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A B S T R A C T

A novel multiscale computational framework based on Crystal Plasticity Finite Element (CPFE) modeling
is proposed to investigate the effect of grain size on the mechanical behavior and ductility limits of thin
metal sheets, featuring both uniform and gradient grain structures. This approach relies on designing unit-
cell models that reflect the microstructural characteristics of thin metal sheets. The overall response of the
unit cell is obtained from that of its single crystal constituents using the periodic homogenization scheme. At
the single crystal level, the mechanical behavior is modeled within a finite strain, rate-independent plasticity
framework, where the plastic flow is governed by the classical Schmid law. The effect of individual grain
size is incorporated at the single crystal scale by adjusting the critical resolved shear stress (CRSS) evolution,
using a combination of the microscopic Hall–Petch relationship and a dislocation density-based hardening
model. To efficiently solve the single crystal constitutive equations, a return-mapping algorithm coupled
with the Fischer–Burmeister complementarity function is developed and implemented into ABAQUS/Standard
through a user-defined material subroutine (UMAT). At the macroscopic level, the ductility limits are predicted
by the Rice bifurcation theory. The performance of the proposed strategy is validated through a series of
polycrystalline aggregate simulations. The numerical results demonstrate a significant influence of grain size on
both the macroscopic strength and ductility limits of polycrystalline aggregates. Additionally, the introduction
of gradient grain structures is shown to substantially enhance both strength and ductility. These findings
provide valuable insights for optimizing material performance in engineering applications.

1. Introduction

Grain size has a significant influence on macroscopic mechanical
properties such as strength, ductility, and toughness [1–9]. Numer-
ous studies have shown that reducing grain size typically enhances
yield strength, since small-grain microstructures result in more grain
boundaries that act as barriers to dislocation motion [10]. This grain
refinement approach has been widely employed in engineering appli-
cations to improve material performance, particularly in aerospace,
automotive, and biomedical components, where high strength and
structural integrity are required. However, while finer grains often
enhance strength, they may also lead to significant reduction in duc-
tility. Conversely, coarser grains enhance ductility at the expense of
reduced strength. This strength–ductility trade-off is particularly crit-
ical in thin metal sheets, where achieving a balance between high
strength and adequate formability is essential for applications involving
automotive panels, aerospace components, and electronic packaging.
Recently, gradient grain structured metals have emerged as promising
materials, owing to their superior performance in terms of strength
and ductility [11–15]. Understanding the interactions between grain
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size and mechanical properties is essential for designing and manufac-
turing high-performance thin metal sheets for advanced engineering
applications. This study focuses on the influence of grain size on
two main mechanical properties: strength and ductility. Owing to the
prohibitive cost of experimental testing, numerical predictive methods
have become indispensable for comprehensive investigations of these
effects. The development of such predictive tools is intrinsically linked
to the adopted constitutive models, which are broadly categorized into
macroscopic (phenomenological) models and micro-macro multiscale
schemes.

In the earlier investigations, phenomenological models have been
used to study the relationship between grain size and yield strength,
notably through the seminal works of Hall [16] and Petch [17]. The
Hall–Petch relationship, which remains widely applied, correlates the
initial yield strength 𝜎𝑦0 to the grain size 𝑑 through the equation:

𝜎𝑦0 = 𝜎0 +
𝐾𝐻𝑃
√

𝑑
, (1)
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where 𝐾𝐻𝑃 is the macroscopic Hall–Petch constant, and 𝜎0 represents
the friction stress opposing dislocation motion. Extensive theoretical
and numerical studies have investigated the impact of grain size on
strength and ductility. For example, Zuev et al. [18] have analyzed the
effect of grain size on flow stress in polycrystalline aluminum samples
with grain sizes ranging from 0.008 mm to 5.0 mm. Their findings
revealed that flow stress increases as grain size decreases. Xu et al. [19]
have further investigated the effect of grain size on ductility limits, cou-
pling the Gurson–Tvergaard–Needleman model [20] and the Thomason
model [21] with a surface layer model. The size-dependent component
follows the Hall–Petch relationship. Their findings have indicated that
the forming limit strain, as predicted by the Thomason coalescence
criterion, decreases with the thickness-to-grain size ratio (= 𝑡∕𝑑). More-
over, an increase in strain scatter has been observed when the sheet
thickness contained only one or two grains, underscoring the significant
role of individual grains in the thickness direction. Additionally, Xu
et al. [22] have directly incorporated the size-dependent factor 𝑡∕𝑑 into
the Oyane ductile fracture criterion [23], and explored the impact of
geometry and grain size on the limit strains determined by uniaxial
tensile tests according to Holmberg’s method [24]. They found that the
predicted limit strains decrease with 𝑡∕𝑑, a conclusion experimentally
confirmed by Wilson et al. [25]. Although phenomenological models
exhibit strong predictive capabilities, they often fall short in capturing
certain microstructure-related features of material behavior, such as
initial crystallographic textures, grain morphology and boundaries, and
dislocation dynamics.

To enhance predictions of mechanical behavior and ductility limits
in thin metal sheets, several multiscale schemes have been developed.
These constitutive frameworks allow for modeling the mechanical be-
havior at the single crystal level, thus resulting in a refined formulation
of the Hall–Petch relationship:

𝜏𝛼𝑐0 = 𝜏0 +
𝜅𝐻𝑃
√

𝑑
, (2)

where 𝜏𝛼𝑐0 denotes the initial critical resolved shear stress (CRSS) for the
crystallographic slip system 𝛼, 𝜏0 is the initial CRSS without considering
size effects, 𝜅𝐻𝑃 represents the microscopic Hall–Petch constant, and
𝑑 is the grain size. Traditional applications of this relationship often
assume an average grain size 𝑑 over all grains. However, this approach
fails to account for grain size variability. In multiscale modeling, the
macroscopic mechanical behavior is derived from that of the sin-
gle crystal constituents using relevant scale-transition schemes. These
schemes are typically classified into two categories: mean-field and
full-field approaches. One of the most popular mean-field multiscale
schemes is the Taylor model. Despite its popularity and wide use,
the Taylor model has significant limitations, including its inability to
satisfy equilibrium at the grain level and its inadequate representation
of grain morphology and interactions with surrounding grains. To
overcome these issues, the mean-field self-consistent approach has been
introduced, which fulfills equilibrium at the polycrystalline scale and
better accounts for grain morphology by modeling grains as ellipsoids.
In this field, Berbenni et al. [26] have explored grain size effect on
macroscopic yield stress by integrating the Hall–Petch relationship into
an elastic-viscoplastic self-consistent model. Nicaise et al. [27] have
extended this model to include the effect of grain size distribution
and crystallographic texture, showing that grain size dispersion reduces
macroscopic yield stress with a significant impact comparable to crys-
tallographic orientation. Additionally, Franz et al. [28] have used the
Rice bifurcation criterion in conjunction with the Kocks dislocation
density-based hardening model [29] to address size effects, finding
that ductility limits decrease as grain size diminishes. Despite these
advances, mean-field approaches remain limited in accurately modeling
polycrystalline behavior and predicting ductility limits, particularly
in materials with complex microstructures. They are also unable to
predict the local strain and stress fields within individual grains, which
can lead to significant fluctuations in local mechanical variables for

strongly anisotropic materials. Additionally, mean-field schemes cannot
adequately account for the effects of real grain shapes as well as grain
spatial distribution. As a result, full-field multiscale schemes have been
developed to more accurately capture microstructural features, such
as real grain morphology and boundaries. These full-field approaches,
based on Crystal Plasticity Finite Element Method (CPFEM) [8,30–42]
or Crystal Plasticity Fast Fourier Transform (CPFFT) [43–46], often
use periodic boundary conditions (PBCs) to account for spatial vari-
ation of strain fields within the microstructure. Recent studies have
successfully incorporated the microscopic Hall–Petch relationship into
full-field multiscale schemes, significantly improving predictions of the
mechanical behavior of polycrystalline materials. Notable contributions
include work by [47–53], who have demonstrated the effectiveness
of these approaches in combination with phenomenological hardening
models at the single crystal scale to enhance predictions of mechanical
behavior and ductility limits of polycrystalline aggregates. Lakshmanan
et al. [54] have integrated the microscopic Hall–Petch equation into
the PRISMS-Plasticity software to study the effects of texture and grain
morphology on yield strength, plastic stress–strain response, and the
Hall–Petch slope in magnesium alloys. Their results show that these
properties are highly dependent on texture and grain morphology.
More recently, Zhou et al. [39] have incorporated the microscopic
Hall–Petch relationship into a rate-independent crystal plasticity model
to predict the mechanical behavior and ductility limits of thin metal
sheets, demonstrating significant impact of grain size on these prop-
erties. Additionally, they showed that grain boundaries can lead to
the formation of dislocation pile-ups, thereby increasing the CRSS
necessary to move dislocations. Furthermore, grain boundaries play
a crucial role in accurately predicting mechanical behavior. In this
regard, Chandra et al. [55,56] have analyzed the effect of grain size on
mechanical behavior of Ni-based alloy 690 by explicitly modeling finite
thickness grain boundaries within the crystal plasticity framework. Li
et al. [57] have introduced an explicit grain boundary affected zone
(GBAZ) model, which correlates the strength of this region with its
proximity to the grain boundary. This model effectively predicts grain
size dependence of mechanical properties in polycrystalline materials,
but has limitations in capturing the anisotropy of grain boundary
deformation.

