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 A B S T R A C T

The computation of guided modes in fluid-loaded multilayer plates is generally done by a 
spatial approach, i.e. solutions are sought for a complex slowness. An alternative approach, 
less frequently employed, involves seeking solutions for complex frequencies. These frequencies 
correspond to plate resonances. They denote transient phenomena and the guided modes exhibit 
non-harmonic behavior. Consequently, conventional methods of averaging over time periods 
become unsuitable for calculating the means of energy quantities. In other words, the calculation 
of average fields cannot be reduced to a single average over a time period. To tackle this issue, 
for a predetermined mode, the average fields are obtained through a single averaging process 
applied to an arbitrary phase term. This averaging process renders independent the means of 
all energy quantities from the arbitrary origin phase. As usual, an additional integration across 
the thickness is conducted to derive total energy quantities. Doing this, the total average fields 
depend on both time and position on the surface plate. A set of four equations is derived from 
instantaneous and local energy balance equations. From these averages, the energy velocity can 
be directly calculated. The equations provide further insights into wave dispersion and damping 
along the energy flow direction, arising from viscoelastic losses and leakages in fluid.

1. Introduction

The objective of this study is to analyze the energy velocity of elastic guided waves with complex frequencies propagating in 
stratified plates immersed in fluids. From a practical perspective, this study is of significant interest in the field of non-destructive 
testing of composite materials, as it enables a complementary approach to the analysis of wave propagation within such structures. 
Indeed, by being simultaneously stratified, anisotropic, dispersive, and viscoelastic, these engineered materials exhibit a combination 
of characteristics that contribute to a high level of complexity in their behavior (see e.g. [1]).

It is well-established that for harmonic guided waves, i.e. real frequencies, the energy velocity is defined as the average Poynting 
vector divided by the average total energy, see e.g. [2]. The mean values of the necessary energetic quantities are determined 
by averaging over both a specific time period and the thickness of the plate. Of course, this is applicable only if the solutions 
of the dispersion equation of the system fluids/plate are periodic in time. Consequently, for non-harmonic solutions, an alternative 
description must be involved. The periodicity is lost when seeking solutions for complex frequencies. Such solutions, consistent with 
experimental observations, arise when the plate is immersed, giving rise to leaky waves in fluids, as illustrated in [3]. From this 
approach, a mode is characterized by its complex wavevector 𝐤 = 𝜔𝐬, where 𝜔 and 𝐬 represent the complex angular and the complex 
slowness vector, respectively [4–7]. To introduce the energy velocity for non-harmonic guided waves, and more generally for any 
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wave with complex frequency and complex wavevector, energetic balance equations are written for such a context. A set of four 
equations is derived from instantaneous and local energy balance equations. The signal associated with a single mode, defined by a 
unique pair (𝜔, 𝐬) that satisfies the dispersion equation, can exhibit various time delays due to arbitrary phase terms. The presence 
of this random phase can be attributed, experimentally, to inaccuracies in establishing both the time origin and the positions of the 
transducers. Employing an averaging process to take advantage of the periodic nature offered by this phase, the mean behavior of 
a single mode is properly characterized. Beyond this definition, important links exist between the complex frequency, the complex 
slowness vector, and various energy fluxes.1 They provide supplementary information for a better understanding of three distinct 
aspects: (i) wave dispersion, (ii) the disparity between potential and kinetic mean energies, and (iii) damping along the energy flow 
direction, attributable to viscoelastic losses and leakage.

From this averaged system of equations, the energy velocity is defined, similarly to the standard harmonic case, as the ratio of 
the energy flux vector to the total energy. In the case of a non-absorbing plate in vacuum, this wave velocity corresponds to the 
group velocity [2]. By nature, these two velocities are distinct; therefore, it is not surprising that they may differ in general cases. 
In fact, the group velocity is associated with the propagation of the maximum amplitude of a signal, while the energy velocity is 
expressed from products of wave fields. If these two velocities are nearly identical for solutions with complex frequencies, they 
can, however, differ significantly for solutions characterized by complex slownesses, as will be observed. In addition, the energy 
balance behavior of a plate system under inhomogeneous wave excitation exhibits significant deviations from that observed in 
the homogeneous case. A notable example is the reflection of inhomogeneous waves by an immersed plate, where the reflection 
coefficient may exceed unity. This phenomenon can be explained by the existence of interactive energy exchanges between waves 
in the fluid medium [8].

The novelty of this study lies, first, in proposing an efficient method for calculating the average of non-periodic waves and, 
second, in utilizing this approach to compare group velocity and energy velocity for complex frequencies or slowness. The paper 
is organized as follows. Section 2 succinctly introduces guided waves with complex frequency and complex slowness. In Section 3, 
these general guided waves, which nonetheless exhibit amplitude and front phase planes, are subsequently integrated into the 
fundamental energy balance equations. This process yields the four instantaneous and local equations. To fully exploit these results, 
a procedure for calculating the averages of energy quantities is proposed in Section 4. The application of this new definition, tailored 
to transient waves, and its rich consequences are presented in Section 5. Finally, numerical results are presented and discussed in 
Section 6.

2. Guided waves for complex frequency and complex slowness

In order to establish our notations, let us first describe the problem. The geometry, as defined within the 3D fixed coordinate 
system (𝑂,𝐧𝑥,𝐧𝑦,𝐧𝑧

)

, comprises a plate with a thickness 𝓁 in the 𝑧-direction and infinite extent in the 𝑥𝑦-plane. This infinite plate 
separates two different surrounding fluids, as illustrated in Fig.  1. The observation point, denoted as 𝑀 , is situated in such a way 
that ⃖⃖⃖⃖⃖⃖⃖⃗𝑂𝑀 = 𝐳 = 𝐱 + 𝑧𝐧𝑧, where its projection onto the 𝑥𝑦-plane is represented by the vector 𝐱 = 𝑥𝐧𝑥 + 𝑦𝐧𝑦.

As is customary, the superposition of all partial waves within the plate must satisfy the boundary conditions. Specifically, the 
normal stress and normal displacements must be continuous at both interfaces. These interfaces serve as the connectors between 
the guided wave propagating within the plate and the two waves propagating within the adjacent fluid media.

Owing to the fluid coupling, solutions defined by the frequency/wavevector pair (𝜔,𝐤) can be both complex [3]. Indeed, real-
valued wavevector and frequency parameters correspond exclusively to non-attenuated waves, such as SH guided waves in elastic 
plates that do not radiate into surrounding fluids. Consequently, in the most comprehensive scenario involving attenuated waves, 
the boundary conditions can only be satisfied when at least one of 𝐤 or 𝜔 is complex-valued. The guided wave is assumed to be 
a summation of homogeneous or inhomogeneous plane waves at the same complex frequency. In accordance with the generalized 
Snell’s law, all of these elementary waves manifest a common complex wavevector at the interface, for which the associated phase 
front is chosen to always be oriented in the direction of the vector 𝐧𝑥̃ within the 𝑥𝑦-plane. The most common scenario for a harmonic 
leaky guided wave corresponds to a real-valued frequency and a complex wavevector 𝐤 = 𝐤′+i𝐤′′. The superscripts prime and double 
prime denote, and will denote, the real and imaginary parts of a complex variable or expression, respectively. To encompass the 
entire set of solutions, it is imperative to consider complex frequencies. As a result, both the wavevector and frequency are presumed 
to be complex. The real wavevector, denoted as 𝐤′, is consistently oriented along the unit vector 𝐧𝑥, with no constraints imposed 
on the imaginary part 𝐤′′ of the wavevector. It is noteworthy that, aside from the symmetry conditions, no specific assumptions 
are imposed on the coefficients of the elasticity tensor. Consequently, general anisotropy can be thoroughly investigated by simply 
rotating the crystallographic axes, which correspond to variations in the propagation direction of guided waves (see Fig.  1).

