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A polycrystalline plasticity model, which incorporates the contribution of deformation twinning, is

proposed. For this purpose, each material point is treated as a composite material consisting of a parent

constituent and multiple twin variants. In the constitutive equations, the twin volume fractions and their

spatial gradients are treated as external state variables to account for the contribution of twin boundaries

to free energy. The set of constitutive relations is implemented in a spectral solver, which allows solving

the differential equations resulting from equilibrium and compatibility conditions. The proposed model is

then used to investigate the behavior of a AZ31 magnesium alloy. For the investigated loading conditions,

the mechanical behavior is mostly controlled by the joint contribution of basal slip and tensile twinning.

Also, according to the numerical results, the development of crystallographic texture, morphological

texture and internal stresses is consistent with the experimental observations of the literature.

Keywords: microstructures, twinning, constitutive behaviour, crystal plasticity, spectral method

1 Introduction

For metallic alloys with a hexagonal close packed (hcp) structure, the mechanical behavior is

impacted by the competition between deformation twinning and crystallographic slip. Indeed, for

such materials, plastic deformation is partly accommodated by mechanical twinning because of

the limited number of easy slip systems.

In contrast with crystallographic slip, which is a rather progressive deformation mechanism,

twinning results in significant and rapid microstructural transformations, even at moderate strains.

For instance, many experimental studies have shown that, depending on loading conditions,

texture development is affected by twinning in the early stages of deformation (Brown et al. 2005;

Jiang et al. 2007; Xu et al. 2009). Also, due to the resistance opposed by surrounding grains,

the growth of deformation twins is associated with the development of an internal stress field.

Neutron diffraction techniques have allowed investigating the evolution of this internal stress

field through the evaluation of the resulting lattice strains. Such techniques have been used to

study load partition between twin and parent grains in magnesium (Wu et al. 2008; Clausen et al.

2008) and zirconium (Xu et al. 2008b) alloys. In the recent years, some alternative techniques with

a higher spatial resolution have been used to evaluate internal stresses. For instance, Arul Kumar

et al. (2018) used micro-Laue X-ray diffraction techniques to estimate the stress state in the

vicinity of a twin in magnesium. They concluded that the formation of a twin divides the parent

grain into two non-interacting domains. Nervo et al. (2016) used diffraction contrast tomography

to investigate the twinning behavior of a titanium alloy. Their results suggest that prismatic ⟨𝑎⟩

slip favors the formation and clustering of twins. Twin variant selection in titanium has been

studied with high resolution electron backscatter diffraction techniques by Guo et al. (2017). They

found that variant selection is controlled by the local stress state. Three dimensional X-ray

diffraction (3D-XRD) techniques (Poulsen et al. 2001) have allowed measuring the positions,

Journal of Theoretical, Computational and Applied Mechanics
�

� March 2022
�

� jtcam.episciences.org 1
�

� 18

https://dx.doi.org/10.46298/jtcam.7562
https://arxiv.org/abs/2012.13156v6
https://hal.archives-ouvertes.fr/hal-03603524
https://doi.org/10.5281/zenodo.6342152
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-6263-0831
https://orcid.org/0000-0003-4384-111X
https://jtcam.episciences.org


CharlesMareau et al. A non-local model for the description of twinning in polycrystalline materials in the context of infinitesimal strains

orientations, volume fractions and elastic strains of multiple grains during the in-situ deformation

of a magnesium alloy (Aydıner et al. 2009; Abdolvand et al. 2015). The corresponding dataset has

been used to identify twin-parent pairs and evaluate the grain volume-averaged stress tensors.

For a given twin-parent pair, Aydıner et al. (2009) and Abdolvand et al. (2015) found that the

average normal stress acting on the habit plane is almost the same for the twin and parent grains.

However, for a twin grain, the average tangential stress acting on the twin habit plane along

the twin direction is lower than that of the corresponding parent grain. Recently, in situ EBSD

techniques (Gussev et al. 2018) have been used to investigate the impact of pre-existing twins and

dislocations on twin nucleation in 𝛼-uranium (Grilli et al. 2020b).

Different strategies have been explored to include the contribution of twinning in the context

of polycrystalline plasticity. Mean-field polycrystalline models have been widely used with either

rate-independent (Agnew et al. 2006; Xu et al. 2008a; Clausen et al. 2008) or rate-dependent (Proust

et al. 2007; Mareau and Daymond 2011; Zhang and Joshi 2012; Wang et al. 2018) crystal plasticity-

based constitutive models. Though some solutions have been proposed (Cherkaoui 2003; Juan

et al. 2014), the interactions between parent grains and twin domains are generally evaluated

only in an averaged manner with the aforementioned approaches. Also, by definition, mean-field

polycrystalline models ignore the role of intragranular stresses on the deformation behavior.

Full-field polycrystalline models rely on either the finite element method (Kalidindi 2001;

Abdolvand et al. 2011; Staroselsky and Anand 2003; Chang and Kochmann 2015; Cheng and

Ghosh 2015; Ardeljan et al. 2016; Paramatmuni and Dunne 2020; Indurkar et al. 2020; Ravaji and

Joshi 2021) or the spectral method (Mareau and Daymond 2016; Paramatmuni and Kanjarla 2019)

to evaluate the intragranular stress and strain gradients resulting from twinning. Since the

associated constitutive models often use a pseudo-slip formulation, the morphological texture

evolution resulting from the formation of twins is not always considered. To circumvent these

limitations, some procedures have been proposed to insert twinned domains in a polycrystalline

microstructure (Ardeljan et al. 2015; Cheng and Ghosh 2017). However, such procedures require

an a priori knowledge of the twin morphology and ignore the contribution of interfacial energy.

The phase-field method provides a convenient thermodynamic framework to consider the increase

of surface energy resulting from the formation of twin boundaries (Clayton and Knap 2011;

Kondo et al. 2014; Liu et al. 2018; Grilli et al. 2020a). In the context of twinning, the phase-field

method treats the twin volume fraction and its spatial gradient as state variables, which allows

tracking twin boundaries without any complex numerical procedure.

