stretch and rotation of the underlying
lattice, and the plastic distortion, due to plastic flow. Their symmetric parts define the elastic and plastic
strain tensors, and their skew-symmetric parts give the elastic and plastic rotation tensors:

εe =
1

2

[
He +H

T
e

]
, εp =

1
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Hp +H

T
p

]
, ωe =
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T
p

]
(2)



In single-crystal plasticity, the plastic distortion rate tensor can be expressed as:

Ḣp =

q
∑

α=1

γ̇α [sα � m
α] (3)

where γ̇α, sα and m
α are respectively the plastic slip rate, the unit slip direction and the unit slip-plane

normal associated with slip system α, q is the total number of slip systems, and “�” is the tensor product
operator. Therefore, the plastic strain rate tensor ε̇p can be written as:

ε̇p =

q
∑

α=1

γ̇αPα (4)

with P
α the symmetrized Schmid tensor associated with slip system α:

P
α =

1

2
(sα � m

α +m
α

� s
α) (5)

2.2. Balance equations

In the considered gradient-enhanced continuum, both displacement and plastic slip fields are considered
as primary variables. Therefore, application of the principle of virtual power (Germain, 1973; Forest and Aifantis,
2010; Forest and Bertram, 2011) leads to two kinds of balance equations. Assuming static case with no
body forces, the macroscopic balance equations and the associated boundary conditions can be expressed as
(Gurtin et al., 2007):

{
∇ · σ = 0 in V
σ · n = t on S

(6)

where σ represents the classical macroscopic Cauchy stress tensor, t is the macroscopic traction force acting
on the boundary S of the considered subregion V , and n is the outward unit normal to S . The microscopic
counterparts can be obtained as (Gurtin et al., 2007):

{
τα +∇ · ξα − πα = 0 in V

ξα · n = χα on S
(7)

where τα is the resolved shear stress on slip system α, πα is a microscopic stress scalar defined on slip
system α (work-conjugate to γα), ξα is a microscopic stress vector defined on slip system α (work-conjugate
to ∇γα), χα is a microscopic traction force for slip system α acting on S . In what follows, the symbol κα

is used to denote the plastic slip gradient associated with slip system α (κα = ∇γα).

2.3. Basis of the proposed SGCP model: comparison with classical Gurtin-type SGCP models

The present subsection details the general theoretical formulation of the proposed SGCP model, based
on the decomposition of the plastic slip gradients into recoverable and unrecoverable parts. For comparison
purposes, the main features of classical Gurtin-type SGCP models (Gurtin et al., 2007, 2010; Yalçinkaya,
2016; Jebahi et al., 2020) are first reviewed. As in the latter models, the power density of internal forces in
the present one is given by:

pint = σ : ε̇e +

q
∑

α=1

πα γ̇α +

q
∑

α=1

ξα · κ̇α (8)

and the dissipation inequality (also called free energy imbalance or simply entropy imbalance) can be written
in local form as:

pint − ψ̇ ≥ 0 (9)

with ψ the Helmholtz free energy volume density. Differences between the present and classical Gurtin-type
SGCP models lie in the definition and arguments of this density.



2.3.1. Classical Gurtin-type SGCP models

The free energy density involved in classical Gurtin-type SGCP models is generally assumed to be a
function of the elastic strain tensor, the plastic slips and their gradients (Gurtin et al., 2007, 2010; Yalçinkaya,
2016; Jebahi et al., 2020):

ψ = ψ (εe, γ, κ) (10)

with γ =
(
γ1, γ2, ..., γq

)
and κ =

(
κ1, κ2, ..., κq

)
the vectors of the plastic slips and their gradients.

Using this expression, the dissipation inequality (9) can be written in a more explicit form as:

(

σ −
∂ψ

∂εe

)

: ε̇e +

q
∑

α=1

(

πα −
∂ψ

∂γα

)

γ̇α +

q
∑

α=1

(

ξα −
∂ψ

∂κα

)

· κ̇α ≥ 0 (11)

The macroscopic stress σ is generally assumed to be recoverable:

σ =
∂ψ

∂εe
(12)

and the microscopic stresses can be divided into recoverable and unrecoverable (dissipative) parts:

πα = παr + παd and ξα = ξαr + ξαd (13)

with the recoverable parts determined as:

παr =
∂ψ

∂γα
and ξαr =

∂ψ

∂κα
(14)

The residual dissipation can then be written as:

q
∑

α=1

παd γ̇
α +

q
∑

α=1

ξαd · κ̇α ≥ 0 (15)

Note that ξαd , which characterizes the dissipative microscopic forces associated with the motion of dislo-
cations within the slip plane α, is required to be tangent to this plane. Therefore, the plastic slip gradient
rate κ̇α in the above inequality can be replaced, without loss in generality, by its corresponding tangential
gradient rate defined by:

κ̇αt = (sα · κ̇α) sα + (lα · κ̇α) lα (16)

where l
α = m

α × s
α represents the line direction of the dislocation distribution in slip system α, and “×”

denotes the cross product operator. To satisfy (15), παd and ξαd can be described using simple rate-dependent
constitutive relations in the form:

παd = SαR (ėα)
γ̇α

ėα
and ξαd = SαR (ėα)

κ̇αt

ėα
(17)

where Sα is a strictly positive stress-dimensional internal state variable characterizing the dissipative slip
resistance on slip system α, R is a rate-sensitivity function, and ėα is an effective plastic slip rate measure
calculated based on the plastic slip and plastic slip gradient rates associated with slip system α. To provide
more flexibility in controlling first- and higher-order dissipative processes, two independent effective plastic
slip rate measures are used in Jebahi et al. (2020) to calculate παd and ξαd (the first- and higher-order dissipa-
tive effects are assumed to be uncoupled). The above forms of παd and ξαd tacitly assume zero activation stress



for initiation of inelastic deformation. This makes it possible to avoid numerical issues related to the iden-
tification and treatment of activated slip systems. As done in some works (Yalçinkaya, 2016; Jebahi et al.,
2020), παd and ξαd can also be determined based on dissipation pseudo-potentials. To ensure the requirement
of non-negative dissipation, it is sufficient that these pseudo-potentials are non-negative and convex in γ̇α

and κ̇α (Šilhavý, 1997).
As formulated, classical Gurtin-type SGCP models Gurtin et al. (2007) satisfy the requirement of non-

negative dissipation. However, they generally lead to unusual phenomena under certain conditions, like the
occurrence of elastic gaps under non-proportional loading conditions (Hutchinson, 2012; Fleck et al., 2014,
2015). For more details about these models, the reader is referred to the original paper of Gurtin et al. (2007).