The complex angular frequency is expressed by 𝜔 = 𝜔′ + i𝜔′′. The parameter 𝜔′′ explains the transient behavior of the signal 
associated with the guided waves. It is predominantly positive, although in certain situations, it exhibits negativity [3]. Through 
this representation, the guided wave can be characterized at any spatial point 𝑀 and time 𝑡 by using the subsequent real velocity 
field, denoted by 𝐯, which represents the real part of the following complex vector field 𝐯: 

𝐯(𝑥, 𝑦, 𝑧, 𝑡) = 𝐯̂(𝑧) exp
[

i
(

𝜔 𝑡 − 𝐤 ⋅ 𝐱 + 𝜓
)]

. (1)

1 One of which is the Poynting vector.
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Fig. 1. The plate in the fixed coordinate system (𝑂,𝐧𝑥 ,𝐧𝑦 ,𝐧𝑧), along with the slowness vector 𝐬 and the wavevector 𝐤 associated with the guided wave.

Then, the real velocity field takes the form: 

𝐯(𝑥, 𝑦, 𝑧, 𝑡) =
[

𝐯̂′(𝑧) cos
(

𝜙′) − 𝐯̂′′(𝑧) sin
(

𝜙′)] exp
(

−𝜙′′)  with 
{

𝜙′ = 𝜔′ 𝑡 − 𝑘′𝑥 𝑥 + 𝜓 ,
𝜙′′ = 𝜔′′ 𝑡 − 𝐤′′ ⋅ 𝐱 .

(2)

The term 𝜓 lies within the interval (−𝜋, 𝜋]. It represents the arbitrary phase of the complex amplitude of the wave. This phase 
will subsequently be utilized to determine average values, and its nature as well as its impact on real fields will be further discussed 
in Section 4. To maintain clarity in our text, complex quantities will henceforth be denoted by underlining or by the use of a hat 
over a symbol. It is important to note that although the phase 𝜓 is arbitrary, it must remain consistent across all fields to satisfy 
the Snell–Descartes laws.

Likewise, the real strain and stress fields are expressed, respectively, as follows:

(𝑥, 𝑦, 𝑧, 𝑡) =
{

̂(𝑧) exp
[

i
(

𝜔 𝑡−𝐤 ⋅ 𝐱+𝜓
)]

}′
 and 𝚺(𝑥, 𝑦, 𝑧, 𝑡) =

{

𝚺̂(𝑧) exp
[

i
(

𝜔 𝑡−𝐤 ⋅ 𝐱+𝜓
)]

}′
.

As shown in [3] in the investigation of Lamb waves propagating through isotropic plates immersed in a fluid, there is a noteworthy 
interest in the introduction of the complex slowness bi-vector, denoted as 𝐬, which is defined by [4]:

𝐬 = 𝐬′ + i 𝐬′′ = 𝜏 𝐤 , with 𝜏 = 𝜏′ + i 𝜏′′ = 𝜔−1 .

In doing so, the slowness vector exhibits spatial wave structures, as it is decoupled from the temporal behavior. This relationship 
may appear trivial, but its significance lies in the fact that it removes any ambiguity regarding the origins of the imaginary part 
of the wavevector. In fact, the slowness vector depends solely on quantities related to rheological phenomena, i.e., elasticity or 
viscoelasticity, and spatial structure, such as illustrated by evanescent surface waves, for example. The frequency solely characterizes 
temporal effects, despite its influence on the imaginary part of the wavevector. To illustrate this point, consider the case of a 
wave with 𝐬′′ = 𝟎. In this case, it is evident that the wave exhibits despite everything a complex wavevector 𝜔 𝐬′ while any field 
𝐯̂(𝑧) exp

[

i𝜔
(

𝑡 − 𝐬′ ⋅ 𝐱
)

+ i𝜓
] is a function of (𝑡 − 𝐬′ ⋅ 𝐱

) that corresponds to translational motion at velocity |
|

𝐬′|
|

−1 in the 𝐬′ direction.

3. Basic equations

In every layer, at a constant complex frequency, the inhomogeneous plane wave described by Eq. (1) complies with the 
fundamental principle of dynamics, which is given by: i𝜔𝜌 𝐯 = i𝜔 [𝐈 𝚺]𝑇 𝐬+ 𝜕𝑧𝛔𝑧, where [∙]𝑇  represents the transposition operation. 
This equation can be rewritten in the form: 

𝜌 𝐯 = [𝐈 𝚺]𝑇 𝐬 − i 𝜏𝜕𝑧𝛔𝑧 , (3)

where 𝜌 stands for the mass density. The multiplication by the 𝐈 matrix2 selects the projection on the 𝑥𝑦-plane and transforms 
this projection into a well-oriented Poynting vector in the broad sense [2]. The wave damping resulting from viscoelastic behavior 

2 𝐈 =
(−1 0 0
0 −1 0

)

.
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is considered in our analysis. Various models are available to describe absorbing media. One of them characterizes the dynamic 
behavior of the hysteresis-shaped stress–strain relationship using the complex tensor of viscoelasticity 𝐶, defined as follows [2]: 

𝐶 = 𝐶 ′ + i𝐶 ′′, (4)

where 𝐶 ′ and 𝐶 ′′ are the elastic and viscosity contributions to this tensor. With this model, each tensor component does not depend 
on the frequency, which is clearly not the case for general viscoelastic behavior [9]. However, for specific materials and frequency 
ranges, it is in concordance with experimental observations. In no way, this model can be valid at any frequency. Consequently, to 
enhance the validity of models, it is imperative to ensure that the imaginary part of each constant varies with respect to frequency. 
The use of complex frequencies would require additional efforts, beyond the scope of this article. In fact, to our knowledge, analyzing 
in detail the consequences of such a generalization remains an open problem.

With the behavior described by Eq. (4), the stress tensor is: 

𝚺 = 𝐶 ′ ∶  + i𝐶 ′′ ∶  . (5)

This equation can be examined using complex variables, as they establish a connection between two individual fields, 𝚺 and  in 
the case of Eq. (5). This does not hold true for the physical quantities associated with the energy equations, as they invariably arise 
from an interaction between two fields, as will be expressed by Eq. (18). In this physical context, the equations presented in the 
following sections will generally be real-valued, with only a few exceptional cases warranting complex values. Over the next three 
subsections, we will establish relationships between energy fluxes and the slowness vector for inhomogeneous waves with complex 
frequency. It is important to keep in mind that the equations derived throughout Section 3 are dependent on both space and time. 
To well define the energy velocity for non-harmonic guided waves, and more generally for any complex wavenumbers, the energetic 
balance equations are obtained for such circumstances.

