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ARTICLE INFO ABSTRACT
Keywords: The aim of this paper is to implement and compare different fatigue post-processing approaches
Fatigue for fatigue life assessment of complex parts. Inconel 718 is taken as an example, as it can exhibit

Life prediction
Stress gradient effect
Scale effect

Weibull distribution

several factors influencing fatigue life, such as mean stress, stress gradient and scale effects. Tests
on different specimen geometries to exacerbate these effects were carried out at 550 °C. The range
of service operating life is between 10% and 10° cycles. A modelling chain was then set up. A
structural calculation was performed using an elasto-visco-plastic behavior law to obtain the
mechanical fields at cycle stabilize. These values were finally exploited by applying a post-
processing treatment approach to predict the fatigue life of the structure. Two main types of
post-processing approach were investigated: standard and probabilistic. The way in which the
different factors influencing fatigue life are considered, depending on the approach used, was
discussed. Finally, the probabilistic volume approach yields better results, thanks to its ability to
consider mean stress, stress gradient and scale effects in the proposed formulation.

1. Introduction

Fatigue prediction of parts such as turbine disks, blades or airframe assemblies is a major concern for aircraft manufacturers. These
parts are subjected to cyclic loads that can lead to crack initiation and part failure. The accurate modelling of the mechanical fields
within the part and the estimation of the fatigue behavior are key issues for the safety and mechanical design of the parts. Many factors
make it difficult to implement a modelling chain that can predict the fatigue life of complex parts: evolution of the multiaxial me-
chanical fields in service; effects of mean stress on fatigue life [1,2]; influence of stress gradient on fatigue life [3]; initiation on defect
inducing a dispersion of fatigue life and a scale effect [4,5]. Among the parts mentioned above, Inconel 718 turbine disks are
particularly sensitive to all of the above factors. Chaboche et al. exposed the influence of the mean stress on the fatigue life of Inconel
718 at 550 °C [1]. Chen et al. and Amargier have shown that Inconel 718 is sensitive to notch effects, especially at high temperatures
[6,7]. Alexandre showed that Inconel 718 was affected by scale effects at 600 °C [8]. The possibility of initiating on inclusions or large
grains is one factor generating this scale effect since the initiation is then linked to the probability of finding a preferential initiation site
in the material. This effect leads to a strong dispersion of the lifetime data [8,9] on lab specimens tested in fatigue. This phenomenon
results in significant variability in the fatigue test lifetime data obtained from laboratory samples. The larger the specimen, the smaller
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Nomenclature

SWT Smith-Watson-Topper

SCS smooth cylindrical specimen
DA Direct Aged

WLS Weighted Least Squares

FCV Fracture Characteristic Volume
LCF Low Cycle Fatigue

HCF High Cycle Fatigue
VHCF  Very High Cycle Fatigue

R50C50 regression model of Basquin identified with Weigthed Least Squares

% volume of the specimen

S surface of the specimen

Q(x) domain of radius r centered on x

Q" (x) effective volume of material in the domain Q,(x)

re radius length

u scaling factor

C,p material parameters

Pl survival probability of the finite element i for a number of cycles less than N
Py(N) survival probability of the structural model

n, number of finite elements in the model

M Weibull modulus

cv Coefficient of Variation

ML maximum likelihood

Ky fatigue stress concentration factor
K; elastic stress concentration factor
wt% weight percentage

R, strain ratio

Rr load ratio

Omax maximum local stress

Onom nominal stress

Sreduced  Cross-sectional area

F applied load

LK, specimen with K, = 1.3

HK, specimen with K; = 1.6

€ total strain tensor

et elastic strain tensor

2 plastic strain tensor

&P plastic strain rate tensor

z stress tensor

J von Mises invariant

R size of the instantaneous yield limit
X back-stress tensor

n, K Norton parameters

b;, Q; material parameters

Cx, Dy, wx material parameters

Caeff effective stress

£q total strain amplitude

0q total stress amplitude

E Young’s modulus

T ratio of the mean stress to the stress amplitude
€qeq equivalent strain amplitude

Oaeq equivalent stress amplitude

teq ratio of the mean value of the stress tensor trace to the equivalent amplitude of the stress
(Tro)meqn mean value of the stress tensor trace
b, b’ material parameters

A and @ material parameters

N¢ number of cycles as failure

R90C95 distribution with a reliability of R = 90 and a confidence level of C = 95 %, Owen model
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Vi volume of element i
s surface area of the element i
Vé volume assigned to each Gauss point

the dispersion. Therefore, they provide a particularly interesting case study for discussing the implementation of different fatigue life
modelling strategies. In addition, the presence of stress concentrations in the structure induces depth stress gradients and stress
confinement in the concentration zone. The part is therefore sensitive to several factors simultaneously: mean stress, stress gradient,
and scale effects. Taking this into account is a major challenge in the design of fatigue structures.

Most fatigue lifetime models are expressed in cycles with phenomenological formulations relating o, €, or energy, to the number of
cycles to initiation [1]. Another possibility is the use of coupled approaches where a damage variable is associated with an evolution
law, also written in terms of the number of cycles [10,11]. More recently, incremental models have been developed where the evo-
lution law of the damage variable depends on time [12,13].

One advantage in using phenomenological formulations is the opportunity to introduce easily the effects of mean stress. So, ex-
tensions of the Manson Coffin criterion such as Walker, Morrow, or SWT can be considered [14]. Among these extensions, the SWT
model has already been successfully used by Chaboche et al. to translate the impact of the mean stress on the fatigue life of Inconel 718
at 550 °C [1]. Because of their geometry, turbine disks have a complex mechanical field that can induce multiaxiality effects that need
to be considered. Several multiaxial criteria can be found in the literature. These criteria are classified into three main categories. A
constraint invariant approach leads to the use of criteria such as those of Sines, Crossland, or Gongalves [15,16,17]. A second approach
concerns energy models [18]. Finally, the generalization of this type of criterion in multiaxial can be accomplished using the concept of
a critical plane, as shown by the models of Brown and Miller, Fatemi and Socie, and Robert [19,20,21]. As a result, there are many
formulations, but no real consensus on the accuracy of one over the other to estimate shear and equibiaxial fatigue conditions together
with mean-stress effects. In this context Bonnand et al. proposed a new multiaxial criterion that generalizes the SWT model, and has
been applied with a good accuracy to several multiaxial test conditions [22].

Gradient effects represent the fact that service life is not driven solely by the maximum value present in the part, but is also a
function of the gradient of the driving force (stress, etc.) for crack initiation surrounding this point. For some materials, such as Inconel
718, this factor is far from negligible. Different methods have been suggested since the 1940 s to improve the consideration of these
effects. The oldest ones involve calculating the fatigue stress concentration factor Ky from the elastic stress concentration factor K;
[23,24]. They have the advantage of being relatively simple but prove inadequate when dealing with different sample geometries.
These concentration factors may be identical even if the experimental fatigue limits differ. Many criteria based on non-local ap-
proaches have been developed to more accurately assess the influence of stress gradients on fatigue life. Among them, we can mention
methods using the notion of critical distance developed by Neuber and Peterson [23,24]. They have been successfully applied to a wide
range of materials, including single crystal material, following an elasto-visco-plastic calculation to evaluate the mechanical fields in
the vicinity of notches or holes [13]. These approaches are based on a standard deterministic lifetime assessment, which does not allow
consideration of the scale effects. To our knowledge, only a few papers have developed methodologies that combine a standard
deterministic approach with the consideration of scale effects [4,25]. These methods can therefore be particularly interesting, but
require the use of numerous specimens of different geometries to be implemented.