2.3.2. Proposed SGCP model

As a generalization of the displacement gradient decomposition (1), which is widely used in conventional
small deformation plasticity, the higher-order stress decomposition used in classical Gurtin-type SGCP mod-
els is replaced by a decomposition of the plastic slip gradients κα into recoverable (non-dissipative) κα

r and
unrecoverable (dissipative) κα

d parts:

κα = κα
r + κα

d (18)

Compared to the model of Panteghini et al. (2019), which is based on multiple decomposition of the primal
kinematic higher-order fields, only one decomposition is applied to each slip system. This decomposition im-
plies the existence of a similar decomposition for the GND densities, which are given by (Arsenlis and Parks,
1999):

ρα
⊢
= −s

α · κα and ρα⊙ = l
α · κα (19)

where ρα
⊢

and ρα⊙ are edge and screw dislocation densities associated with slip system α. Considering (18),
these densities can be split into recoverable and unrecoverable parts:

{
ρα
⊢
= ̺α

⊢
+ ηα

⊢
with ̺α

⊢
= −s

α · κα
r and ηα

⊢
= −s

α · κα
d

ρα⊙ = ̺α⊙ + ηα⊙ with ̺α⊙ = l
α · κα

r , and ηα⊙ = l
α · κα

d

(20)

Unlike in classical Gurtin-type SGCP models, only the recoverable parts of the plastic slip gradients, or
equivalently the recoverable parts of the GND densities, are involved in the definition of the free energy
density associated with the present model:

ψ = ψ (εe, γ, κr) (21)

where κr =
(
κ1
r, κ

2
r , ..., κ

q
r

)
denotes the vector of all the recoverable parts of the plastic slip gradients.

Using this definition, the dissipation inequality (9) becomes:

(

σ −
∂ψ

∂εe

)

: ε̇e +

q
∑

α=1

(

πα −
∂ψ

∂γα

)

γ̇α +

q
∑

α=1

(

ξα −
∂ψ

∂κα
r

)

· κ̇α
r +

q
∑

α=1

ξα · κ̇α
d ≥ 0 (22)

As in classical Gurtin-type SGCP models, the macroscopic stress σ is assumed to be recoverable:

σ =
∂ψ

∂εe
(23)

and the first-order microscopic stresses can be divided into recoverable and dissipative parts:

πα = παr + παd (24)



with the recoverable parts given by:

παr =
∂ψ

∂γα
(25)

In the present model, the higher-order dissipation is modeled through the dissipative parts of the plastic slip
gradients. Therefore, unlike classical Gurtin-type SGCP models, the higher-order microscopic stresses are
considered as recoverable:

ξα =
∂ψ

∂κα
r

(26)

Using the above constitutive assumptions, the residual dissipation becomes:

q
∑

α=1

παd γ̇
α +

q
∑

α=1

ξα · κ̇α
d ≥ 0 (27)

Here, the higher-order dissipation is given by ξα · κ̇α
d instead of ξαd · κ̇α in the dissipation inequality (15)

associated with classical Gurtin-type SGCP models. As in the latter models, tangential higher-order stresses
are considered in this work (i.e., ξα is considered to be tangent to the slip plane α, for any α). Following
Jebahi et al. (2020), first- and higher-order dissipative effects are assumed to be uncoupled and described
using independent effective plastic slip measures. By doing so, the two terms of the above residual dissipation
(27) can be treated separately. To ensure non-negative first-order dissipation (παd γ̇

α ≥ 0), the first-order
dissipative stresses can simply be described using rate-dependent constitutive laws similar to those used in
conventional CP:

παd = Sα
π R (ėαπ)

γ̇α

ėαπ
with ėαπ = |γ̇α| (28)

where Sα
π > 0 is a stress-dimensional slip resistance associated with slip system α. This variable is re-

ferred to hereafter as first-order slip resistance. Concerning the higher-order dissipation, special treatment
is required as no higher-order dissipative stresses are explicitly considered. In this work, the higher-order
dissipation is accounted for by constraining the evolution of the recoverable higher-order stresses. Within
rate-independent framework, this can be done by assuming the existence of higher-order yield functions
defined in the higher-order stress space as:

fα = ξαeq − Sα
ξ ld (29)

where Sα
ξ ≥ 0 is a stress-dimensional slip resistance associated with slip system α, referred to hereafter as

higher-order dissipative slip resistance, ld is a dissipative length scale, and ξαeq is the equivalent higher-order
stress associated with slip system α, defined by (note that ξα is tangent to the slip plane α):

ξαeq =

√

(sα · ξα)2 + (lα · ξα)2 = ‖ξα‖ (30)

Non-negative higher-order dissipation (ξα · κ̇α
d ≥ 0) can be satisfied by assuming normality-like flow rules

for κ̇α
d :

κ̇α
d =

κ̇αd
ld

∂fα

∂ξα
=
κ̇αd
ld

ξα

ξαeq
with κ̇αd = ‖ld κ̇

α
d‖ (31)

It can verified that κ̇α
d is also tangent to the slip plane α. Using this rate-independent framework, special

techniques are required to deal with numerical issues related to the identification and treatment of the higher-
order activated slip systems (i.e., systems for which the higher-order yield condition is fulfilled). To avoid



these issues, the higher-order yield functions can be replaced by simple rate-dependent constitutive equations
for ξαeq in the form:

ξαeq = Sα
ξ ldR (κ̇αd ) with κ̇α

d =
κ̇αd
ld

ξα

ξαeq

This option is adopted in the present work to model the higher-order dissipation. It should be noted that
the description of the higher-order dissipation within the higher-order stress space (i.e., by constraining the
evolution of the higher-order stresses) is different from that proposed in Panteghini et al. (2019) which is
given in the higher-order strain space (i.e., by constraining the evolution of the primal kinematic higher-
order fields). The description proposed in the present work allows for considering more naturally dissipative
(isotropic-like) higher-order hardening as in conventional plasticity theories.

2.4. Constitutive laws

In the previous subsection, the theoretical formulation of the proposed SGCP model is discussed using
general form of the free energy density. The present subsection aims at deriving specific constitutive laws
for the macroscopic and microscopic stresses involved in the balance equations [(6)1 and (7)1], assuming a
particular form of the free energy density close to that used in Jebahi et al. (2020).

2.4.1. Constitutive laws for the recoverable stresses

Inspired by Jebahi et al. (2020), the free energy density ψ adopted in this work is assumed to be the sum
of a quadratic elastic energy density ψe, only depending on εe, and a power-law defect energy density ψp,
only depending on the recoverable parts of the GND densities:

ψ (εe, ̺
α) = ψe (εe) + ψp (̺

α)

= 1

2
εe : C : εe +

1

n
X0 l

n
en

q
∑

α=1

[
|̺α⊢|

n +
∣
∣̺α⊙
∣
∣n
] (32)

where C is symmetric positive-definite elasticity tensor, X0 is a constant representing the higher-order non-
dissipative (energetic) slip resistance, len is a non-dissipative (energetic) length scale, and n is an adjustable
order-controlling index (n ≥ 1). The adopted power-law form of the defect energy density has been used
in several gradient-based works (Bayerschen and Böhlke, 2016; Panteghini et al., 2019). The special case of
n = 1 corresponds to the case of non-interacting dislocations with a defect energy density being linear in
the dislocation densities (Ohno and Okumura, 2007; Wulfinghoff et al., 2015). Considering (20), the above
expression of ψ can be rewritten, in a more convenient form, as follows:

ψ (εe, κr) =
1

2
εe : C : εe +

1

n
X0 l

n
en

q
∑

α=1

[|sα · κα
r |

n + |lα · κα
r |

n] (33)

Using this expression, the state laws given by (23), (25) and (26) can be expressed as (see Appendix A):






σ = C : εe
παr = 0

ξα = X0 l
n
en

[

|sα · κα
r |

n−2
s
α ⊗ s

α + |lα · κα
r |

n−2
l
α ⊗ l

α
]

· κα
r

(34)

It can be verified that ξα is tangent to the slip plane α. In rate form, these laws can be written as (see
Appendix A):







σ̇ = C : ε̇e
π̇αr = 0

ξ̇
α

= A
αα · κ̇α

r

(35)



where A
αα is higher-order stiffness matrix associated with slip system α, defined by:

A
αα = (n− 1)X0 l

n
en

[

|sα · κα
r |

n−2
s
α ⊗ s

α + |lα · κα
r |

n−2
l
α ⊗ l

α
]

(36)

2.4.2. Constitutive laws for the dissipative stresses

As suggested by (28), rate-dependent constitutive relations are used to describe the first-order dissipative
stresses:

παd = Sα
π

[
ėαπ
γ̇α
0

]m
γ̇α

ėαπ
with ėαπ = |γ̇α| (37)

where γ̇α
0
> 0 is a constant strain rate representative of the flow rates of interest, m > 0 is a constant

characterizing the rate-sensitivity of the considered material, and Sα
π is the first-order dissipative slip resis-

tance associated with slip system α. To model first-order hardening, the latter variable is assumed to evolve
according to:

Ṡα
π =

q
∑

β=1

hαβπ

(

Sβ
π

)

ėβπ with Sα
π (0) = Sπ0 > 0 (38)

where Sπ0 is the initial first-order dissipative slip resistance assumed to be the same for all slip systems and
h
αβ
π is a first-order hardening function describing the interaction between slip systems α and β. In a similar

manner, rate-dependent constitutive relations are used to describe the evolution of the equivalent higher-order
stresses (ξαeq = ‖ξα‖):

ξαeq = Sα
ξ ld

(
κ̇αd
γ̇α
0

)m

with κ̇αd = ‖ld κ̇
α
d ‖ (39)

where Sα
ξ is the higher-order dissipative slip resistance associated with slip system α. This variable is as-

sumed to be governed by a higher-order hardening relation similar to that used for the first-order counterpart
(Sα

π ):

Ṡα
ξ =

q
∑

β=1

h
αβ
ξ

(

S
β
ξ

)

κ̇
β
d

with Sα
ξ (0) = Sξ0 ≥ 0 (40)

where Sξ0 is the initial higher-order dissipative slip resistance assumed to be the same for all slip systems and

h
αβ
ξ is a higher-order hardening function describing the interaction between slip systems α and β. Finally,

the dissipative plastic slip gradient rates are assumed to obey normality-like flow rules as follows:

κ̇α
d =

κ̇αd
ld

ξα

ξαeq
(41)

Due to the nonlinear dependence between ξα and κ̇α
d , the higher-order microscopic stresses are determined

at the integration points using local backward Euler scheme.

2.5. Reformulation of the microscopic equilibrium equations

When augmented by the constitutive laws of the microscopic stresses, the microscopic balance equation
associated with slip system α (7)1 becomes a flow rule for this system (Gurtin et al., 2007). Using Eq. (34)3,
it can be demonstrated that (see Appendix A):

∇ · ξα = A
αα : ∇κα

r = A
αα : [∇κα −∇κα

d ] (42)



with A
αα given by (36). Substituting (37) and (42) into (7)1, the flow rule for slip system α can be obtained:

τα − (−A
αα : [∇κα −∇κα

d ])
︸ ︷︷ ︸

= Sα
π

[
ėαπ
γ̇α
0

]m
γ̇α

ėαπ
︸ ︷︷ ︸

(I) Backstress (II) Dissipative hardening

(43)

Term (I), being recoverable, represents a backstress, leading to Bauschinger-like hardening effects. Term (II)
represents first-order dissipative hardening effects (reversal of the flow direction γ̇α → −γ̇α simply changes
the sign of this term). Contrary to classical Gurtin-type SG(C)P models (Gurtin et al., 2007), there is no
explicit term representing higher-order dissipative hardening effects. These effects are implicitly considered
with the help of the dissipative plastic slip gradients, which constrain the evolution of the backstresses.

3. Simplified two-dimensional version of the proposed SGCP model and numerical implementation

In this section, a simplified two-dimensional (2D) version of the proposed SGCP model is derived and
implemented to study, in a simple manner, the influence of the involved higher-order dissipative parameters
on the global response of materials.

3.1. Simplified 2D SGCP model

The 2D model is formulated assuming plane strain conditions in the plane (e1, e2) and considering only
planar slip systems verifying:

s
α · e3 = 0, m

α · e3 = 0, s
α ×m

α = −l
α = e3 (44)

with the plastic slips γα independent of x3. In this case, the plastic slip gradients ∇γα lie in the plane
(e1, e2) and the screw dislocations vanish:

ρα⊙ = l
α ·∇γα = −e3 ·∇γα = 0 (45)

Prior to activation of the higher-order dissipation, it can be verified from Eq. (34)3 that the higher-order
microscopic stresses also lie in the plane (e1, e2). Therefore, one can reasonably admit that the recoverable
and unrecoverable parts of the plastic slip gradients develop in this plane:

̺α⊙ = l
α · κα

r = 0, and ηα⊙ = l
α · κα

d = 0 (46)

Ignoring the crystalline elastic anisotropy, the macroscopic and microscopic stresses involved in the simpli-
fied two-dimensional SGCP model can be expressed as:

σ = λ tr (ε− εp) I+ 2µ (ε− εp)

πα = Sα
π

[
ėαπ
γ̇α
0

]m
γ̇α

ėαπ

ξα = X0 l
n
en

[

|sα · (κα − κα
d )|

n−2
s
α ⊗ s

α
]

· (κα − κα
d )

(47)

with:

ξαeq = Sα
ξ ld

(
κ̇αd
γ̇α
0

)m

ε̇p =

q
∑

α=1

γ̇αPα

κ̇α
d =

κ̇αd
ld

ξα

‖ξα‖

(48)



and λ and µ the Lamé elastic moduli. For simplicity, the first- and higher-order slip resistances Sα
π and Sα

ξ

are assumed to evolve linearly with the first- and higher-order effective plastic slip measures:

Ṡα
π =

q
∑

β=1

Hπ ė
β
π with Sα

π (0) = Sπ0 > 0, Hπ = constant ≥ 0

Ṡα
ξ =

q
∑

β=1

Hξ κ̇
β
d with Sα

ξ (0) = Sξ0 ≥ 0, Hξ = constant ≥ 0

(49)