Anticipating future calculations, let us introduce two complex vectors denoted as 𝐩
+

= 𝐈 𝚺 𝐯∗ and 𝐩
−

= 𝐈 𝚺 𝐯, whose the real 
and imaginary parts signify the projection of four energy fluxes along the interfaces, where the superscript ∗ denotes the complex 
conjugate operator. These two vectors are expressed as follows: 

𝐩
±
= 𝐩′ ± 𝐪′′ + i

(

𝐩′′ ∓ 𝐪′
)

. (6)

The four real vectors introduced in this definition are such that: 𝐩′ = 𝐈 𝚺′ 𝐯′, 𝐩′′ = 𝐈 𝚺′′ 𝐯′, 𝐪′ = 𝐈 𝚺′ 𝐯′′ and 𝐪′′ = 𝐈 𝚺′′ 𝐯′′. From a 
physical point of view, although these vectors may exhibit similarities with instantaneous Poynting vectors, the authentic Poynting 
vector is unambiguously issued from the vector 𝐩′.

3.1. Instantaneous and local kinetic energy

First, let us examine the instantaneous volume density of kinetic energy. By definition, it is expressed as follows: 

𝑒𝑘 =
1
2 𝜌 𝐯

′ ⋅ 𝐯′. (7)

By virtue of Newton’s second law (3), the volumetric density of kinetic energy can be redefined by expressing one of the velocity 
vectors 𝐯 as a function of the stress tensor. This gives rise to 𝑒𝑘 = 1

2

{

𝐬 ⋅ 𝐈 𝚺
}′

⋅𝐯′+ 1
2

{

𝜏 𝜕𝑧𝛔𝑧
}′′

⋅𝐯′. From this equation and employing 
the definitions provided in Eq. (6), the solution presented in Eq. (2) leads to the following expression for its kinetic energy: 

𝑒𝑘 =
1
2

(

𝐬′ ⋅ 𝐩′ − 𝐬′′ ⋅ 𝐩′′
)

+ 𝜏′ 𝑎𝑘 + 𝜏′′ 𝑏𝑘 , (8)

where 𝑎𝑘 = 1
2

(

𝜕𝑧𝛔′′𝑧
)

⋅ 𝐯′ and 𝑏𝑘 = 1
2

(

𝜕𝑧𝛔′𝑧
)

⋅ 𝐯′. To extract additional information from Eq. (3), an insightful statement can be 
obtained by calculating from this equation the complex scalar product 𝜌 𝐯 ⋅ 𝐯∗. So, it is obtained: 

𝜌 𝐯 ⋅ 𝐯∗ =
(

[

𝐈 𝚺
]𝑇 𝐬 − i 𝜏 𝜕𝑧𝛔𝑧

)

⋅ 𝐯∗ . (9)

It is worth emphasizing that due to the complex nature of frequency, this term does not depict the averaged kinetic energy over a 
period, as typically considered in the context of harmonic waves. This is for the simple reason that the field under consideration 
is by choose non-periodic. At this stage, it is merely a mathematical expression; however, an adequate physical interpretation will 
be provided later on. The expression on the left-hand side of Eq. (9) is inherently real-valued by design. It is immediately deduced 
that {([𝐈 𝚺]𝑇 𝐬 − i 𝜏 𝜕𝑧𝛔𝑧

)

⋅ 𝐯∗
}′′ = 0. By using the flux quantities introduced in Eq. (6) leads to: 

𝐬′′ ⋅ 𝐩′ + 𝐬′ ⋅ 𝐩′′ − 𝐬′ ⋅ 𝐪′ + 𝐬′′ ⋅ 𝐪′′ + 4 𝜏′ 𝑐𝑘 + 4 𝜏′′ 𝑑𝑘 = 0 , (10)

with 𝑐𝑘 = − 1
4

[(

𝜕𝑧𝛔′𝑧
)

⋅ 𝐯′ +
(

𝜕𝑧𝛔′′𝑧
)

⋅ 𝐯′′
] and 𝑑𝑘 = 1

4

[(

𝜕𝑧𝛔′′𝑧
)

⋅ 𝐯′ −
(

𝜕𝑧𝛔′𝑧
)

⋅ 𝐯′′
]

. The apparently artificial introduction of the factor 14  is 
guided by the fact that the balance equations presented later by Eq. (25) must contain directly interpretable average energy terms 
with physical significance.
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3.2. Instantaneous and local potential energy

The instantaneous volume density of total potential energy 𝑒𝑡 is expressed as: 
𝑒𝑡 =

1
2 𝚺

′ ∶′ = 𝑒𝑝−𝑒𝑞 , (11)

where the newly introduced real terms are such that: 𝑒𝑝 = 1
2 

′ ∶ 𝐶 ′ ∶ ′ and 𝑒𝑞 = 1
2 

′′ ∶ 𝐶 ′′ ∶ ′. They represent, respectively, the 
elastic potential energy and the dissipative energy losses. For further developments, let us introduce the following property: 

𝐀 ∶  = (𝐈𝐀) ∶ (𝐬⊗ 𝐯) − i 𝜏 (𝐀𝐧𝑧) ⋅ 𝜕𝑧𝐯 , (12)

which connects any second-order symmetric tensor 𝐀 with the strain tensor for the solution given by Eq. (2). Exploiting this relation 
to the total potential energy expressed by Eq. (11), it is obtained:

𝑒𝑡 =
1
2 ( 𝐈 𝚺

′ ) ∶ (𝐬 ′ ⊗ 𝐯 ′ − 𝐬 ′′ ⊗ 𝐯 ′′) + 𝜏 ′ 𝑎𝑝 + 𝜏 ′′ 𝑏𝑝 ,

where 𝑎𝑝 = 1
2 𝛔

′
𝑧 ⋅

(

𝜕𝑧𝐯′′
) and 𝑏𝑝 = 1

2 𝛔
′
𝑧 ⋅

(

𝜕𝑧𝐯′
)

. Expanding this last equation for the solution given by Eq. (2) and using relations (6) 
leads to: 

𝑒𝑝 =
1
2

(

𝐬′ ⋅ 𝐩′ − 𝐬′′ ⋅ 𝐪′
)

+ 𝜏′ 𝑎𝑝 + 𝜏′′ 𝑏𝑝 + 𝑒𝑞 . (13)

An interesting equation can be obtained from the calculation of the real-valued scalar expression  ∶ 𝐶 ′ ∶ ∗. Using the stress 
expression from Eq. (5), it is then derived the supplementary equation: 

 ∶ 𝐶 ′ ∶ ∗ = 𝚺∗ ∶  + 4 i 𝑒𝑑 , (14)

where 𝑒𝑑 = 1
4  ∶ 𝐶 ′′ ∶ ∗. Since the scalar 𝑒𝑑 is a real and positive quantity [10], the imaginary part of the right-hand side of 

Eq. (14) is necessarily zero. Therefore, using both Eq. (12) and the variables given in Eq. (6), the subsequent equation must be 
satisfied: 

𝐬′′ ⋅ 𝐩′ − 𝐬′ ⋅ 𝐩′′ + 𝐬′ ⋅ 𝐪′ + 𝐬′′ ⋅ 𝐪′′ + 4 𝜏′ 𝑐𝑝 + 4 𝜏′′ 𝑑𝑝 + 4 𝑒𝑑 = 0 , (15)

with 𝑐𝑝 = − 1
4

[

𝛔′𝑧 ⋅
(

𝜕𝑧𝐯′
)

+ 𝛔′′𝑧 ⋅
(

𝜕𝑧𝐯′′
)] and 𝑑𝑝 = 1

4

[

𝛔′𝑧 ⋅
(

𝜕𝑧𝐯′′
)

− 𝛔′′𝑧 ⋅
(

𝜕𝑧𝐯′
)]

.