Scale or size effects represent the fact that the fatigue life of a part depends on the volume it is subjected to. This notion is closely
linked to the probability of finding a defect of a certain size in a volume. The larger the volume under load, the greater the probability
of finding the defect. Scale effects are often concomitant with gradient effects. The gradient effect could be considered as the simply
influence of the non-uniform distribution of the driving force extended over the volume, area or length investigated, on the probability
of failure due to the scale effect.

To consider size or scale effects, it is thus often necessary to apply a probabilistic model. Two methods are used in the literature: the
direct approach and the indirect approach. The direct approach consists of modelling the randomness at its source by using a char-
acterization of the defects present in the material. The quantity most consistently associated with scattering at initiation and discussed
in the literature is then the endurance limit. Probabilistic scaling approaches focus essentially on this quantity with “weakest link” type
models, a weibullian distribution of the endurance limit is then estimated [26,27]. This direct approach was also investigated by
Alexandre to predict the fatigue life of smooth cylindrical specimens of Inconel 718 DA at 600 °C, where surface and internal initiation
had been observed [8]. In contrast to direct approaches, there are indirect approaches for which only measurements of lifetimes and
loading estimates are available. Although limiting, this type of approach is relatively common and, in particular, allows for the
description of a lifetime regime ranging from 10° to 10 cycles. For these methods, the probabilization is based on the logarithm of the
fatigue life of the volume (or surface) element [28]. The main hypothesis is based on a Gaussian distribution of the evolution of the
logarithm of the number of cycles, associated with a Basquin power law evolution of the average lifetime. However, this law is not well
adapted to the consideration of scale effects. In this case, it is preferable to assume a Weibullian evolution for the evolution of the
logarithm of the number of cycles [29,30], as did Karolczuk et al. [31].

Although many models exist in the literature to assess the fatigue life of Inconel 718 [1,9,32,33], they present specificities that do
not allow all the constraints mentioned above to be considered. The aim of this paper is to implement and compare different fatigue
post-processing approaches for assess fatigue life assessment of Inconel 718 parts that may include scale and gradient effects, such as
turbine disks.

The paper is divided into three sections. Section 2 is dedicated to the presentation of the experimental results. The material and the
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Table 1
Composition of the Inconel 718 DA Alloy (Wt%).
Ni Fe Cr Mo Al Ti Nb Si C
54.18 17.31 17.97 2.97 0.56 1 5.39 0.1 0.023

Fig. 1. Scanning electron microscopy observations of Inconel 718 DA a) grains; b) titanium and niobium carbide; ¢) titanium nitride.

test conditions are introduced. Inconel 718 smooth and notch specimens are characterized by fatigue loading at 550°C. The fatigue
results are discussed for the different geometries, and the fatigue fractography analyzes are given. The fatigue life prediction scheme is
presented in Section 3. The different post-processing approaches are introduced and the parameters of the different approaches are
identified from the data obtained for smooth specimens. The modelling chain is then applied to the case of stress concentration
specimens in Section 4. Finally, the different post-processing approaches are compared regarding the experimental data.

2. Experimental results
2.1. Material and experimental procedure

The investigated material is Inconel 718 Direct Aged (Table 1). It should be noted that the material used in this study is identical to
that referenced in [1,34], which are cited throughout this document (for all batches), including the same composition and grain size.
Furthermore, the stress—strain curves for both tensile and cyclic behavior can also be found within these references. The character-
ization of the microstructure has been carried out by scanning electron microscopy observations (Fig. 1) and backscatter electron
analyses. A mean grain size of 5 um was observed with maximum values of 20 um. The analyzed samples also contain a significant
number of nitrides and carbides ranging from 5 to 10 ym in size.

More than thirty fatigue tests were carried out on two different samples: smooth cylindrical samples (with a diameter of 4 mm and
an effective length of 60 mm) and notched cylindrical samples (dimensions detailed below). The smooth cylindrical specimens (SCS)
were used to assess the cyclic behavior of the material and to determine the fatigue life of specimens subjected to uniaxial loading.
Experimental tests were carried out under conditions simulating a typical turbine disc environment (temperature of 550 °C). Using an
MTS hydraulic testing machine equipped with a 10 kN load cell, varying load ratios (R¢) of 0, 0.6 and —1 were applied. The tests were
strain controlled using an extensometer with a working length of 25 mm. The strain rate applied was 10”3 s™!. Testing was stopped
when specimen failure was observed. The corresponding fatigue data are respectively named Batchl, Batch2 and Batch3 in the
following. In addition, for comparison, the results obtained from previous test campaign on the same material and under similar
conditions (strain controlled tests) have also been added (Batch Chaboche et al., R, = 0) [1].

Notch specimens were used to evaluate the influence of a notch on the fatigue lifetime. Recall that the stress concentration co-
efficient is defined as the ratio of the maximum local stress (calculated in elasticity) oyqx to the nominal stress 6,m, that would be
present on a fictitious specimen in which the notch has been removed and reduced to its cross-sectional area Sregyced-

_ Omax F

K= withopem = —— (€8]
Onom sreduced

To evaluate how the mechanical field near the notch affects the fatigue life of Inconel 718, two stress concentrations were
investigated: K; = 1.3 and K; = 1.6 named LK, and HK; specimens in the following. These values were selected to represent the stress
concentrations encountered on turbine disks. Since the specimens have different dimensions, particular attention was paid to identify
the scale effects apart from the gradient effects. The tests on notch specimens were also performed at 550 °C on the same hydraulic
fatigue device. The experiments were conducted at a frequency of 10 Hz and a load ratio of Rr = 0. The levels of strain and stress
applied to the gauge section of the notched specimens (see Fig. 5) remained under the material’s yield strength. Consequently, the
regulation of strain and stress seems to be quite comparable. Regardless, monitoring the test at the base of the notch was impractical.
Utilizing stress control allowed for a higher frequency of testing, which led to reduced test durations compared to those conducted
under strain control.

Following testing, mid-life data (stress amplitude, mean stress) were determined, and fatigue fracture analyses were performed
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Fig. 2. Fatigue life of Inconel 718 for different specimen geometries at 550 °C. Experimental data and data extract from [1].

using a scanning electron microscope. Note that in the following, all data are normalized.

It has been demonstrated in the literature that loading rates can affect the fatigue life of materials, generally increasing fatigue life
with higher frequencies [35]. The higher the temperature and the greater the load, the more significant the impact. Conversely, no
impact on fatigue life is observed when the regime is purely elastic. In the present case, tests on smooth specimens induce strain rates of
the order of 10" 71, while tests on notched specimens induce strain rates of less than 10" s™!. Additionally, Inconel 718 was loaded at
550 °C with a target life interval of 10° to 10 cycles. Thus, the effect of loading rates remains moderate. Furthermore, the behavior law
used is of the elasto-visco-plastic type (see section 3.1), which can be used to predict the effect of a change in strain rate on stress.

