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Abstract

Numerical simulation is more and more used during the design stage of a manufactured product in order to
optimize its performances. However, it is often too time consuming, particularly when it’s used to solve
optimization problems, preventing an intensive usage. A-posteriori Model Order Reduction methods can be
very effective to shorten the computational time. An approximated solution is then sought in a space of small
dimension defined by a reduced basis. The accuracy of such methods is highly dependent on the choice of
the reduced basis, extracted from preliminary numerical simulation. The method usually applied to construct
such reduced basis is based on the Singular Value Decomposition (SVD), which can be time consuming,
and is not adapted when a large collection of preliminary numerical simulations must be used to construct
the basis. An alternative to this approach has been proposed recently with the Maximum Entropy Snapshot
Sampling (MESS) method. In this paper, we propose to compare these methods with other approaches
usually used for clustering or data classification based on vectors distance calculation, like the Centroidal
Voronoi Tessellation (CVT), Density Based Spatial Clustering of Applications with Noise (DBSCAN), and
Clustering Using Representatives (CURE). The methods are compared on a complex and realistic nonlinear
problem in low frequency electromagnetics. The quality of the reduced bases obtained by the different
methods are compared. Then, field distributions and global quantities, like eddy current losses and magnetic
energy, are computed from the reconstructed results, to further analyze the quality of the reduced bases.

Numerical simulation, Finite Element method, Model order reduction, Reduced basis,
Electromagnetics

Introduction

Numerical simulation is a widely used tool in industry as well as in research, as it allows having access
to any quantity of interest, without the constraint of conducting real life experiments. However,
simulations can be extremely time consuming, especially in the case of parametric studies or
optimization problems, when it is necessary to run many simulations with varying parameters. Hence, a

reduction of the computation time of the simulation is required, accepting a loss of the precision on the



result. In this context, there has been an intensive development of Model Order Reduction techniques in
the past decades.

Model Order Reduction field gathers a collection of methods to reduce the computation time of
numerical simulations. Two kinds of reduction methods exists: a priori and a posteriori. A priori
methods are automated algorithms, which do not require any specific knowledge on the problem to
solve. This is a considerable asset in terms of ease of use. However, these methods are not necessary
easy to implement and can have convergence issues when applied to non-linear problems. The Proper
Generalized Decomposition (PGD) [1][2] and the Reduced Basis method (RB) [3] are examples of such
methods. On the other hand, a posteriori methods require preliminary simulation results of the problem
to solve, in order to derive the reduced model. From these preliminary simulation results, called
snapshots, a reduced basis can be constructed, on which the problem solution and the matrix system are
projected. The number of unknowns of the problem can be drastically reduced leading to an equation
system of small size. With this reduction process, an accuracy loss appears on the solution, which is
highly related to the choice of the reduced basis. In fact, to obtain a good approximation with the reduced
model, its solution must be close to the solution of the initial problem projected in the space defined by
the reduced basis. The challenges when using a posteriori reduction methods are the choice of the
preliminary simulation results, as well as the method used to construct the reduced basis. Concerning
the choice of preliminary results, it greatly depends on the targeted operating range of validity of the
reduced model, and thus often necessitates a significant technical background to be correctly defined.
In the case of low frequency electromagnetic problems, a methodology was proposed based on a well-
known standard approach using typical tests [4][5], which showed great accuracy of the reduced model
as well as the need of an important quantity of preliminary results. Thereby, once the right preliminary
results are generated, one can start to construct the reduced basis by applying numerical technics. The
paper focuses on the comparison of these different technics.

To construct a reduced basis using a posteriori reduction methods, one needs to find the redundancy
information in the snapshots, with clustering techniques [6] or Singular Value Decomposition (SVD)
[7]. SVD is the most used method to construct a reduced basis from a set of snapshots, as it allows
extracting independent vectors containing the information of the snapshots, ranked in terms of energy.
Clustering methods, on the other hand, allow selecting the snapshots for the construction of a reduced
basis using various techniques. Centroidal Voronoi Tesselation (CVT) [8], for example, gathers in small
sets snapshots that are close to each other in terms of the Frobenius norm, and extract the basis by
computing the centers of each set. We can find applications of such methods for reduced model
construction in robotics [9], design optimization [10], and power network analysis [11]. In
computational physics, researchers use this kind of methods, in fluid dynamics [12][13], mechanical
systems [14][15] and electromagnetics [16][17][18]. Recently, model order reduction schemes have
been coupled with uncertainty quantification methods to find an approximation of the solution of
ordinary differential equations [19], and to nonlinear regression techniques and Optimal Transport to
find parametric solutions of fluid dynamics problem [20]. Also, reduction methods have been used to
simulate compressible flow with particular boundary conditions [21], and to represent in 3D the behavior
of multilayered components in microwave fields [22]. On the other hand, clustering methods are used
in Neural Network applied to electrical load forecasting for demand response programs [23] and to
battery optimization through the application of the Elbow method to irradiance data [24].