3.3. Instantaneous and local balance energy equations

We will now proceed to employ the equations outlined in the preceding two subsections. By performing algebraic manipulations, 
the following set of four equations can easily be established: 

𝑒𝑘 + 𝑒𝑝 = 𝐬′ ⋅ 𝐩′ − 1
2 𝐬

′′ ⋅ 𝐩′′− + 𝜏′ 𝑎+ + 𝜏′′ 𝑏+ + 𝑒𝑞 , (𝑎)
𝑒𝑘 − 𝑒𝑝 = − 1

2 𝐬
′′ ⋅ 𝐩′′+ + 𝜏′ 𝑎− + 𝜏′′ 𝑏− − 𝑒𝑞 , (𝑏)

0 = 1
2 𝐬

′′ ⋅ 𝐩′+ + 𝜏′ 𝑐+ + 𝜏′′ 𝑑+ + 𝑒𝑑 , (𝑐)

0 = 1
2 𝐬

′ ⋅ 𝐩′′+ + 𝜏′ 𝑐− + 𝜏′′ 𝑑− − 𝑒𝑑 . (𝑑)

(16)

The coefficients 𝑎±, 𝑏±, 𝑐± and 𝑑± are defined with respect to vertical flux quantities, i.e., oriented along the 𝑧-direction, and are such 
that: 𝑎± = 𝑎𝑘±𝑎𝑝, 𝑏± = 𝑏𝑘±𝑏𝑝, 𝑐± = 𝑐𝑘±𝑐𝑝 and 𝑑± = 𝑑𝑘±𝑑𝑝, with in particular the important following factorizations: 𝑏+ = 1

2 𝜕𝑧
(

𝛔′𝑧 ⋅ 𝐯
′), 

𝑐+ = − 1
4 𝜕𝑧

{

𝛔𝑧 ⋅ 𝐯
∗}′ and 𝑑− = − 1

4 𝜕𝑧
{

𝛔𝑧 ⋅ 𝐯
∗}′′. The last three relations are of interest because, as will be shown, they will offer 

a means to simplify the calculations of averages introduced latter. The first two equations are derived by adding and subtracting 
Eqs. (8) and (13), respectively. The last two equations are obtained by performing summation and subtraction operations on Eqs. (10) 
and (15), respectively. All of these equations depend on both time and space. They represent instantaneous and local relationships 
between energy terms. Strictly speaking, the energy balance associated with the guided wave is determined by Eq. (16𝑎), in which 
the volume density of total energy, comprising the summation of volume densities of kinetic and potential energies, is compared 
to various wave fluxes. The second equation, denoted as Eq. (16𝑏), offers insights into the relative magnitudes of the kinetic and 
potential terms. The final two equations, Eqs. (16𝑐) and (16𝑑), establish a connection between the real and imaginary components 
of the slowness vector 𝐬 and the flux quantities in the 𝑥𝑦-plane.

All of these relationships pertain to local and instantaneous quantities. In order to effectively leverage them, it becomes 
imperative to carry out spatial and temporal averaging. This will be the focal point of the upcoming section.

4. Average value of the energy quantities

Indeed, owing to the complex-valued nature of frequency, it is evident that not all fields manifest both temporal and spatial 
harmonicity. This leads to the immediate fact that the computation of average fluxes cannot be streamlined into a singular time-
averaged value, as is commonly undertaken for harmonic plane waves in conventional practices. In other words, considering the 
spatial and temporal characteristics of complex harmonic waves, it becomes essential to propose an alternative definition for 
averaging that adequately accommodates the intricacies inherent in this complexity. The phase term 𝜓 introduced in Eq. (1) plays 
a crucial role in defining averaged quantities. As previously mentioned, this term arises from the arbitrary complex amplitude of 
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the wave. From an experimental point of view, its value is influenced, for instance, by the choice of the time origin, the positions of 
possible transducers, and the amplitude of the source. In any case, this term is dependent on wave propagation. This becomes evident 
when considering that the solution (𝐤, 𝜔) of the dispersion equation for the plate system is independent of the complex arbitrary 
amplitude and, consequently, of 𝜓 . However, the instantaneous real physical quantities do depend on 𝜓 , see, for example, Eq. (1). 
This dependence does not manifest as a simple arbitrary factor that can be factored out of these quantities, which would be necessary 
for its elimination in the energy balance equations. This fact necessitates the precise definition of a unique mode, characterized 
by a specific pair (𝐤, 𝜔), while still allowing 𝜓 to take any value within the interval (−𝜋, 𝜋]. This association between a single 
solution and arbitrary phases constitutes a unique mode. The next question is how to describe the intrinsic propagation of this mode. 
Inspired by signal processing techniques commonly used to analyze the stochastic nature of various phenomena (see, e.g., [11]), 
the proposed approach to tackle this challenge is as follows: (i) Represent a mode as a family of functions associated with physical 
fields, corresponding to the infinite set of possible values for 𝜓 ; (ii) Consider this phase term as a random variable, even though it 
is not strictly so, by assuming it follows a uniform distribution. Each realization corresponds to assigning an arbitrary value to 𝜓 ; 
and (iii) Derive the physical quantities for a single mode by computing their probabilistic average, specifically by performing an 
average over a period 𝑇 =2𝜋. This approach extends the concept of the average value, usually defined in textbooks for harmonic 
waves, to inhomogeneous waves characterized by both complex frequencies and wave numbers. Naturally, this new definition is 
compatible with the traditional one when dealing with harmonic waves, as the phenomenon is ergodic in this case, see e.g. [11]. In 
other words, the expectation at any time 𝑡0, defined as the probabilistic average over the phase 𝜓 , is equivalent to the time average 
for any fixed phase value 𝜓0. It is important to note that this average is independent of both 𝑡0 and 𝜓0.

Finally, let us express the average field F(𝑥, 𝑦, 𝑡) at the position (𝑥, 𝑦) and time 𝑡 for any field 𝑓 (𝑥, 𝑦, 𝑧, 𝑡) as follows: 

F(𝑥, 𝑦, 𝑡) = ⟨f(𝑥, 𝑦, 𝑧, 𝑡)⟩𝓁 = 1
𝓁 ∫

𝓁

0
f(𝑥, 𝑦, 𝑧, 𝑡) d𝑧 , where

f(𝑥, 𝑦, 𝑧, 𝑡) = ⟨𝑓 (𝑥, 𝑦, 𝑧, 𝑡)⟩𝜓 = 1
2𝜋 ∫

𝜋

−𝜋
𝑓 (𝑥, 𝑦, 𝑧, 𝑡) d𝜓 .

(17)

In the context of this average and to enhance readability, the double-bar capital notation will be subsequently employed to represent 
the average values associated with both the phase 𝜓 and the vertical 𝑧-position. Conversely, double-bar lowercase notation will be 
exclusively reserved for average values related to the phase 𝜓 . The energy flux, potential energy, and kinetic energy, all denoted 
at this stage as 𝑤(𝑥, 𝑦, 𝑧, 𝑡), can be expressed as functions of two physical fields. These fields correspond to the real parts of two 
complex fields 𝐚(𝑥, 𝑦, 𝑧, 𝑡) and 𝐛(𝑥, 𝑦, 𝑧, 𝑡) satisfying the following relationship: 

𝑤(𝑥, 𝑦, 𝑧, 𝑡) =
{

𝐚(𝑥, 𝑦, 𝑧, 𝑡)
}′ ∙

{

𝐛(𝑥, 𝑦, 𝑧, 𝑡)
}′ , (18)

where the bilinear operator ∙ depends upon the specific energetic quantity under examination. Its specific definition will be 
explicitly provided as needed later on. In agreement with Eq. (2), the two fields are of the form: 𝐚(𝑥, 𝑦, 𝑧, 𝑡) = 𝐚̂(𝑧) exp(𝑖 𝜙) and 
𝐛(𝑥, 𝑦, 𝑧, 𝑡) = 𝐛̂(𝑧) exp(𝑖 𝜙).

