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1. Introduction

ABSTRACT

A new physics-informed deep homogenization neural network (DHN) framework is proposed to identify the
homogenized and local behaviors in periodic heterogeneous microstructures. To achieve this, the displacement
field is decomposed into averaged and fluctuating contributions, with the local unit cell solution obtained via
neural networks subject to periodic boundary conditions. The periodic microstructures are divided into sub-
domains representing the fiber and matrix phases, respectively. A key contribution of the proposed method is the
marriage of elasticity solution and physics-informed neural network to each phase of the composite, namely, the
fiber phase as a mesh-free component whose fluctuating displacements are expanded using a discrete Fourier
transform, and the matrix phase using material points with fluctuating displacements handled through fully
connected neural network layers. The interfacial continuity conditions are enforced by minimizing the traction
and displacement differences at separate material points along the interface. Transfer learning is exploited
further to facilitate training new microstructures from pre-trained geometry. This hybrid formulation inherently
satisfies stress equilibrium equations within the fiber, while efficiently handling the periodic boundary condi-
tions of hexagonal and square unit cells via a series of trainable sinusoidal functions. The innovative use of
distinct neural network architectures enables accurate and efficient predictions of displacement and stress when
discontinuities are present in the solution fields across the interface. We validate the proposed DHN with the
finite-element predictions for unidirectional composites comprised of elastic fiber significantly stiffer than the
matrix, under various volume fractions and loading conditions.

problem (Eshelby, 1957), which involves determining displacement and
stress fields by embedding an inclusion within an infinite matrix or by

The response of a composite is largely influenced by the complex
microstructural features of constituent phases, including their thermo-
mechanical properties, orientation, distribution, and shape. These fac-
tors lead to anisotropic and highly nonlinear behavior at the macroscale,
making accurate predictions of the constitutive behavior of composites
particularly challenging. To address this issue, micromechanics methods
have been developed in order to efficiently predict homogenized
behavior using detailed information about the thermomechanical
properties and microstructure characteristics of each individual phase.

Broadly, micromechanics theories may be classified into two main
categories based on how boundary conditions are implemented, namely,
nonperiodic homogenization and periodic homogenization approaches
(Chen et al., 2018; Pindera et al., 2009). Early work on nonperiodic
homogenization approaches centered on solving Eshelby’s inclusion

embedding both the inclusion and matrix in an effective medium. These
methods simplify the complex microstructure of the composites as a
representative volume element (RVE). The most commonly used non-
periodic homogenization methods include the self-consistent scheme
(Willis, 1977), the composite cylinders/spheres assemblage (Hashin and
Rosen, 1964), the generalized self-consistent model (Christensen and Lo,
1979), and the Mori-Tanaka method (Mori and Tanaka, 1973). A sig-
nificant limitation of these techniques is that they either disregard the
interactions between neighboring phases entirely or consider them only
in an averaged manner (Chen et al., 2021; Hessman et al., 2021). In
many cases, they cannot adequately describe the local stress field dis-
tributions, which are critical for predicting the plastic flow and failure
modes, and hence the nonlinear stress-strain response, if not the ho-
mogenized moduli (Chen and Pindera, 2020).
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Fig. 1. Hexagonal and square arrays of cylindrical fibers.

Periodic homogenization approaches are based on the assumption
that the heterogeneous microstructure is periodically distributed. The
behavior of the material-at-large is identical to the homogenized
behavior of a repeating unit cell (RUC), namely, the smallest structural
unit of the material, replicated in appropriate directions to form the
entire material (Pallicity and Bohlke, 2021). The accuracy of the RUC
model relies on the accurate satisfaction of displacement and traction
periodic boundary conditions on the exterior faces of the RUC.
Evidently, the main advantage of the RUC-based approaches is that they
explicitly account for the underlying microstructures and their distri-
butions, providing greater accuracy and applicability relative to the
RVE-based approaches. Thus far, most RUC-based approaches in the
literature have been developed based on the finite-element (Chen et al.,
2022; Cruz-Gonzalez et al., 2020) and finite-volume approaches
(Cavalcante and Pindera, 2016; Chen and Pindera, 2020), largely due to
the ease with which periodic boundary conditions for displacements can
be implemented. However, the conventional finite element method for
homogenization has a significant limitation: it is incapable of simulta-
neously enforcing periodic boundary conditions for tractions. To address
this issue, Du et al. (2024) introduced an isogeometric homogenization
technique and employed Nitsche’s method to correlate the tractions and
displacement periodicity conditions. An elasticity-based periodic ho-
mogenization theory has been developed by (Drago and Pindera, 2008;
He and Pindera, 2021; Wang et al., 2018), referred to as the locally exact
homogenization theory (LEHT), where the periodic boundary condition
is implemented through a new balanced variational principle.