However, comparisons of model order reduction methods, in terms of reduction ratio and reconstruction
errors, have been limited to specific domains, in which specific methods are used. In mechanical systems
[25], authors compared the Guyan reduction method, the Krylov subspace method and the balanced
truncation method, and showed that the most suitable method depends on parameters of the problem to
be solved (i.e. motion frequency). In structural dynamics [26], authors compared the modal displacement
method, the balanced truncation method and the moment matching method, applied to a linear time-
invariant dynamical system of an actuation frame, and showed that the modal displacement method
captures best the global dynamics of the system. Nevertheless, a large variety of clustering methods can
be employed to construct a reduced basis, such as Density Based Spatial Clustering of Applications with
Noise (DBSCAN) [30], which works in a similar way than CVT, but only construct groups when a given
density of vectors is found, excluding isolated ones. Clustering Using Representatives (CURE) [31] uses
a different approach than CVT and DBSCAN, with the specificity of allowing initializing the groups of
vectors using a sample of the data set. Eventually, Maximum Entropy Snapshot Sampling (MESS) [29]
is another approach based on the information theory, as it works by computing the information gain
associated with each vector of the data set, and constructs the reduced basis by extracting the vectors of
highest information gain. Like SVD, these different methods enable to construct a reduced basis for
model order reduction, in an engineering context. Therefore, an evaluation and comparison of their

performances is required.

In this paper, we aim to carry out a comparative study between different snapshots selection methods:
clustering techniques (CVT, DBSCAN, CURE), the MESS method, and SVD, which remains until now
the reference for reduced basis construction. The methods are applied to computational physics, on a
finite element model of an induction machine connected to the power network, which is a complex and
realistic non-linear low frequency electromagnetic problem. We estimate the quality of reconstruction
on the solution of the field distribution, but also on quantities of interest derived from it.

In Section 1, we introduce notations, the concept of a reduced basis, the snapshots selection methods
and their implementation, as well as defining indicators. Section 2 presents the numerical experiment
conducted to compare the methods, starting with the problem formulation. The comparison is made on

field distribution but also on global quantities like energy and eddy current losses.
1. Methodologies

In this section, we will introduce the concept of reduced basis, as well as the different methods used to
generate one from simulation results. Let consider T vectors x; with N entries, solutions of a
computational physic problem resulting from an analysis in the time domain of a parametrized problem.

Considering a matrix X € RNV*T

gathering the T vectors x; € R" of the data set, we note X, . the matrix
containing the first ¢ columns of X, and X, , the matrix containing the first ¢ rows of X. Then, we

introduce the Frobenius norm of the matrix X, defined as follows:

N T

1

W= > > % ®
j=14—di=1

1.1. Reduced basis



A reduced basis can be extracted from the matrix X € RV*T using one of the methods presented
hereafter. The idea is to construct a matrix ¥ € RN*™_ with m < T, gathering orthonormal vectors ¢; €
RY, so that vectors of X can be expressed, or at least well approximated, as a linear combination of the
vectors of ¥. This expression, or projection, generates error, meaning that the basis ¥ does not enable
to reconstruct exactly the matrix X but an approximation X. Doing so, we obtain a matrix C € R"™*T
containing a set of coefficients ¢; € R™ defined as follows:

X~%=yC @

To obtain the coefficients c;, we introduce the transpose of ¥ on both sides of (2), which gives us the
projection of X in the reduced basis ¥ :

C=yix @

Then, instead of needing N X T terms to describe the matrix X, we only need N X m and m X T terms
of the matrices ¥ and C respectively. We can see that if m is much lower than T, then the amount of
data is much lower. We can later reconstruct the original matrix using (2), giving us the reconstructed
matrix X, composed of T vectors &; € RV. The projection error can be computed for each vector of the

matrix as follows:

~ 4
& = llx; — %l @

This error is generated by the representation of the T vectors of matrix X with a linear combination of
only m vectors and coefficients. Indeed, some information from one or multiple vectors of X may not
be contained in any of the m vectors of ¥. Furthermore, a low value for m will generate higher projection
error and lower data needed to describe X, while a higher m gives a better quality of reconstruction but
more data. A trade off should be found.

In the following, we present the different methods of snapshots selection, enabling to calculate the

matrix ¥, that we want to compare.
1.2. SVD

The Singular Value Decomposition [7] is a method for extracting the dominant components of a two-
dimensional matrix via its singular values. It allows decomposing the matrix X into three

matrixes U, X, V, defined as:
XV=UZ & X=UIVt S

The columns of U € RV*N are orthonormal eigenvectors of XX and are called the left singular vectors
of X, while the columns of V € RT*T are orthonormal eigenvectors of X‘X and are called the right

singular vectors of X. The matrix X € RV*T

is a diagonal matrix composed of the singular values of X
usually ranked in a decreasing order of magnitude. If N > T, which is often the case in computational

engineering, only the first T terms of the diagonal are non-zeros, and we can rewrite equation (5) as:

T
X = UpSFVh & X = ) wdn! ©
k=1



With X.; the matrix containing the first T columns of X, u;, and v respectively the k" vector of the
matrices U and V, and 4, the k" singular value. Given that expression, as well as the decreasing
magnitude of the singular values, we can see that the contribution of the latest singular vectors will be
very low in the reconstruction of X. This highlights the possibility of finding an approximation of X by
a matrix X™ of rank m < T. In fact, the Eckart-Young theorem guarantees that the best low rank
approximation of a matrix, in the perspective of the Frobenius norm, is given by its truncated SVD:

X™ = U S50V, @

From this approximation, we can extract the reduced basis ¥, as the matrix U.,,,, which columns are
orthogonal:

Ysyp = Uy € RV ®)
1.3. CVT

The Centroidal Voronoi Tesselation (CVT) is a clustering method that can be used to select snapshots
from the matrix X to construct a reduced basis. This is done by gathering the vectors x; of X that look
alike (which are close in the sense of the 2-norm) in groups (called Voronoi regions), and to represent
each group by a single vector, which corresponds to the center of the Voronoi region [8].

The principle of CVT is to partition the discrete space generated by the set of vectors of X : 2 =
{x; e RN,i=1,..,T}. It is therefore a matter of choosing a number of "regions” Vi,j=1,..,mto
represent all vectors of X. Regions must satisfy the following conditions:

> Eachregionis includedin 2 : V; € 2
> Regions are disjoint: V; NV, = @ if j # h
> Regions cover 2 : UL, V; = 0

The generators A; € RY ,j =1, ..., m associated with the regions of Voronoi are defined as followed:
Vi={xen/ a—all,<lte=Aully; j=1,.,m;j#h;k=1,.,T} ©

This means that each vector belongs to the Voronoi region corresponding to the generator to which it is

closest.

Another characteristic of generators 4; is that each of them must be merged with the center of mass of
its associated region. This gives us a centered partition of space. In the case of a discrete domain of
constant density, meaning that each vector has the same weight, the center of mass of a region is defined
by, with card(V;) being the number of vectors in the region V; :

1
Zi=—
7 card(Vy) z Xt 10)

XKEV

A CVT can be constructed by applying the Lloyd algorithm [27] on the matrix X. It is important to note
that the first step of initialization of the generators can be critical in the construction of the CVT. The
generators can be initialized by choosing randomly among the vector X, or from homogenous

distribution of the xj. The choice of the initial generators will condition the accuracy of the reduced



basis construction as we will see in the following. Furthermore, the merging of the centers of mass with
the generators is an iterative process, so the user must define a precision criterion § to ensure it. Its value
should be low enough to ensure the quality of the partitioning, but not too small to avoid extra
computational time.

The algorithm of CVT is presented in Figure 1. The inputs are the matrix X € RV*7 | the number of
regions m and the merging precision criterion &, and the outputs are the m centers of mass Z;.

Algorithm 1: CVT
Inputs: Outputs:
the matrix X € RV*T the m centers of mass Z;
the number of regions m
the merging precision criterion §

1) Initialization of m generators A; € RN,j=1,..,m

2) Calculation of the regions V; associated with these generators (9)

3) Calculation of the center of mass Z; associated with each region (10)

As long as ||Zj —)lj||2 >6,j=1,..,m:
i) We take the centers of mass as new generators A; = Zj ,j = 1,...,m
ii) Calculation of the regions V; associated with these generators (9)

iit) Calculation of the center of mass Z; associated with each region (10)
End

Figure 1 — algorithm of the CVT

Once we obtain a CVT of the matrix X, we can construct the reduced basis W, by concatenating the
obtained generators and applying a QR decomposition to orthogonalize the matrix:

Yeyr = QR(A4, ..., Ayy) € RV an

We chose to use the QR decomposition as orthogonalization process in this work, because it is reliable

and has a low computational cost [28].
1.4. MESS

Maximum Entropy Snapshot Sampling (MESS) is another snapshot selection method that can be used
to derive a reduced basis from the matrix X. It has been proposed in [29]. It is based on the construction
of a recurrence matrix, which measures the similarities between the different vectors, and on the notion

of entropy, which corresponds for each vector to the quantity of information it contains.

The first step of this method is to calculate the recurrence matrix R, € R7*T corresponding to the matrix

X € RM*T_ To do this, we introduce a distance criterion €, and the matrix is built as follows:

R = {1 i llxi=xoll, <e. 52 1,..T.g=1,..,T 12
0 else

The entry Ré‘g is equal to 1 if the two vectors x; and x, are close to each other. The idea is then to go

through this recurrence matrix to deduce the entropy corresponding to each vector, and to determine

those that contain the most “significant information”, which will be used to construct the reduced basis.