3.2. Numerical implementation

Let δu̇ and δγ̇ be virtual fields kinematically admissible to 0 on the portions of the studied domain
boundary on which Dirichlet (essential) boundary conditions are applied. The weak forms of the macro-
scopic and microscopic balance equations, i.e., (6)1 and (7)1, can be written as:

Gu =

∫

V

δε̇ : σ dv −

∫

St

δu̇ · t ds

Gγ =

q
∑

α=1

∫

V

∇δγ̇α · ξα dv +

q
∑

α=1

∫

V

δγ̇α πα dv −

q
∑

α=1

∫

V

δγ̇α τα dv −

q
∑

α=1

∫

Sα
χ

δγ̇α χα ds
(50)

where St and Sα
χ are respectively the portions of the studied domain boundary on which macroscopic and

microscopic traction forces, respectively denoted by t and χα, are imposed. These weak forms are solved
numerically using finite element method. To this end, a User-ELement (UEL) subroutine is implemented
in ABAQUS/Standard, with the displacement and plastic slip fields (u and γα) considered as degrees of
freedom. A finite element employing eight-noded u-interpolation, four-noded γα-interpolation and 2 × 2
Gauss integration is considered. In this element, the displacement and plastic slip fields are approximated
as:

ui (x1, x2) =
8∑

k=1

Nu
k (x1, x2) U

k
i , γα (x1, x2) =

4∑

k=1

N
γ
k (x1, x2) Γ

α
k (51)

where Uk
i and Γα

k are respectively the nodal values of the displacement component ui and the plastic slip
γα, and Nu

k and Nγ
k are the associated interpolation (shape) functions. The aforementioned weak forms can

then be approximated in matrix form within a representative finite element as follows:

Ge
u =

(

δU̇
e
)T

·

(
∫

Ve

BT

u
· σ dv −

∫

Se
t

NT

u
· t ds

)

Ge
γ =

(

δΓ̇
e
)T

·

(
∫

Ve

BT

γ
· ξ dv +

∫

Ve

NT

γ
· π dv −

∫

Ve

NT

γ
· τ dv −

∫

Se
χ

NT

γ
· χds

) (52)

where σ, π and ξ are vector representations of the macroscopic and microscopic stresses associated with all
slip systems, τ is a vector containing the resolved shear stresses on all slip systems, t is the macroscopic
traction vector, χ is a vector containing the microscopic traction scalars associated with all the slip systems,
N

u
and B

u
are interpolation and gradient matrices associated with the displacement field, and N

γ
and B

γ

are interpolation and gradient matrices associated with the plastic slip fields. The principle of generalized
virtual power implies that Ge

u and Ge
γ are zero for any virtual variations of the element nodal variables δU̇

e

and δΓ̇
e
, which yields:

Re
u =

∫

Ve

BT

u
· σ dv −

∫

Se
t

NT

u
· t ds = 0

Re
γ =

∫

Ve

BT

γ
· ξ dv +

∫

Ve

NT

γ
· π dv −

∫

Ve

NT

γ
· τ dv −

∫

Se
χ

NT

γ
· χds = 0

(53)



These equations are linearized with respect to the variations of the element nodal variables U e and Γe, which
results in an elementary system of equations that can be presented in matrix form as:

[

Ke
uu

Ke
uγ

Ke
γu

Ke
γγ

] [
∆U e

∆Γe

]

=

[
−Re

u

−Re
γ

]

(54)

with:

Ke

uu
=
∂Re

u

∂U e , Ke

uγ
=
∂Re

u

∂Γe , Ke

γu
=
∂Re

γ

∂U e , Ke

γγ
=
∂Re

γ

∂Γe (55)

The overall elementary systems are assembled to obtain the global system of equations which is solved
using Newton-Raphson iterative scheme. At each iteration, updated values of displacement and plastic slip
increments (∆U and ∆Γ, respectively) are obtained and used to solve numerically the constitutive equations
at the Gauss points (Alg. 1).

4. Parametric study and numerical results

To investigate the influence of the major constitutive parameters involved in the proposed SGCP model,
the simplified 2D version of this model is applied to simulate simple shear tests. A 2D crystalline strip
having infinite width in e1 direction and height h in e2 direction is considered, with two active slip systems
symmetrically oriented with respect to e1 direction (θ1 = −θ2 = 60°), as illustrated in Fig. 1. The associated
numerical sample consists of 1 × 100 finite elements (quadratic displacements and linear plastic slips) with
periodic boundary conditions imposed on its left (x1 = 0) and right (x1 = w) edges:

ui (0, x2, t) = ui (w, x2, t) , for i = 1, 2 ∀ x2
γα (0, x2, t) = γα (w, x2, t) , for α = 1, 2 ∀ x2

(56)

The bottom edge (x2 = 0) is macro-clamped and the top edge (x2 = h) is submitted to a cycle of loading-
unloading displacement in e1 direction:

u1(x1, 0, t) = u2(x1, 0, t) = 0, u1(x1, h, t) = hΓ (t) , and u2(x1, h, t) = 0 ∀ x1 (57)

where Γ is the prescribed shear strain (0 → 0.01 → −0.01 → 0.01). In order to establish proportional
and non-proportional loading conditions, which are necessary to better investigate certain gradient effects,
three cases of microscopic (slip) boundary conditions are also considered on the top and bottom edges:
proportional loading, one-side non-proportional loading and two-side non-proportional loading. In the first
case, both edges are passivated over the entire simulation:

γα(x1, 0, t) = γα(x1, h, t) = 0, for α = 1, 2 ∀ x1 (58)

In the case of one-side non-proportional loading, the bottom edge is passivated over the entire simulation
and the top edge is kept micro-free until prescribed shear strain Γ = 0.005 and then passivated until the end
of the simulation:

γα(x1, 0, t) = 0, γ̇α (x1, h, t > t0) = 0, for α = 1, 2 ∀ x1 (59)

where t0 is the passivation time, i.e., time at which Γ (t0) = 0.005. Finally, in the case of two-side non-
proportional loading, both edges are kept micro-free until prescribed shear strain Γ = 0.005 and then passi-
vated until the end of the simulation:



Algorithm 1 Integration of the constitutive equations at the integration points
Inputs: εe, εp, κα

r , κα
d , ∆u, ∆γα, Sα

π , Sα
ξ , σ, πα, ξα

Compute: ∆ε = [∇ (∆u)]sym, ∆εp =

q
∑

α=1

∆γαPα, ∆εe = ∆ε−∆εp

Compute: εe = εe +∆εe, εp = εp +∆εp
Compute: σ = λ tr (εe) I+ 2µ εe

Do α = 1 to q:

Compute: ∆eαπ = |∆γα|
End do

Do α = 1 to q:

Compute: ∆Sα
π =

q
∑

β

Hπ ∆e
β
π

Compute: Sα
π = Sα

π +∆Sα
π

Compute: πα = Sα
π

[
∆eαπ
∆t γ̇α

0

]m
∆γα

∆eαπ

End do

Initialization:

Do α = 1 to q:

Compute: ∆κα = ∇ (∆γα), ∆κα
r = ∆κα, κα

r = κα +∆κα
r , ∆κα

d = 0, ∆καd = 0
Compute: Aαα = (n− 1) X0 l

n
en |sα · κα

r |
n−2

sα ⊗ sα

Compute: ∆ξα = A
αα ·∆κα

r , ξα = ξα +∆ξα

Compute: Fα = ‖ξα‖
End do

F =
[
F 1, ..., F q

]T

End initialization

While (‖F‖ > ε):

Solve:










∂F 1

∂κ1

d

. . . ∂F 1

∂κ
q

d

. . .