Strain gradient crystal plasticity (SGCP) is a widely-used approach
for studying size effects [46,58–63]. This approach introduces a length
scale associated with plastic strain gradients into the constitutive
model, where the strain gradients are induced by Geometrically Nec-
essary Dislocations (GNDs). Haouala et al. [46] have investigated the
impact of grain size on flow stress using an SGCP model combined
with the FFT homogenization technique, concluding that simulations
tend to overestimate flow stress for smaller grains and larger strains
due to continuous GND accumulation at grain boundaries, which is not
compensated by annihilation of dislocations through dynamic recovery.
Jiang et al. [58] have proposed a new approach based on surface
GND density to investigate grain size effects, demonstrating that the
classic Hall–Petch effect can be reproduced. Their findings showed
that approximately 80% of dislocation density is stored in the fine
regions near grain boundaries at low strain. Zhang et al. [60] and Liu
et al. [62] have used an SGCP model to predict the mechanical behavior
of gradient-structured metals under various loading conditions. Their
investigations have revealed that the SGCP approach is able to capture
size effects, with smaller grain sizes leading to higher GND density.
However, the application and validation of the Rice bifurcation anal-
ysis within a non-local SGCP framework are still matters of ongoing
research.



In this work, a size-dependent CPFE-based multiscale computational
strategy is developed to investigate the influence of grain size on the
strength and ductility limits of thin metal sheets. To achieve this, the
microscopic Hall–Petch relationship is incorporated into a finite strain,
rate-independent crystal plasticity framework by explicitly accounting
for the individual grain size. Unlike previous approaches that use an
average grain size, this model enables a more accurate representation
of local grain size effects, offering deeper insight into their influ-
ence on mechanical behavior and ductility limits. To solve the single
crystal constitutive equations, a return-mapping algorithm combined
with the Fischer–Burmeister complementarity function is implemented.
This approach merges two essential tasks: identifying the set of ac-
tive slip systems, and determining their slip rates. This combined
approach enhances efficiency and robustness, significantly reducing
CPU time compared to the traditional return-mapping algorithm, as
demonstrated by [64]. In contrast to many earlier studies based on
rate-dependent formulations at the single crystal scale, the use of a rate-
independent model in this work enables the application of bifurcation
analysis. Within rate-dependent formulations, the smoothness of the
yield surface prevents accurate bifurcation detection, often requiring
the introduction of artificial imperfections. A polycrystalline unit cell,
designed and generated using the Voronoi tessellation technique, is
used to represent the material microstructure. Additionally, the pe-
riodic homogenization technique, which applies periodic boundary
conditions (PBCs), is adopted to determine the overall mechanical be-
havior. Numerous prior studies (such as, [65]) have demonstrated that
PBCs offer a more precise prediction of microscopic fields, subsequently
leading to a more reliable estimation of the macroscopic response. The
Rice bifurcation theory is employed to predict the onset of localized
necking at the macroscopic level. Unlike the initial imperfection analy-
sis (M–K approach), the Rice bifurcation approach does not necessitate
parameter fitting. Also, when the M–K approach is used, the ductility
limit prediction strongly depends on an initial imperfection factor 𝑓0.
Furthermore, adopting the bifurcation theory significantly reduces the
required CPU time for limit strain predictions. Numerical simulations
are performed on unit cells with uniform grain structures, varying grain
sizes and thicknesses, to assess the size effects on initial macroscopic
yield strength, and hence macroscopic mechanical behavior. Addition-
ally, the influence of initial dislocation density and loading strain paths
is also explored. It is well known that coarse-grained materials typically
exhibit higher ductility, but lower yield strength. By contrast, grain
refinement improves yield strength, but often leads to a significant
reduction in ductility. To address this strength–ductility trade-off, a
gradient grain structure model with random grain morphology is intro-
duced, unlike prior studies assuming cubic grain morphology [60,62].
Then, the effect of various gradient grain structures on macroscopic
strength is investigated. Furthermore, the macroscopic strength and
ductility limits of uniform and gradient grain structures are compared,
and the trade-off between strength and ductility is ultimately analyzed.

The remainder of this paper is organized as follows. Section 2
describes the proposed CPFE-based multiscale computational strategy,
periodic homogenization equations and size-dependent single crystal
constitutive equations, as well as the corresponding integration algo-
rithm. Furthermore, the Rice bifurcation criterion is briefly introduced.
In Section 3, the simulation results are presented. The size effects on
the strength and ductility limits of thin metal sheets with uniform and
gradient grain structures are extensively discussed. Additionally, the
strength and ductility limit trade-off is analyzed. The conclusions of
the present work are given in Section 4.

Conventions and notations

Microscopic (resp. macroscopic) variables are designed by lower-
case (resp. capital) letters.
Vectors and tensors are denoted by bold letters or symbols.
Scalar parameters and variables are represented by thin and italic
letters or symbols.
∙⃗ vector.
∙̇ time derivative of ∙.
∙−1 inverse of ∙.
∙𝑇 transpose of tensor ∙.
∙ ⋅ ∙ simple contraction or contraction on one index (inner
product).
∙ ∶ ∙ double contraction or contraction on two indices (inner
product).
∙⊗ ∙ tensorial product (external product).
𝛿𝛼𝛽 Kronecker delta.
∙̄ tensors and vectors expressed in the lattice frame.

2. Theoretical framework

This section describes the proposed CPFE-based multiscale compu-
tational strategy, including the periodic homogenization equations, the
size-dependent single crystal constitutive equations, and the associated
integration algorithm. In addition, the Rice bifurcation criterion is
briefly introduced.

2.1. Development of the size-dependent CPFE-based computational strategy

In this work, we introduce a novel Crystal Plasticity Finite Element
(CPFE)-based computational strategy specifically designed to efficiently
predict size effects in thin metal sheets. This CPFE-based computational
scheme, which is illustrated in Fig. 1, is based on the following steps:

(a) Polycrystalline Representative Volume Element (RVE): the
RVE, also referred to as unit cell within the periodic homogenization
scheme, is chosen to represent the polycrystalline medium. The unit cell
is generated by the free software package NEPER [66] and the size of
each individual grain is determined using the NEPER keyword ‘statcell
diameq’. Furthermore, one of the key advantages of the numerical
simulations is the ability to explore the influence of virtual grain
size variations on mechanical behavior. When improved mechanical
properties are observed for certain grain size distributions, these results
may guide materials processing strategies, such as heat treatments, to
produce microstructures with targeted grain sizes in practice.

(b) Mesh generation: the unit cells are meshed using the open-
source software Gmsh [67], which discretizes the unit cell into several
8-node linear hexahedral elements with full integration (C3D8 elements
in ABAQUS). Each integration point within these finite elements repre-
sents a single crystal, and a custom-developed Python script is used to
assign the corresponding grain size to each integration point.