Over the past few years, there has been a surge of interest in devel-
oping surrogate micromechanics models for composite materials
through the use of deep learning techniques. For instance, Gajek et al.
(2020) proposed a deep material network using a system of inter-
connected mechanistic building blocks for modelling the nonlinear
linear response of short fiber-reinforced composites. Masi and Stefanou
(2022) developed the thermodynamics-based artificial neural network
for multiscale modeling of inelastic architected materials. Danoun et al.
(2024) combined the finite-element method and LSTM recurrent neural
networks to solve inelastic multiscale problems. In the abovementioned
applications, neural networks with integrated physical constraints are
mainly used to derive the homogenized nonlinear stress-strain relation
of heterogeneous microstructures. Although they demonstrate strong
capabilities in capturing the constitutive behavior of the composites,
they only offer an averaged response of the composites but fail to predict
the local field variable distributions within the microstructures.

A different class of neural networks has been introduced in the
literature (Chen et al., 2025; Henkes et al., 2022; Jiang et al., 2023; Ren
and Lyu, 2024; Wu et al., 2023), based on the physics-informed neural
networks (PINN) originally developed by Raissi et al. (2019), in an

attempt to resolve field variables of interest, such as displacement,
stress, and strain fields in heterogeneous microstructures. The PINN
approach endows the neural network with the stress equilibrium or the
linear momentum equations, as well as the traction and displacement
boundary conditions via a collection of material points into the learning
process as part of the loss function (Chen et al., 2024; Nguyen-Thanh
et al., 2021; Samaniego et al., 2020). The vanilla PINN approach,
however, encounters considerable challenges when solving the unit cell
problem, particularly in constructing neural network architecture that
simultaneously satisfies the stress equilibrium equations, together with
accurately enforcing the periodic boundary conditions for displacements
and tractions. This difficulty arises because periodicity is typically
imposed via a penalty loss term representing the residual norms of the
periodic conditions, which can only impose the periodic boundary
conditions approximately (Raissi et al., 2019). To address this limita-
tion, several attempts have been made to enforce periodic boundary
conditions exactly (Dong and Ni, 2021; Jiang et al., 2023; Linghu et al.,
2025; Soyarslan and Pradas, 2024), without relying on explicit con-
straints between periodically matched boundary collocation points,
thereby removing the associated residual loss term. Moreover, PINN
struggles with convergence issues when discontinuities are present in
the solution fields, which is particularly true in the case of composite
materials whose fiber and matrix typically exhibit significant moduli
mismatch (Henkes et al., 2022; Linghu et al., 2025).

Herein, for the first time, a novel hybrid deep homogenization neural
network (H-DHN) is introduced to predict homogenized moduli and
local displacement and stress fields of periodic heterogeneous micro-
structures. The key contribution of the proposed H-DHN framework is to
represent the fluctuating displacements using two novel neural network
architectures. Particularly, the fiber phase is treated as a mesh-free
component, with the fluctuating displacements expressed by a discrete
Fourier transform expansion. This formulation inherently satisfies the
stress equilibrium equations in the fiber phase. The unknown co-
efficients of each harmonic term are determined by minimizing the
interface loss terms. In contrast, the matrix phase is characterized by a
collection of material (or collocation) points, with the fluctuating dis-
placements represented by fully connected neural network layers. The
periodic boundary conditions of hexagonal and square unit cells are
precisely enforced using a set of trainable sinusoidal functions. The main
advantage of the proposed hybrid network framework lies in its capa-
bility to accurately predict the displacement and stress fields within the
heterogeneous microstructures wherein significant moduli mismatch
exists. Extensive comparison with the finite-element solution of
graphite/epoxy and glass/epoxy composites showcases the accuracy of
the proposed method.
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Fig. 2. Physics-informed neural networks acting as surrogate micromechanics model.