For that, we define the e-Frobenius potential v,, the e-Frobenius entropy 7. and the information gain h.:



. 1 L . 13
Ve, = Ve(X(:,1:0)) = i—ZIIRE(lzl, L)lz,i=1,..,T a3

, , 14
Ne; = Ne(X(,1:0)) = —log(vel.) ,Ji=1,..,T a4
hei =Nejpq — Ney ,i=1,..,T as

max (he;

We can then construct the reduced basis by extracting the m vectors x; ) of X with the maximal

information gain:

max (he;)
i

= argmax(he;) 1)

The algorithm of MESS is presented in Figure 2. The inputs are the matrix X € R¥*T the number of

vectors in the basis m and the distance criterion €, and the outputs are the m vectors of maximum
max (he;)

information gain x;,

Algorithm 2: MESS
Inputs: Outputs:
the matrix X € RN*T
the number of bases m
the distance criterion €

max (he;)

the m vectors of maximum information gain X;

1) Calculation of recurrence matrix (12)

Forifrom1toT:
i) Calculation of the e-Frobenius potential ve; (13)
it) Calculation of the e-Frobenius entropy ne; (14)
iti) Calculation of the information gain he; (15)

ax (he;

. . . . . . m )
2) Selection of m vectors with maximum information gain x; (16)

End

Figure 2 — algorithm of the MESS

The reduced basis is constructed by concatenation of m vectors with the highest value of h,;, and an
orthogonalization with QR decomposition:

YuEess = QR (xmaX (he) max (hei)) € RNxm an

1 e Am

1.5. DBSCAN

Density Based Spatial Clustering of Applications with Noise (DBSCAN) is a clustering method
proposed in 1996 [30] and which uses the notion of density to create groups from the matrix X. With
this method, one cannot define the number of groups that the algorithm will create, as it would be the
case for CVT or MESS. However, the user will define a criterion associated to the notion of density,
which will influence the creation of the groups of vectors. From the matrix X, we can define the density
as the “e-neigborhood”:

1
Ne(x) = {x € X | llx; — x¢ll, < €} as)

The first criterion set by the user is €, which corresponds to a distance threshold. If the distance between
two vectors x; and x;, of X is lower than €, these vectors will be gathered. The other criterion is minPts,
imposing a minimum number of vectors close together to create a group. From these criterions and the

definition of the “e-neigborhood”, three categories of vectors appear:



If the cardinal of N, (x;) is greater than minPts, x; is a “core” vector
If the cardinal of N.(x;) is between 0 and minPts, x; is a “border” vector

e Ifthe cardinal of N.(x;) is 0, x; is a “noise” vector

The three categories are illustrated in Figure 3, which displays the notion of density.

Border

Noise

Figure 3 - DBSCAN scheme. The points in orange correspond to Core vectors, as we see 4 of them close to each
other, which is superior to the value of minPts. The points in blue are Border vectors, being sufficiently close to
only one other vector. The points in grey are Noise vectors, as they are too far to any other vector.

The DBSCAN algorithm consists in calculating the “e-neigborhood” associated with each vector of X

to determine its category, and create groups of “core” and “border” vectors. It is presented in Figure 4.
RNXT | the distance threshold criterion € and the minimum number of

The inputs are the matrix X €
vectors to create a group minPts , and the outputs are the m centers of the created groups of vectors.

Algorithm 3: DBSCAN
Inputs: Outputs:
the m centers K;

the matrix X € RNV*T
the distance threshold criterion €
the minimum number of vectors to create a group minPts

While there are vectors x; not ranked in any category (core, border, noise)

i) Calculate “g-neigborhood”: N¢(x;) (18)
ii) Categorize x; by calculating card(N.(x;)) and comparing it to minPts

iii) If x; is a « core”, create a cluster C; gathering the vectors in N.(x;)
iv) Categorize all the x;, < N.(x;)

End While
1) Include each “border” vector in its closest cluster
1
inECi Xi

2) For each cluster C;, calculate its center K; = p—
L

End
Figure 4 — algorithm of DBSCAN

The reduced basis is constructed by concatenation of the centers K;, and orthogonalized with a QR

decomposition.



WYpescan = QR(Ky, ..., Kpy) € RVX™ 19)

1.6. CURE

Clustering Using Representatives (CURE) is a hierarchical clustering algorithm proposed in 1998 [31].
It differs from the methods presented above, with the capacity of creating the clusters with a sample of
the data instead of all of it, and representing each cluster by more than one representative vector. It
allows to handle clusters with complex shapes and large database in a very efficient way.
Representatives are calculated by taking n,.,, furthest vectors in a cluster, and shrinking them toward
the center of the cluster. The intensity of that shrinking can be chosen by the user, via a parameter 6.

With K; the center of the cluster C;, and x/' one of its furthest vectors, we calculate the representative
Rep; with:

Rep} = xf* + 0(K; — x'1) 20

In this method, each vector in the sample data is initially considered as a cluster. The choice of the
sample data is left to the user, and has an important impact on the quality of the reconstruction of X.
Typically, it is required that the vectors of the sample data are already a good representation of the
vectors of X. Then, clusters close to each other are fused until the desired number of clusters m is
obtained. Finally, all the remaining vectors of X are compared to the clusters’ representatives, and added
in the closest cluster.