(c) Initial crystallographic texture: in this work, the initial texture
is assumed to be randomly distributed and is virtually generated at
the grain level using the ATEX software [68]. As experimental texture
data for the specific material under study were not available, this
virtual approach allows for a systematic investigation of the influence
of crystallographic orientations and texture evolution. The orientation
datasets obtained are subsequently used to plot the pole figures, which
thus correspond to the initial texture of the entire polycrystalline
aggregate. A Python script is developed to assign the same crystal-
lographic orientation to all of the single crystals within the same
grain. The aggregate consists of multiple grains, each discretized into
finite elements. Each grain is assigned a unique initial crystallographic
orientation, so that all Gauss points within the same grain share this
identical initial orientation. In other words, although each Gauss point
represents a single crystal, a grain may contain multiple Gauss points,



Fig. 1. Schematic of the developed Crystal Plasticity Finite Element Method (CPFEM) computational framework. The workflow consists in generating and meshing
a Representative Volume Element (RVE) (NEPER, Gmsh), assigning an initial crystallographic texture (ATEX), and applying Periodic Boundary Conditions (PBCs)
(HOMTOOLS) for simulations in ABAQUS/Standard. The custom-built UMAT incorporates a rate-independent crystal plasticity model with the microscopic Hall–
Petch relationship to account for individual grain size effects.

effectively making it a collection of several single crystals with the
same orientation. This full-field modeling approach, where individual
grains and their orientations are explicitly defined, is distinct from
mean-field or homogenized models (e.g., Taylor and VPSC schemes),
which may assign a global texture to the material without resolving
grain-level morphology explicitly. While that approach is common,
the current study focuses on capturing local interactions and field
heterogeneities. Experimentally, crystallographic orientations of grains
are typically obtained through X-ray diffraction (XRD) or electron
backscatter diffraction (EBSD). In the present modeling framework,
grain boundaries are not explicitly modeled as separate interfaces with
their own constitutive behavior (e.g., higher resistance or dislocation
barriers). Instead, their effect is implicitly captured through the crys-
tallographic orientation mismatch between neighboring grains. This
mismatch induces deformation incompatibility, which forces localized
plastic deformation and generates heterogeneity in the stress and strain
fields, particularly near the grain boundaries. This approach, therefore,
accounts for the primary mechanical role of grain boundaries in accom-
modating strain differences between adjacent crystals, an effect that
is experimentally visualized through techniques like Kernel Average
Misorientation (KAM) maps in EBSD analyses.

(d) Microscopic constitutive equations: the single crystal consti-
tutive equations are formulated within a finite strain, rate-independent
framework. These equations include the microscopic Hall–Petch rela-
tionship and a dislocation density-based hardening model to account
for grain size effects. These constitutive equations are implemented in
ABAQUS/Standard through a UMAT subroutine using a fully implicit
integration scheme.

(e) Periodic Boundary Conditions (PBCs): the homogenization
toolbox HOMTOOLS [69] is employed to automatically apply periodic
boundary conditions (PBCs) and manage macroscopic loading.

The entire computational framework is carried out within
ABAQUS/Standard. Finally, ductility limit strains are predicted using
the Rice bifurcation theory, as further detailed in Section 2.5.

2.2. Periodic homogenization equations

The periodic homogenization technique, which links the macro-
scopic and microscopic scales, is adopted to determine the overall
mechanical behavior of the unit cell from that of its single crystal
constituents. To this end, the macroscopic deformation gradient 𝐅 and
the macroscopic first Piola–Kirchhoff stress tensor 𝐏 are selected as
appropriate work-conjugate deformation and stress measures. For the
sake of brevity, only the key equations relevant to this technique are
presented in this section:

• The macroscopic deformation gradient 𝐅 and the macroscopic
first Piola–Kirchhoff stress tensor 𝐏 are linked to their microscopic
counterparts 𝐟 and 𝐩 through the following volume averaging
formulae:

𝐅 = 1
|0|∫ 0

𝐟 𝑑0 and 𝐏 = 1
|0|∫ 0

𝐩 𝑑0, (3)

where 0 is the initial volume of the unit cell. The rate form of these
equations can be written as:

𝐅̇ = 1
|0|∫ 0

𝐟̇ 𝑑0 and 𝐏̇ = 1
|0|∫ 0

𝐩̇ 𝑑0. (4)

• The rate of the macroscopic deformation gradient 𝐅̇ is related to
the macroscopic first Piola–Kirchhoff stress rate tensor 𝐏̇ through
the macroscopic tangent modulus B:

𝐏̇ = B ∶ 𝐅̇. (5)
In this study, we focus on thin metal sheets subjected to biaxial load-

ing. Thereby, the plane-stress assumption can be legitimately adopted.
Under such an assumption, the macroscopic constitutive relation ex-
pressed in Eq. (5) can be reduced to its in-plane form:
IN𝐏̇ = INB ∶ IN𝐅̇, (6)

where tensors IN𝐏̇, IN𝐅̇, and INB are defined by the following relations:

IN𝐏̇ =
[

𝑃̇11 𝑃̇12
𝑃̇21 𝑃̇22

]

; IN𝐅̇ =
[

𝐹̇11 𝐹̇12
𝐹̇21 𝐹̇22

]

; ∀𝑖, 𝑗, 𝑘, 𝑙 = 1, 2 ∶

IN𝐵𝑖𝑗𝑘𝑙 = 𝐵𝑖𝑗𝑘𝑙 −
𝐵𝑖𝑗33𝐵33𝑘𝑙

𝐵3333
. (7)

• The microscopic static equilibrium equation, expressed in terms
of the microscopic first Piola–Kirchhoff stress rate tensor 𝐩̇, is
given by:

𝑑𝑖𝑣𝐱0 (𝐩̇) = 𝟎, (8)

where 𝐱0 denotes the initial position of the material point.

• The kinematic localization relation assumes that the in-plane mi-
croscopic deformation gradient IN𝐟 can be additively decomposed
into its macroscopic counterpart IN𝐅 and a superimposed periodic
fluctuation gradient IN𝐟𝑝𝑒𝑟, as follows:



IN𝐟 = IN𝐅 + IN𝐟𝑝𝑒𝑟. (9)

The current in-plane coordinates IN𝐱 of a material point can be derived
through spatial integration of Eq. (9), as follows:
IN𝐱 = IN𝐅 ⋅ IN𝐱0 +IN 𝐮𝑝𝑒𝑟, (10)

where IN𝐮𝑝𝑒𝑟 is an in-plane periodic displacement fluctuation field. The
in-plane velocity IN𝐯 of a material point can be further obtained by the
time derivative of Eq. (10), as follows:
IN𝐯 = IN𝐅̇ ⋅ IN𝐱0 + IN𝐯𝑝𝑒𝑟, (11)

where IN𝐯𝑝𝑒𝑟 is an in-plane periodic velocity fluctuation field.

• The constitutive equations at the single crystal scale are formu-
lated in Section 2.3 below.

It should be noted that PBCs are applied at the level of the displace-
ment and traction fields, not on the microstructural arrangement of
grains. While the geometric distribution of grains in the RVE is not
strictly periodic, the use of PBCs remains valid and appropriate for
homogenization purposes, as it ensures continuity of deformation and
traction across opposing faces of the unit cell (see, e.g., [70–75]).
This approach, which pairs a realistic, non-periodic microstructure with
periodic boundary conditions, has become the standard in computa-
tional materials science. The goal is to move beyond idealized, regular
grain arrangements to use random, representative microstructures that
capture the inherent variability of real materials, which is crucial for
accurately predicting local mechanical phenomena [76]. The theoret-
ical basis for this modeling approach lies in the statistical theory of
RVEs for random media, which requires statistical, not geometrical,
representativeness [77]. This principle has been successfully applied,
not only in pioneering CPFEM studies of polycrystals [78], but is
also a cornerstone of parallel numerical methods, such as the CP-FFT
approach [79].

2.3. Size-dependent single crystal plasticity constitutive equations

In this work, the single crystal mechanical behavior is modeled
within a finite strain rate-independent crystal plasticity framework.
Within this framework, the microscopic elastoplastic deformation gra-
dient 𝐟 is multiplicatively decomposed into its elastic and plastic com-
ponents 𝐟𝑒 and 𝐟𝑝, as follows:

𝐟 = 𝐟𝑒 ⋅ 𝐟𝑝. (12)

Furthermore, the elastic deformation gradient 𝐟𝑒 can be expressed as
the product of a stretching tensor 𝐯𝑒 and a rotation tensor 𝐫̄, as follows:

𝐟𝑒 = 𝐯𝑒 ⋅ 𝐫̄, (13)

where the rotation tensor 𝐫̄ defines the single crystal orientation with
respect to the current configuration. This rotation matrix 𝐫̄ is typically
expressed in terms of three Euler angles (𝜑1, 𝜙, 𝜑2), as follows:

𝐫̄ =

⎡

⎢

⎢

⎢

⎣

𝑐𝑜𝑠𝜑1𝑐𝑜𝑠𝜑2 − 𝑠𝑖𝑛𝜑1𝑠𝑖𝑛𝜑2𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜑1𝑐𝑜𝑠𝜑2 + 𝑐𝑜𝑠𝜑1𝑠𝑖𝑛𝜑2𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜑2𝑠𝑖𝑛𝜙
−𝑐𝑜𝑠𝜑1𝑠𝑖𝑛𝜑2 − 𝑠𝑖𝑛𝜑1𝑐𝑜𝑠𝜑2𝑐𝑜𝑠𝜙 −𝑠𝑖𝑛𝜑1𝑠𝑖𝑛𝜑2 + 𝑐𝑜𝑠𝜑1𝑐𝑜𝑠𝜑2𝑐𝑜𝑠𝜙 𝑐𝑜𝑠𝜑2𝑠𝑖𝑛𝜙

𝑠𝑖𝑛𝜑1𝑠𝑖𝑛𝜙 −𝑐𝑜𝑠𝜑1𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙

⎤

⎥

⎥

⎥

⎦

.