In the present work, a non-local constitutive model, which incorporates the contribution

of twinning to plastic deformation, is proposed. Constitutive relations are developed in the

context of crystal plasticity. Also, the proposed model is non-local in the sense that the spatial

gradients of the twin volume fractions are included in the list of state variables to account for

the contribution of twin boundaries to free energy. The model is then implemented within a

spectral solver, which allows solving the differential equations resulting from equilibrium and

compatibility conditions. In contrast with previous implementations (Mareau and Daymond 2016;

Paramatmuni and Kanjarla 2019), non-locality provides a way of circumventing the difficulties

associated with plastic strain localization resulting from twinning-induced softening.

The present paper is organized as follows. The constitutive equations are provided in the first

part. In the second part, the proposed model is used to investigate the impact of deformation

twinning on the behavior of a AZ31 magnesium alloy. The numerical results allow discussing

several aspects of deformation twinning, including twin variant selection, texture development

and internal stress evolution.

2 Model description

2.1 Composite material assumption

As illustrated in Figure 1, the present approach, which is developed in the infinitesimal strain

framework, treats each material point as a composite material to deal with the growth of twinned

domains within a polycrystalline volume element. Each material point thus consists of 𝑛 + 1

constituents: one parent constituent (with volume fraction 𝜙𝑚) and 𝑛 child constituents (with
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Figure 1 Each material point is
treated as a composite
material consisting of a
parent constituent and
multiple child constituents
corresponding to the
different twin variants.

Volume element

Material point

Parent

Childs

volume fractions 𝜙𝑐=1,𝑛), which correspond to the 𝑛 twin variants. For any material point, the

volume fractions should satisfy the condition
∑

𝑐

𝜙𝑐 + 𝜙𝑚 = 1. (1)

According to the averaging relations of homogenization theory, the total strain tensor is

𝜺 =
∑

𝑐

𝜙𝑐𝜺𝑐 + 𝜙𝑚𝜺𝑚 . (2)

In the following, the stress state is assumed to be uniform within the different constituents

during a deformation process, that is:

𝝈𝑐 = 𝝈𝑚 = 𝝈 , (3)

where 𝝈 is the stress tensor. As a result of the composite material assumption, deformation

twinning is treated as a progressive process. Indeed, a material point can be either fully untwinned

(i.e. 𝜙𝑚 = 1), fully twinned (i.e. 𝜙𝑚 = 0) or in a intermediate situation (i.e. 0 < 𝜙𝑚 < 1). Also,

while the stress state is uniform within the different constituents of a material point, the stress

state is not identical for the parent and twinned domains of a given grain, which is composed of

an infinite number of material points.

2.2 Equilibrium equations

The development of the constitutive model for twinning relies on the introduction of an extended

set of state variables. In contrast with the classical theory, which uses the infinitesimal strain tensor

𝜺 as the sole external state variable1, the volume fractions 𝜙𝑐 associated with the different twin

variants and the corresponding spatial gradients ∇𝜙𝑐 are also treated as external state variables.

The consequence is that the power developed by internal forces includes the contributions

resulting from the evolution of the strain field and twin volume fractions. Specifically, the density

of power developed by internal forces 𝑝𝑖 is given by (Nguyen 2015)

𝑝𝑖 = 𝝈 : ¤𝜺 +
∑

𝑐

𝜉𝑐 ¤𝜙𝑐 +
∑

𝑐

𝜼𝑐 · ∇
¤𝜙𝑐 , (4)

where 𝝈 is the Cauchy stress tensor, 𝜉𝑐 is the scalar microstress power-conjugate to the volume

fraction rate ¤𝜙𝑐 and 𝜼𝑐 is the vector microstress power-conjugate to the spatial gradient ∇ ¤𝜙𝑐 . The

composite material assumption allows reformulating the density of power developed by internal

forces as

𝑝𝑖 =
∑

𝑐

𝜙𝑐𝝈 : ¤𝜺𝑐 + 𝜙𝑚𝝈 : ¤𝜺𝑚 +
∑

𝑐

¤𝜙𝑐𝝈 : (𝜺𝑐 − 𝜺𝑚) +
∑

𝑐

𝜉𝑐 ¤𝜙𝑐 +
∑

𝑐

𝜼𝑐 · ∇
¤𝜙𝑐 . (5)

According to the above expression, the power developed by internal forces is spent to deform the

individual constituents and to expand/contract twinned domains.

The evolution of the strain field and twin volume fractions is governed by equilibrium

equations which can be derived from the application of an extended principle of virtual power, see

1 In a thermomechanical context, one would treat temperature as an additional external state variable.
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(Frémond and Nedjar 1996) in the context of damage or (Cermelli and Gurtin 2002) in the context

of crystal plasticity. The direct consequence of this assumption is that the classical equilibrium

equations of continuum mechanics are supplemented with the additional equilibrium equations2

𝝈 · ∇ = 0 and 𝝈 = 𝝈𝑇 , (6)

𝜉𝑐 − ∇ · 𝜼𝑐 = 0, ∀𝑐. (7)

In the literature, the later equation is often referred to as the microforce balance equation (Cermelli

and Gurtin 2002).