2.2. Fatigue testing

Fatigue data is now compared. Fig. 2 shows the normalized nominal amplitude stress as a function of the number of cycles. The
curve normalization (for nominal amplitude stress) was carried out for confidential reasons following an approach similar to [1].
Trends are highlighted with dotted lines. As expected, for a fixed amplitude of nominal stress, an increase in K; value induces a decrease
in fatigue lifetime. For tests on HK, specimens (Batch5), a decrease in fatigue life by a factor of two to three decades can be observed
compared to smooth specimens. The LK; specimens (Batch4), which present a more limited gradient of the stress field (see section
3.3.2), have a longer life but are still one to two decades shorter than the smooth specimens. As the tests on smooth specimens were
carried out at imposed strain, cyclic stress relaxation occurred [1]. Therefore, the values shown here represent mid-life data, when it is
generally accepted that stress stabilization has been achieved. For the smooth specimens, there is a noticeable scatter of the data, but a
clear trend remains. For the Onera data (Batch1, 2 and 3) the fatigue life is reduced for R, = 0 and R, = 0.6 with positive mean stress
values in comparison to the fully reversed data (R, =-1). As discussed by Chaboche [1], the fatigue life regime examined here results in
limited mean stress relaxation (less 20 MPa), resulting in positive mean stress values when compared to the fully reversed test con-
dition (experimentally observed to be close to zero as expected). Moreover, a positive mean stress has a negative effect on fatigue life
by reducing fatigue strength, as has been widely discussed in the literature.

2.3. Fatigue fractography morphology

Fractography on smooth specimens revealed several key points. The initiation could be surface or subsurface (at 20 ym from the
surface). A statistical study on 170 specimens showed that 5 % of the initiations occurred in the subsurface (Batchl, Batch2 and Batch3
and Batch Chaboche et al.). Then, the initiation could take place on an inclusion or on a grain. Fig. 3.a shows an example of surface
initiation, while Fig. 3.b displays subsurface initiation on a smooth specimen. An Energy Dispersive X-Ray Spectroscopy analysis
confirmed that the initiation site shown in Fig. 3.b was a titanium niobium nitride with a size of close to 20 um. This inclusion was
surrounded by grains that were much smaller than the inclusion size. Connolley et al. showed that the oxidation generated at 600 °C
during the fatigue test on Inconel 718 plays a crucial role in the initiation mechanisms. It leads to an increase in the carbide’s size and
nitride particles over time, which induces a local stress concentration on the surface of the specimen and thus favors surface initiation
[36]. The size of the inclusions observed, in this work, after initiation also confirms these observations at 550 °C. Indeed, the inclusions
responsible for the initiation were two to three times larger than those characterized on an unstressed specimen (between 5 and 10 pm
(see Fig. 1.b and Fig. 1.c)). Because the observed microstructures are homogeneous in grain size [37], initiation preferentially occurs
on inclusions, particularly those whose size is larger than the size of the surrounding grains, is favored (Fig. 3.b). Similar analyzes were
conducted on the notch specimens (Fig. 3.c and Fig. 3.d). The results are very close to the smooth specimens. The initiation was the
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R, =0
Smooth specimen
O ominal — 07
Surface initiation

Notch specimen Kt = 1.3
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Surface initiation
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R.=0
Smooth specimen
Opominal — 0.7
Subsurface initiation

> . »

Notch specimen Kt = 1.6
Orominal — 0-4
Surface initiation

Fig. 3. Examples of fractographies observed on the specimens: a) and b) smooth specimens with surface and subsurface initiation respectively, c)

LK, specimen (K; = 1.3), and d) HK, specimen (K = 1.6).

Elasto-visco-
plastic law
(section 3.1)

v o, €
on stabilized
Structure —> Structure cycle

Loading —>/ analysis

Fatigue life
model
(section 3.2)

" Initiation
aeff P i i
o ost-processing 3 fanguc
treatment lifetime

¢ Standard (section 3.3)
¢ Weibull probabilistic (section 3.4)

Fig. 4. Scheme of calculation of fatigue life initiation.
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Fig. 5. Meshing and application of boundary conditions to notch specimens.

same for both notch values and for the different loading levels applied. It occurred on the surface, on a grain, on an inclusion or a
niobium heterogeneity that has a size greater than 20 pm. This value does not incorporate the initial stage I phase of crack propagation,
which corresponds to the regime of short cracks before reaching a stable crack growth regime described by Paris’s law. What we will
refer to as initiation in subsequent discussions corresponds to the onset of stage II crack propagation.

3. Fatigue life assessment methodology

A post-processing approach was used to predict the fatigue life of Inconel 718 specimens (Fig. 4). This approach is classically used
for the fatigue life assessment metallic structures [38]. It consists of three steps:

(i) A structural calculation was performed using an elasto-visco-plastic behavior law [1]. Cycling loading conditions were applied
to the structure until a stabilized cycle was obtained.

(ii) The mechanical fields obtained at the stabilized cycle were then used as input to the fatigue model. This model allows the
determination of the effective stress at any point of the part.

(iii) A post-processing treatment was then applied to estimate the fatigue life of the structure. Based on the literature review and
experimental results, two types of approaches were investigated: standard deterministic (named standard in the following) and
probabilistic.

a) The standard approach has been used in the past to estimate the fatigue life of Inconel 718 DA with success on smooth specimens
[1]. The fatigue damage model was calibrated to provide an average fatigue life. The observed scatter data was then not
considered. It is nevertheless possible to define conservative evaluation using a statistic analysis of the scatter data based on the
approximate Owen tolerance limit [39]. The application of such methodology to our fatigue data will be presented later. In
addition, few studies have evaluated the ability of the standard approach to estimate the fatigue life of complex structures where
both gradient and scale effects are occurring. To account for stress gradients, it has been widely noted in the literature that at
least a non-local type of approach is required. In this work, it is proposed to consider gradient effects using the critical distance
approach [40,41].

On the other hand, the use of a probabilistic approach could allow for partial or full consideration of gradient and scaling effects,

depending on whether the surface or the volume of the parts is considered [42]. Typically, the application on the surface could

be justified by the surface initiation observed for the different specimen designs (see section 2.3), whereas treatment in the
volume may be more relevant in the presence of a stress gradient for a notch specimen.

b

-

Note that all the material parameters in the fatigue evaluation chain have been identified using smooth specimens only, as the
present chain is independent of the structure used. In contrast to smooth fatigue specimens, where the stress field is uniform
throughout the gauge length, specimens with stress concentration have non-uniform stress fields that need to be estimated by finite
element analysis. All the specimens were then modelled using the Zset software suite co-developed by Onera and Mines Paris Tech
[43]. Symmetry conditions were applied to the central edge and bottom of the specimens as shown in the Fig. 5. A load was applied to
the specimen and a multi-Point Constraint condition was used to ensure uniform displacement of all nodes as in the test. The mesh used
was axisymmetric and was refined to account for the stress gradient induced in the notch specimen. An analysis of the number of cycles
required to stabilize the mechanical fields was carried out to ensure that a number of 1000 cycles was sufficient to reach the stabilized
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cycle.

3.1. Elasto-visco-plastic law

The chosen constitutive model to evaluate the mechanical field on stabilized cycle was an elasto-visco-plastic law proposed by
Chaboche et al. [1]. In this model, the total strain tensor ¢ is additively decomposed into the elastic ® and plastic £? strain tensors. The
elastic domain is defined by f < 0 in the stress space ¢ with:

f=Jo-X)—R @)

where the function J returns the von Mises invariant, R is the size of the instantaneous yield limit and X is the back-stress tensor. The
plastic strain rate tensor €P is obtained with the flow rule, using the normality assumption:

. of
P
& =i (3)

where the dot represents the differentiation regarding time and the plastic multiplier A is given by the Norton power law:
. f\"
i={= 4
(%) @

To model visco-plasticity, the equivalent plastic strain rate p is:

N — E'P,'P
p—\/38 1€ 5)

A non-linear isotropic hardening R is defined as the sum of several contributions indexed by “i”:

R= RiwithR = b;(Q —R)p (6)

where the b; and Q; are material parameters associated to contribution i. Similarly, the back stress X is decomposed as the sum of
several contributions, indexed with “k”:

X:ZXk )
k
with:
k2, K\ vk
X :§Cks — Dy (X)X*p ®

And where the y(X¥) is:

o /D (X) — oG 1
W“)‘< o /DI ©

where Cy, Dy and wy are material parameters associated to each contribution k. Note that the functions y (Xk) contain a threshold effect.