(14)

For efficient numerical treatment, the single crystal constitutive
equations are formulated in an Eulerian framework. Within this frame-
work, the microscopic velocity gradient 𝐠 is obtained from the defor-
mation gradient 𝐟 , as follows:

𝐠 = 𝐟̇ ⋅ 𝐟−1 = 𝐟̇𝑒 ⋅ 𝐟𝑒−1 + 𝐟𝑒 ⋅ 𝐟̇𝑝 ⋅ 𝐟𝑝−1 ⋅ 𝐟𝑒−1,

= 𝐯̇ ⋅ 𝐯𝑒−1 + 𝐯𝑒 ⋅ ̇̄𝐫 ⋅ 𝐫̄𝑇 ⋅ 𝐯𝑒−1 + 𝐯𝑒 ⋅ 𝐫̄ ⋅ 𝐟̇𝑝 ⋅ 𝐟𝑝−1 ⋅ 𝐫̄𝑇 ⋅ 𝐯𝑒−1. (15)

Since elastic deformation is generally much smaller than plastic
deformation in most metallic materials, we assume that the stretch-
ing tensor 𝐯𝑒 remains very close to the second-order identity tensor
(i.e., 𝐯𝑒 ≈ 𝐈2). Under this assumption, Eq. (15) simplifies to:

𝐠 = 𝐯̇𝑒 + ̇̄𝐫 ⋅ 𝐫̄𝑇 + 𝐫̄ ⋅ 𝐟̇𝑝 ⋅ 𝐟𝑝−1 ⋅ 𝐫̄𝑇 . (16)

Additionally, this microscopic velocity gradient 𝐠 can be additively
decomposed into its symmetric part 𝐝 (stretching rate) and antisymmet-
ric part 𝐰 (spin tensor), as follows:

𝐠 = 𝐝 + 𝐰 = 1
2
(𝐠 + 𝐠𝑇 ) + 1

2
(𝐠 − 𝐠𝑇 ). (17)

The stretching rate 𝐝 and spin tensor 𝐰 are further decomposed into
their elastic and plastic components:

𝐝 = 𝐝𝑒 + 𝐝𝑝; where 𝐝𝑒 = 𝐯̇𝑒 and 𝐝𝑝 = 𝐫̄ ⋅ (𝐟̇𝑝 ⋅ 𝐟𝑝−1)𝑠𝑦𝑚 ⋅ 𝐫̄𝑇 ,
𝐰 = 𝐰𝑒 + 𝐰𝑝; where 𝐰𝑒 = ̇̄𝐫 ⋅ 𝐫̄𝑇 and 𝐰𝑝 = 𝐫̄ ⋅ (𝐟̇𝑝 ⋅ 𝐟𝑝−1)𝑎𝑠𝑦𝑚 ⋅ 𝐫̄𝑇 .

(18)
Plastic deformation is assumed to solely occur through slip along

crystallographic slip systems. Consequently, the plastic strain rate 𝐝𝑝
and plastic spin rate 𝐰𝑝 can be expressed as:

𝐝𝑝 =
𝑁𝑠
∑

𝛼=1
𝛾̇𝛼𝐑𝜶 ; 𝐰𝑝 =

𝑁𝑠
∑

𝛼=1
𝛾̇𝛼𝐒𝛼 , (19)

where:

• 𝑁𝑠 denotes the total number of crystallographic slip systems, with
𝑁𝑠 = 12 for Face-Centered Cubic (FCC) materials, although the
approach is applicable to other crystallographic structures.

• 𝛾̇𝛼 denotes the slip rate on the 𝛼𝑡ℎ crystallographic slip system.
• 𝐑𝛼 and 𝐒𝛼 denote the symmetric and antisymmetric parts of the
Schmid tensor 𝐦⃗𝛼⊗𝐧⃗𝛼 corresponding to the 𝛼𝑡ℎ slip system, which
can be determined as follows:

𝐑𝛼 = 1
2
(

𝐦⃗𝛼 ⊗ 𝐧⃗𝛼 + 𝐧⃗𝛼 ⊗ 𝐦⃗𝛼) ; 𝐒𝛼 = 1
2
(

𝐦⃗𝛼 ⊗ 𝐧⃗𝛼 − 𝐧⃗𝛼 ⊗ 𝐦⃗𝛼) , (20)

where 𝐦⃗𝛼 is the slip direction vector and 𝐧⃗𝛼 is the vector normal to the
slip plane.

For computational efficiency, each slip system is decomposed into
two oppositely oriented slip systems, denoted as

(

𝐦⃗𝛼 , 𝐧⃗𝛼
)

for slip
systems 𝛼 = 1,… , 𝑁𝑠 and

(

−𝐦⃗𝛼−𝑁𝑠 , 𝐧⃗𝛼−𝑁𝑠
)

for slip systems 𝛼 = 𝑁𝑠 +
1,… , 2𝑁𝑠. This decomposition is adopted to manage only positive val-
ues of slip rates [80]. With this decomposition, Eq. (19) is transformed
into:

𝐝𝑝 =
2𝑁𝑠
∑

𝛼=1
𝛾̇𝛼𝐑𝛼 ; 𝐰𝑝 =

2𝑁𝑠
∑

𝛼=1
𝛾̇𝛼𝐒𝛼 ; 𝛾̇𝛼 ≥ 0. (21)

The rotation tensor 𝐫̄ is chosen such that the counterpart ̄⃗𝐦𝛼 (resp.
̄⃗𝐧𝛼) of 𝐦⃗𝛼 (resp. 𝐧⃗𝛼) in the intermediate configuration remains constant
during deformation and equal to 𝐦⃗𝛼

0 (resp. 𝐧⃗
𝛼
0). Vectors 𝐦⃗

𝛼
0 and 𝐧⃗𝛼0 are

related to 𝐦⃗𝛼 and 𝐧⃗𝛼 by the following relations:

𝐦⃗𝛼 = 𝐫̄ ⋅ 𝐦⃗𝛼
0 ; 𝐧⃗𝛼 = 𝐧⃗𝛼0 ⋅ 𝐫̄

𝑇 , (22)

where the components of vectors 𝐦⃗𝛼
0 and 𝐧⃗𝛼0 for FCC single crystals,

used in this study, are provided in Table 1.
To ensure objectivity of the single crystal constitutive equations,

Eqs. (16), (18) and (21) can be expressed in the crystal lattice frame
(intermediate configuration). To simplify the following presentation,
tensors and vectors evaluated in this frame are marked with an overline
notation (∙̄). In this frame, the velocity gradient 𝐠̄ is given by:

𝐠̄ = 𝐫̄𝑇 ⋅ 𝐠 ⋅ 𝐫̄ = 𝐝̄ + 𝐰̄ = 𝐝̄𝑒 + 𝐝̄𝑝 + 𝐰̄𝑒 + 𝐰̄𝑝, (23)

where the plastic strain rate 𝐝̄𝑝 and the plastic spin rate 𝐰̄𝑝 can also be
expressed in the crystal lattice frame as:

𝐝̄𝑝 = (𝐟̇𝑝 ⋅𝐟𝑝−1)𝑠𝑦𝑚 =
2𝑁𝑠
∑

𝛼=1
𝛾̇𝛼𝐑𝛼

0 ; 𝐰̄𝑝 = (𝐟̇𝑝 ⋅𝐟𝑝−1)𝑎𝑠𝑦𝑚 =
2𝑁𝑠
∑

𝛼=1
𝛾̇𝛼𝐒𝛼0 ; 𝛾̇𝛼 ≥ 0. (24)



Table 1
Crystallographic slip systems for FCC single crystals.
Slip system 𝛼

√

3 𝐧⃗𝛼0
√

2 𝐦⃗𝛼
0

1 (111)
[

11̄0
]

2 (111)
[

101̄
]

3 (111)
[

011̄
]

4
(

1̄11
)

[110]
5

(

1̄11
)

[101]
6

(

1̄11
) [

011̄
]

7
(

11̄1
)

[110]
8

(

11̄1
) [

101̄
]

9
(

11̄1
)

[011]
10

(

111̄
) [

11̄0
]

11
(

111̄
)

[101]
12

(

111̄
)

[011]

The elastic behavior is defined by the following hypoelastic law:

̇̄𝝈 = 𝐜̄𝑒 ∶ 𝐝̄𝑒 = 𝐜̄𝑒 ∶ 𝐝̄ −
2𝑁𝑠
∑

𝛼=1
𝛾̇𝛼 𝐜̄𝑒 ∶ 𝐑𝛼0 , (25)

where 𝐜̄𝑒 represents the fourth-order elastic stiffness tensor. Elasticity
is assumed to be isotropic, linear, and governed by the Hooke law.