. . .

. . .
∂F q

∂κ1

d

. . . ∂F q

∂κ
q

d










·







δκ1d
.

.

.

δκ
q
d







=







F 1

.

.

.

F q







Do α = 1 to q:

Update: ∆καd , ∆κα
d , κα

d , ∆κα
r , κα

r

Update: ξα, Sα
ξ

Update: Fα = ‖ξα‖ − Sα
ξ ld

(
∆κα

d

∆t γ̇α
0

)m

End do

F =
[
F 1, ..., F q

]T

End while



Fig. 1. Geometrical model for simple shear simulations: 2D crystalline strip with two active slip systems symmetrically oriented
with respect to e1 (θ1 = −θ2 = 60°).

Tab. 1. Material parameters used in this work, inspired by Gurtin et al. (2007).

Material parameter name Symbol Value Unit

First Lamé elastic modulus λ 150 GPa

Second Lamé elastic modulus µ 100 GPa

Reference slip rate γ̇α
0 0.04 s

−1

Rate-sensitivity parameter m 0.01 –

Higher-order energetic slip resistance X0 50 MPa

Initial first-order dissipative slip resistance Sπ0 50 MPa

First-order hardening modulus Hπ 0 MPa

Defect energy index n case study –

Energetic length scale len case study µm

Dissipative length scale ld case study µm

Initial higher-order dissipative slip resistance Sξ0 case study MPa

Higher-order hardening modulus Hξ case study MPa

γ̇α(x1, 0, t > t0) = γ̇α (x1, h, t > t0) = 0, for α = 1, 2 ∀ x1 (60)

Contrary to the last non-proportional loading case, in the case of one-side non-proportional loading, nonuni-
form plastic strain distribution develops within the strip before activation of the non-proportional loading
source (top edge passivation). This allows for a more complete investigation of the higher-order effects un-
der non-proportional loading conditions. The material parameters used in this work are given in Tab. 1, in
which the fixed values are inspired by Gurtin et al. (2007).

4.1. Case of quadratic defect energy

The classical case of quadratic defect energy (n = 2) is first considered to investigate, in a simple
manner, the influence of the higher-order dissipative parameters involved in the proposed model. In this
case, the energetic length scale len only influences the kinematic hardening rate after yielding (Gurtin et al.,
2007; Jebahi et al., 2020). Therefore, this parameter must be carefully chosen to ensure clear activation
of the higher-order dissipative effects in the considered loading range. Indeed, using small rate-sensitivity
parameter m = 0.01, such effects are significantly activated only when the higher-order stresses verify
ξαeq ≥ Sξ0 ld.
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Fig. 2. Simple shear response for different values of the energetic length scale len in the presence of higher-order dissipation (n = 2,
ld/h = 1, Sξ0 = 10MPa, Hξ = 100MPa).

Fig. 2 presents the shear response results in terms of stress-strain curves and plastic shear strain distri-
butions along the strip thickness for different values of len, with dissipative length scale ld = h and initial
higher-order dissipative slip resistance Sξ0 = 10MPa. Results obtained using classical crystal plasticity
(CP) are also presented in this figure, for comparison purposes. Using small len (case of len = 2.5h), al-
most non-dissipative higher-order response is obtained, with only kinematic hardening effects and quadratic
distribution of plastic shear strain along the thickness of the studied strip. However, using large len (case of
len ≥ 5h), two plastic regimes can be distinguished after the initial yielding. Relatively steep-sloped plastic
evolution appears immediately beyond the classical crystal plasticity (CP) yield stress, which is referred to
hereafter as first-order yield stress. Then, an abrupt decrease in the plastic slope is observed at a further
yield stress, corresponding to activation of the higher-order dissipative effects. This yield stress is referred to
hereafter as higher-order yield stress. It should be noted that the obtained two-stage plastic behavior is rather
unusual. This idealized behavior is due to the simplicity of the considered two-dimensional shear sample
with only two symmetric planar slip systems, as well as to the considered set of model parameters with
quadratic defect energy density. Activation of the higher-order dissipation leads to dissipative (isotropic-
like) hardening effects (Fig. 2a). As shown in Fig. 2b, this results in a flattening of the plastic shear strain
distribution and in a reduction of the thickness of the boundary layers, i.e., small regions near the passivated
edges characterized by rapid spatial evolution of the plastic shear strain.

Unless otherwise specified, the energetic length scale len is set equal to len = 10h in the remainder of
the present subsection. This leads to a rapid increase of the higher-order stresses after the first-order yielding,
making it possible to activate the higher-order dissipation in the considered loading range.

4.1.1. Influence of the higher-order dissipative parameters

Effects of the higher-order dissipative parameters, namely the dissipative length scale ld, the initial
higher-order slip resistance Sξ0 and the higher-order hardening parameter Hξ, are investigated hereafter
using proportional shear loading conditions.

Fig. 3 shows the influence of the dissipative length scale ld on the shear response of the considered strip,
for constant Sξ0 = 10MPa and Hξ = 100MPa. It can be observed from the stress-strain curves (Fig. 3a)
that ld affects both the higher-order yield stress, at which the higher-order dissipation is activated, and the
hardening rate after the higher-order yielding. The larger this parameter, the larger are the higher-order yield
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Fig. 3. Simple shear response for different values of the dissipative length scale ld (n = 2, len/h = 10, Sξ0 = 10MPa,
Hξ = 100MPa).

stress and hardening slope. Analysis of the stress-strain curves under reverse loading shows the dissipative
(isotropic-like) nature of the obtained hardening behavior beyond the higher-order yielding. In terms of
plastic shear strain evolution along the strip thickness (Fig. 3b), applying non-zero Sξ0, the dissipative length
scale ld leads to relatively non-smooth profiles, with narrow boundary layers in the vicinity of the passivated
edges and nearly plateau-shaped plastic distribution beyond the layers. As shown in Fig. 3b, increasing
ld results in larger boundary layers. However, outside these layers, the plastic shear strain distributions,
as well as the associated maximum values, seem nearly insensitive to this parameter. It should be noted
that the obtained profiles in Fig. 3b are in accordance with those obtained using the Gurtin-type model of
Jebahi et al. (2020) within comparable higher-order conditions. The latter model is based on the classical
additive decomposition of the higher-order stresses into recoverable and dissipative parts. The proposed
plastic slip gradient decomposition does not seem to influence the manner in which the plastic shear strains
are distributed along the strip thickness.