2. Theoretical developments

Consider periodic arrays of unidirectional fibers embedded in the
matrix phase. The responses of such composites can be characterized by
repeating unit cells that define the material’s microstructures, subjected
to the periodicity boundary conditions, as illustrated in Fig. 1. In the
framework of the zeroth-order homogenization theory, the displace-

ment field ul@ in each phase of the unit cell can be decomposed into
averaged and fluctuating contributions in the global x and local y co-
ordinates, respectively, as follows (Bensoussan et al., 1978; He et al.,
2023; He and Pindera, 2020):

u? (x,y) = x5 +u"(y), i=1,2,3 )

where g = f, mrepresent bulk domains occupied by the fiber and matrix,
respectively. g; indicate the macroscopic (or applied) strains. u;<q) )
indicate the fluctuating displacements induced by the microstructures
and macroscopic strains ;. Assuming infinitesimal deformations and
rotations, the strains in the gth phase can be obtained as a two-scale
expansion using the strain—displacement relation as follows:
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For linearly elastic, transversely isotropic bulk phases with the

symmetry axis aligned with the principal axis x;, the constitutive
equations read:
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tensor,

r 7@
Ej +4kvs 2krva  2kpva O 0 O
2krva kr+ur kr—py 0 0 O
o _ 2kva kr—pr kr+pur 0 0 O @
0 0 0 4y 00
0 0 0 0 u, O
0 0 0 0 0

where Ey, kr, jir, 114 and v, are the five independent material properties
for the transversely isotropic materials, namely, the longitudinal
Young’s modulus, plane strain bulk modulus, in-plane shear and anti-
plane shear moduli, and anti-plane Poisson’s ratio, respectively.

In this manuscript, the fluctuating displacements, strains, stresses,
and equilibrium equations are formulated in the Cartesian coordinate
(v2,y3) system for the matrix phase and in the cylindrical coordinate
system (r,0) for the fiber phase of the unit cell. The central idea of the
proposed H-DHN method is to represent the fluctuating displacements
using two neural network models as follows:
[, )] = D6,
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These fluctuating displacements in each subdomain are solved using two
distinct approaches. Particularly, the fiber phase is treated as a mesh-
free component, with the fluctuating displacements approximated by a
discrete Fourier transform expansion. Conversely, the matrix phase is
characterized by a collection of material (or collocation) points, with the
fluctuating displacements represented by fully connected neural
network layers. These displacements are determined strictly under pe-
riodic boundary conditions, combined with interfacial continuity con-
ditions.

2.1. Fiber displacements

In the absence of inertia forces, the stress equilibrium conditions
expressed in terms of cylindrical coordinate fluctuating displacements
u,, u,, and u;, (with the superscript f omitted for simplicity) read:
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In the fiber phase, the solutions to the fluctuating displacements i,
u, and u, can be represented by a finite sum of harmonic terms using a
Fourier expansion in cylindrical coordinates, as follows (Wang et al.,



2018; Wang and Pindera, 2016):
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where Hy;,Fy; and G (j = 1, 2) are the adjustable neural network training
parameters. { = r/arepresents the normalized radial coordinate, a is the
radius of the fiber. py; =n+1,py, =n—1 are the two eigenvalues, and
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The strains & = (e, &, €00, 2610, 22, 2ezg]T in the cylindrical coordinates
are computed using automatic differentiation in the PyTorch library:
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Using Hooke’s law, the stresses 6 = [0y, Oy, 649, 619, O, 629]  in the
cylindrical coordinates are obtained as follows:

6 =Ce 10)
2.2. Matrix displacements

As shown in Fig. 2, a deep neural network with several residual
layers is employed to approximate the fluctuating displacements u}, uj,
U in the matrix phase. The inputs q}‘l and outputs q} of the Ith layer are
propagated through the network as follows:

q :a(w’ +bl+q§‘1) (11)

In the equation above, w! ;and b; denote the weights and biases of the Ith
layer, respectively. ¢ indicates the nonlinear activation function.