The plastic flow of the single crystal is governed by the classical
Schmid law, which states that crystallographic slip occurs only when
the resolved shear stress 𝜏𝛼 reaches a critical threshold 𝜏𝛼𝑐 , as follows:

∀𝛼 = 1,… , 2𝑁𝑠 ∶
{

𝜏𝛼 < 𝜏𝛼𝑐 ⇒ 𝛾̇𝛼 = 0
𝜏𝛼 = 𝜏𝛼𝑐 ⇒ 𝛾̇𝛼 ≥ 0

, (26)

where the resolved shear stress 𝜏𝛼 is defined as:

∀𝛼 = 1,… , 2𝑁𝑠 ∶ 𝜏𝛼 = 𝝈̄ ∶ 𝐑𝛼0 , (27)

and its rate is expressed as:

∀𝛼 = 1,… , 2𝑁𝑠 ∶ 𝜏̇𝛼 = ̇̄𝝈 ∶ 𝐑𝛼0 . (28)

The critical resolved shear stress 𝜏𝛼𝑐 is assumed to depend on the
grain size and dislocation density, following the Hall–Petch relation-
ship [27]:

∀𝛼 = 1,… , 𝑁𝑠 ∶ 𝜏𝛼𝑐 (𝝆, 𝑑
𝐼 )=̂𝜏𝛼𝑐 = 𝜏𝛼+𝑁𝑠

𝑐 = 𝜏0+
𝜅𝐻𝑃
√

𝑑𝐼
+𝐴𝜇𝑏

√

√

√

√ℎ
𝑁𝑠
∑

𝛽=1

(

𝜌𝛽 + 𝜌𝛽+𝑁𝑠
)

,

(29)

where:

• 𝐴 is a material constant,
• 𝜇 represents the shear modulus,
• 𝑏 is the magnitude of the Burgers vector,
• 𝜌𝛽 stands for the dislocation density on the 𝛽𝑡ℎ slip system,
• ℎ is a hardening modulus. Here, hardening is assumed to be
isotropic.

• 𝑑𝐼 corresponds to the size of each individual grain, which is
defined as the diameter of the sphere of equivalent volume. It
can be obtained from experimental techniques, such as Elec-
tron Backscatter Diffraction (EBSD), or virtual microstructure
generation method based on NEPER software. In the current
formulation, the grain size 𝑑𝐼 influences the hardening behavior
through distinct and non-redundant physical mechanisms:
- First, it impacts the initial yield stress. The term 𝜅𝐻𝑃

√

𝑑𝐼
is used to

define the initial critical resolved shear stress (CRSS), as shown
in Eq. (2). This term models the classical Hall–Petch effect.
- Second, it affects the dynamic evolution of strain hardening. The
grain size 𝑑𝐼 also appears in the dislocation density evolution law
(Eq. (30)), where it influences the rates of dislocation storage and
annihilation. Physically, this reflects the role of grain boundaries
as sites for dislocation absorption and their influence on the mean

free path of dislocations, which governs the evolution of the
dislocation density during plastic deformation.
These two size effects operate at different stages and are therefore
not redundant.

The evolution of the dislocation density 𝜌̇𝛼 is described by the Kocks
law [29], as follows:

∀𝛼 = 1,… , 𝑁𝑠 ∶

𝜌̇𝛼 = 𝜌̇𝛼+𝑁𝑠 = 1
𝑏

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
𝑑𝐼

+

√

√

√

√

𝑁𝑠
∑

𝛽=1,𝛽≠𝛼

(

𝜌𝛽 + 𝜌𝛽+𝑁𝑠
)

𝐾
− 2𝑦𝑐

(

𝜌𝛼 + 𝜌𝛼+𝑁𝑠
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(

𝛾̇𝛼 + 𝛾̇𝛼+𝑁𝑠
)

,

(30)

where 𝑦𝑐 is the critical annihilation length, associated with dynamic
recovery, and 𝐾 represents the dislocation storage coefficient. Consid-
ering Eq. (30), the evolution of the critical resolved shear stress 𝜏̇𝛼𝑐 can
be expressed by differentiating Eq. (29), as follows:

∀𝛼 = 1,… , 𝑁𝑠 ∶ 𝜏̇𝛼𝑐 = 𝜏̇𝛼+𝑁𝑠𝑐 =̂
𝑁𝑠
∑

𝛽=1
𝐻𝛼𝛽 (𝛾̇𝛽 + 𝛾̇𝛽+𝑁𝑠

)

,

where 𝐻𝛼𝛽 =
𝐴𝜇

√

ℎ

2

√

√

√

√

𝑁𝑠
∑

𝑘=1

(

𝜌𝑘 + 𝜌𝑘+𝑁𝑠
)

×

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
𝑑𝐼

+

√

√

√

√

𝑁𝑠
∑

𝑘=1,𝑘≠𝛽

(

𝜌𝑘 + 𝜌𝑘+𝑁𝑠
)

𝐾
− 2𝑦𝑐

(

𝜌𝛽 + 𝜌𝛽+𝑁𝑠
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

(31)
The Schmid law defined by Eq. (26) can be reformulated as a

non-linear complementarity problem (NLCP):

∀𝛼 = 1,… , 2𝑁𝑠 ∶ 𝑓 𝛼 = 𝜏𝛼𝑐 − 𝜏𝛼 ≥ 0; 𝛾̇𝛼 ≥ 0; 𝑓 𝛼 𝛾̇𝛼 = 0. (32)

Eq. (32) can be replaced by an equivalent mathematical system in-
volving the semi-smooth Fischer–Burmeister function [81], as follows:

∀𝛼 = 1,… , 2𝑁𝑠 ∶ 𝜓𝛼 =
√

(𝑓 𝛼)2 + (𝛾̇𝛼)2 − (𝑓 𝛼 + 𝛾̇𝛼) = 0. (33)

2.4. Numerical implementation

The constitutive equations at the single crystal scale are imple-
mented into ABAQUS/Standard through a user-defined material sub-
routine (UMAT) programmed in FORTRAN. To efficiently solve the
single crystal constitutive equations, a fully implicit numerical inte-
gration scheme based on the return-mapping algorithm [see64,82] is
developed. This algorithm enables to incrementally integrate the single
crystal constitutive equations presented in Section 2.3 over a typical
time step 𝐼𝛥 =

[

𝑡𝑛, 𝑡𝑛 + 𝛥𝑡
]

, where 𝛥𝑡 is the time increment given by
the finite element (FE) solver. Unless explicitly stated otherwise, all
variables expressed in the following developments are assumed to be
evaluated at time 𝑡𝑛+𝛥𝑡. At the beginning of each time step, the material
parameters (elasticity constants, microscopic Hall–Petch and hardening
parameters) as well as the mechanical variables 𝐫̄, 𝝈, 𝛾𝛼 , 𝜏𝛼𝑐 , 𝜌𝛼 for
𝛼 = 1,… , 2𝑁𝑠 are known at 𝑡𝑛. Another key input, the microscopic
velocity gradient 𝐠, which is assumed to remain constant over 𝐼𝛥, is
approximated by the following equation:

𝐠 =
( 𝐟 − 𝐟 (𝑡𝑛)

𝛥𝑡

)

⋅
( 𝐟 + 𝐟 (𝑡𝑛)

2

)−1
. (34)



Fig. 2. Flowchart of the numerical integration scheme implemented in the UMAT subroutine. The left-hand side panel shows the main steps for each load
increment, while the right-hand side panel details the iterative Newton–Raphson solver, based on the Fischer–Burmeister function, designed to determine the slip
rates.

The main objective of this algorithm is to compute the unknown
variables 𝐫̄, 𝝈, 𝛾𝛼 , 𝜏𝛼𝑐 , 𝜌𝛼 for 𝛼 = 1,… , 2𝑁𝑠 and the microscopic
consistent tangent modulus 𝐜𝑒𝑝 at time 𝑡𝑛 + 𝛥𝑡. Fig. 2 shows the flow
chart of the developed integration scheme.