Fig. 4 presents the effects of the initial higher-order slip resistance Sξ0, for constant dissipative length
scale ld = 0.5h and higher-order hardening parameter Hξ = 100MPa. It can be observed from the stress-
strain results (Fig. 4a) that Sξ0 only influences the higher-order yield stress, with no effects on the hardening
slope after the higher-order yielding. Decreasing Sξ0 makes the higher-order yield stress tend towards the
first-order one, i.e., the classical CP yield stress. Using Sξ0 = 0.01MPa (a small value is actually needed
instead of zero to avoid numerical convergence difficulties), the higher-order dissipation is nearly activated
from the beginning of plasticity (Fig. 4a). In terms of plastic shear strain profiles (Fig. 4b), Sξ0 influences
both the width of the boundary layers and the plastic shear strain plateau value, which increase with de-
creasing Sξ0. By using smaller Sξ0, the dissipative higher-order effects are activated at smaller higher-order
yield stress, leading to lower resistance to plastic flow and then larger plastic shear strain levels with more
regular profile. The case of Sξ0 = 0.01MPa yields nearly quadratic plastic shear strain distribution, whose
form is quite similar to that obtained assuming purely recoverable effects (Gurtin et al., 2007; Jebahi et al.,
2020). In this case, the recoverable and dissipative higher-order effects are activated at the same (first-order)
yield stress, leading to smooth evolution of the microscopic higher-order stresses as when considering only
recoverable effects.

Fig. 5 provides a further comparison between the effects of Sξ0 and ld, for constant higher-order hard-
ening parameter Hξ = 100MPa. Using two combinations of these parameters presenting the same Sξ0 ld
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Fig. 4. Simple shear response for different values of the initial higher-order slip resistance Sξ0 (n = 2, len/h = 10, ld/h = 0.5,
Hξ = 100MPa).

product (e.g., {Sξ0 = 10MPa, ld = 0.5h} and {Sξ0 = 5MPa, ld = h}), the higher-order dissipative ef-
fects are activated at the same higher-order yield point (Fig. 5a). However, beyond this point, different
hardening slopes are obtained, which explain the differences in the associated plastic shear strain distribu-
tions (Fig. 5b). Regardless of the value of Sξ0, the combination with larger ld yields larger hardening rate
after the higher-order yielding. As for the plastic shear strain profiles, independently of the value of ld, the
combination with lower Sξ0 results in larger boundary layers and plastic shear strain plateau value.

Another important parameter conditioning the higher-order dissipation is the higher-order hardening pa-
rameter Hξ (49)2, which is taken as constant in the previous paragraphs (Hξ = 100MPa). Effects of this
parameter are presented in Fig. 6, which is obtained using constant ld = 0.5h and Sξ0 = 10MPa. Con-
sidering the stress-strain results (Fig. 6a), Hξ increases the plastic slope beyond the higher-order yielding.
As shown under reverse loading, this parameter yields dissipative (isotropic-like) hardening behavior. In
terms of plastic shear strain distributions (Fig. 6b), Hξ influences both the width of the boundary layers
and the plastic shear strain plateau value beyond these layers. The smaller the value of Hξ, the smaller are
these width and plateau value. Applying no higher-order hardening (Hξ = 0), the higher-order stresses stop
evolving beyond the higher-order yield point (i.e., when ξαeq = Sξ0 ld). The associated plastic shear strain
distribution (black curve in Fig. 6b), with very narrow boundary layers (their width corresponds to that of a
finite element) and nearly constant plastic shear strain outside them, is close to that obtained using perfect
crystal plasticity. The small differences are caused by the higher-order recoverable effects, which are not
constant over the strip thickness due to the passivation conditions applied on the top and bottom edges.

4.1.2. Size effects in the presence of higher-order dissipation

Effects of the strip height h on the simple shear results are investigated hereafter, for constant higher-
order dissipative parameters (ld = 0.5h, Sξ0 = 10MPa and Hξ = 100MPa). The investigation results are
given in Fig. 7a, with zooming-in on the yielding region.

Contrary to classical Gurtin-type SG(C)P models including higher-order dissipation (Gurtin et al., 2007;
Jebahi et al., 2020), the present model predicts no true elastic gaps at the initial yield. The apparent strength-
ening as a function of h, observed at this yield, is due to two-stage plastic behavior resulting from the compe-
tition between the recoverable and dissipative higher-order effects. As shown in the zoomed-in view of Fig.
7a, the first plastic stage always starts at the same initial yield point, which corresponds to the classical CP
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Fig. 7. Influence of the strip height h on the strip simple shear response (n = 2, len = 100mm, ld = 5mm, Sξ0 = 10MPa,
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Fig. 8. Evolution of the yield stress measured at 0.2% plastic deformation with h: case of no higher-order dissipation (n = 2,
len = 20mm, ld = 0).



yield point, regardless of the strip thickness. The latter parameter only influences the plastic slope after the
initial yielding, during the first plastic stage. Using smaller h, larger plastic slip gradients develop along the
strip thickness, leading to larger higher-order recoverable stresses and steeper plastic evolution. Concerning
the second plastic stage, the geometrical parameter h remarkably influences both the higher-order yield stress
(activation of the higher-order dissipation) and the hardening rate beyond the higher-order yielding. Accord-
ing to Fig. 7b, the higher-order yield stress increases linearly with the reciprocal of h (∝ h−1). The obtained
−1 exponent scaling law is in accordance with the well-known Orowan relation for precipitate size effects.
This law also complies with recent experimental investigations of size effects which show that the size depen-
dence exponent could vary between −1 and −0.5 (De Sansal et al., 2010; Cordero et al., 2016; Jiang et al.,
2019), or also between −1 and −0.2 (Dunstan and Bushby, 2014). It should be noted that, in the absence of
higher-order dissipation (in such a case the proposed model reduces to a classical Gurtin-type SGCP model
with only recoverable higher-order effects), the yield stress measured at 0.2% plastic deformation presents
−2 exponent dependence with h (∝ h−2), as shown in Fig. 8 and discussed in Forest and Guéninchault
(2013).

Results of Fig. 7 show that, using an appropriate choice of the energetic and dissipative length scales,
the proposed model is capable of capturing strengthening-like effects at the beginning of plasticity. Unlike
in classical Gurtin-type SGP theories, these effects are not caused by the occurrence of true elastic gaps at
the initial yield, but by the competition between high-level recoverable effects and softening capabilities of
the dissipative ones.

4.2. Case of non-quadratic defect energy

Results of subsection 4.1 are obtained assuming quadratic defect energy. Although widely used in the
literature (Gurtin, 2002, 2004; Gurtin et al., 2007; Panteghini and Bardella, 2016, 2018; Jebahi and Forest,
2021), the pertinence of this form of defect energy in the context of gradient-enhanced plasticity is ques-
tioned by several authors (Svendsen and Bargmann, 2010; Cordero et al., 2010; Forest and Guéninchault,
2013; Wulfinghoff et al., 2015). The present subsection aims at investigating the effects of the proposed
plastic slip gradient decomposition using less-than-quadratic defect energy (i.e., less-than-two defect energy
index n).