To ensure the exact satisfaction of the periodicity characteristics of
the RUC, the neural network architecture is modified by incorporating a
set of sinusoidal functions (Dong and Ni, 2021). Towards this end, the
spatial coordinates (y2,ys) are transformed to:

2r 2nm ;o
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for square arrays of fibers, ds and ds define the periods of the unit cell in
pertinent directions, and
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for hexagonal arrays of fibers, L denotes the width of each side of the
hexagon. The modified coordinates, which are mapped through a

number of harmonic functions with specified periods and tunable pa-
rameters (Dong and Ni, 2021), ensure that the neural network’s outputs
precisely satisfy the periodicity conditions to any desired degree:
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In the above equation,1<i<m and 1<j<n. A, Asi, $ois P3is C2is C3is Wg?),

ng and B; indicate the adjustable parameters trained by the neural
networks. As before, the matrix strains in the Cartesian coordinates (in
Eq. (2)) are evaluated directly using automatic differentiation, while the
matrix stresses are determined using Hooke’s law in Eq. (3).

In the matrix phase, the equilibrium equations expressed in terms of

uj, Uy, Uy in the Cartesian coordinates read:
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2.3. Construction of loss function

The microscopic displacements in the matrix [u/}, t,, u5] and the fiber
[, ., u,] phases are obtained by minimizing a common loss function,
which incorporates the residuals of the PDEs in the matrix phase, as well
as the displacements and tractions continuity conditions at the in-
terfaces:

2L = ZLope+-ZLcon (16)

where
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where N, and N; represent the number of collocation points within the
matrix materials and on the fiber/matrix interface, respectively. t; =
o;n; from the Cauchy relation, n; denotes the component of the unit
normal vector. [{-}] = {-}" —{-}  captures the difference in displace-
ments and tractions between the matrix and fiber sides of the interface in
the Cartesian coordinates. A;,, and ¢, are adjustable weights assigned
to each collocation point.

Eventually, to obtain solutions for the fluctuating displacements
under given macroscopic strains, we minimize the overall loss " with
respect to the network parameters @ by applying gradient descent.
Concurrently, we seek to maximize the total loss function ./’ respective
to the adaptive weights 13, and A¢,, using gradient ascent as follows
(McClenny and Braga-Neto, 2023):
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represents the gradually decreasing learning rate for the network pa-

rameters @ at the kth step. p’(‘.) is a distinct learning rate associated with



Table 1

Elastic fiber and matrix properties employed in the calculations.

Materials Ex(GPa) Er(GPa) Ha(GPa) ur(GPa) Va
AS4 carbon fiber 225 15 15 7 0.2
Glass fiber 72.4 72.4 29.67 29.67 0.22
Epoxy matrix 4.2 4.2 1.567 1.567 0.34

Fig. 3. Collocation point distribution in hexagonal unit cell with 20% vol-
ume fraction.

the adaptive weights. It is worth noting that this adaptive weight
training technique automatically assigns higher weight to material or
collocation points that are more difficult to learn, providing an impor-
tant advantage over the nonadaptive loss weight parameters (McClenny
and Braga-Neto, 2023; Wu et al., 2024).

3. Numerical results
3.1. Local field variables

In this section, we verify the predictive capabilities of the H-DHN
theory to accurately generate the homogenized moduli and local stress
field of graphite or carbon fiber-reinforced plastics (CFRP) and glass
fiber-reinforced plastics (GFRP) composites with two large fiber/matrix
modulus contrasts. The material’s elastic moduli of each phase are given
in Table 1. Specifically, the AS4 graphite fiber exhibits transverse isot-
ropy, with the in-plane Young’s modulus 3.56 times stiffer than that of
the epoxy. In contrast, the glass fiber is isotropic, with Young’s modulus
17.2 times higher than that of the epoxy.

First, we investigate the effect of the neural network depth and
number of neurons on inferring the unit cell’s fluctuating displacements.
As shown in Fig. 3, we consider a hexagonal array of AS4 fiber in the
epoxy matrix. The fiber volume fraction is prescribed as 20 %. The unit
cell is subjected to a uniaxial transverse strain of 55 = 1%, as is the most
demanding. For the matrix phase, we employ four neural network ar-
chitectures, namely, network 1: [2 —20 — 20 — 20 — 2], network 2:
[2—30-30—-30—-30—-2], network 3: [2—40—40—40—40—40
—2], network 4: [2 —50 — 50 — 50 — 50 — 50 — 50 — 2|. For the fiber
phase, we use 8 harmonic terms in the Fourier expansion representation
of fiber fluctuating displacements. The number of collocation points for
the two loss terms in Eq. (16) are N, = 8000 and N; = 360. Note that the
points of N;, are randomly distributed within the bulk matrix while the
points of N; are uniformly distributed along the fiber/matrix interface.
The H-DHN model was trained using Adam Optimizer for 20 k epochs
with decreasing learning rates of 1 x 1072, 5x 1073, 2.5 x 102 and
1.25 x 1073 (5k epochs for each). Notice that the learning rate for
adaptive weights was held at 5 x 1072 after 10k iterations. We use the