The main steps of the developed implicit integration algorithm are
outlined in the following subsections.

2.4.1. Determination of the set of potentially active slip systems
By analyzing the single crystal constitutive equations, it becomes

clear that determining the set of active slip systems  and their
corresponding slip rates 𝛾̇𝛼 is sufficient to compute all of the unknown
variables at 𝑡𝑛+𝛥𝑡. To compute these slip rates, we first introduce the set
of potentially active slip systems  . In the return-mapping algorithm,
a slip system is considered to be potentially active if its trial resolved
shear stress 𝜏𝛼𝑡𝑟𝑖𝑎𝑙 exceeds the corresponding critical resolved shear stress
𝜏𝛼𝑐 at 𝑡𝑛:

 =
{

𝛼 = 1,… , 2𝑁𝑠 ∶ 𝜏𝛼𝑡𝑟𝑖𝑎𝑙 − 𝜏
𝛼
𝑐 (𝑡𝑛) > 0

}

, (35)

where the trial resolved shear stress 𝜏𝛼𝑡𝑟𝑖𝑎𝑙 is calculated by projecting the
trial stress 𝝈̄𝑡𝑟𝑖𝑎𝑙 onto tensor 𝐑𝛼0 :

∀𝛼 = 1,… , 2𝑁𝑠 ∶ 𝜏𝛼𝑡𝑟𝑖𝑎𝑙 = 𝝈̄𝑡𝑟𝑖𝑎𝑙 ∶ 𝐑𝛼0 . (36)

In Eq. (36), the trial stress 𝝈̄𝑡𝑟𝑖𝑎𝑙 is determined by assuming that the
mechanical behavior over the time increment is fully elastic:

𝝈̄𝑡𝑟𝑖𝑎𝑙 = 𝝈̄(𝑡𝑛) + 𝛥𝑡 ̇̄𝝈 = 𝝈̄(𝑡𝑛) + 𝛥𝑡 𝐜̄𝑒 ∶ 𝐝̄. (37)

2.4.2. Determination of the slip rates for active slip systems
Once the set of potentially active slip systems  identified from

Eq. (35), Eq. (33) can be reduced to the systems belonging to  :

∀𝛼 ∈  ∶ 𝜓𝛼 =
√

(𝑓 𝛼)2 + (𝛾̇𝛼)2 − (𝑓 𝛼 + 𝛾̇𝛼) = 0. (38)

In Eq. (38), the yield function 𝑓 𝛼 is defined by:

∀𝛼 ∈  ∶ 𝑓 𝛼 = 𝜏𝛼𝑐 − 𝜏𝛼 , (39)

where the resolved shear stress 𝜏𝛼 and the critical resolved shear stress
𝜏𝛼𝑐 are computed using an implicit scheme, as follows:

∀𝛼 ∈  ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜏𝛼 =
(

𝝈̄(𝑡𝑛) + 𝛥𝑡 ̇̄𝝈
)

∶ 𝐑𝛼
0 =

(

𝝈̄(𝑡𝑛) + 𝛥𝑡

(

𝐜̄𝑒 ∶ 𝐝̄ −
∑

𝛽∈
𝛾̇𝛽 𝐜̄𝑒 ∶ 𝐑𝛽

0

))

∶ 𝐑𝛼
0 ;

𝜏𝛼𝑐 = 𝜏𝛼𝑐 (𝑡𝑛) + 𝛥𝑡 𝜏̇
𝛼
𝑐 = 𝜏𝛼𝑐 (𝑡𝑛) + 𝛥𝑡

∑

𝛽∈
𝐻𝛼𝛽 𝛾̇𝛽 .

(40)

The slip rates of the potentially active slip systems, and then the set
of active slip systems , are determined by solving the set of Eqs. (38)
using the Newton–Raphson method. In this method, the slip rate vector
𝜸̇ is iteratively updated according to:

𝜸̇(𝑘+1) = 𝜸̇(𝑘) − 𝜔(𝑘) ⋅ 𝝍 (𝑘), (41)

where superscript ‘(𝑘)’ corresponds to the Newton–Raphson iteration
index 𝑘, and parameter 𝜔 is set to 0.5 to ensure numerical stability
of the iterative scheme. The initial guess for the slip rate vector 𝜸̇(0) is
taken from the last converged slip rates of the previous time increment,
which are stored in the state variable (SDV) of the UMAT. In Eq. (41),
matrix  is the inverse of the Jacobian matrix  = 𝜕𝝍∕𝜕𝜸̇, which is
given by the following index form:

∀𝛼, 𝛽 ∈  ∶  𝛼𝛽 =
𝜕𝜓𝛼

𝜕𝛾̇𝛽
=
𝑓 𝛼 𝜕𝑓

𝛼

𝜕𝛾̇𝛽 + 𝛿𝛼𝛽 𝛾̇𝛼
√

(𝑓 𝛼)2 + (𝛾̇𝛼)2
−
𝜕𝑓 𝛼

𝜕𝛾̇𝛽
− 𝛿𝛼𝛽 , (42)

where 𝜕𝑓 𝛼∕𝜕𝛾̇𝛽 is given by the following expression:

∀𝛼, 𝛽 ∈  ∶
𝜕𝑓 𝛼

𝜕𝛾̇𝛽
=
𝜕𝜏𝛼𝑐
𝜕𝛾̇𝛽

− 𝜕𝜏𝛼

𝜕𝛾̇𝛽
;

= 𝛥𝑡

(

𝐻𝛼𝛽 +
∑

𝜁∈

𝜕𝐻𝛼𝜁

𝜕𝛾̇𝛽
𝛾̇𝜁 + 𝐑𝛼0 ∶ 𝐜̄𝑒 ∶ 𝐑𝛽0

)

. (43)

Note that the Jacobian matrix  may be singular. In such a case,
the pseudo-inversion technique [83] is applied. The Newton–Raphson
iterations are continued until the following convergence criterion is
fulfilled:

‖𝝍 (𝑘)
‖ ≤ 10−10, (44)

where ‖ ∙‖ represents the Euclidean norm. After convergence, some slip
systems belonging to set  may have slip rates 𝛾̇𝛼 = 0 (inactive), while
others will have strictly positive slip rates. The set of active slip systems



 is then determined by selecting the slip systems from  that satisfy
𝛾̇𝛼 > 0.

2.4.3. Variable update
Once the set of active slip systems  and their corresponding slip

rates 𝛾̇𝛼 determined, the unknown variables 𝐫̄, 𝝈, 𝛾𝛼 , 𝜏𝛼𝑐 , 𝜌𝛼 at 𝑡𝑛 + 𝛥𝑡
can be updated by the implicit scheme, as follows:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝛿𝐫̄ = 𝑒𝑥𝑝

(

𝛥𝑡
(

𝐰̄−
∑

𝛼∈
𝛾̇𝛼𝐒𝛼0

))

;
𝐫̄ = 𝐫̄(𝑡𝑛) ⋅ 𝛿𝐫̄;

̇̄𝝈 = 𝐜̄𝑒 ∶
(

𝐝̄ −
∑

𝛼∈
𝛾̇𝛼𝐑𝛼

0

)

;

𝝈̄ = 𝝈̄(𝑡𝑛) + 𝛥𝑡 ̇̄𝝈;
𝝈 = 𝐫̄ ⋅ 𝝈̄ ⋅ 𝐫̄𝑇 ;
∀𝛼 = 1,… , 2𝑁𝑠 ∶ 𝛾𝛼 = 𝛾𝛼 (𝑡𝑛) + 𝛥𝑡𝛾̇𝛼 ;
∀𝛼 = 1,… , 𝑁𝑠 ∶ 𝜌̇𝛼 = 𝜌̇𝛼+𝑁𝑠

= 1
𝑏

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
𝑑𝐼

+

√

√

√

√

√

√

√

𝑁𝑠
∑

𝛽=1,𝛽≠𝛼

(

𝜌𝛽 (𝑡𝑛) + 𝜌𝛽+𝑁𝑠 (𝑡𝑛)
)

𝐾
− 2𝑦𝑐

(

𝜌𝛼 (𝑡𝑛) + 𝜌𝛼+𝑁𝑠 (𝑡𝑛)
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(

𝛾̇𝛼 + 𝛾̇𝛼+𝑁𝑠
)

;

∀𝛼 = 1,… , 𝑁𝑠 ∶ 𝜌𝛼 = 𝜌𝛼+𝑁𝑠 = 𝜌𝛼 (𝑡𝑛) + 𝛥𝑡𝜌̇𝛼 ;
∀𝛼 = 1,… , 𝑁𝑠 ∶ 𝜏𝛼𝑐 = 𝜏𝛼+𝑁𝑠

𝑐 = 𝜏𝛼𝑐 (𝑡𝑛) + 𝛥𝑡
∑

𝛽∈
𝐻𝛼𝛽 𝛾̇𝛽 .