To calculate the integrals described by Eq. (17), it proves advantageous to decouple the dependence on the 𝑧-coordinate from 
that on 𝑥, 𝑦 and 𝑡. This can be achieved as follows: 

𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑔(𝑥, 𝑦, 𝑡)
(

{

𝐚̂(𝑧) ∙ 𝐛̂(𝑧)∗
}′

+
{(

𝐚̂(𝑧) ∙ 𝐛̂(𝑧)
)

exp(2 i𝜙′)
}′

)

, (19)

where 𝑔(𝑥, 𝑦, 𝑡) = 1
2 exp(−2𝜙′′). The complex phase depends only on 𝑥, 𝑦 and 𝑡, while the fields 𝐚̂ and 𝐛̂ are exclusively functions 

of 𝑧. Applying averages as defined in Eq. (17) to the generic fields of the form Eq. (19) gives rise to: 

W(𝑥, 𝑦, 𝑡) = ⟨w ⟩𝓁 , where w = 𝑔(𝑥, 𝑦, 𝑡)
{

𝐚̂(𝑧) ∙ 𝐛̂(𝑧)∗
}′

, (20)

because 𝜙′′ does not depend on 𝜓 while the following average is zero:

∫

𝜋

−𝜋
exp(2 i𝜙′) d𝜓 = exp

[

2 i (𝜔′ 𝑡 − 𝑘′𝑥̃ 𝑥̃)
]

∫

𝜋

−𝜋
exp(2 i𝜓) d𝜓 = 0 .

It is important to note that the averaged quantities W(𝑥, 𝑦, 𝑡) depend on the observation point on the surface and time. This 
dependence is solely encapsulated by the 𝑔-factor. The g-factor is, in fact, the square of the wave amplitude at the location (𝑥, 𝑦) and 
time 𝑡. To simplify the notations, the dependence on 3D-space and time will be omitted until this is possible without compromising 
clarity.

Let us observe that the average value w given in Eq. (20) is strictly equal to w = 1
2

{

𝐚 ∙ 𝐛∗
}′. This equality arises from the 

inherent nature of the 𝑔 factor being a real value, and the shared phase term between both vectors. In passing, let us emphasize 
that expressions (7) and (11) now attain a physical interpretation through averaging over 𝜓 , but not over a hypothetical space or 
time period.

The fields that require averaging do not always conform directly with the representation established by Eq. (18). As an example, 
when averaging the term 𝐩′′− = 𝐈

(

𝚺′ 𝐯′′ + 𝚺′′ 𝐯′
) from Eq. (6), it is necessary to address terms in the forms of 𝐚′ ∙𝐛′′ and 𝐚′′ ∙𝐛′. From 

Eq. (20), it is a simple matter to average these quantities and all other combinations of the real parts of vectors 𝐚 and 𝐛. This can 
be obtained by using the obvious equation ⟨𝐚 ∙𝐛⟩𝜓 =0. In fact, elementary algebraic manipulations demonstrate that: 

⟨𝐚′′ ∙ 𝐛′⟩𝜓 = − ⟨𝐚′ ∙ 𝐛′′⟩𝜓 = −
⟨

𝐚′ ∙
{

−i𝐛
}′
⟩

𝜓
= 1

2

{

𝐚 ∙ 𝐛∗
}′′ ,

⟨𝐚′′ ∙ 𝐛′′⟩𝜓 = ⟨𝐚′ ∙ 𝐛′⟩𝜓 = 1
2

{

𝐚 ∙ 𝐛∗
}′ ,

(21)
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and consequently: 
⟨

{𝑎 ∙ 𝑏∗}′
⟩

𝜓 = ⟨𝑎′ ∙ 𝑏′ + 𝑎′′ ∙ 𝑏′′⟩𝜓 = 2 ⟨𝑎′ ∙ 𝑏′⟩𝜓 ,
⟨

{𝑎 ∙ 𝑏∗}′′
⟩

𝜓 = ⟨𝑎′′ ∙ 𝑏′ − 𝑎′ ∙ 𝑏′′⟩𝜓 = 2 ⟨𝑎′′ ∙ 𝑏′⟩𝜓 .
(22)

It is noteworthy that, for harmonic guided waves only, the averages over 𝜓 are strictly equivalent to averages over a time 
period, since the ergodicity property defined above is satisfied. In the same way, for waves periodic in space, i.e., of wavevector with 
real-valued components, the average in space over a wavelength coincides with the stochastic average over 𝜓 . Consequently, the 
stochastic averaging defined here is more general than the usual time or space averaging, but is in accordance with the literature 
for harmonic or spatially-periodic case. Note that the issue of space averaging applies not only to waves but also to the mechanical 
properties of periodic media in determining equivalent homogeneous quantities [12].

5. Averaged energy equations

The average definition summarized by Eq. (17) will be used in this section to obtain averaged expressions of equations relative 
to instantaneous fields obtained in Section 3 for general complex guided waves. To achieve this, let us express the averages over 𝜓
of the variables involved in the flux vectors defined by Eq. (6). In this case, the indefinite fields 𝐚 and 𝐛 are replaced by 𝐈 𝚺 and 𝐯
(or 𝐯∗), respectively, and the linear operator ∙ by the matrix–vector product. So, employing the relationships provided in Eq. (21) 
results in the following average over 𝜓 of these four flux vectors: 

p′ = q′′ = 1
2 p

′
+ = 𝑔 𝐈

{

𝚺̂ 𝐯̂∗
}′

, p′′ = −q′ = 1
2 p

′′
+ = 𝑔 𝐈

{

𝚺̂ 𝐯̂∗
}′′

, (23)

and, consequently, p′
− = 0 and p′′

− = 0. Let us note that the average over 𝜓 of the viscoelastic contribution 𝑒𝑞 , introduced in Eq. (13), 
is zero, because:

e𝑞 =
1
2

⟨

′′ ∶ 𝐶 ′′ ∶ ′⟩
𝜓 = 1

4

{

 ∶ 𝐶 ′′ ∶ ∗}′′ = 0 .