4 = Network 1
10 Network 2|
Network 3
5 — Network 4
P 10
<
=
5
£ 10°
[ae
1072
104 : : :
0 5 10 15 20
Epoch(k)

Fig. 4. Effect of neural network depth and number of neurons on the training
loss function.

rectifier (ReLU) function as the default activation function.

Fig. 4 compares the evolution of the loss function for the four neural
networks that we study. We observe that neural networks 2 and 3
generate the lowest loss after 10 k training epochs, indicating superior
performance at given epochs. Fig. 5 shows the comparison of inferred
fluctuating displacement u;, distributions. We find that the four selected
neural networks predict virtually identical results for the fluctuating
displacement u,.

We further examine the impact of the harmonic terms for the fiber
phase on the inferred unit cell solutions, utilizing network 2 for the
matrix due to its high accuracy. We focus on four harmonic terms,
namely, n = 2,5,8,12. The convergence of loss functions for the four
harmonic terms is displayed in Fig. 6. We find that n =5 yields the
lowest loss, while a higher harmonic number produces a slightly
increased loss. We attribute this to the fact that higher-order harmonic
terms are typically small, making the stabilization of their coefficients
prone to causing fluctuations in the loss function. In Fig. 7, we illustrate
the comparison of inferred fluctuating displacement u, distributions for
different harmonic terms. We observe that the networks with different
harmonic terms predict almost the same fluctuating displacement dis-
tributions. In Fig. 8, we show the differences between network and FEM
predictions of fluctuating displacements. The results indicate that the
differences between the two methods are negligible forn =5,8,12. The
prediction using two harmonic terms n = 2 is less favorable in the vi-
cinity of the fiber/matrix interface as n = 2 may be inadequate to cap-
ture the high-stress gradients in this region. However, the primary
features of the displacement and stress distributions are still well pre-
dicted with good accuracy.

Fig. 9 shows the transverse normal 622, 633 and transverse shear o23
stress distributions generated by networks with n = 2 and n = 8 har-
monic terms and FEM techniques. No discernible differences are
observed even with only 2 harmonic terms. Comparison of the absolute
errors between the neural network and FEM predictions is presented in
Fig. 10. We note that differences between the DHN and FEM are further
reduced when 8 harmonic terms are used.

To further assess the accuracy of the proposed H-DHN theory, we use
network 2 with 8 harmonic terms to predict the local displacements and
stresses under various loading conditions. To highlight the effect of
adjacent fiber interaction, we subject a hexagonal unit cell with 50 %
fiber volume content to a uniaxial transverse strain of £,3 = 1%. The
number of residual points for the two loss terms in Eq. (16) are N =
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Fig. 6. Effect of harmonic terms in the fiber phase on the training loss function

5000 and N; = 360. Fig. 11 compares the fluctuating displacement u;,
and uj distributions generated with the H-DHN and FEM approaches.
Fig. 12 illustrates the corresponding results for transverse normal o3,
o33 and shear o,3 stresses. Comparable results are obtained throughout
the matrix and fiber phases, providing additional support for the pro-
posed H-DHN method.

In the last case of example, we consider square unit cell reinforced
with glass fiber. As before, the fiber volume fraction is 50 %. We use
Np = 5000 and N; = 360 residual points for the two loss terms in Eq.
(16). We apply anti-plane shear strain of 1, = 1%. Fig. 13 presents the
distribution of axial shear stresses o612 and o73. As anticipated,
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Fig. 5. Comparison of the fluctuating displacement u;, distributions generated with different network architectures at the uniaxial macroscopic transverse strain of

comparison with FEM results is highly favorable.
3.2. Homogenized moduli

In Fig. 14, we compare three of five homogenized engineering
moduli of hexagonal arrays of CFRP and GFRP composites as a function
of fiber volume fractions in the range of V; € [0.05,0.65] using the H-
DHN theory with FEM predictions. Note that the effective transverse
Young’s moduli E; and axial shear moduli G, have been normalized by
the corresponding matrix values, whereas the transverse Poisson’s ratios
vy have not been normalized. It is observed that the proposed H-DHN
theory correlates very well with the FEM for the two material systems
over the entire volume fraction ranges. Effective transverse Young’s
moduli E; and axial shear moduli G, progressively approach the fiber
values as the volume fraction increases. The transverse Poisson’s ratios
vy initially increase and then decrease toward the fiber values, as a result
of load redistributions.