2.3 State equations

For a material point, the free energy density 𝑎 is decomposed according to:

𝑎 =

∑

𝑐

𝜙𝑐𝑎𝑐 + 𝜙𝑚𝑎𝑚 +
∑

𝑐

𝛾𝑐/𝑚, (8)

where 𝑎𝑚 and 𝑎𝑐 are the bulk contributions of parent and child constituents while 𝛾𝑐/𝑚 is the

surface contribution associated with a parent/twin interface. For the construction of constitutive

relations, the total strain tensor is decomposed into elastic (superscript e), plastic (superscript p)

and transformation (superscript tw) contributions. In the context of infinitesimal transformations,

one obtains 𝜺𝑐 = 𝜺e𝑐 + 𝜺
𝑝
𝑐 + 𝜺

tw
𝑐 and 𝜺𝑚 = 𝜺e𝑚 + 𝜺

𝑝
𝑚 . It is worth mentioning that, for a child

constituent, the transformation strain is calculated from the characteristic shear strain 𝛾 tw, which

is constant, with 𝜺tw𝑐 = sym(𝒕𝛼𝑐 ⊗ 𝒌𝛼𝑐 )𝛾
tw, where 𝒕𝑐 is the twinning direction and 𝒌𝑐 is the twin

plane normal associated to the corresponding twinning system. Also, within the framework of

crystal plasticity, the plastic strain tensors are given by

𝜺
p
𝑐 =

∑

𝛼

sym(𝒎𝛼
𝑐 ⊗ 𝒏𝛼𝑐 )𝛾

𝛼
𝑐 and 𝜺

p
𝑚 =

∑

𝛼

sym(𝒎𝛼
𝑚 ⊗ 𝒏𝛼𝑚)𝛾

𝛼
𝑚, (9)

where 𝒎𝛼 , 𝒏𝛼 and 𝛾𝛼 are respectively the slip direction, the slip plane normal and the plastic

shear strain of the 𝛼th slip system for either the parent or child constituents (subscript𝑚 or 𝑐).

The contribution of crystallographic slip to the plastic strain tensor of a child constituent is

considered here to describe the potential stress relaxation associated with the possible existence

of easy slip systems within twins (Louca et al. 2021).

In the following, the bulk contributions to free energy are defined as follows:

𝑎𝑐 =
1

2
𝜺e𝑐 : C𝑐 : 𝜺

e
𝑐 +

1

2

∑

𝛼

𝜚𝛼𝑐

∑

𝛽

𝐻𝛼𝛽𝜚
𝛽
𝑐 , (10)

𝑎𝑚 =

1

2
𝜺e𝑚 : C𝑚 : 𝜺e𝑚 +

1

2

∑

𝛼

𝜚𝛼𝑚

∑

𝛽

𝐻𝛼𝛽𝜚
𝛽
𝑚 . (11)

In the above equations, the first term represents the elastic strain energy while the second

term corresponds to defect energy. The stiffness tensors associated with the parent or child

constituents are denoted by C𝑚 and C𝑐 . Also, 𝜚
𝛼
𝑚 and 𝜚𝛼𝑐 are the isotropic hardening variables

associated with the 𝛼th slip system. The possible interactions between different slip systems are

described with the matrix 𝐻 .

For the interfacial energy, the suggestion of Liu et al. (2018), which includes both local and

non-local contributions, is adopted:

𝛾𝑐/𝑚 =

1

2
∇𝜙𝑐 · 𝑲𝑐 · ∇𝜙𝑐 +𝐴𝜙𝑐 (1 − 𝜙𝑐) . (12)

The local contribution is minimum for either 𝜙𝑐 = 0 or 𝜙𝑐 = 1, which correspond to the

equilibrium states of a fully untwinned or fully twinned material point. A simple choice for 𝑲𝑐

consists in writing:

𝑲𝑐 = 𝐵𝒌𝑐 ⊗ 𝒌𝑐 +𝐶 (1 − 𝒌𝑐 ⊗ 𝒌𝑐) . (13)

2 For simplicity, the contributions of volume forces and inertia effects are excluded.
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The anisotropic gradient contribution allows considering the fact that the interfacial energy

along the twin boundary is smaller than that of the twin tip. The surface energy associated with

the twin/parent interfaces, as well as the width of the twin/parent interfaces, are controlled by

the 𝐴, 𝐵 and 𝐶 material parameters3.

For the development of constitutive relations, it is convenient to define the thermodynamic

forces associated with the different state variables. First, when no viscous contribution to the

stress state is considered, the stress tensors 𝝈𝑐 and 𝝈𝑚 are obtained from:

𝝈𝑐 =
𝜕𝑎𝑐

𝜕𝜺𝑐
= C𝑐 : 𝜺

e
𝑐 , (14)

𝝈𝑚 =

𝜕𝑎𝑚

𝜕𝜺𝑚
= C𝑚 : 𝜺e𝑚 . (15)

In a similar fashion, if the microstress vector 𝜼𝑐 has a purely energetic origin (i.e. it does not

depend on ∇ ¤𝜙𝑐 ), the corresponding state equation is

𝜼𝑐 =
𝜕𝑎

𝜕∇𝜙𝑐
= 𝑲𝑐 · ∇𝜙𝑐 . (16)

The resolved shear stresses 𝜏𝛼𝑐 and 𝜏𝛼𝑚 , which act on the different slip systems, are evaluated

from the projections of the corresponding stress tensors:

𝜏𝛼𝑐 = −
𝜕𝑎𝑐

𝜕𝛾𝛼𝑐
= 𝒎𝛼

𝑐 · 𝝈𝑐 · 𝒏
𝛼
𝑐 = 𝒎𝛼

𝑐 · 𝝈 · 𝒏
𝛼
𝑐 , (17)

𝜏𝛼𝑚 = −
𝜕𝑎𝑚

𝜕𝛾𝛼𝑚
= 𝒎𝛼

𝑚 · 𝝈𝑚 · 𝒏
𝛼
𝑚 = 𝒎𝛼

𝑚 · 𝝈 · 𝒏
𝛼
𝑚 . (18)

The critical resolved shear stresses (CRSS) 𝑟𝛼𝑐 and 𝑟𝛼𝑚 are connected to the corresponding isotropic

hardening variables according to:

𝑟𝛼𝑐 =

𝜕𝑎𝑐

𝜕𝜚𝛼𝑐
=

∑

𝛽

𝐻𝛼𝛽𝜚
𝛽
𝑐 and 𝑟𝛼𝑚 =

𝜕𝑎𝑚

𝜕𝜚𝛼𝑚
=

∑

𝛽

𝐻𝛼𝛽𝜚
𝛽
𝑚 . (19)