The algorithm of CURE is presented in Figure 5. The inputs are the matrix X € R¥*T | the number of
representative vectors for a group 7., the shrinking intensity parameter 6 and the number of sample
vectors Nggmpies> and the outputs are the m centers of the created groups of vectors.

Algorithm 4: CURE

Inputs: Outputs:

the matrix X € RV*T the m centers K;
the number of bases m

the number of representative vectors for a group Nyep

the shrinking intensity parameter 6

the number of sample vectors Nggmpies

1) The first Nsampies vectors x; are considered as clusters C;

While the number of clusters is superior than m

. . 1
i)  For each cluster C;, calculate its center K; = mzxieci X;
i

ii) For each cluster C;, calculate its distance to the other clusters D;(k) = ||K; — Ki |l
iii) Fuse the closest clusters

End While
2) Calculate the N,y representatives associated with each cluster C; (20)
For j from Nggmpies to T:
i) For each cluster C;, calculate the distance between its representatives and x;
ii) Add xj in its closest cluster
End for

: 1
3) For each cluster C;, update its center K; = W(C)ineci X;
i

Figure 5 — algorithm of CURE



Then, we can construct the reduced basis by concatenation of the centers K;, and orthogonalize using a
QR decomposition.

Yeure = QR(Ky, ..., Kp) € RVX™ 21

1.7. Projection error

In order to compare the efficiency of the presented methods for the selection of snapshots and the
construction of reduced basis, we define the projection error. We calculate this error to evaluate the loss
of information generated by the projection and reconstruction of the data (4). Then, the error relatively
to the original data for each vector x; is computed by:

Rel _ _ i 22)
ol

2. Numerical experiments

In this section, we describe the experiments performed with the different methods presented above, in
order to evaluate their ability to construct a reduced basis suited for the construction of a reduced order
model from data provided by computational electromagnetics. Firstly, we present the mathematical
formulation of the problem and simulation results, then we describe the computation of the reduced
basis, and eventually we compare and analyze the results of the experiments in terms of projection error.

2.1. Problem formulation

We consider the application example of an induction machine, which can be described by magneto-

quasistatic equations in the time domain.

3
curl(H) = Jina + Z Nji; 23

=1
0B (24)

E)=——

curl(E) r
div(B) = 0 @5
div(Jing) = 0 and div(N;) = 0 26)

Where B is the magnetic flux density, H the magnetic field, E the electric field, /;;,4 the eddy current
density in the conducting domain, and N; and i; the unit current density vector and the current flowing
though the winding j. The magnetic and electric behavior laws are defined by:

H =9(B)B @7
Jina = 0E 28)

With 9(B) the magnetic reluctivity, depending on B in the ferromagnetic material, and o the electric
conductivity, which is assumed to be constant in the conductive part and equal to zero in non-conductive
parts (like in the windings of the stator, assumed to be stranded, and the lamination where the effect of
eddy currents is negligible). We use the vector potential formulation [32] to solve the problem given by
the previous equations. Introducing the magnetic vector potential A defined from (25) such as B =

curl(A), the electric field can be expressed from (24) by E = —2—':. Then, from (23) and (26), the
equation to be solved is:



3
0A
Curl(ﬁ(B)curl(A)) + oo = Z Njij (29)
=1

with A(t = 0) = 0 in the conductive domain. We must also consider Dirichlet boundary conditions, to
cancel the outgoing flux on the outer surface stator. The electromagnetic device is often connected to a
voltage source, meaning that the voltage is imposed but not the currents i;, which are then unknowns of
the problem. The following relations allow to impose the voltage V; at the terminals of the winding j,
with R the resistance of windings, ®; the linkage magnetic flux and D; the subdomain associated with
the winding j:

dd; ) (30

W + le = V}

31

P = f A.N;dx

Dj

The rotor is assumed to rotate at constant speed and the movement is considered by means of the time-
stepping method [33]. In order to solve the problem, the fields A and N; are discretized using respectively
edge and facet elements, and we denote X, € R" the vector of the components of A. The numerical
solution of (29) is obtained using the Finite Element (FE) method. The full numerical model is then
composed of a strong coupling between the FE model and the electric equation (30). Describing the FE
model in the time domain, using the Euler implicit scheme, leads to solve an equation system, at each
time step k, for j = 1,2,3:

3 (32)
[1\419 + M(ek—l) + MaAt_l]XA'k - Z F_‘]l],k = MO-At_le'k_l
j=1
thAt_le,k + Rl.j'k = Vj,k + F}tAt_lXA,k_l (33)

With At the time step, X the transpose of the matrix X, F; the vector depending on N; and M (6_,) the
matrix used to consider the movement of the rotor.