3.3. Transfer learning H-DHN

Having demonstrated the accuracy of the proposed H-DHN method,
we explore the applicability of applying transfer learning to enhance the
efficiency of the proposed framework. The key concept is to employ the
trained parameters of an existing neural network in a previous example
to efficiently train new neural network models for unseen microstruc-
tures. This approach is motivated by the observation that variations in
geometries, following the same loading direction, do not significantly
alter the fundamental characters of stress distributions within the unit
cell.

Toward this end, we apply the pre-trained model from Network 2 in
Fig. 5, which was originally trained on a hexagonal microstructure with
20 % fiber content, to a square microstructure with 25 % volume frac-
tion. Furthermore, the fiber’s position was shifted from the origin to the
new coordinates (0.266, 0.266). It should be noted that to eliminate
significant updates of the pre-trained parameters, we employ smaller
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learning rates of 1 x 1073, 5x 1074, 2.5 x 10~* and 1.25 x 10~4(2.5k
epochs for each) for the transfer learning model. Fig. 15 illustrates the
variation of the loss functions for both the transfer learning model and
the direct training model (where the network was initialized randomly
at the first epoch). We find that the transfer learning model converges
much faster, with its loss value at any given epoch being significantly
lower than that of the direct training model. Fig. 16 presents comparison
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of the in-plane stress components 022, 633 and 023 generated with the
transfer learning scheme, direct training model, and FEM approach. The
results clearly demonstrate a remarkable correlation between the
transfer learning model and finite-element benchmark results, whereas
the direct training model requires significantly more training epochs to
achieve comparable accuracy.
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Fig. 8. Comparison of the absolute differences in fluctuating displacement ), distributions generated with H-DHN using different harmonic terms and FEM at the

uniaxial macroscopic transverse strain of €33 = 1%.
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Fig. 9. Comparison of transverse normal 635, 633 and shear stress 23 distributions generated with H-DHN and the FEM at the uniaxial macroscopic transverse strain
of €22 = 1%.
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Fig. 12. Comparison of transverse normal 032, 033 and shear stress o3 distributions generated with H-DHN and FEM at the uniaxial macroscopic transverse shear

strain of 23 = 1%.
4. Conclusions
This work presents a new physically informed deep learning frame-

work aimed to accurately predicting homogenized and local responses in
periodic heterogeneous microstructures. The periodic microstructures

are first divided into subdomains representing each phase of the com-
posite. The proposed approach then uses the discrete Fourier transform
along with fully connected neural networks to solve stress equilibrium
governing partial differential equations for the fiber and matrix phases,
respectively. The two neural networks are seemingly connected via a
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Fig. 13. Comparison of axial shear stress 615 and 013 distributions generated with H-DHN and FEM at the uniaxial macroscopic transverse shear strain of €13 = 1%.
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Fig. 14. Comparison of homogenized moduli of hexagonal arrays of CFPR and GFRP composites generated with the H-DHN and FEM.

loss function representing the interfacial traction and displacement satisfies stress equilibrium within the fiber domain, is particularly
continuity conditions. The developed hybrid homogenization method effective for solving fields with discontinuities due to the fiber/matrix
offers several key advantages over the vanilla PINN approach. It exactly moduli mismatch, and ensures exact compliance with periodicity
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Fig. 15. Comparison of transfer learning and direct training loss values as a

function of training epoch.
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boundary conditions. The effectiveness of the H-DHN model was
demonstrated upon extensive comparison of local field distributions and
homogenized moduli for graphite/epoxy and glass/epoxy composite
systems with the finite-element unit cell solutions with a wide variety of
volume fractions and loading directions. We find that the displacement
and stress field in the fiber phase can be represented with sufficient
accuracy using as few as two harmonic terms. We also demonstrate the
potential of using transfer learning techniques to accelerate the training
of unseen microstructures by leveraging an existing neural network
model for known geometry.
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