Finally, the thermodynamic force associated with the twin volume fraction 𝜙𝑐 , which is denoted

by 𝜁𝑐 , is given by:

𝜁𝑐 =
𝜕𝑎

𝜕𝜙𝑐
= (𝑎𝑐 − 𝑎𝑚) +𝐴 (1 − 2𝜙𝑐) . (20)

From the definition of the thermodynamic forces, the evolution rate for the specific free energy is

¤𝑎 =

∑

𝑐

[

𝜙𝑐

(

𝝈𝑐 : ¤𝜺𝑐−
∑

𝛼

𝜏𝛼𝑐 ¤𝛾
𝛼
𝑐 −𝑟

𝛼
𝑐 ¤𝜚

𝛼
𝑐

)

+ 𝜁𝑐 ¤𝜙𝑐 +𝜼𝑐 ·∇
¤𝜙𝑐

]

+𝜙𝑚

(

𝝈𝑚 : ¤𝜺𝑚−
∑

𝛼

𝜏𝛼𝑚 ¤𝛾
𝛼
𝑚 − 𝑟

𝛼
𝑚 ¤𝜚

𝛼
𝑚

)

. (21)

2.4 Evolution equations

The second law of thermodynamics allows defining the density of power being dissipated into

heat. In a purely mechanical context, this quantity, which is denoted by 𝑑 , is obtained from

the difference between the power developed by internal forces and the evolution rate for free

energy (Gurtin et al. 2010), that is 𝑑 = 𝑝𝑖 − ¤𝑎. Combining Equation (21) and Equation (5), the

expression of the dissipation source becomes

𝑑 =

∑

𝑐

[

𝜙𝑐

(
∑

𝛼

𝜏𝛼𝑐 ¤𝛾
𝛼
𝑐 − 𝑟

𝛼
𝑐 ¤𝜚

𝛼
𝑐

)

+ 𝜋𝑐 ¤𝜙𝑐

]

+ 𝜙𝑚

(
∑

𝛼

𝜏𝛼𝑚 ¤𝛾
𝛼
𝑚 − 𝑟

𝛼
𝑚 ¤𝜚

𝛼
𝑚

)

(22)

where the dissipative force 𝜋𝑐 = 𝜉𝑐 − 𝜁𝑐 + 𝝈 : (𝜺𝑐 − 𝜺𝑚), which governs the evolution of the

twin volume fraction, is introduced. Combining the equilibrium Equation (7) and the state

Equation (20) and Equation (16) leads to the complete expression

𝜋𝑐 = ∇ · (𝑲𝑐 · ∇𝜙𝑐) −𝐴(1 − 2𝜙𝑐) + (𝑎𝑚 − 𝑎𝑐) + 𝝈 : (𝜺𝑐 − 𝜺𝑚). (23)

3 The surface energy density is equal to 𝜋
√

𝐴𝐵/32 (respectively 𝜋
√

𝐴𝐶/32) for a twin/parent interface that is parallel

(respectively perpendicular) to the twin plane.
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According to the above expression, the dissipative force driving the evolution of the twin volume

fraction depends not only on the current stress state, but also on the free energy difference

between the parent and child constituents and the twin volume fraction in the neighborhood of

the material point of interest. This aspect is consistent with the results of Paramatmuni et al.

(2021), who observed that twin nucleation is governed by the stored energy density. The term

𝐴(1 − 2𝜙𝑐) can be interpreted as the resistance to deformation twinning. The material parameter

𝐴 therefore represents a barrier to the initiation of deformation twinning. Also, when the twin

volume fraction increases, the resistance to deformation twinning decreases. The progression of

twinning is therefore accompanied by a softening phenomenon that promotes plastic strain

localization. While a local version of the model would be mesh dependent (because of the stress

softening produced by twinning), the non-local contribution allows circumventing the difficulties

associated with strain localization. Indeed, when the twin volume fraction excessively increases

within a single material point, the non-local contribution favours the growth of the twin domain

toward neighbouring material points.

In the context of standard materials (Nguyen 2000), the evolution equations, which connect

the flux variables to the dissipative forces, are obtained from a dissipation potential 𝜑 . For the

proposed model, the dissipation potential is decomposed according to

𝜑 =

∑

𝑐

𝜙𝑐𝜑𝑐 + 𝜙𝑚𝜑𝑚 +
∑

𝑐

𝜅𝑐/𝑚 . (24)

The contributions 𝜑𝑐 and 𝜑𝑚 of the child and parent constituents to the dissipation potential are

given by

𝜑𝑐 =
∑

𝛼

𝐾

𝑁 + 1

( ⟨|𝜏𝛼𝑐 | − 𝑟
𝛼
𝑐 ⟩

𝐾

)𝑁+1

and 𝜑𝑚 =

∑

𝛼

𝐾

𝑁 + 1

( ⟨|𝜏𝛼𝑚 | − 𝑟
𝛼
𝑚⟩

𝐾

)𝑁+1

. (25)

In the above equations, 𝐾 and 𝑁 are viscosity parameters, which control the resistance to plastic

flow and the strain-rate sensitivity. Also, for the contribution of twinning to the dissipation

potential, the following choice is adopted:

𝜅𝑐/𝑚 = 𝜙𝑚
𝐿

𝑀 + 1

( ⟨𝜋𝑐⟩

𝛾 tw𝐿

)𝑀+1

+ 𝜙𝑐
𝐿

𝑀 + 1

( ⟨−𝜋𝑐⟩

𝛾 tw𝐿

)𝑀+1

, (26)

where 𝐿 and𝑀 are viscosity parameters whose role resembles that of 𝐾 and 𝑁 . It is emphasized

that the contribution of both twinning and detwinning to the dissipation potential have been

included in the above expression.