This behavior law allows the cyclic softening characteristic of Inconel 718 at 550 °C to be reproduced as well as the partial
relaxation of the mean stress over the fatigue cycles. The ability of the model to describe this effect is particularly important because of
the significant effect of the mean stress on the fatigue life of Inconel 718. The material parameters have been rigorously validated
through comprehensive comparisons between experimental data and simulations, encompassing monotonic and cyclic behavior, as
well as mean stress relaxation as a function of the applied strain in fatigue tests. These comparisons are illustrated in Chaboche et al.
[1]. Thus parameters used in this work are identical to those used in [1].

3.2. Fatigue life model

The fatigue life model used in this paper is derived from the classical Manson Coffin model which is based on the partitioning of the
total strain amplitude into elastic strain amplitude and plastic strain amplitude. It has been observed that many metallic materials,
such as Inconel 718 are sensitive to the effects of mean stress on fatigue life. Therefore, a simple Manson Coffin law is not suitable to
account for these effects. Extensions of the Manson-coffin criterion such as Walker, Goodman, or SWT have been then proposed to
overcome such limitations [14]. Among these models, the SWT model has already been successfully used by Chaboche et al. to
investigate the effects of the mean stress on the fatigue life of Inconel 718 at 550 °C [1]. The effective stress introduced by Smith-
Watson-Topper is then rewritten as:
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Effective stress (MPa)

Fig. 6. Weighted least squares regression technique applied on experimental data.

Oaeff = Egaaaf(t) (10)

where ¢, and o, are the total strain and stress amplitude, respectively, and E is the Young’s modulus of the material. t is the ratio of the
mean stress to the stress amplitude (6mean/04)- The effective stress amplitude o4 is then a key variable that considers the influence of
multiple dependent quantities {4, R, 0, Rs, Omean } 0N the fatigue life.

Due to their geometry, notch specimens have a complex mechanical field at the bottom of the notch (location of fatigue crack
initiation) which can induce multiaxiality effects that need to be considered. Based on Bonnand et al. work [22], Eq. (10) can be
generalized and becomes:

Oaeff = 1/ Eeaeqaaeqf(teq) 11

where 044 represents the equivalent stress amplitude, 44 is the equivalent strain amplitude, and t.q is the ratio of the mean value of the
stress tensor trace to the equivalent amplitude of the stress (Eq. (12). Remember that the values presented here represent those ob-
tained at the stabilized cycle. Thus, two assumptions are made: (i) the number of cycles required to reach stabilization (i.e., where the
mechanical fields no longer evolve) is significantly lower than the number of cycles preceding crack initiation, and (ii) changes in the
effective stress during the initial stabilization cycles have a negligible impact on both the underlying damage mechanisms and the
subsequently estimated fatigue life.

For proportional loading, the equivalent stress amplitude corresponds to the von Mises of the eigen stress amplitude. For more
complex loading conditions, a specific calculation is required, which is described in detail in [44].

teq — (Tra)mean (1 2)

Oaeq

From the Haigh diagram, a break in the stress evolution amplitude can be observed for the studied material at a lifetime of 10°, 105
or 107 cycles [1]. To reproduce this trend, the function f(t.y) is then defined as follows:

1 4 b.tegSiteq < t,

f teq) = N / * (13)
(tea) { 1+ (b—b).to, + b tegsiteq > to

where b and b’ are the values of the slopes and t:q represents the value for which the intersection of the two slopes is observed. Note that
the function f(t.q) is modified when the mean stress is less than 0 and is written:

£(teq) = (1~ teg) 14)

The material parameters b, b’, and t,q are the same as those used in [1] as they have already been determined on a large set of stress
ratios using stress-controlled tests.

Finally, the relationship between the effective stress defined in Equation (11) and the number of cycles to crack initiation is
expressed as follows:

Gaett = ANf * (15)

where A and a, are material parameters that need to be identified. The sections below outline the procedure for determining these
parameters, depending on whether a standard or probabilistic approach was used.
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Fig. 7. Example of effective stress gradient observed in the thickness of notch specimens.

3.3. Standard fatigue estimation procedure

3.3.1. Standard methodology

In this section, we demonstrate the application of the approach typically implemented in an industrial context. Our goal is not to
merely note the conservatism that has already been highlighted in some cases reported in the literature. Instead, we aim to explain why
these methods may be inadequate by illustrating the case of predicting the service life of Inconel 718.

In engineering, simple S-N curves are usually plotted by linearly regressing the log(N) against log(S) data (which corresponds to a
Basquin model) and determining a mean S-N curve with the standard deviation. A normal log distribution of the number of cycles to
failure is generally assumed. Safety margins are then established by applying a correction with standard deviations of 26 and 3¢ to the
mean curve, resulting in safety factors over the entire fatigue range. The design curve can be derived by shifting the median stress-life
curve in logarithmic coordinates to the left by two or three times the sample standard deviation. This procedure is recommended in
particular by the standard [45]. A weighted least squares regression technique was applied to the available data (Fig. 6). Nywas chosen
as dependent variable because Ny is clearly affected by a high degree of dispersion which is why we consider the adjustment of the
Ny (Uaeff)~ The identified regression coefficients for the Basquin law are A = 1599.9 MPa and a=0.0553. The corresponding regression is
plotted with the green line in Fig. 6.

A statistical analysis has also been conducted using a method based on the approximate Owen tolerance limit. Our database shows
that the scatter of logarithmic fatigue life log(N) increases as the effective stress level 645 decreases. This is called heteroscedasticity.
The application of Owen’s approach to heteroscedastic life data was not possible in its original form. Sudret et al. [46] have proposed a
method for considering heteroscedasticity in linear regression. The maximum likelihood method has been adapted for the case of a
constant coefficient of variation (standard deviation proportional to the mean). The authors present a description of life expectancy but
unfortunately do not provide a quantile estimate with a confidence specification. Therefore, it was necessary to adapt Owen’s
approach to this heteroscedastic context and more specifically to the assumption of constancy of the coefficient of variation. This has
been done in this work within the framework of Weighted Least Squares (WLS) illustrated in Fig. 6 with the dotted green line. The use
of the weighted Owen approach allowed for the estimation of a conservative distribution R90C95 with a reliability of R = 90 and a
confidence level of C = 95 %. The corresponding identified regression coefficients for the Basquin law are: Agrggcos = 1623 MPa and
®R90CY95 = 0.0647.

3.3.2. Standard methodology with stress gradient effect

As explained in the introduction, Inconel 718 is sensitive to notch effects, especially at high temperatures [2,3].

In this study, K, specimens were used to be representative of industrial parts. This provides a stress gradient at the bottom of the
notch. To ensure this, elasto-visco-plastic calculations were carried out on both specimen geometries. The results, shown Fig. 7,
indicate the obtained normalized effective stresses for applied loadings of 0.63 and 0.44 in nominal stress for LK; and HK; specimens
respectively. For these loadings, the LK; specimen has a relatively small effective stress gradient in depth. At the same time, the
variation in effective stress in the first three hundred microns is of the order of 8 % for the HK, sample. Due to plastification at the
bottom of the notch, which reduces the stress induced by the notch, the stress gradient is more important above three hundred microns
(Fig. 7.a).