2.2. Simulation of an induction machine

We consider a squirrel-cage induction machine similar to the one studied in [34], represented with a 2D-
extruded mesh as shown in Erreur ! Source du renvoi introuvable.. The mesh is composed of 86685
prism elements and 31360 hexahedral elements, the vector potential is discretized using edge functions.
Due to the boundary conditions, the degrees of freedom associated with the edges on the boundary are
equal to zero, and the unknowns of the problem are associated with the edges located inside the domain.
The number of degrees of freedom is then N = 76616 unknowns. As said before, the machine is
connected to a voltage supply delivering a nominal voltage U, = 6600V at a frequency f = 50 Hz.
We set the rotation speed to half the synchronous speed, giving speeq = 743 r/min. The eddy currents
are neglected everywhere except in the bars, which means that we set ¢ = 0 everywhere but in the bars
where 0 = 37,7 * 10 Sm™1. We perform a simulation on T = 2000 time steps (= 15 electrical periods
or 0.31s), and thus obtain a result in the form of a matrix X, € RV*T. We can then use this result to
compute fields: the matrices of components of the magnetic flux density Xz € R3V*T and of the density
of eddy current X; € R3"*T, which are of size 3N X T because they gather 3 components per unknown;

as well as global values: the eddy current losses P; € R”, and the magnetic energy E, € R”.
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(a) Front view (b) Side view

Figure 6 - mesh of the induction machine

Figure 8, Figure 9, Figure 10 and Figure 11 display fields and global values as results of a simulation of
the induction machine. Figure 8 shows the magnetic flux density in the machine, in the transient (at 50
time step) and in steady-state (at 750" time step), and reveals a high magnetic saturation of the machine
in the transient. Figure 9 shows the eddy current density distribution in the induction machine, also in
transient (at 50™ time step) and steady state (at 750" time step). We can see that the current density is
only generated in the bars of the machine, which correspond to what we expect. Figure 10 and Figure
11 display the eddy current losses and the energy as global values of the induction machine. These
graphs show clearly the presence of a transient and a steady state, with very high values of both losses
and energy in the first electrical periods.
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Figure 7 — electromagnetic field in the induction machine
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2.3. Computation of reduced basis

We compute a reduced basis from the matrix X, , which gathers the T vectors of size N corresponding
to the results of the simulation of the induction machine, with each method described above. In order to
allow an objective comparison between the results obtained by the different reduced basis construction
methods, we want all the basis to contain the same number of vectors m. Hence, we start by applying
the DBSCAN on the matrix X, , since it is the only method in which the user cannot impose the number
of vectors in the reduced basis. We compute the density (18) setting = 0.03d,,4, , Where dy,q, 1S the
distance (as a 2-norm) between the two furthest away vectors of X, , and we set minPts = 2. We choose
these values after a series of tests, in order to obtain a number of vectors m = 212 = T/10' This

generates the reduced basis associated with the DBSCAN ¥pggcay € RY*™, Then, we can apply the
other methods, setting the number of vectors in the reduced basis to m. The SVD method is computed
on the matrix X, and truncated at rank m (7), and we obtain the basis ¥g,, € RN*™ A CVT is
performed on Xy, setting the number of regions to m. The generators chosen for the initialization are
homogenously distributed vectors of X4, which is more efficient than an initialization with a random
choice. The merging precision criterion is set as § = 0.0001, and the algorithm generates the basis
Yeyr € RV*™ The CURE method is computed on the matrix X,, with Nyep = 2, 6 = 0.5 and
Nggmpies = 360, and gives us the reduced basis Y¢ygp € RN*™ Eventually, the MESS is calculated
on X, with € = 0.002 * d,, 4, and we obtain the reduced basis ¥y;zss € R¥*™. All values of the input
parameters are listed in Table 1.

DBSCAN SVD CVT CURE MESS
Inputs m =212
€ = 0.03 * dpyy = 212 m =212 Npep = 2 m =212
minPts = 2 8§ = 0.0001 9 =05 €=0002+d,,,,
NSamples =360
Outputs ¥ppscan Psvp Yevr ¥Ycure ¥YMEss

Table 1 — Parameters for the computation of reduced basis

We can then compare the offline CPU time of the different methods. However, SVD is performed using
the compiled LAPACK library, while the other methods were programmed by us using Python
programming language, and therefore are much less optimized. Nonetheless, CVT gives very interesting
results, with an offline computation two times faster than SVD. DBSCAN yields an equivalent offline
time than SVD, while CURE and MESS are around 3 times slower. We should recall that these two
methods were programmed in Python and are not optimized. According to this study, we can’t generalize
the fact that the methods CURE and MESS are slower than SVD.

2.4. Projection and reconstruction of results

Once we have the reduced basis associated with each method, we perform the projection of the results
matrix X, in the reduced basis using (2). Then, we reconstruct the results by re-projecting the projected
matrix in the reduced basis with (3). C; € R™*T is the projected matrix, ¥ € R¥*™ the reduced basis
used for projection and X, the reconstructed results.