The evolution equations for the different flux variables can be obtained from the differentiation

of the dissipation potential with respect to the corresponding dissipative forces. Specifically, the

shear strain rates associated with the different slip systems are given by

¤𝛾𝛼𝑐 =

𝜕𝜑𝑐

𝜕𝜏𝛼𝑐
=

( ⟨|𝜏𝛼𝑐 | − 𝑟
𝛼
𝑐 ⟩

𝐾

)𝑁

sign(𝜏𝛼𝑐 ) and ¤𝛾𝛼𝑚 =

𝜕𝜑𝑚

𝜕𝜏𝛼𝑚
=

( ⟨|𝜏𝛼𝑚 | − 𝑟
𝛼
𝑚⟩

𝐾

)𝑁

sign(𝜏𝛼𝑚) . (27)

The evolution of the isotropic hardening variables is controlled by

¤𝜚𝛼𝑐 = −
𝜕𝜑𝑐

𝜕𝑟𝛼𝑐
=

( ⟨|𝜏𝛼𝑐 | − 𝑟
𝛼
𝑐 ⟩

𝐾

)𝑁

= | ¤𝛾𝛼𝑐 | and ¤𝜚𝛼𝑚 = −
𝜕𝜑𝑚

𝜕𝑟𝛼𝑚
=

( ⟨|𝜏𝛼𝑚 | − 𝑟
𝛼
𝑚⟩

𝐾

)𝑁

= | ¤𝛾𝛼𝑚 |. (28)

Finally, the evolution equation for the twin volume fraction associated with the 𝑐th twin variant

is

¤𝜙𝑐 =
𝜕𝜑

𝜕𝜋𝑐
=

𝜙𝑚

𝛾 tw

( ⟨𝜋𝑐⟩

𝛾 tw𝐿

)𝑀

−
𝜙𝑐

𝛾 tw

( ⟨−𝜋𝑐⟩

𝛾 tw𝐿

)𝑀

. (29)

It is worth mentioning that the twin volume fraction is not allowed to increase (respectively

decrease) when the material point is fully twinned (respectively fully detwinned).
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2.5 Texture evolution

In the present context, texture evolution is controlled by two different phenomena: (i) lattice

rotation due to crystallographic slip and (ii) twinning. To consider the contribution of lattice

rotation, the initial orientation of a (child or parent) constituent is specificied with a set of three

Euler angles that can be updated with the Bunge’s formula (Bunge 1968) from the lattice spin

tensor. The lattice spin tensor of a (child or parent) constituent is obtained from the difference

between the total spin tensor ¤𝝎 , which is the skew-symmetric part of the velocity gradient tensor,

and the plastic spin tensor, which is calculated from the plastic shear strain rates. The lattice spin

tensor of a child or parent constituent ( ¤𝝎e
𝑐 or ¤𝝎

e
𝑚) is therefore calculated according to

¤𝝎e
𝑐 = ¤𝝎 −

∑

𝛼

skw(𝒎𝛼
𝑐 ⊗ 𝒏𝛼𝑐 ) ¤𝛾

𝛼
𝑐 and ¤𝝎e

𝑚 = ¤𝝎 −
∑

𝛼

skw(𝒎𝛼
𝑚 ⊗ 𝒏𝛼𝑚) ¤𝛾

𝛼
𝑚 . (30)

The contribution of twinning to texture evolution is naturally accounted for in the present

framework. Indeed, a child constituent does not contribute to the initial crystallographic texture

since the corresponding volume fraction is zero. When a twinning system is activated, the volume

fraction increases and the contribution of a child constituent to the global crystallographic

texture of the volume element progressively increases. It is worth mentioning that the above

approach considers that the child-parent orientation relationship is not impacted by plastic

strains, which would be inappropriate in the context of finite strains.

3 Application to a AZ31 magnesium alloy

In this section, the proposed model is used to investigate the impact of deformation twinning on

the behavior of a AZ31 magnesium alloy, for which some experimental results have been recently

obtained by Louca et al. (2021). Specifically, Louca et al. (2021) have extracted some specimens

from a rolled AZ31 magnesium plate. The specimens have been annealed to obtain an equiaxed

microstructure, with an average grain size of 50 𝜇m. Three-dimensional synchrotron X-ray

diffraction techniques (Poulsen et al. 2001) have then been used to determine the position, volume,

crystallographic orientation and elastic strains of individual grains during the in situ deformation

of the polycrystalline AZ31 magnesium alloy. Based on these results, the twin-parent pairs have

been identified and the corresponding stress tensors have been evaluated.

For the application of the present model, the field equations resulting from equilibrium

and compatibility conditions are solved numerically with the spectral method (Moulinec and

Suquet 1998; Eisenlohr et al. 2013). As shown in Equation (23), the dissipative force driving the

evolution of the twin volume fraction involves the divergence of the microstress vector. In the

present work, the finite difference method is used for the evaluation of the non-local contribution

∇ · (𝑲𝑐 · ∇𝜙𝑐) to this dissipative force. The numerical implementation of the proposed model is

briefly described in Section A.

3.1 Microstructure generation

The volume element used for the application of the spectral method has been obtained from

a weighted Voronoi tessellation with fifty seeds. For each seed, the position and weight are

respectively given by the center-of-mass and the cube root of the volume of the corresponding

grain. The resulting volume element (150 × 150 × 150 µm3), which is shown in Figure 2, has been

discretized into 1283 voxels for the application of the spectral method. The size of a voxel is about

1 µm. The impact of resolution on numerical results in discussed in Section B. Due to the rolling

process, most grains have their c-axis aligned with the normal direction of the plate.

3.2 Loading conditions

In the present work, two different loading paths have been selected to reproduce the experiment

by Louca et al. (2021). The first loading path corresponds to a uniaxial compression test along the

rolling direction with an axial strain rate of 5.5 × 10−5 s−1 up to an axial strain of −0.5 %. The

second loading path, which uses the same strain rate, corresponds to a Bauschinger test. A

Journal of Theoretical, Computational and Applied Mechanics
�

� March 2022
�

� jtcam.episciences.org 7
�

� 18

https://jtcam.episciences.org


CharlesMareau et al. A non-local model for the description of twinning in polycrystalline materials in the context of infinitesimal strains

Figure 2 Numerical microstructure used for the
application of the spectral method. Each
color corresponds to a grain.

uniaxial compression test is first carried out along the rolling direction up to an axial strain of

−0.31 %. The volume element is then unloaded and finally deformed under uniaxial tension up to

an axial strain of 0.13 %. While the selected loading conditions do not allow a full assessment of

the proposed model, the corresponding numerical results can be compared to the experimental

dataset of Louca et al. (2021) to see whether the description of twinning is consistent with

experimental observations or not.