Unfortunately, the standard approaches described in paragraph 3.3.1 do not allow gradient effects to be taken into consideration.
Other methods must therefore be implemented. Among the approaches that consider gradient effects a non-local one seems to be the
most effective: the Fracture Characteristic Volume (FCV), applied eventually after an elasto-visco-plastic calculation [47]. Therefore, it
was decided to apply it here. The principle of the method is to calculate the fatigue lifetime based on averaged mechanical quantities.
Before the post-processing, the stress field is integrated on a representative volume V of the material of radius r (sphere in 3D, circle in
2D) such that:
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Fig. 8. Representation of the domain Q;(x) of radius r centered at x.
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Fig. 9. Identification of a characteristic radius to account for gradient effect.

(o) = [ oav a6)

The average is only calculated for the part of the material located in the solid, so the exact formulation of the average is given by:

1

00 = g7 | oay an

where Q,(x) is the domain of radius r centered on x and Q" (x) represents the effective volume of material in the domain Q,(x) (Fig. 8):
Q' (x) :/ dy (18)
Qr(x)

The radius length r,, considered in the modelling is expected to be relative to the predicted crack size and independent of the
geometry of the specimen. However, it depends on the material and temperature.

The methodology for determining the characteristic radius r is as follows. The nominal stresses required to achieve an identical
experimental fatigue life (using the fatigue life model described in 3.2) were determined from tests conducted on stress concentration
specimens and smooth specimens (Fig. 9.a). To simplify the approach, a linear relationship between lifetime and the nominal stress
was assumed in a logarithmic diagram. Two lifetimes were selected for this approach, 8000 cycles and 400,000 cycles. The normalized
nominal stress values for reaching 8000 cycles were 0.63 and 0.55 for LK; and HK, specimens respectively. For 400,000 cycles, the
normalized nominal stress values applied were 0.49 and 0.45 for LK, and HK; specimens respectively. These loads were applied to both
specimen geometries and an elasto-visco-plastic calculation was carried out. Based on the mechanical fields obtained at the stabilized
cycle, the FCV approach was applied by varying the values of the possible characteristic radius. Note that in this work the effective
stress defined in 3.2 has been averaged as this quantity corresponds to the driving force in the chosen fatigue model.

Next, the predicted number of initiation cycles was plotted as a function of the characteristic radius used to carry out the post-
processing (Fig. 9.b). The characteristic radius r. should then correspond to the intersection of the curves showing the number of
cycles as a function of the integration radius. Consequently, if there is a notch effect and only a notch effect, then it is assumed that
there is a characteristic radius r. which allows the target lifetime to be obtained for the two geometries tested.

For the target lifetime of 8000 cycles, the intersection of the two curves occurs at a characteristic radius of 450 pm and the predicted
lifetime is 4000 cycles. For the target lifetime of 400,000 cycles, the two curves intersect at a characteristic radius of 250 ym, giving an
estimated lifetime of 35,000 cycles. Apart from the fact that the service life obtained is lower than expected (this is discussed in more
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detail in section 4), the determined characteristic radius is dependent on the level of applied stress, which does not respect the
fundamental assumption of FCV approach. In view of the results obtained, the gradient effect does not appear to be the only factor to be
consider in the modelling. So, it seems that other approaches need to be implemented. Nevertheless, it was decided to use the two
characteristic radii identified here to predict fatigue life with this model for comparison with the experimental data set covering a large
range of fatigue life. The results are discussed in section 4.

3.4. A Weibull probabilistic approach

The standard approach described in the previous paragraphs may be sufficient when initiation occurs on grains. However, in the
presence of particles crack initiation, as is the case for Inconel 718, this approach may not be sufficient to predict fatigue life correctly.
In addition to the gradient effects induced by the shape of the specimens, scale effects can have a major impact on fatigue life due to the
change in stressed volume, which varies from one specimen to another [48]. In the case of Inconel 718, the scale effect is favored by the
probability of fatigue initiation on particles other than grains (carbides or nitrides). These particles are identical in size or larger than
the average grain size. It is therefore natural that fatigue crack initiation is favored by the presence of these particles in the stressed
zone. As a result, the lifetime of the part is directly linked to their presence. Based on this observation, Alexandre used a so-called direct
probabilistic approach to predict the fatigue life of Inconel 718 DA at 600 °C, where surface and internal initiation were observed [32].
He assessed the impact of the size of the stressed surfaces by characterizing different geometries of smooth specimens (with surface of
1 mm?, 10 mm?, and 100 mm?). The orders of magnitude of the surfaces characterized can be considered similar to the surfaces
stressed during this study for HK;, LK; and smooth specimens, respectively. He showed that the smaller the surface area representative
of the stressed zone, the lower the probability of finding a particle greater than a given critical particle. Highly stressed volumes or
surfaces become smaller as the stress concentration of the specimens increases (Fig. 7). Thus, the probability of initiating on a carbide
or nitride is influenced by both the size and the shape of the specimens. Based on the work of Alexandre, the probability of finding a
particle larger than 30 um is zero for the HK; specimen, around 5 % for the LK, specimen and 50 % for the smooth specimen. As a result,
the specimen with the lowest probability of finding a particle larger than a given size has a longer lifetime. Based on these observations,
a probabilistic approach of the “weakest link” type was implemented in this study. Because it is necessary to have a large number of
specimens of different dimensions to identify the parameters of direct approaches, an indirect approach was proposed in the following.

3.4.1. Description and identification of model parameters

The primary objective here is not to predict the endurance limit but to have a probabilistic description of the Low Cycle Fatigue
(LCF) and High Cycle Fatigue (HCF) regimes. For indirect approaches, the choice of probabilization is based on the log-life of the
volume (or surface) element. The majority assumption, followed by [49], is that of a Gaussian distribution for logN (log-normal dis-
tribution) associated with an evolution of logN in power law of the stress (or effective stress in our case) (Basquin’s law). A dispersion of
the log-life proportional to its mean is generally observed and this is accounted for by an additional parameterization of the Coefficient
of Variation (CV). The objective of probabilistic scale change pursued here leads to prefer the Weibull hypothesis ([29,30]), which is
better adapted to this context (as is also the case in [31]). This choice of the log-Weibull hypothesis is based on several arguments.

The first argument is specific to the material studied in this paper (Inconel 718 DA at 550 °C). A preliminary study was conducted
on the dispersion of log-life at an imposed strain amplitude (this study was not developed further here). This study indicated an
asymmetry in favor of Weibull’s law. However, the sample sizes considered are still too small to reject hypothesis of normality using a
statistical test. The aforementioned is generally observed in published fatigue studies, where uncertainty persists due to the insuffi-
ciency of the statistical tests. This is often due to the limited amount of experimental data available. In this case, it is also advisable to
choose the log-Weibull distribution whose asymmetry and thickness of the tails are more penalizing (a conservative choice). Finally, it
worth noting that some historical fatigue studies favor the log-Weibull option since fatigue lifetime is driven by extreme value dis-
tribution [50].

The second argument is that the log-Weibull distribution law is particularly useful for studying structural lifetime because it
simplifies the change of probabilistic scale through numerical integration, as detailed in section 3.4.2.