We perform the projection with each reduced basis computed beforehand, and obtain

CVP,cSVT | CPBSCAN | cCURE and CMESS | all matrixes of size R™*7.

We then reconstruct each projected matrix previously computed, using the associated reduced basis, and

VD $CVT $DBSCAN $CURE FMESS NXT
X400, X4 Xy X4 RY*.

we obtain X3 and , all matrixes of size



In order to evaluate the efficiency of the methods to construct an efficient reduced basis to project the
results, we firstly calculate a global projection error for each reconstructed matrix as follows:

=, =X, - 34
Exa = 1Xa = Xall .
We obtain ZgVP , ZgVT , ZRBSCAN  5CURE and E§ESS | which values are displayed in Figure 12. We can

see that the value associated with the MESS is much higher than for other methods. Indeed, as mentioned
in [35] where the MESS is compared to SVD, this method allows constructing the reduced basis much
faster than SVD, and the basis constructed with MESS generates a better precision than with SVD for
an identical calculation time. However, the MESS leads to a reduced basis of greater size than SVD for
a given projection error. Then, as we evaluate the methods in term of reduction rate and precision, the
MESS is not competitive with the other methods. From that observation, we propose to exclude the
MESS from the rest of the study.
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Figure 11 — Global reconstruction error for each method

We then compute relative error (22) associated with the reconstructed result for each method. We obtain

ex”, exo’ exo 4N and egURF all vectors of size R”. Figure 13 shows the value of the relative error

for each method in function of the time steps. For all methods, the error calculated is lower than 0.01%,
shows a bit of variability during the first time-steps and stays constant after the 500", We can observe
that the differences in the error generated by projection with the methods is concentrated during the first
500 time-steps, which correspond the transient state where we have the strongest variation of the field
distribution. SVD gives the lowest error, in terms of a moving average, along all the time steps, as
predicted by the Eckart-Young theorem. CVT generates a bigger error in the transient, but comes very
close to the SVD as we get in the steady state. CURE allows reconstructing some results perfectly in the



first 250 time steps, which correspond to the samples used to initialize this method, and we can see the
error being equal to zero. However, the reconstruction is degraded compared to SVD or CVT in steady
state. Finally, DBSCAN gives similar results than CURE, with a slightly bigger error than CVT and
SVD in the steady state, but a lower error than CVT in the transient.
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Figure 12 - Relative error of reconstructed results for SVD, CVT, DBSCAN and CURE (bottom) Zoom on transient
state (top left) Zoom on steady state (top right)

2.5. Reconstruction of fields and global quantities

As presented above, we can compute fields and global quantities of the simulated machine from the
matrix X4. In order to further evaluate the quality of the reconstructed result, we use the matrixes
X3VD  XEVT | XDBSCAN and XSURE to compute the fields and the global quantities, and compare them to

those calculated with the result matrix Xy.

2.5.1. Magnetic flux density

At first, we compute the magnetic flux density B, corresponding to a spatial derivative of the vector
potential A. We obtain the reconstructed magnetic flux density X5"2 , X5VT , XDBSCAN and XSURE  all

]R3NXT SVD CVT DBSCAN CURE , vectors of

matrixes of size and compute the relative errors €x,° , &, ,&x, and &y

size RT.

Figure 14 displays the relative error on the reconstructed magnetic flux density for each method. At first,
we see a higher error generated than on the vector potential A. This can be explained by the important
time and space variability of the field compared to the potential (induced by the space derivative), and
by the construction of the reduced basis using snapshots of the vector potential and not those of the
magnetic flux density. Then, we see that a strong variation of the error during the first time steps (around



30% for CVT), but it quickly decrease to 10% in transient state and less than 5% in steady state.
DBSCAN and CURE yield lower error than CVT in transient state. The error oscillates around 2.5% in
steady state for CURE and DBSCAN, and around 1.2% for SVD and CVT. SVD yields the lowest
moving average error along all the time steps, and CVT, with peaks in the transient, generates a similar
error than SVD in steady state. CURE generates a perfect reconstruction during the first time steps, as
we saw beforehand, and DBSCAN give comparable results once again, with lower error than CVT in
the transient but slightly higher in steady state.
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Figure 13 - Relative error of reconstructed electromagnetic fields for SVD, CVT, DBSCAN and CURE (bottom)
Zoom on transient state (top left) Zoom on steady state (top right)

2.5.2. Eddy current density

Similarly, we compute the eddy current density, corresponding to a time derivative of the vector
potential in the conductive regions. We obtain the reconstructed density of eddy current

X ]SVD X ]CVT ,X’ DBSCAN and X ]CURE , all matrixes of size R3¥*T and compute the relative errors s}‘?}/D ,
efVT , ePBSCAN and sC]URE vectors of size R”.