For comparison purposes, the case with no higher-order dissipation is first analyzed (case of ld = 0 in Fig.
9). Using less-than-quadratic defect energy, the simple shear response of the studied strip is characterized
by a rapid increase followed by a rapid decrease in the evolution of the macroscopic shear stress at the
initial yield. This is due to a similar evolution of the higher-order recoverable stresses ξα in the vicinity of
their singularity at zero plastic slip gradients. The obtained effect at the initial yield is often qualified as a
strengthening in the literature (Panteghini and Bardella, 2018; Forest et al., 2019; El-Naaman et al., 2019).
Analysis of the stress-strain response under a complete loading-unloading cycle shows that less-than-two
defect energy index n leads to nonlinear kinematic hardening with inflection points, at which the plastic slip
gradients cross zero (Wulfinghoff et al., 2015; El-Naaman et al., 2019; Jebahi et al., 2020). The obtained
hardening is known as KIII kinematic hardening of Asaro (1975). Effects of the higher-order dissipation on
this hardening behavior is investigated hereafter. Due to the rapid increase of the higher-order stresses at
beginning of plasticity, there is no need for a large len to amplify the high-order recoverable effects. This
parameter is then set equal to len = 1 in the remainder of this subsection.

Fig. 9 presents the effects of the dissipative length scale ld in the case of less-than-quadratic defect
energy (n = 1.5), assuming constant Sξ0 = 10MPa and Hξ = 100MPa. In this figure, the stress-strain
result obtained using ld = 0 (i.e., with no higher-order dissipation) also corresponds to sufficiently large ld,
for which the higher-order dissipation is not activated in the considered loading range. By decreasing ld,
earlier activation of the higher-order dissipation is obtained, after which the plastic behavior is controlled by
the higher-order dissipative effects. This results in a narrower inflection region under reverse loading, which
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Fig. 9. Effects of the dissipative length scale ld in the case of non-quadratic defect energy (n = 1.5, len/h = 1, Sξ0 = 10MPa,
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mirrors the region of the nonlinear increase of the higher-order stresses before activation of the higher-
order dissipation. After the higher-order yielding, classical dissipative (isotropic-like) hardening behavior is
obtained, for which the hardening slope decreases with decreasing ld. As shown in Fig. 10, the width of the
inflection region under reverse loading can also be reduced by decreasing the initial higher-order dissipative
slip resistance Sξ0, which presents similar effects as ld on the activation of the higher-order dissipation.
However, similarly to when decreasing ld, this produces lower global dissipative hardening levels.

Fig. 11 shows the stress-stain shear results for different less-than-two n and constant higher-order dissi-
pative parameters (ld = 0.25h, Sξ0 = 10MPa, Hξ = 100MPa). Smaller n induces a more rapid nonlinear
increase of the higher-order stresses at the beginning of the plasticity. Therefore, smaller evolution zone
is needed to reach the higher-order yield stress, and then to activate the higher-order dissipation. For suffi-
ciently small n (i.e., close to 1), the inflection region becomes nearly invisible, with no unusual effects on the
hardening rate beyond the apparent (higher-order) yield stress. This provides another way for the proposed
SGCP model to reproduce strengthening-like effects at the beginning of plasticity, while obtaining nearly
classical response at the macroscopic scale (i.e., with no apparent inflection regions).

4.3. Comparison with the Gurtin-type model of Jebahi et al. (2020)

The present subsection aims at comparing the proposed plastic slip gradient decomposition with the
higher-order stress decomposition used in classical Gurtin-type gradient theories. To this end, results ob-
tained using the present SGCP model are compared with those obtained using the Gurtin-type SGCP model
presented in Jebahi et al. (2020), considering the proportional and non-proportional shear loading conditions
detailed at the beginning of section 4. Quadratic defect energy (n = 2) is used in this present comparison
study which mainly focuses on the formation of elastic gaps (delays in the plastic flow). Furthermore, the
energetic length scale is set equal to len = 5h. This choice makes it possible to generate sufficient higher-
order recoverable effects, while allowing for an easy distinction between a true elastic gap and a steep-sloped
plastic evolution in the absence of higher-order dissipation.

Starting with the case of proportional loading conditions, Fig. 12 presents the comparison results ob-
tained with and without higher-order dissipation. Ignoring the higher-order dissipative effects (Fig. 12a), the
two models predict exactly the same results. Although not implemented in the same manner, the models are
identical from a theoretical point of view in the case of zero ld. However, quite different results are obtained
when activating the higher-order dissipation (Fig. 12b). The Gurtin-type model predicts an elastic gap at
the initial yield before the beginning of plasticity. Both recoverable and dissipative higher-order effects con-
tribute to the relatively steep-sloped hardening behavior after yielding, as pointed out in Jebahi et al. (2020).
On the contrary, using the present model, two-stage plastic behavior starts at the initial yield, with no elas-
tic gap. During the first plastic stage, only higher-order recoverable effects are involved. The higher-order
dissipation is only activated at the beginning of the second plastic stage, reducing the hardening slope.

Concerning the non-proportional loading conditions, two cases are considered (Fig. 13). In the first
case (one-side non-proportional loading), non-proportional passivation is only applied on the top edge of the
studied strip, while the bottom edge is passivated over the entire simulation. This case allows plastic slip
gradients to develop before activation of the non-proportional loading source. The associated comparison
results are given in Fig. 13a. The Gurtin-type model leads to elastic gaps at both the initial yield and
the occurrence of the non-proportional loading source. The occurrence of the latter source interrupts of
the already initiated plastic flow until the mechanical state (evolving elastically) reaches a new yield point.
This phenomenon, which is widely encountered using Gurtin-type gradient models including higher-order
dissipation, is largely questioned in the literature. Indeed, it reflects a finite change in the higher-order
stresses after an infinitesimal change in the plastic slip gradients. As shown in Fig. 13a, such a phenomenon
is not encountered using the present model, which predicts no elastic gaps neither at the initial yield nor at
the occurrence of the non-proportional loading source. This can be confirmed by the results of the second
non-proportional loading case (two-edge non-proportional loading), where non-proportional passivation is
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(a) Absence of higher-order dissipation (ld/h = 0).
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Fig. 12. Comparison between the present model and the Gurtin-type model of Jebahi et al. (2020) using proportional shear loading
conditions (n = 2, len/h = 5, Sξ0 = 10MPa, Hξ = 100MPa).
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(a) One-side non-proportional shear loading.
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Fig. 13. Comparison between the present model and the Gurtin-type model of Jebahi et al. (2020) using non-proportional shear
loading conditions (n = 2, len/h = 5, ld/h = 0.5, Sξ0 = 10MPa, Hξ = 100MPa).



applied on both the top and bottom edges (Fig. 13b). Although no plastic slip gradients develop during the
first loading stage (prior to the activation of the non-proportional loading source), this case is characterized
by higher plastic slip gradients at the second loading stage, allowing for a better investigation of the formation
of elastic gaps. In the absence of plastic slip gradients, the two models are equivalent and behave as classical
crystal plasticity model. At the occurrence of the non-proportional loading source, contrary to the Gurtin-
type model which leads to an elastic gap, the present model only predicts an increase in the plastic slope,
with no plastic interruption (Fig. 13b).