For the chosen hypothesis, the probability of observing a log-life less than or equal to logN is expressed as follows:

P(log(N)) = 1— exp< —Vim///v (l‘:lg(g) )mdv> (19)

where m is the Weibull modulus (or shape factor). The modulus m governs the relative lifetime dispersion, which is the ratio of the
standard deviation of the distribution to its mean. This is also known as the Coefficient of Variation (CV). p is the characteristic log-life

(or scaling factor). 4 is close to the mean life logN with a maximum difference of 10 % for m €[1,20]. The probability of having logN < u
is independent of m and is P(u) = 1 ! =0632

It can also be seen that the increase in log-life for Inconel 718 DA is associated with an increase in dispersion in the same proportion
(CV = cst). This is consistent with observations made in the literature [49]. This can be easily accounted for in Weibull law by
introducing the influence of loading at the level of the characteristic log-life.

This study specifically focuses on the domain of finite life, whereas industry typically addresses the domain of infinite endurance
through a separate approach. This involves defining a fatigue threshold using maximum likelihood estimation for a service life set at
107 cycles. To assess the severity of various loading conditions, they rely on the use of a multiaxial Haigh diagram to analyze the
potential impact of load trajectories. Alternative methodologies within a probabilistic framework are available in existing research for
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Fig. 10. Accelerated Log-Weibull identification on Inconel 718 DA at 550 °C for a load ratio R, = 0. The parameters are specified in Table 2.
Table 2

Identified coefficients of accelerated log-Weibull model: fitting with maximum likelihood (in black in Fig. 10) and knocked-down distribution (in blue
in Fig. 10).

Fitting with maximum likelihood Knocked-down distribution (95 % confidence)
C 1681.4 MPa % 1677 MPa
B 0.0579 [i5 0.058
m 15.16 m% 13.41
cv 8.10 % cv 9.10 %

integrating High Cycle Fatigue (HCF) and Very High Cycle Fatigue (VHCF) domains [51].
Choosing a multiaxial fatigue criterion and applying the classical Basquin hypothesis for both the LCF and HCF domains (power
law), we obtain:

1 1
Gactt ~ CNP5p = — Elogaaeff + ElogC (20)

The characteristic log-life therefore shows a linear development in a logN — log 6. diagram. It has a constant relationship with

logN which also depends on m:
logN =pur( 1 Jrl (21
gN =1 m

With:
F(l %) -5 o

The choice of u ~ f(04) and m constant corresponds to what is known as an accelerated life cycle model [52]. The dispersion
increases with p and thus with logN:

std(logN) = p\/l“ (1 + %) -1? (1 + é) (23)

Note that some authors also introduce a variation of the Weibull m modulus with loading ([31]) in order to include the low cycle
fatigue regime.

Finally, it is essential to note that y is also associated with the volume Vj or the surface Sy of the specimens that present defect
populations in relation to their scale and that will be used for the identification:

R = £(Gaetr, VoOrS) (24)

In the present work, the effective stress is uniform in the gauge length of the specimens used for the identification process. When
considering specimens with stress field heterogeneity, it is then necessary to introduce the stress heterogeneity factor, which defines
the effect of the loading pattern on the cumulative failure probability. From a probabilistic perspective, it describes the fact that a flaw
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is critical if it is large enough in a significantly loaded zone [53].

As far as we know, there is currently no standard identification method available for the probabilistic model defined by Eq.20 and
Eq.21. Although the relationship is linear, a standard least squares regression tool cannot account for the Weibullian character of the
dispersion and the evolution of its amplitude. Therefore, we have chosen to implement the maximum likelihood (ML) identification
method, which is a central approach in statistics. This method draws on the work of Prudente et al. [54]. It is detailed in Appendix A.
The quantiles of the probabilistic model have also been used to define a conservative lifetime law. Identification may be subjected to
random error due to the limited number of measurements available. It is important to consider this statistical uncertainty when
conservative characteristics are desired, such as R99 laws. These laws must be corrected to account for their identification uncertainty.
The notion of confidence was used. The methodology is explained in Appendix B. Finally, the identification of the accelerated Weibull
model is illustrated in Fig. 10. Corresponding parameters are listed in Table 2.

3.4.2. Prediction of structural lifetime

In the following, the lifetime of the structure is predicted using a “weakest link” approach based on the probabilistic description of
the lifetime of each link/finite element i. This approach avoids the need for a costly Monte-Carlo type of simulation where the lifetime
of each finite element would be drawn at random according to its load and volume and the weakest one would be determined. This
process would have to be repeated a large number of times to determine a probability distribution, a conservative law, etc.

The survival probability of the finite element i for a number of cycles less than N is denoted P. Assuming the independence of the
mechanisms leading to the failure of each element (separation of the scales), the survival probability of the structural model P;(N) can
be expressed as follows:

P(N) = [ Pi(V) (25)
where n, is the number of finite elements in the model.

If we write:

Pi(N) = e TM=—=P,(N) = exp ( DDA L) ) (26)

The chosen Accelerated Weibull law for the lifetime corresponds to an exponential form which results in this type of simplification.
By making this choice:

Vi denotes the volume of element i, Vj is the volume of the fatigue specimens for which the relationship u(s) has been identified and o
is the equivalent stress experienced by element i which is assumed to be uniform per element. Note, that we can also use Sy, the surface
of the fatigue specimens and S! the surface area of the element when surface

approach is chosen.

Then we have:

w3, (32

By explicitly introducing Basquin’s law to describe the loading dependence of the characteristic lifetime u(o):

m

In(N)

P(In(N)) = 1 —exp fvio///v » (C> av (29)
it

After rearrangement, and considering the parameters identified for the conservative estimate at 95 % confidence, we obtain the

result:
P(ln(N))_lexp< <LH(—N)) )

) . 7% o _mo5%
Hstruet = /)W (V70> > avecl = ///Vln< o > v

Firstly, the overall structural life also follows a Weibull distribution with the same modulus m as a uniformly fatigued specimen.
Additionally, a lower lifetime limit (R99C95) can also be determined relative to the average lifetime, without any post-processing:

(30)
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Fig. 11. Prediction of lifetime using the standard models identified in 3.3.1; Basquin’s model with Weighted Least Squares method (black lines) and
the statistically conservative fatigue model estimated with Owen method (black dotted lines).

1
_ m95%
(—In(0.99) )w=

(N) (31)
r (1 + ,,%)

An absolute estimate of the distribution characteristics requires the calculation of the scaling factor noted jig,ee. This calculation
considers the heterogeneity of the loading as well as the pure volume effect. It should be noted that it essentially involves the
calculation of the I-factor (Eq. (31), which can be done by simple numerical integration in post-processing.

In practice, a discrete formulation of equation (Eq. (31) will be adopted and the calculation will be performed on each Gaussian
point (integration point) of the simulation mesh. In this case, the function f! becomes:

. Vi m

R99C95(In(N) ) =

. (32)
Vi vi
8  Numberofgausspointsintheelement

The volume assigned to each Gauss point is the same for a given element. This formulation ensures that the possible stress gradient
in an element is considered.

To determine the number of cycles for a given probability, the discrete version of equation Eq. (31) can be inverted, considering
equation Eq. (33). This gives:

m

1 Ne i
P(In(N)) =1 —exp| — V—Ozizlvg

(33)

g~

_In(1—P(n(N))
Z&%Gﬁ)

4. Fatigue life assessment on notch specimens

N =exp

All the previous approaches identified on smooth specimens were applied to the notch specimens introduced in 2.2. In the
following, figures show the applied force as a function of the number of cycles to failure. The experimental results are represented by
empty squares for LK, specimens and empty triangles for HK; specimens.