Figure 15 is a plot of the relative errors on the reconstructed current density distribution, and highlights
again that the relative error associated with SVD is the lowest of all methods. CVT generates an error
peaking at 20% in the transient, and decreasing in steady state to match SVD, around 2.5%. CURE does
not allow a perfect reconstruction for some time steps as it was the case with the reconstruction of the
magnetic flux density B (see 4.5.1). The current density corresponds to the time derivative of the vector
potential, meaning that to have a perfect reconstruction of the current density requires having, at two
consecutive time steps, a perfect reconstruction of the vector potential. DBSCAN and CURE give
sensibly equivalent results, with a peak of error at 15% in the transient and a stabilization around 4% in
steady state.
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2.5.3.Global quantities

We also reconstruct the eddy current losses ﬁJSVD ﬁCVT ISDBSCAN and ﬁ]CURE , vectors of size R, and

SVD CVT .DBSCAN CURE

calculate the relative errors &p ;o €p) Ep, and &p B, »vectors of size R”. Figure 16 displays

the original and reconstructed eddy current losses time evolution, and shows that all methods allow a
very good reconstruction of the losses.
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Afterwards, we compute the reconstructed energy E5' P , ESVT , EPBSCAN and ECURE vectors of size RT,

SVD CVT DBSCAN
n

and calculate the relative errors e2/° , eg’", f CURE

and g "7, vectors of size RT. Figure 17 shows

the original and reconstructed energies, and we see that all methods allow a very good reconstruction of
the energy, with a slight deviation on the first peak.
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Figure 18 displays the relative errors associated with the reconstructed energies with each method, and
shows that the error generated on the energy by the projection is low for all methods. CVT shows a peak
of error around 6% in the transient, while DBSCAN rises to 2%. CURE and SVD generates a very low
error even in the transient, below 1%. In steady state, we see that all the methods reconstruct the energy
very well, with a relative error inferior to 1%.
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Figure 17 - Relative error of reconstructed Energy for SVD, CVT, DBSCAN and CURE (bottom) Zoom on transient
state (top left) Zoom on steady state (top right)
To summarize these results, we calculate statistic values of the relative error, for each reconstructed
value and each method. Figure 19 displays these values in the form of a boxplot, with the lowest tick
corresponding to the minimum, the base of the box to the first quartile, the line in the box to the mean
value, the top of the box to the third quartile and the highest tick to the maximum (scheme of the boxplot
in the bottom-left box).

It highlights that projecting the result using SVD generates the lowest mean error, on every reconstructed
value. In general, we see that CVT, CURE and DBSCAN give similar results, very close to those of
SVD, with CURE giving slightly lower error.

These remarks corroborate what the different plots of reconstructed values, or of their relative errors,
showed: SVD always generates the lowest deviation from the original value, as predicted by the Eckart-
Young theorem. CVT is associated with a very precise reconstruction in steady-state (very close to SVD)
but generates high peaks of error in transient. CURE and DBSCAN always give similar results, with a
constant error along all time-steps, lower than CVT in transient but higher in steady-state.
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3. Conclusion

Different methods (SVD, CVT, MESS, CURE and DBSCAN) for constructing a reduced basis have
been described and compared for simulation results projection on a realistic application in computational
electromagnetics. The size of the constructed bases was fixed equally, and we investigated the influence
of the chosen method on the projection error. To do so, we projected and reconstructed the results using
the reduced bases, and the deviation to the original data generated by the operation was calculated, in
term of relative error. We used this error to compare the quality of the reduced basis of each method and
could see, as expected, that the SVD allows to project and reconstruct the results with the lowest
deviation. We saw that MESS is not suited for the criterions of this comparison, as it is a method very
efficient to obtain a reduced basis with a very low computational time, but which does not perform
correctly in terms of precision when the target is the reduced basis size. We showed that CURE and
DBSCAN give similar results, with an error being stable and close to SVD, and that CVT generates
peaks of error during the transient state, but similar results to SVD in steady-state. For all methods, the
reconstruction of the results was precise, with relative errors below 0.1%. We were then able to use the
reconstructed results to compute fields and global values of the machine, and further analyze the quality
of the reduced bases constructed. We showed that the deviations generated on both the electromagnetic
field and the density of eddy current are similar, with relative errors around 10%. We also showed that
eddy current losses and magnetic energy can be computed from the reconstructed results, and generate
very little error (= 5%). Moreover, it appeared that the projection error calculated from the unknowns
of the problem (vector potential) gives a good image of the error on the other quantities, either local
(magnetic field, eddy current density), or global (eddy current losses, magnetic energy). Consequently,
we suggest that clustering methods, and particularly the CVT, can be valid alternatives to the SVD for
reduced basis construction. Indeed, these methods showed similar results than the SVD in terms of
projection error, and they may be used in cases where the SVD does not perform well, such as the
construction of a basis from a very large set of preliminary simulation results. Besides generating
reduced basis for model order reduction, the methods compared here are also valid for other applications,
like the compression of results obtained from finite element simulation, to limit the storage space. In the
application presented in this paper, the memory space can be divided by 10 without significant loss of

accuracy. The memory space reduction can be controlled by means of the size of the reduced basis.
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