3.3 Material parameters

The material parameters used to model the mechanical behavior of the AZ31 magnesium alloy

are listed in Table 1. The single crystal elastic constants have been taken from the work of

Elasticity

C11 C33 C12 C13 C44

59.8GPa 61.7GPa 23.2GPa 21.7GPa 16.4GPa

Crystallographic slip

𝐾 𝑁 𝑟Bas 𝑟Pri 𝑟Pyr

2.0MPa 20 5.6MPa 28.0MPa 46.7MPa

Twinning

𝐿 𝑀 𝐴 𝐵 𝐶

2.0MPa 20 3.6MPa 0.015 µN 0.15 µN

Hardening

𝐻𝛼𝛽

1000MPa

Table 1 Material parameters used for the numerical simulation of the AZ31 magnesium alloy. 𝑟Bas, 𝑟Pri and 𝑟Pyr are
the initial CRSS associated with basal (Bas), first order prismatic (Pri) and second order pyramidal (Pyr)
slip systems.

Simmons and Wang (1971). Four plastic deformation modes are considered: basal (Bas), first order

prismatic (Pri) and second order pyramidal (Pyr) slip systems and tensile twinning (TTw). The

initial values for the CRSS associated with the different deformation modes and the hardening

parameters have been adjusted to reproduce the macroscopic stress-strain behavior under uniaxial

compression (see Figure 3 and Figure 9). For simplicity, no distinction is made between latent

and self-hardening (i.e. 𝐻𝛼𝛽
= 𝐻𝛼𝛼 ). It is worth mentioning that the ratios between the CRSS

of the different slip modes correspond to those given by Clausen et al. (2008): 𝑟Pri/𝑟Bas = 5,

𝑟Pyr/𝑟Bas = 8.3, 𝑟TTw/𝑟Bas = 54. The values of the 𝐵 and 𝐶 parameters control the energy density

for a twin/parent interface that is either parallel or perpendicular to the twin plane. In the present

work, the value of 𝐵 has been selected to obtain a coherent twin boundary energy density of

0.13 J/m2 (Pei et al. 2017). Also, the ratio 𝐶/𝐵 has been fixed to 10 to favour twin propagation

over twin expansion.

3.4 Results and discussion

3.4.1 Uniaxial compression

The experimental and numerical stress-strain curves obtained under uniaxial compression along

the rolling direction are plotted in Figure 3. The relative activities5 of the different slip and

4 Though the CRSS for twinning 𝑟TTw does not appear explicitly in the description of the constitutive model, it is

actually given by the ratio 𝐴/𝛾 tw.
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Figure 3 (a) Experimental and numerical stress-strain curves obtained for a uniaxial compression test along
the rolling direction. Dots correspond to the experimental data of Louca et al. (2021) while solid lines
correspond to numerical data. (b) Relative activities of the different inelastic deformation modes. The first
activation of a given type of slip or twinning system is represented with a dot.

twinning deformation modes are also presented. Basal slip systems are first activated (around

−16MPa), which corresponds to the initial yielding. The activation of twinning systems (around

−41MPa) and prismatic slip systems (around −43MPa) coincides with the transition to the

plastic regime. Pyramidal slip systems are never activated during the deformation process.

The local twin volume fraction, which is given by 1 − 𝜙𝑚 , is plotted in Figure 4. Though
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Figure 4 End of a uniaxial compression test.

the prescribed strain is rather small, twinned domains can clearly be identified at the end of

the compression test. The strong morphological texture evolution due to twinning is therefore

correctly reproduced. It is worth mentioning that the proposed model does not require any rule

to define how nucleation and propagation take place. The formation of twinned domains is the

direct consequence of the application of equilibrium, compatibility and constitutive equations.

Due to twin variant selection, most twins are oriented with an angle of approximately ±45°

with respect to the loading direction. To further investigate how twin variant selection takes place,

the twin volume fraction of each variant is plotted as a function of the Schmid factor in Figure 5.

Two different options are explored for the evaluation of the Schmid factor. The global Schmid

factor is calculated for each twin variant from the orientation of the corresponding system. This

factor provides some information regarding the orientation of a twinning system with respect to

the macroscopic stress state. The local Schmid factor is evaluated for each twin variant from the

grain-averaged stress tensor of the corresponding to parent grain. It therefore considers the

impact of the intergranular internal stresses resulting from inhomogeneous plastic deformation.

Immediately after yielding (i.e. −0.16 %), no matter how the Schmid factor is evaluated, the twin

volume fraction is generally higher for favourably oriented twin variants. At the end of the

compression test (i.e. −0.5 %), the maximal twin volume fraction is obtained for some grains

for which the local Schmid factor is not maximal, which is a consequence of the local stress

5 The relative activity of a deformation mode is defined as its relative contribution to the volume averaged plastic strain

tensor.
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Figure 5 Twin volume fraction as a function of the local and global Schmid factors: (a) after yielding under uniaxial
compression (−0.16 %); (b) at the end of a uniaxial compression test (−0.5 %).

relaxation resulting from deformation twinning. A more quantitative approach of interpreting the

local/global Schmid factors consists of considering the 52 twin variants with the most important

activity (i.e. with a volume fraction higher than 1 % at the end of the compression test). Table 2

shows the average Schmid factor and the corresponding standard deviation that have been

calculated for these most active variants. According to the results, the standard deviation is much

Table 2 Average Schmid factor and corresponding standard deviation
calculated at the end of the compression test for the most active
twin variants (i.e. with a volume fraction higher than 1 %) with
either the global or local definition of the Schmid factor.