4.1. Standard approaches

The standard approaches detailed in 3.3.1 and 3.3.2 have been applied to estimate the lifetime of notched specimens. The
regression model of Basquin identified with Weigthed Least Squares (R50C50) and the Owen model (R90C95) have been used to obtain
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Fig. 12. Prediction of lifetime using the standard model identified in 3.3.1; regression of Basquin’s model with Weighted Least Squares method
considering stress gradient effect (r. = 0, 250 and 450 um).
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Fig. 13. Likely estimates of structural response with the fully probabilistic approach applied on the surface.

a mean and conservative estimate respectively. In addition, two assessments have been made, depending on whether the stress
gradient effect is considered. The results are presented respectively in 4.1.1 and 4.1.2 sections.

4.1.1. Without stress gradient effect

The Fig. 11 compares the standard approach estimates with the experimental data. Both models lead to a lower lifetime prediction
than that obtained experimentally. As expected, the Owen model is more conservative. This shows that even when a statistically
conservative fatigue law is used, the standard approach is not sufficient as a component does not necessarily fail at its most loaded
point. In fact, even if the macroscopic crack occurs in the area where the load is at its maximum, the stress gradient will inevitably

affect microcrack propagation in the early stages of the fatigue damage. In what follows, it is then proposed to account for the effect of
the stress gradient.

4.1.2. With stress gradient effect

The FCV method detailed in 3.3.2 to consider stress gradient effects has been applied here considering the two identified char-
acteristic radii 250 um and 450 um. Predictions obtained with the different radii (dotted line for 250 um and marked line for 450 pm)
combined with the mean estimation (R50C50) are reported in Fig. 12 and compared to the experimental data. Predictions without
taking account stress gradient effect are also plotted with solid lines. Note that the Owen conservative estimate (R90C95) is not shown,
to improve the readability of the results. Similar trends were obtained with a greater degree of conservatism compared to the mean
estimate (R50C50). From this figure, several results can be commented on. For a given specimen geometry, the higher the applied load,
the lower the effect of the critical radius. This is related to plastification phenomena close to the notch. An increase in loading leads to
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Fig. 14. Likely estimates of structural response with the fully probabilistic approach applied on the volume.
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Fig. 15. Estimates of quantiles of structural response using conservatism with the fully probabilistic approach applied on the volume.

greater plastification at the bottom of the notch, which in turn reduces the stress gradient at depth. Thus, the use of FCV methodology
has less impact at higher loads.

Moreover, the influence of the characteristic radius is more pronounced when the stress concentration K; is increased. Fig. 7 shows
that the effective stress gradient obtained at the lowest K; is low. It was therefore expected that taking the gradient into account for this
specimen geometry would have little effect on the fatigue life assessment. This is indeed the case here, where the estimated service life
taking into account the gradient effect with the FCV method is too conservative for the lowest K;, regardless of the characteristic radius
considered. For the highest K, satisfying results are obtained by considering a characteristic radius r, = 450 pm. This value appears to
be higher than previously obtained in the literature with other approaches [55,56]. The fact that the methodology is not applicable for
different K; shows that it is not sufficiently effective. It therefore seems essential to consider scale effects.

4.2. Probabilistic approaches

To account for scale effects, it was decided to use a fully probabilistic “weakest link” approach. This involves closely coupling the
probabilistic fatigue law of the volume element with the consideration of scale effects and stress heterogeneity. In other words, at each
Gauss point of the structure, we consider the lifetime distribution as a function of stress. It is therefore no longer a matter of considering
only the most critical point, as is the case with the standard approach presented above. Crack initiation on specimens with stress
concentration generally occurs at the surface. In addition, the identification of the accelerated log Weibull model was carried out on
smooth specimens, where crack initiation occurs mainly at the surface. Therefore, we first applied the surface formulation of the
accelerated log Weibull law (Eq. (27) to the test data using the distribution identified in Table 2 in Section 3.4.1 (without conservatism
only). Fig. 13 shows the experimental results for the two notched specimens and the lifetime estimates with different reliabilities
(quantiles 0.5; 0.1; 0.01 and 0.9). Successful fatigue life assessment depends on the K; considered. For the lowest K;, the surface
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probabilistic approach agrees well with the experimental data. For the highest K;, however, the surface model appears to be too
conservative. Again, these results must be considered in the light of the stress gradient induced by the two notches. In the case of the
lowest K, the scaling effect will have the greatest effect on the results as the gradient effect is weak (Fig. 7). On the other hand, for the
highest K;, both the scale and the gradient effects should be considered. By using a surface probabilistic approach, the gradient effect is
not properly considered as it is. A methodology combining the FCV method and the probabilistic surface approach could be considered.
However, it would require the identification of a characteristic length, which is not readily available, as noted in the previous sections.
Therefore, it was not investigated here, and a volume probabilistic approach was preferred to account for scale and gradient effects.

The fully probabilistic approach has been applied on the volume of the specimens. The two distributions identified in Table 2
Section 3.4.1 (without and with conservatism) have been used and the results are presented, respectively in Fig. 14 and Fig. 15. The
impact of the two identified distributions is relatively low. This was expected in view of the small differences in values obtained for the
various parameters. Finally, the modelling agrees with the experimental data for both specimen geometries, although the model has a
slight tendency to overestimate the fatigue life of HK; specimens. The choice of the classical Basquin hypothesis for both the LCF and
HCF domains as illustrated in Fig. 10 could explain this trend. Thus, the volume approach correctly addresses the need to account for
gradient effects and scale effects for Inconel 718 tested at 550 °C.

5. Conclusion

The objective of this paper was to implement and compare different fatigue post-processing approaches for fatigue life assessment
of complex components, using Inconel 718 as an example. Tests at 550 °C on various specimen geometries highlighted factors such as
mean stress, stress gradient, and scale effects. An elasto-visco-plastic behavior law was used for structural calculations, and the me-
chanical fields at stabilized cycle were analyzed for fatigue life assessment. Mean stress influence was incorporated through an
effective stress in the fatigue model. Gradient and scaling effects were discussed with four post-processing approaches: Basquin’s
model with Weighted Least Squares, Owen’s statistically conservative model, FCV method combined with standard approaches, and
probabilistic approaches for scale effects.

The statistical approach, while accounting for scatter, was insufficient for stress concentrations. The FCV method showed promise
but was limited by unaddressed scaling effects. Probabilistic surface and volume approaches were evaluated, with the volume
approach proving effective for considering both scale and gradient effects without additional parameters.

Future work involves exploring non-parametric models like Gaussian processes to assess stress impact on lifetime variability,
integrating physical and non-parametric models for better local variation identification.
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Appendix A. . Identification method

This appendix describes the maximum likelihood (ML) identification method. The likelihood is the product of the values of the
assumed probability density (Weibull) at the acquired measurement points. For the lifetime measurement (i) denoted y = logN®,
corresponding to loading afllzﬁ and therefore to a scaling factor u(¥, this density is written:

@), 0 m (y"\""! Yo"
Fr0ntm) = G (w) exp{’(ﬂ) } "

The likelihood logarithm, L, can be deduced from this:
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— * logy® * 1ogz® koo
L(C,p,m) = _Zizl gy + Zi:l 082" — Zi:lz

i m
¥ = logN®, z® = (A}l%) o= % (logC - 1ogo<;;ff)
L is maximized numerically, taking the optimal parameters as retained estimates. Optimization can be performed most efficiently using
Fisher’s scoring algorithm [57], also known as Iteratively Reweighted Least Squares. This is a Newton-Raphson type approach in which
the Hessian is replaced by its mean value [58]. The opposite of this mean value is called the Fisher K information matrix. The com-
ponents of the Jacobian are called U-score functions. Noting generically 6 the vector of parameters to be optimized, its iterative update
from an initial estimate is performed as follows at step j + I:

(A2)

0 =0 +inv(Ky) - Uy (A3)

Let’s now consider our special case and introduce various matrix notations.