In the context of classical Gurtin-type models, which are based on higher-order stress decomposition,
the occurrence of elastic gaps under certain loading conditions is due to the presence of higher-order dissi-
pative stresses. To satisfy the requirement of non-negative dissipation, these stresses are generally directly
expressed in terms of plastic slip gradient rates. As a consequence, an infinitesimal change in the plastic slip
gradients can sometimes cause a finite change in these stresses, leading to an abrupt increase of the general-
ized yield surface and then to the formation of elastic gaps. Almost all existing classical Gurtin-type models
including higher-order dissipation lead to elastic gaps for some boundary value problems (Fleck et al., 2015).
In the present work, which is based on plastic slip gradient decomposition, the higher-order dissipation is
accounted for through the dissipative plastic slip gradient parts, while the higher-order stresses are taken
as purely recoverable. This allows for avoiding the phenomenon of elastic gaps (when required), while
considering thermodynamically-consistent higher-order dissipation.

5. Conclusion

A strain gradient crystal plasticity (SGCP) model has been developed in the present paper, based on an
alternative description of the recoverable and dissipative higher-order effects. Instead of using the classical
higher-order stress decomposition, which is widely used in Gurtin-type gradient-enhanced models, kine-
matic decomposition of the plastic slip gradients into recoverable and dissipative parts has been proposed
to describe these effects. Although briefly discussed in some gradient-enhanced works (de Borst, 1993;
Gologanu et al., 1997; Forest et al., 1997; Fleck and Hutchinson, 1997; Forest and Sievert, 2003; Forest,
2009), no in-depth investigation of this decomposition technique exists in the literature, particularly in the
context of SGCP. The present work is complementary to that proposed by Panteghini et al. (2019) using
multiple kinematic decomposition in the context of phenomenological gradient-based theories. To study the
effects of the proposed kinematic decomposition on the response of materials, a simplified two-dimensional
(2D) version of the developed SGCP model has been implemented within Abaqus/Standard, using a User-
ELement (UEL) subroutine. The implementation has been performed assuming generalized non-quadratic
defect energy and rate-dependent framework. The implemented version has been applied to simulate classi-
cal simple shear tests under proportional and non-proportional loading conditions.

The case of quadratic defect energy has first been considered to better investigate the effects of the pro-
posed kinematic decomposition, in the absence of complex nonlinear hardening phenomena. Using non-zero
dissipative length scale ld and initial higher-order dissipative slip resistance Sξ0, two-stage plastic behavior
is obtained after the initial yielding. First, relatively steep-sloped plastic evolution appears beyond the clas-
sical crystal plasticity (CP) yield stress. Then, a significant decrease in the plastic slope is observed at a
further higher-order yield stress, corresponding to activation of the higher-order dissipation. This idealized
two-stage plastic behavior is due to the simplicity of the considered 2D shear sample with only two sym-
metric planar slip systems. The observed higher-order yield stress can be interpreted as an apparent yield
stress and is controlled by ld and Sξ0. It has been shown that this yield stress increases linearly with the re-
ciprocal of the studied strip thickness (∝ h−1), which corresponds to the well-known Orowan relation. The
obtained h−1 scaling law also complies with recent experimental investigations of size effects showing that
the size dependence exponent could vary between −1 and −0.5 (De Sansal et al., 2010; Cordero et al., 2016;
Jiang et al., 2019), or also between −1 and −0.2 (Dunstan and Bushby, 2014). Using very small Sξ0 (with



non-zero ld and Hξ), the higher-order yield stress converges towards the initial yield stress (corresponding
to classical CP). In this case, one-stage plasticity is obtained with the hardening behavior simultaneously
controlled by the recoverable and dissipative higher-order effects. The latter effects lead to classical dissipa-
tive (isotropic-like) hardening, whose slope can be controlled by both the dissipative length scale ld and the
higher-order hardening parameter Hξ .

Introducing the case of non-quadratic defect energy, it is known that this case yields complex nonlinear
kinematic hardening behavior with inflection points under reverse loading. Effects of the proposed kinematic
decomposition on this behavior have been investigated using less-than-two values of the defect energy index
n. Results of this investigation have brought to light interesting features of the higher-order dissipation.
Activation of the higher-order dissipative effects reduces the width of the inflection region under reverse
loading. Using an appropriate choice of ld and Sξ0 with small defect energy index n (i.e., close to 1), even if
clear strengthening effects take place at the initial yield, the inflection phenomenon occurs in a very narrow
(invisible) region, with no unusual effects on the dissipative (isotropic-like) hardening behavior beyond the
apparent (higher-order) yielding. This provides a way for the proposed SGCP model to simulate strengthen-
ing effects, which are confirmed experimentally, while obtaining nearly classical hardening behavior at the
macroscopic scale.

Comparison between results of the proposed SGCP model and the Gurtin-type model of Jebahi et al.
(2020), which is based on classical higher-order stress decomposition, under proportional and non-proportional
loading conditions, shows that the present model allows for avoiding elastic gaps for any boundary condi-
tions, even when considering higher-order dissipation. It is worth mentioning that only the recent phe-
nomenological SGP model of Panteghini et al. (2019) is capable of considering thermodynamically-consistent
higher-order dissipation while systematically avoiding elastic gaps. In the context of gradient-enhanced crys-
tal plasticity, no model providing such capabilities exists in the literature, except for the one proposed in the
present work. Note that the authors’ attitude on the real existence of these gaps is rather agnostic. This
question will be investigated in further work based in particular on specific experimental results. Although
yielding no elastic gaps, the proposed model can predict strengthening-like phenomena thanks to the com-
petition between the recoverable and dissipative higher-order effects.

Acknowledgments

The authors acknowledge the financial support of the French National Research Agency (ANR) under
reference ANR-20-CE08-0010 (SGP-GAPS project).

Appendix A. Higher-order stresses

Appendix A.1. Computation of ξα

The free energy density used in this work is given by:
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The higher-order microscopic stress associated with slip system α, which is assumed to be purely recover-
able, can be deduced from ψ as follows:
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The partial derivative terms in the above expression can be calculated as:
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which leads to:
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Appendix A.2. Computation of ξ̇
α

The rate of the higher-order stress associated with slip system α can be calculated as follows:
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The partial derivative of ξα with respect of κα
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Appendix A.3. Computation of ∇ · ξα

The higher-order stress associated with slip system α, ξα, is only a function of κα
r . Following the same

derivation steps as in Appendix A.2, the divergence of ξα can then be calculated as:

∇ · ξα =
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(A.12)

A
αα is symmetric tensor given by (A.10).
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