Local Global

Average 0.36 0.38

Standard deviation 0.037 0.064

higher for the global Schmid factor, which indicates that the propensity of a given twin variant to

be activated is better described with the local Schmid factor than the global one.

As illustrated by Figure 4, important intragranular internal stresses are produced as a result of

twinning. Figure 6 shows the evolution of the equivalent von Mises stress within a twinned grain.

According to the numerical results, important fluctuations of the stress field within a twinned

Figure 6 Distribution of the twin volume fraction
and von Mises equivalent stress along a line
path within a twinned grain. The line path
is shown in Figure 4.
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grain are observed. Specifically, while local stress maxima are obtained near twin boundaries,

local stress minima are located close to the center of twinned domains. The later result suggests

that stress relaxation occurs within twins.

In the recent years, 3D XRD techniques have been used to investigate the evolution of

internal stresses within twinned grains. For a given twin-parent pair, these techniques provide

some estimates of the average stress tensor for each single grain. In the following, the average

stress tensor of a parent grain (respectively child grain) is denoted by �̄�𝑚 (respectively �̄�𝑐 ). For

the investigation of internal stresses, it is convenient to introduce the following stress quantities:

𝜎𝑚 = 𝒌𝑐 · �̄�
𝑚 · 𝒌𝑐 and 𝜎

𝑐
= 𝒌𝑐 · �̄�

𝑐 · 𝒌𝑐 , (31)

𝜏𝑚 = 𝒕𝑐 · �̄�
𝑚 · 𝒌𝑐 and 𝜏

𝑐
= 𝒕𝑐 · �̄�

𝑐 · 𝒌𝑐 . (32)
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In the above equations, 𝜎𝑚 (respectively 𝜎𝑐 ) is the average normal stress exerted by the parent

(respectively child) grain on the twin habit plane. In a similar fashion, 𝜏𝑚 (respectively 𝜏𝑐 ) is the

average tangential stress exerted by the parent (respectively child) grain on the twin habit plane

along the twinning direction.

For each twin-parent pair, the average normal stress 𝜎𝑐 in the twin is plotted as a function of

that of the corresponding parent grain 𝜎𝑚 in Figure 7. The numerical results are in agreement
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Figure 7 Average normal stress exerted by the child grain 𝜎𝑐 on the twin habit plane as a function of that of the
corresponding parent grain 𝜎𝑚 . Normal stresses evaluated after (a) yielding under uniaxial compression
(−0.16 %) and (b) at the end of the uniaxial compression test (−0.5 %). Dot size proportional to the
equivalent spherical radius of the child grain.

with experimental results from literature (Abdolvand et al. 2015; Louca et al. 2021) showing that,

for each pair, the average normal stresses within twins and parents are close to each other.

Louca et al. (2021) observed that, immediately after yielding, the tangential stress within a

twin is in average higher than that of the corresponding parent grain. According to numerical

results shown in Figure 8, this aspect is underestimated by the present model. The possible
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Figure 8 Average tangential stress exerted by the child grain 𝜏𝑐 on the twin habit plane along the twinning direction
as a function of that of the corresponding parent grain 𝜏𝑚 . Tangential stresses have been evaluated (a)
after yielding under uniaxial compression (−0.16 %) and (b) at the end of the uniaxial compression test
(−0.5 %). Dot size proportional to the equivalent spherical radius of the child grain.

reason for such discrepancies might be the fact that the development of plastic strains is not

affected by twin boundaries. Indeed, while twin boundaries may limit dislocation motion, their

contribution to strain hardening is not considered here. Also, with further deformation under

compression, Louca et al. (2021) found that large twins have either similar or lower tangential

stresses than their parents. This effect, which is attributed to the opposition of surrounding

grains to the accumulation of shear deformation within twinned domains, is correctly reproduced

by the proposed model. Indeed, as shown in Figure 8, for large twins, the tangential stresses are

significantly relaxed compared to those of the corresponding parent grains at the end of the

compression test.
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3.4.2 Uniaxial compression and tension

The numerical and experimental stress-strain curves obtained for the compression-tension

loading path along the rolling direction are shown in Figure 9. The deformation behavior under

compression is correctly reproduced by the model. Specifically, experimental results indicate a

strong Bauschinger effect since yielding occurs almost immediately after load reversal (around

−53MPa). According to the calculated deformation mode activities, see Figure 9, yielding after

load reversal is the consequence of both the reactivation of basal slip systems and detwinning.

The reactivation of basal systems is made possible thanks to the internal stresses generated during
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Figure 9 (a) Experimental and numerical stress-strain curves obtained for a uniaxial compression and tension test
along the rolling direction. Dots correspond to the experimental data of Louca et al. (2021) while solid lines
correspond to numerical data. (b) Relative activities of the different inelastic deformation modes. The first
activation of a given type of slip or twinning system is represented with a dot.

deformation under uniaxial compression. However, the internal stresses are not high enough to

reactivate prismatic slip systems. Also, the activity of twinning systems tends toward zero when

the axial load is reversed toward tension, which indicates that full detwinning has occurred.

Although basal and prismatic slip systems contribute to plastic deformation under uniaxial

tension, the axial stress is overestimated by the proposed model. This poor description of the

behavior under tension is likely due to the description of hardening, which relies on a purely

isotropic formulation. While the internal stresses resulting from plastic strain incompatibilities

contribute to kinematic hardening at the macroscopic scale, kinematic hardening is not considered

at the microscale via constitutive relations. A more realistic description of the behavior under

tension would therefore require considering this additional contribution. Specifically, in contrast

with the adopted isotropic hardening rule, a kinematic hardening rule would facilitate the

development of plasticity upon load reversal. As a result, when switching from uniaxial

compression to uniaxial tension, the consideration of kinematic hardening would promote the

development of plasticity, hence reducing the axial stress, which would be more consistent with

the experimental results obtained after load reversal.