(45)

Once the different variables updated by the previous fully implicit
integration scheme, the microscopic consistent tangent modulus 𝐜̄𝑒𝑝
needs to be derived. This derivation is crucial both for enhancing
the convergence of the FE computations and also for conducting the
bifurcation analysis. The consistent tangent modulus is given by the
following expression (see more details in Zhou et al. [38,39]):

𝐜̄𝑒𝑝 = 𝜕𝛿𝝈̄
𝜕𝛿𝜺

= 𝐜̄𝑒−
∑

𝛼∈

∑

𝛽∈
𝛶 𝛼𝛽 (𝑡𝑛)

(

𝐜𝑒 ∶ 𝐑𝛼
0 + 𝐒𝛼0 ⋅ 𝝈̄(𝑡𝑛) − 𝝈̄(𝑡𝑛) ⋅ 𝐒

𝛼
0

)

⊗
(

𝐑𝛽
0 ∶ 𝐜𝑒

)

,

(46)

where matrix 𝜰 is the inverse of matrix ℘, with ℘ defined in the
following index form:

∀𝛼, 𝛽 ∈  ∶ ℘𝛼𝛽 = 𝐻𝛼𝛽 (𝑡𝑛) + 𝐑𝛼0 ∶ 𝐜̄𝑒 ∶ 𝐑𝛽0 . (47)

The microscopic consistent tangent matrix 𝐜𝑒𝑝 in the current configura-
tion can be easily obtained by adequately rotating its counterpart 𝐜̄𝑒𝑝
using the rotation matrix 𝐫̄.

2.5. Rice bifurcation criterion

The ductility of a metal sheet, which refers to its ability to undergo
significant deformation, is generally limited by the onset of localized
necking. This phenomenon marks the critical deformation level that
a metal sheet can withstand before potentially failing. A fundamental
approach to predict the onset of localized necking has been proposed
by the Rice bifurcation theory, established by Rice [84]. This theory is
widely recognized in the literature as a robust and theoretically sound
tool, unlike the initial imperfection approach developed by Marciniak
and Kuczynski [85], which depends on the initial imperfection fac-
tor (which appears to be arbitrarily introduced and hardly physically
justified). Macroscopic bifurcation is detected when the macroscopic
constitutive equations loose ellipticity, resulting in a jump or discon-
tinuity across a localization band. This localization band is defined
by its normal vector, denoted as ⃗ , as illustrated in Fig. 3. The
Rice bifurcation criterion is derived from the following three essential
conditions:

• The kinematic compatibility condition, which results from the
continuity of the velocity field across the band;

Fig. 3. Schematic of the Rice bifurcation criterion for predicting localized
necking. A localization band (gray) with unit normal vector ⃗ at an angle 𝜃
separates the material into regions inside (I) and outside (O) the band. Bifur-
cation occurs when the in-plane acoustic tensor becomes singular, indicating
the onset of strain localization.

• The stress equilibrium condition between the zones inside and
outside the band;

• The macroscopic constitutive relationships that govern the mate-
rial behavior.

The main equations governing this criterion are summarized below:
Kinematic compatibility condition: this condition results from the

continuity of the velocity field along the discontinuity surface, and can
be formulated as follows:

[[IN𝐅̇]] = IN𝐅̇O − IN𝐅̇I = ̇⃗ ⊗ ⃗ , (48)

where:

• [[IN𝐅̇]] represents the jump in the in-plane velocity gradient field
IN𝐅̇ across the localization band.

• IN𝐅̇O and IN𝐅̇I denote the in-plane velocity gradient outside and
inside the localization band, respectively.

• ̇⃗ is a jump vector.
• ⃗ is the unit vector normal to the band, equals to (𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃) for
0 ≤ 𝜃 ≤ 𝜋∕2.

Stress equilibrium condition: the stress equilibrium condition can
be expressed in terms of the macroscopic in-plane first Piola–Kirchhoff
stress rate tensor IN𝐏̇ across the localization band with normal vector
⃗ , as follows:

[[IN𝐏̇]] ⋅ ⃗ = 𝟎⃗. (49)

Macroscopic constitutive relationship: defined by the generic
Eq. (6).

By combining Eqs. (6), (48)–(49), the following expression is ob-
tained:

⃗ ⋅
[

INL ∶
( ̇⃗ ⊗ ⃗

)]

= 𝟎⃗, (50)

where INL is the transpose of the tangent modulus INB by permutation
of the first two indices:

∀𝑖, 𝑗, 𝑘, 𝑙 = 1, 2 ∶ IN𝐿𝑖𝑗𝑘𝑙 = IN𝐵𝑗𝑖𝑘𝑙 . (51)

Eq. (50) is equivalent to the following equation:
(

⃗ ⋅ INL ⋅ ⃗
)

⋅ ̇⃗ = 𝟎⃗, (52)

where tensor ⃗ ⋅ INL ⋅ ⃗ is the so-called in-plane acoustic tensor.
Localized necking occurs when this tensor becomes singular, i.e., when
its determinant vanishes:

det
(

⃗ ⋅ INL ⋅ ⃗
)

= 0. (53)



Table 2
Material parameters corresponding to aluminum alloys, identified from data obtained under uniaxial tensile testing
conditions.

Notation Value Unit Source

Elasticity 𝐸 65 GPa Yoshida and Kuroda [88]
𝜈 0.3 – Yoshida and Kuroda [88]
𝜇 25 GPa 𝜇 = 𝐸∕2(1 + 𝜈)

Microscopic Hall–Petch constant 𝜅𝐻𝑃 6.325 MPa (mm)1∕2 Zhou et al. [39]
Dislocation density-based hardening 𝜏0 50 MPa Zhou et al. [38]

ℎ 1.0 – This work
𝑏 2.86×10−7 mm Bratov and Borodin [89]
𝐴 0.4 – Zhou et al. [38]
𝜌0 1×108 mm−2 Banerjee and Bhawalkar [90]
𝑦𝑐 10 𝑏 mm Meng [91]
𝐾 10 – Zhou et al. [38]

To apply the Rice bifurcation criterion, the macroscopic in-plane tan-
gent modulus INL needs to be determined by the condensation tech-
nique [38,86,87]. Detailed procedures for this technique can be found
in the works of Zhou et al. [38,39] and Zhu et al. [87]. Once INL
computed, the localized necking criterion defined by Eq. (53) can be
formulated as a minimization problem:

Min
[

det
(

⃗ ⋅ INL ⋅ ⃗
)]

for 0 ≤ 𝜃 ≤ 𝜋∕2. (54)

In Eq. (54), if the determinant value remains strictly positive over the
different localization band orientations 𝜃, then this indicates the ab-
sence of localized necking at the considered strain level. Conversely, the
onset of localized necking is identified when Min

[

det
(

⃗ ⋅ INL ⋅ ⃗
)]

reaches zero for the first time.

3. Results and discussions

In this section, the material parameters are first collected from
various literature sources. Then, the effects of grain size on the strength
and ductility limits of thin metal sheets both with uniform and gradient
grain structures are extensively discussed. Finally, the strength and
ductility limit trade-off is analyzed.

3.1. Identification of material parameters

In the present study, an aluminum alloy was selected as the rep-
resentative material. The material parameters used in the different
simulations are collected from previous contributions under uniaxial
tensile testing conditions:

• Elasticity is assumed to be isotropic. This assumption is consid-
ered reasonable, as this study focuses on large strain phenomena,
such as ductility limits, where the material response is domi-
nantly influenced by plastic anisotropy, while the effects of elastic
anisotropy are negligible. The isotropic elasticity parameters (𝐸
and 𝜈) are referenced from Yoshida and Kuroda [88]. Then, the
shear modulus 𝜇, introduced in Eq. (29), is computed by the
relation 𝜇 = 𝐸∕2(1 + 𝜈).

• The microscopic Hall–Petch constant 𝜅𝐻𝑃 is given in Zhou et al.
[39].

• The initial value of critical shear stress 𝜏0 and the parameters
related to the evolution of dislocation density (𝐴 and 𝐾) are
obtained from Zhou et al. [38].

• The other parameters related to the evolution of dislocation den-
sity, such as the magnitude of the Burgers vector 𝑏, the initial
value of dislocation density 𝜌0 and the critical annihilation length
𝑦𝑐 are referenced from Bratov and Borodin [89], Banerjee and
Bhawalkar [90] and Meng [91], respectively.