For its part, the loss of energy 𝑒𝑑 , introduced in Eq. (14), does not depend on the phase 𝜓 . As a consequence, this energy loss can 
be averaged as follows: 

e𝑑 = 1
4

⟨

 ∶ 𝐶 ′′ ∶ ∗⟩
𝜓 =

𝑔
2
̂ ∶ 𝐶 ′′ ∶ ̂∗ . (24)

By employing the double-bar notation as introduced in Eqs. (17) to define mean quantities, and utilizing the basic expressions 
for specific averages provided by Eqs. (21) and (22), along with the assistance of Eqs. (23) through (24), the balance equations 
outlined in Eq. (16) can also be integrated. In doing so, the associated relationships can be reformulated in terms of scalar products 
between the complex slowness vector and the complex mean Poynting vector, as follows: 

𝐬′ ⋅P′ = E𝑡𝑜𝑡 − 𝜏′F′′
𝑖𝑛 − 𝜏

′′F′
𝑜𝑢𝑡 , (𝑎)

𝐬′′ ⋅P′′ = E𝑝−𝑘 + 𝜏′F′′
𝑜𝑢𝑡 + 𝜏

′′F′
𝑖𝑛 , (𝑏)

𝐬′′ ⋅P′ = 𝜏′F′
𝑜𝑢𝑡 − 𝜏

′′F′′
𝑖𝑛 − E𝑑 , (𝑐)

𝐬′ ⋅P′′ = 𝜏′F′
𝑖𝑛 − 𝜏

′′F′′
𝑜𝑢𝑡 + E𝑑 , (𝑑)

(25)

where E𝑡𝑜𝑡 = E𝑝 +E𝑘 and E𝑝−𝑘 = E𝑝 −E𝑘 represent, respectively, the mean summation and the difference between the potential 
and kinetic mean energies. The quantities E𝑘, E𝑝 and E𝑑 are the mean kinetic and potential energies and the mean loss of energy, 
respectively. Reintroducing the 𝑧-dependence, they take the form: E𝑝 = 𝑔

2

⟨

̂(𝑧)∶𝐶 ′(𝑧)∶ ̂∗
(𝑧)

⟩

𝓁
, E𝑘 = 𝑔

2 ⟨𝜌(𝑧) 𝐯̂(𝑧) ⋅ 𝐯̂∗(𝑧)⟩𝓁 and 
E𝑑 = 𝑔

2

⟨

̂(𝑧)∶𝐶 ′′(𝑧)∶ ̂∗
(𝑧)

⟩

𝓁
. The average of the eight coefficients 𝑎±, 𝑏±, 𝑐± and 𝑑± defined in Eq. (16), when combined with 

the relationships provided by Eq. (21), results in only two independent variables F𝑖𝑛 and F𝑜𝑢𝑡 such that:

F𝑖𝑛 =
𝑔
4𝓁

⟨ (

𝜕𝑧𝛔̂𝑧
)

⋅ 𝐯̂∗ − 𝛔̂𝑧 ⋅
(

𝜕𝑧𝐯̂∗
) ⟩

𝓁 and F𝑜𝑢𝑡 =
1
2𝓁

[

p
𝑧
(𝓁) − p

𝑧
(0)

]

,

where the vector p
𝑧
(𝑧) =

⟨

− 1
2 𝛔𝑧(𝑧) ⋅ 𝐯

∗(𝑧)
⟩

𝜓
= − 𝑔

2 𝛔̂𝑧(𝑧) ⋅ 𝐯̂
∗(𝑧) denotes the vertical complex flux averaged over 𝜓 at the 𝑧-position. 

Indeed, A+ = D+ = F′′
𝑖𝑛, B+ = −C+ = F′

𝑜𝑢𝑡, A− = D− = F′′
𝑜𝑢𝑡 and B− = −C− = F′

𝑖𝑛 . These quantities provide two types of 
contributions. For F𝑖𝑛, the calculation of the average over the thickness, achieved through numerical integration, requires knowledge 
of the waveforms at every vertical position in the plate. This term is associated to the energy fluxes in the 𝑧-direction within the 
plate. In contrast, the coefficient F𝑜𝑢𝑡 depends solely on the outgoing energy fluxes at the two boundaries, as the integral over the 
thickness can be analytically obtained. These coefficients are associated with the loss of energy resulting from leakage in the two 
external fluids.

Before discussing Eqs. (25), it is pertinent to examine the capabilities of the function 𝐯̂(𝑧) introduced in Eq. (1). This function 
does not affect the structure of the four averaged relations in its form, as its inclusion does not require any specific assumption for 
deriving this system. It represents the dependence of the velocity vector field on the 𝑧-direction, and its expression depends on the 
nature of the plate, i.e., whether it is isotropic, anisotropic, multilayered, or continuously variable. The dispersion curves and their 
associated fields are numerically obtained in [13] for all these cases, except for the continuously variable plate, for which additional 
numerical efforts are required to fully address this problem. 
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To interpret physically Eqs. (25𝑎) and (25𝑐), they can be rewritten as follows: 
𝐬′ ⋅ 𝐜𝑒 = 1 −D′ = 1 −

(

𝜏′F′′
𝑖𝑛 + 𝜏

′′F′
𝑜𝑢𝑡
)

E−1
𝑡𝑜𝑡 , (𝑎)

−𝐬′′ ⋅ 𝐜𝑒 = D′′ =
(

𝜏′F′
𝑜𝑢𝑡 + 𝜏

′′F′′
𝑖𝑛 +E𝑑

)

E−1
𝑡𝑜𝑡 , (𝑏)

(26)

where 𝐜𝑒 denotes the energy velocity vector of guided modes in the plate plane. It is given by: 

𝐜𝑒 =
P′

E𝑡𝑜𝑡
= 𝐜𝑒 𝐧𝑒 , (27)

where the two vectors P′ and 𝐧𝑒 denote the mean value of the power flow vector 𝐩′ and the unit vector in the Poynting direction, 
respectively. The newly introduced equations in Eq. (26) require further elucidation.

Dispersion term D′, Eq. (26𝑎)
First, let us analyze Eq. (26𝑎). The term D′ can be interpreted as a contribution responsible for frequency dispersion, i.e., the 

phase and energy velocities depend on the frequency. This phenomenon arises from the interference of partial waves along the 
𝑧-direction. To reinforce this interpretation, let us note the phase velocity projection on the 𝐧𝑒-direction as 𝑐′𝑒 =

(

𝐬′ ⋅ 𝐧𝑒
)−1. From 

Eq. (26𝑎), it is a simple matter to obtain the following expression: 

𝐜𝑒 =
(

1 −D′) 𝑐′𝑒 . (28)

For non-dispersive waves, such as bulk waves, the phase velocity in the direction of the Poynting vector is equal to the energy 
velocity, i.e., D′ = 0. Otherwise, this term is never zero and guided waves are always dispersive.

Damping term D′′, Eq. (26𝑏)
This term provides insightful information regarding the damping along the energy flow direction, i.e., along the direction of 

energy velocity. In accordance with the wave definition given by Eq. (2), the negative sign preceding Eq. (26𝑏) indicates that the 
wave amplitude decreases in the energy direction for damping vectors 𝐬′′ oriented oppositely. The component of the vector −𝐬′′ on 
the energy direction 𝐧𝑒, noted 𝑠′′𝑒 , can be expressed as follows: 𝑠′′𝑒 = −𝐬′′ ⋅ 𝐧𝑒. Considering only the contribution of real frequencies, 
the attenuation factor along the energy flow direction due to this damping is given by 𝑘′′𝑒 = 𝜔′𝑠′′𝑒 . The distance 𝜆𝑒 covered during 
a time period at the energy velocity is given by 𝜆𝑒 = 2𝜋 𝑐𝑒

(

𝜔′)−1. This distance is not the wavelength in the 𝐧𝑒-direction, since 
by virtue of Eq. (28) the energy velocity is not associated to the slowness vector in this direction. Finally, let us calculate the 
attenuation factor for the distance 𝜆𝑒, which is given by: 𝑘′′𝑒 𝜆𝑒 = 2𝜋D′′. The variable D′′ clearly appears as an intrinsic quantity 
that contains information on different damping along the energy flow direction. Three factors contribute to the loss of amplitude, 
including viscoelastic effects, fluid leakages, and the coupling between time and space, inherent to the transient behavior.