0= (PT,m)T vector of parameters to be identified
(logC)"
o= (0, ey @ e )"
o > u=X-P
X tq Xi.l = loggaeff et Xi,2 =
z= (20,20, -, 20) " with 20 = (logN® /u®)"
s= (20 = 1,20 =1, 20 — 1)T

Wtq Wi_j = (1/”(1'))2 et Wi_j#i =0 (A4)
W tq Wi,i = (1/ﬂ(i))2 (1 — (1 er)Z(i)) et Wij#i =0

Optimization of the Basquin distribution parameters P and the Weibull modulus m can be carried out in a decoupled way if the initial
estimate is of satisfactory quality (close to optimal):

Pi+1 = P] + inV(Kpp) . Up (A5)
! = + inv(Km) - Un
The scores and corresponding information matrices are then detailed below:
Up=mX "W/
k 1« . .
Un="—2D i (29 — 1) logz?
~ (A6)
Kpp = —m X"WX
k 1 ko L 2
K = 5 + Wzi: 2 (logz")

The entire procedure has been implemented in Matlab. Note that it is technically more robust to treat Eq. (A.5) as a least-squares solution
(function \ in Matlab) than to invert the K matrices. For example, we solve systems KppAP = Up with AP = P/*1 —PJ, Finally, an optimal
estimate of mand P = (— 1/, 1/f-logC)" is obtained and 8 and C, parameters of the Basquin distribution are identified.

The estimate of the modulus m is classically biased when identifying a “simple” one-dimensional Weibull distribution. A limited number
of measurements (<50) leads to a significant overestimation of m. Tabulated correction coefficients are available for this [59]. This bias also
exists in our context of Weibullian log-life regression, but analytical corrections are less readily available [54]. We have chosen to estimate
the bias using the boostrap technique [60], which simultaneously allows to estimate the identification uncertainty (see Appendix B).

Appendix B. . Uncertainty, conservatism and confidence identification

Imposing a confidence of 95 %, which we note R99C95, means that we want an estimate of R99 that has a 95 % chance of being
lower than its real value. This is called the tolerance bound, which some also note K g9 9 95 x Where k is the number of measurements
processed. This notation serves as a reminder that the uncertainty and therefore the allowance depends on k. Considering the notion of
confidence presupposes knowledge of the distribution of the uncertainty of estimation of the target quantile/percentile. This is shown
as a dotted line around the P percentile on the Fig. B.1. This distribution is well known if we consider the one-dimensional Weibull
distribution of log N at imposed loading logo,; [61]. The reduction factor can then be estimated as follows:
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©
r(mk,p,C)=e mvk <1

. B1
V(k > 16, 0.1, 95%) =~ 3.803 + exp{l.79 —0.516 log(k) + %} (B1)

V(k > 16, 0.01, 95%) ~ 6.649 + exp{2.55 —0.526 log(k) + 4'—126}

Tabulated values of V(k,p, 95%) are also available in [61] for a number of measurements k < 16 and p = 0.1 or 0.01 (admissible values
B and A). It should be noted that the m value is to be used here without debiasing.

c
\\
~ N P
\‘\_ \s\
N,
“n Tolerance bound ™~ ™
& ‘\\:< o
S 2
., \\ .
N
NN Q
NN 3 .
NN Mean S-N curve
> AN
Kpcn N
Percentile of distribution

log N
Fig. B1. Lowering the estimate of a percentile P to obtain a confidence C for a lognormal distribution ([62]).

However, the identification of a tolerance limit is based on two-dimensional service life data logN —logo,.; and requires the
identification of model parameters (C, 5, m). This identification by regression is itself uncertain, and an additional allowance must
therefore be made. We know that the prediction of a regression is more uncertain the closer you are to one end of the identification
domain [63]. A tolerance limit should therefore be concave, with abatements greater than the extremes, as suggested by the Eq. (B.1).
Estimates are classically available for a lognormal distribution [62], as this corresponds to linear regression with Gaussian noise in a
log-log plot. However, to the best of our knowledge, there are no classically used estimates for an accelerated log-Weibull distribution.

The bootstrap technique [60] makes it possible to efficiently quantify the uncertainty distribution associated with any estimator, in
this case a quantile, when this distribution is not easy to formulate from a theoretical point of view. The method consists in re-sampling
the measurements with a discount by reproducing the estimation procedure, this step being iterated a large number of times. The result
is a large number of estimates of the target quantile, constituting a sample of the identification uncertainty. We then select the 5th
empirical percentile to obtain the 95 % confidence estimate. As an example, we obtain R99C95 by carrying out 10,000 bootstraps
(resampling) with as many estimates of R99 (quantile 0.01). The 500th lowest estimate (5th percentile) corresponds to R99C95 with
fairly good precision. Note that when the number of measurements is low, the diversity obtained by resampling is limited. To extend it,
it is preferable to randomly draw new lifetime samples (in identical numbers) from the probabilistic lifetime model identified. This

approach is called smoothed bootstrap. As an illustration, we have applied it in Fig. B.2 to a synthetic example with a reduced number
of measurements.
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Fig. B2. Artificial example of R99 adjustment (R99C50) and R99C95 bootstrap correction giving 95 % confidence (10,000 bootstraps). Also shown
is the one-dimensional correction proposed in Eq. .

It can be seen that the introduction of 95 % confidence lowers the standard estimate of R99 (R99C50), but does not show a marked
non-linear trend. The bootstrapped tolerance limit is almost identical to the one-dimensional correction proposed in Eq. B(1), which is
linear. We attribute this to the fact that the Weibull distribution has a strong tail and therefore “assimilates” measurements far from the
mean value more easily than a Gaussian distribution. In other words, the presence of extreme points has less impact on the estimation
of mean behavior. Measurements located at the extremes of the domain do not have a particularly high leverage on maximum like-
lihood. This would explain why the tolerance limit at the extremes (concavity) is not significantly further from the mean value.
Increasing the number of measurements beyond the fifteen taken as an example would weaken the already negligible non-linearity. In
the end, we retain the linear approximations of the tolerance limits obtained by bootstrap. The parameters of these log-log scale
regressions are equated P = (— 1/, 1/ - logC)" to obtain the Basquin parameters 8 and C of each tolerance limit (for example gR%°¢%°
and CR99C9).

- e - 23897819 #7% =R99CI5 (64efz ) - [log(1 /0‘99)]’1/15'95%
10g[R99CI5 (6acfr) /RIOCIS (6aess)]  10g[RIICIS5 (6uess) /RIOCIS (G efy) |
99C95 "
= ﬁlz';lW log (C:aeff ) .0.010050336 /™"
(B2)

where the mean value R99C95 (64e5) /RI0CI5 (64ef7) is a constant independent of 64, which approximates this ratio with very good
accuracy. We can also define Basquin parameters corresponding to %"

{ﬂ%% =% /0.010050336 /""" (B3)

C95% _ CR99C95

This downgraded identification corresponds to a deliberate overestimation of the dispersion mo>

characteristic lifetime % < u. This is illustrated in the paper on real lifetime data.

< m and a slight decrease in the
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The data that has been used is confidential.
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