The basal pole figures obtained from numerical simulations with the above method are

plotted in Figure 10. The alignment of basal poles from the normal direction toward the rolling

direction at the end of the compression stage, which has been observed by Louca et al. (2021), is

correctly depicted by the present model. Also, as a consequence of detwinning, basal poles are

rotated back toward the normal direction of the specimen at the end of the tension stage.

4 Conclusions

A crystal plasticity-based constitutive model for simulating formation of twins in metallic

polycrystals is developed. To include the contribution of twinning, each material point is treated

as a composite material consisting of a parent constituent and multiple twin variants. The twin

volume fractions and their spatial gradients are treated as external state variables to account for

the contribution of twin boundaries to free energy. The resulting constitutive model is therefore
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Figure 10 Basal pole figures obtained during a compression and tension test: (left) initial, (middle) intermediate and
(right) final. Intermediate and final pole figures correspond to the end of the compression stage (−0.31 %)
and the end of the tension stage (0.13 %), respectively. Dot size is proportional to the equivalent spherical
radius of the grain. Empty circles correspond to parent grains while filled circles correspond to child grains.

non-local since the evolution of the twin volume fraction depends on the state of neighbouring

material points.

The proposed set of constitutive relations has been implemented in a spectral solver to

model the behavior of a AZ31 magnesium alloy. For the investigated loading conditions, both

crystallographic slip and twinning contribute to macroscopic plastic deformation. Specifically,

the initial yielding during uniaxial compression coincides with the activation of basal slip

systems while the transition toward the plastic regime is attributed to twinning. When the

loading direction is reversed toward tension, yielding occurs almost immediately after load

reversal because of the joint contributions of detwinning and basal slip. Also, according to

the numerical results, the development of texture and internal stresses is consistent with the

experimental observations of the literature. Specifically, the proposed model naturally replicates

the morphological texture evolution resulting from the concentration of plastic shear strains

within twin domains.

Future work should focus on the role of twin boundaries on strain hardening. Indeed, while

experimental studies indicate that twin boundaries contribute to strain hardening (Basinski

et al. 1997), the impact of twin boundaries on the resistance to dislocation motion has been

ignored in the present work. The coupling between slip and twinning deformation modes should

be considered for future developments. For this purpose, the possibility of including the role

of twin volume fraction gradients within the hardening rule will be explored. Indeed, twin

boundaries correspond to the regions where such gradients are important. Twin volume fraction

gradients should therefore affect the development of plasticity. Also, the interactions of twins

with grain boundaries, which have been ignored here, should be included in constitutive relations

to investigate the impact of grain size on the development of twins.

A Numerical implementation

The strategy used to compute the macroscopic behavior of a periodic volume element is presented

in Algorithm A.1. It relies on an iterative procedure whose objective is twofold. First, when

stress-controlled or mixed boundary conditions are prescribed to volume element, the iterative

procedure searches for the macroscopic strain state that satisfies boundary conditions. For this

purpose, it uses a convergence indicator 𝑒bc that is computed according to

𝑒bc =
| |𝚺 − 𝚺bc | |

| |𝚺| |
(A.1)

where 𝚺 is the macroscopic stress tensor and 𝚺bc is the prescribed macroscopic stress tensor.

Also, the iterative procedure aims at finding the strain tensor field that verifies compatibility,

equilibrium and constitutive equations. The convergence indicator 𝑒eq that allows determining

whether equilibrium is reached is computed according to

𝑒eq =
rms(𝝈 · ∇)

| |𝚺| |
(A.2)
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1 Set the state variables to their initial values

2 Compute the modified Green tensor in frequency domain

3 for each increment 𝑗 of a deformation process do

4 Compute time at the end of the increment

5 𝑗 ← 1

6 while 𝑒bc > 𝑒bc,𝑐 do

7 Estimate the macroscopic strain and rotation tensors from boundary conditions

8 while 𝑒eq > 𝑒eq,𝑐 do

9 if 𝑖 = 1 and 𝑗 = 1 then

10 Use the Voigt approximation to obtain initial estimates for the strain and rotation tensor fields

11 else

12 Use the spectral method to obtain new estimates for the strain and rotation tensor fields

13 end if

14 for each voxel do

15 for each child or parent constituent do

16 Use the Sachs approximation to obtain the corresponding strain tensor

17 Use the Taylor approximation to obtain the corresponding rotation tensor

18 Integrate constitutive relations

19 end for

20 for each child constituent do

21 Compute the divergence of the microstress vector

22 Compute the twin volume fraction

23 end for

24 Compute the local stiffness tensor

25 Compute the local plastic strain tensor

26 end for

27 Compute the convergence indicator 𝑒eq
28 𝑗 ← 𝑗 + 1

29 end while

30 Compute the macroscopic stress tensor

31 Compute the convergence indicator 𝑒bc
32 end while

33 Save state variables

34 for Each voxel do

35 for Each child or parent constituent do

36 Update Euler angles

37 end for

38 end for

39 end for

Algorithm A.1 Computation of the effective behavior of a volume element. The tolerances on the boundary conditions
and static equilibrium conditions are denoted by 𝑒bc,𝑐 and 𝑒eq,𝑐 , respectively.

where łrmsž denotes the root mean square. In the present work, the fourth-order Runge-Kutta

method is used for the integration of constitutive equations.

B Mesh dependence

To investigate the sensitivity to resolution, simulations of a uniaxial compression test with

resolutions of 643, 963, 1283 and 1923 voxels were conducted.

The simulation conditions are the same as those given in Section 3. As shown in Figure B.1(a),

the macroscopic behavior under uniaxial compression is correctly evaluated, even for a resolution

of 643.

A minimum resolution of 1283 is however needed to estimate the grain averaged stress/strain

tensors. For such a resolution, the average axial stress or strain within a parent grain at the end

of a uniaxial compression test is similar to that obtained for a resolution of 1923 voxels, see

Figure B.1(b).
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