For harmonic leaky waves, it must be positive. To gain a deeper insight into this assertion, let us analyze more precisely the 
vertical complex flux averaged over 𝜓 , denoted by p

𝑧
(𝑧𝑓 ) and calculated at the z-position of the two interfaces plate/fluid, 𝑖.𝑒., 

located at 𝑧𝑓 = 0, 𝓁. At these interfaces, the normal stress and the normal displacement vector are continuous. Consequently, the 
vertical complex fluxes are also continuous at these two interfaces. Subsequently, the fluxes within the solid and the fluid adhere 
to the subsequent relation: 

p
𝑧
(𝑧𝑓 ) = ±

𝑔
2 𝜌𝑓

|

|

|

𝑝̂𝑓
|

|

|

2
𝑠∗𝑧𝑓 (29)

where 𝑝̂𝑓 , 𝜌𝑓  and 𝑠𝑧𝑓  are the variables associated with the inhomogeneous planes waves in the two fluids. They are, respectively, 
pressure amplitude terms, fluid densities and complex slownesses of the waves in the 𝑧−direction. In the context of leaky waves, 
the selection between the solutions + or − is contingent upon ensuring that the normal flux in the upper fluid is negative, whereas 
it is positive in the lower fluid. As a result, for harmonic wave, i.e., 𝜏′′ = 0, D′′ is positive since F′

𝑜𝑢𝑡 and E𝑑 are both positive. The 
quantity D′′ can be zero, as will be reported in Table  1. In such situation, the damping vector 𝐬′′ is not necessary zero, it can be 
orthogonal to the energy flow direction. This provides an infinite number of possibilities because, to satisfy Eq. (26𝑐), it is sufficient 
to add a component to the damping vector 𝐬′′⟂ that belongs to the plane orthogonal to the 𝐧𝑒-direction. This additional component 
is entirely arbitrary, unlike the component along the energy flow direction.

This reinforces the fact that D′′ is effectively an intrinsic quantity in a sense that this damping wave does not depend on the 
potential additional attenuation along 𝐬′′⟂. From that point of view, for the simplest case of harmonic bulk waves and Lamb waves 
in free single layer, some complementary discussions can be found in [14,15], respectively.

To conclude this part, Table  1 provides synthetic conditions under which the three variables D′, E𝑝−𝑘,3 and D′′, as defined in 
Eq. (26), can be zero. For each variable, the selected conditions must be regarded as both necessary and cumulative. The analysis 
encompasses scenarios involving plates in a vacuum as well as bulk waves. If one is under consideration, the other is, naturally, not 
applicable. If a particular condition is not necessary, it is referred to as being indifferent. For immersed plates, all the quantities 
D′, E𝑝−𝑘, and D′′ are never zero, except for some very particular circumstances or for SH modes. This case is not documented on 
Table  1.

3 Deduced directly from Eq. (25𝑏).
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Table 1
Zero values of E𝑝−𝑘, D′ and D′′ in particular physical cases.
 Bulk wavesa Plates in vacuumb

or SH guided waves
Elastic behavior Harmonic waves 

 F′
𝑖𝑛 = F

′′
𝑖𝑛 = 0

F′
𝑜𝑢𝑡 = F

′′
𝑜𝑢𝑡 = 0 F′

𝑜𝑢𝑡 = F
′′
𝑜𝑢𝑡 = 0 E𝑑 = 0 𝜏′′ = 0  

 D′ = 0
√

Not concerned Indifferent Indifferent  
 E𝑝−𝑘 = 0

√

Not concerned √

Indifferent  
 E𝑝−𝑘 = 0 Not concerned √ √ √  
 D′′ = 0

√

Not concerned √

Indifferent  
 D′′ = 0 Not concerned √ √ √  
a The derivative functions versus 𝑧 are zero.
b The outgoing fluxes are zero.

6. Numerical results: dispersion and energy velocity curves

This final section presents numerical results for a plexiglass plate semi-immersed in water, concerning the energy velocity 
calculation provided by Eq. (27) for various situations. The first step consists of obtaining the dispersion curves of modes. This 
is achieved by utilizing the method, that provides an eigenvalue problem, recently described in [13]. For the analysis, the plate, 
with a width of 4 mm, is composed of plexiglass, presumed to demonstrate isotropic and non-viscoelastic properties. Its mass 
density is 1.03 mg∕mm3 and the two independent elastic constants are deduced from the longitudinal and transversal wave speeds, 
such that : 𝑐𝐿 =2.504 and 𝑐𝑇 =1.216 [mm∕μs], respectively. The additional damping vector is zero, i.e. 𝐬′′⟂ = 𝟎. The water occupies the 
half-space above the plate, corresponding to positive 𝑧-values. Its mass density is 1.00 mg∕mm3, and the wave propagation speed, 𝑐𝐹 , 
is 1.500 mm∕μs. The investigated area pertains to relatively low frequencies and modes with velocities close to that of the fluid. This 
selection is motivated by the dominant influence of fluid loading in this region, as depicted in Fig.  2. With the chosen assumptions, 
the initial 3D problem is reduced to a 2D problem. Consequently, the solutions can be entirely defined by the phase velocity and 
the imaginary part of the wavenumber in the 𝑥-direction, denoted as 𝑐𝜑 = 𝜔′

𝑘′  and 𝑘′′ respectively. These two quantities are plotted 
versus the frequency in Fig.  2.a and b, respectively. These figures display the dispersion curves obtained for complex slownesses 
(black short-dashed lines), for complex frequencies (black long-dashed lines), and for both real slownesses and frequencies (black 
solid lines). This configuration corresponds to the detailed analytical description that can be found in [16] for complex slowness. 
To complement the investigation, the depiction of a free plate, indicated by gray solid lines, is also provided.

Within the region of interest, particular focus is directed towards five branches. Firstly, Fig.  2.a illustrates the two branches 
arising from the solutions of complex slowness or complex frequency associated with the two modes, improperly denoted as 𝑆0 and 
𝐴0, which originate at zero frequency in proximity to the two similarly denoted modes observed in a free plate. Secondly, the unique 
mode denoted as Scholte 1, commonly referred to as quasi-Scholte, earns its name from its velocity converging towards that of the 
Scholte wave at high frequency-thickness product. As pointed out in [16], a second Scholte waves exists in our configuration, i.e.
𝑐𝐿 > 𝑐𝐹 > 𝑐𝑅 > 𝑐𝑆𝑐ℎ1, where 𝑐𝑅 and 𝑐𝑆𝑐ℎ1 represent the velocities of the Rayleigh wave and the first Scholte wave, respectively. This 
second is denoted as Scholte 2. In instances where the solutions are inherently real, there exists no distinction, naturally, between 
real-valued frequencies and real-valued slowness solutions. Consequently, these specific curves are consistently represented by solid 
lines, either black or gray. Otherwise, when the solutions are complex, they form pairs of two complex conjugate solutions, which 
are plotted using dashed lines.

The phase velocities of 𝑆0 and 𝐴0 modes, featuring complex frequencies or complex slownesses, exhibit drastic differences. As 
the frequency increases, the two 𝑆0 branches undergo a change in nature upon crossing the fluid velocity barrier, 𝑐𝐹 , as identified 
by two distinct points 𝐵 and 𝐷. From these two points, the two pairs of complex conjugate solutions transform into two double 
real solutions. For the two solution types of modes 𝐴0, the same behavior is visible at the two points 𝐴 and 𝐶. In Fig.  2, the 
complete solutions are plotted, whether they are physical or not. To select the physical solutions, it is essential to analyze the 
sign of the imaginary component 𝑘′′, which is directly dependent on the imaginary part of the slowness vector 𝐬′′. Its relation 
with the wavenumber is imposed by definition through Eq. (2). Thus, for real frequencies, the sign of the slowness component in 
the 𝑥-direction must be negative to ensure exponential decay in this direction. For complex frequencies and real slownesses, the 
imaginary part of the frequency must be positive to guarantee exponential decay for positive time. In addition, in order to account 
for leakage in fluids, the normal flux p

𝑧
(𝑧𝑓 ) in the upper and lower fluids must be negative and positive, respectively. This behavior 

is determined by the sign of 𝑠𝑧𝑓  as indicated in Eq. (29).
Fig.  3.a restricts the plot to the branches in accordance with all the above physical criteria and extends the frequency domain 

analysis. The key point to emphasize is the ‘‘disappearance’’ of most branches below the fluid velocity, leaving only two real branches 
(black solid lines). One branch originates from point 𝐵 in continuity with the solution 𝑆0 for complex slownesses (black short-dashed 
line), identified as Scholte 2. The other corresponds to the Scholte wave Scholte 1. This phenomenon is thoroughly analyzed in [16] 
for real frequencies. For complex frequencies, the same transformation of 𝑆0 occurs after point 𝐷 (black short-dashed line), as 
previously mentioned. This portion of the branch is not plotted; however, it should be noted that it exhibits similar behavior to 
that of Scholte 2, notably tending towards the velocity of the second Scholte wave at high frequencies. This behavior is replicated 
at infinity, as it occurs for both complex frequencies and complex slownesses, at each time when the 𝑆𝑛 and 𝐴𝑛 modes intersect 
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Fig. 2. The phase velocity 𝑐𝜑 and the attenuation 𝑘′′ as functions of frequency 𝑓 = 𝜔′

2𝜋
, for solutions involving: both real slowness and frequency ( ), real 

frequency ( ), real slowness ( ) and a free plate ( ). (a) Phase velocity 𝑐𝜑 (b) Attenuation 𝑘′′.

with the fluid velocity straight line as the frequencies increase. This occurrence, analyzed in [17] for real frequencies, should merit 
additional investigations in the general case. However, it falls outside the scope of the present paper.

Before analyzing the energy and group velocity curves, let us comment on the definition of the average by Eq. (17). The remark 
concerns the inhomogeneity of waves in fluids, i.e., when 𝑐𝜑 < 𝑐𝐹 . In this case, because the solution is real, the component of the 
damping vector lies along the 𝑧-axis. For physical reasons, in the specific case under consideration, it is oriented in the direction of 
negative 𝑧 to tend to zero as 𝑧 tends to infinity. The main consequence of this fact is that the energy flux of this single inhomogeneous 
plane wave is oriented along the interface. Consequently, this does not constitute a leakage. Nevertheless, this contribution must 
be included in the energy balance of the guided wave. To achieve this, the integration over the thickness defined in relation (17) 
must be extended to an integration over [0,∞), as illustrated in [18], which is denoted as: 

F(𝑥, 𝑦, 𝑡) = ⟨f(𝑥, 𝑦, 𝑧, 𝑡)⟩∞ . (30)

This extension is feasible because the function to be integrated tends to zero at infinity. However, this assumption does not hold for 
the standard leaky wave, as in this case, the field diverges to infinity at infinity. This is not significant, as the energy of the guided 
wave is confined to the plate, rendering the integral extension unnecessary. This is further substantiated by Eq. (26𝑏), where the 
contribution of the waves in the fluid is manifested as energy losses.

Taking these remarks into consideration, Fig.  3.b presents the energy and group velocities as functions of frequency for the 
physical solutions to our problem. The group velocity 𝐜𝑔 is defined from the phase variations with respect to frequency, variations 
which are directly connected to the group slowness 𝐬𝑔 , such that: 𝐬𝑔 = 𝜕𝐤′

𝜕𝜔′ , see e.g. [19], from which the group velocity is calculated. 
For both real frequency and slowness, it is well established that the group and energy velocities are identical [2]. To facilitate the 
interpretation of curves shown in Fig.  3.b, the following plotting conventions are employed: (i) real solutions are represented by 
solid lines, while complex solutions are represented by dashed lines; (ii) short-dashed and long-dashed lines indicate, respectively, 
complex slowness and complex frequency solutions, irrespective of color; (iii) when they can be differentiated, the red and blue 
colors represent energy and group velocities, respectively; (iv) when the two velocities cannot be discerned because they are equal 
for real solutions, or because they are numerically very close in the case of complex frequency solutions, they are plotted in purple, 
either dashed or solid in accordance with item (i); (v) the curves depicted with solid red lines and dot points represent the energy 
velocity without taking into account the waves in the fluids for real solutions.
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Fig. 3. Group and energy velocities corresponding only to the physical solutions derived from the phase velocity of Fig.  2.a for a frequency range extended. (a) 
Phase velocity 𝑐𝜑 for solutions involving: real slowness and frequency ( ), real frequency ( ) and real slowness ( ). (b) Energy velocity ( ), group 
velocity ( ), and points where the group velocity equals the energy velocity ( , calculated using Eq. (30)) or approximately equals the energy velocity 
( , calculated using Eq. (17)). Energy velocity, for real solutions, calculated using the average from Eq. (17) ( ).  (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)

Clearly when the solutions are complex, 𝑖.𝑒., when 𝑐𝜑 > 𝑐𝐹 , the group (blue dashed line) and energy (red dashed line) velocities 
differ drastically for complex slowness solutions. This is not surprising since, for inhomogeneous waves, these two velocities do 
not coincide, as demonstrated in [20]. This is not the case for complex frequency solutions, where, within the investigated phase 
velocity range, these two velocities, although not formally equal, are very close and difficult to distinguish (purple dashed line). On 
the contrary, for the Scholte 1 and Scholte 2 modes, the solutions are real, and both the group and energy velocities are rigorously 
identical as demonstrated for real solutions in [2]. To obtain this coincidence, it is important to note that the energy velocity must 
be defined according to Eq. (30) (solid purple line), rather than relying on the initial expression provided by Eq. (17) (solid red 
lines with dot points). The undesirable consequence is the emergence of discontinuity.

7. Conclusion

A set of four equations governing the instantaneous and local energy balance has been derived for a general inhomogeneous 
guided wave with a complex frequency propagating in an immersed multilayered plate. To derive the intrinsic energy balance 
equations, these equations were averaged over the phase term associated with the arbitrary amplitude phase of the guided waves. 
By proceeding in this way, the resulting set of equations depends explicitly on both time and space, enabling a clear expression 
of energy velocity for non-harmonic solutions of the dispersion equation, regardless of whether the guided waves exhibit complex 
wavenumbers and frequencies. The energy velocity, as obtained, has been compared with the group velocity. While these two 
velocities are nearly identical for solutions with complex frequencies, they can differ significantly for solutions with complex 
slownesses, as illustrated by numerical results.
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