• The hardening modulus ℎ is set to 1.0.
All of the material parameters used in the present work are listed

in Table 2.

3.2. Unit cells with uniform grain structure

3.2.1. Presentation of the different unit cells and macroscopic loading
The main objective of this section is to assess the influence of

the grain size and sheet thickness on the evolution of macroscopic
strength. To achieve this, the average grain size 𝑑𝑎𝑣 and the sheet
thickness 𝑡 are varied independently, as shown in Fig. 4. To investi-
gate the effect of grain size, the unit cell volume is kept constant at
1.0 mm × 1.0 mm × 1.0 mm, while the average grain size 𝑑𝑎𝑣 is reduced
from 0.400 mm to 0.090 mm, as depicted in Fig. 4(a)–(e). The unit
cells presented in Fig. 4(a)–(e) contain 27, 115, 383, 915 and 2370
grains, respectively. The corresponding histograms, displayed below
each unit cell, illustrate the grain size distribution. The unit cells used to
analyze the influence of the thickness 𝑡 on the macroscopic strength are
presented in Fig. 4(f)–(i), while maintaining a constant average grain
size of 0.125 mm. The unit cells shown in Fig. 4(f)–(i) are composed of
175, 542, 915 and 1143 grains, respectively. All of the generated unit
cells, which follow random texture to reflect realistic microstructural
variability, are discretized into approximately 27000 finite elements
and converted into ABAQUS input files (‘.inp’ file) using the Gmsh
software. It is well established that increasing the number of finite
elements (i.e., mesh refinement) enhances simulation accuracy. How-
ever, larger numbers of finite elements may lead to significantly higher
computational costs. A sensitivity study is performed in Appendix A to
validate the adequacy of the number of finite elements to be used in
the simulations.

The unit cells are subjected to in-plane biaxial loading conditions
(see Fig. 5), which are defined by the following generic forms in terms
of prescribed components of macroscopic deformation gradient 𝐅 and
first Piola–Kirchhoff stress tensor 𝐏:

𝐅 =
⎛

⎜

⎜

⎝

𝐹11 0 ★

0 (𝐹11)𝜌 ★

★ ★ ★

⎞

⎟

⎟

⎠

; 𝐏 =
⎛

⎜

⎜

⎝

★ ★ 0
★ ★ 0
0 0 0

⎞

⎟

⎟

⎠

, (55)

where ‘★’ represents unknown components that must be determined
through finite element simulations, and 𝜌 is the strain-path ratio. Unless
explicitly stated otherwise, the strain-path ratio 𝜌 = −0.5 (corre-
sponding to a uniaxial tension state) is used throughout this study.
To enforce biaxial loading and ensure a plane-stress state, periodic
boundary conditions (PBCs) are applied to the opposite faces of the
unit cell in the first and second directions, respectively, namely −

01
and +

01 as well as −
02 and +

02. The surfaces in the third direction,
−
03 and +

03, are left unconstrained to satisfy plane-stress conditions.
The macroscopic loading prescribed in Eq. (55) is implemented through
three reference points (namely, 𝑅𝑃1, 𝑅𝑃 2, and 𝑅𝑃3). The constraint
equations, which prescribe displacements or reaction forces at these
reference points, are defined as follows:

⎧

⎪

⎨

⎪

⎩

𝑅𝑃 1 ∶ 𝑈11 = 𝐹11 − 1; 𝑈12 = 0; 𝑅𝐹13 = 0,
𝑅𝑃 2 ∶ 𝑈21 = 0; 𝑈22 = (𝐹11)𝜌 − 1; 𝑅𝐹23 = 0,
𝑅𝑃 3 ∶ 𝑅𝐹31 = 0; 𝑅𝐹32 = 0; 𝑅𝐹33 = 0.

(56)



Fig. 4. Representative Volume Elements (RVEs) used to study size effects. (a)–(e) RVEs with constant thickness (𝑡 = 1.0 mm) and decreasing average grain
size (𝑑𝑎𝑣) used to investigate the Hall–Petch effect. Histograms show the corresponding grain size distributions. (f)–(i) RVEs with constant average grain size
(𝑑𝑎𝑣 = 0.125 mm) and increasing thickness (𝑡) used to study the effect of the thickness-to-grain size ratio (𝑡∕𝑑𝑎𝑣).

Fig. 5. Macroscopic boundary conditions for in-plane biaxial loading. Periodic
Boundary Conditions (PBCs) are applied to the faces in the 1st and 2nd
directions. The surfaces in the 3rd direction are left traction-free to enforce
a plane-stress state. The macroscopic deformation is controlled via three
reference points (𝑅𝑃1, 𝑅𝑃2, 𝑅𝑃3).

3.2.2. Effect of grain size
Fig. 6(a) displays the evolution of the macroscopic equivalent von

Mises stress 𝛴𝑒𝑞 as a function of the macroscopic equivalent strain
𝐸𝑒𝑞 for different average grain sizes. As seen in Fig. 6(a), the macro-
scopic equivalent stress increases progressively with decreasing grain
size, demonstrating the well-known strengthening phenomenon: ‘the

smaller, the stronger’. Fig. 6(b) illustrates the evolution of the strain
hardening rate in terms of the macroscopic equivalent strain for the dif-
ferent grain sizes. It can be seen from Fig. 6(b) that the strain hardening
curves reveal a declining trend, which is common to many materials.
More importantly, the figure indicates that fine-grained materials ex-
hibit superior work-hardening capabilities compared to coarse-grained
materials. Fig. 6(c) shows the effect of grain size on the initial macro-
scopic equivalent yield stress. This result indicates that the grain re-
finement substantially enhances the initial macroscopic yield stress,
thus underscoring the importance of reducing grain size for material
strengthening. Fig. 6(d) depicts the Hall–Petch relationship between the
predicted macroscopic equivalent yield stress 𝛴𝑒𝑞,𝑌 𝑖𝑒𝑙𝑑 and the inverse
square root of the average grain size, 1∕

√

𝑑𝑎𝑣, at different levels of
macroscopic equivalent strain 𝐸𝑒𝑞 : 0.2%, 2% and 5% (denoted by dis-
crete points). The macroscopic Hall–Petch constant 𝐾𝐻𝑃 is obtained by
applying a linear fit to the relationship between 𝛴𝑒𝑞,𝑌 𝑖𝑒𝑙𝑑 and 1∕

√

𝑑𝑎𝑣,
represented by the solid lines in Fig. 6(d). It is evident from the
results that the Hall–Petch constant increases with the macroscopic
equivalent strain, rising from 19.992 MPa(mm)1∕2 at 𝐸𝑒𝑞 = 0.2% to
36.118 MPa(mm)1∕2 at 𝐸𝑒𝑞 = 5%. The increase of the macroscopic Hall–
Petch constant 𝐾𝐻𝑃 with the macroscopic equivalent strain 𝐸𝑒𝑞 can be
physically interpreted by the progressive accumulation and interaction
of dislocations within the grains. At low strain levels, the dislocation
density is relatively low, and the interaction between dislocations is
limited. As plastic deformation progresses, dislocation storage and their
interactions intensify, leading to increased internal resistance to plastic
flow, thereby effectively enhancing the strain hardening of the material
(see Eq. (31)). These numerical simulations not only effectively capture



Fig. 6. Effect of grain size on: (a) macroscopic equivalent von Mises stress vs. macroscopic equivalent strain; (b) work-hardening behavior; (c) macroscopic
equivalent yield stress at a strain level of 𝐸𝑒𝑞 = 0.2%; (d) macroscopic equivalent yield stress vs. 1∕

√

𝑑𝑎𝑣 at different strain levels (𝐸𝑒𝑞 =0.2%, 2% and 5%). These
curves clearly reflect the Hall–Petch effect, where macroscopic strength increases with decreasing grain size.

the grain size effect, but also demonstrate the predictive capabilities of
the developed CPFE-based computational strategy.

3.2.3. Effect of the initial dislocation density
The initial dislocation density 𝜌0 affects the critical resolved shear

stress (CRSS) and hardening behavior (see Eqs. (29) and (31)). Further-
more, a higher initial dislocation density 𝜌0 increases both dislocation
generation and annihilation rates (see Eq. (30)), resulting in greater
initial resistance to dislocation motion and earlier strain-hardening
saturation. In this section, we investigate the effect of initial dislo-
cation density 𝜌0 on the macroscopic strength. For this purpose, we
consider three different values of 𝜌0: 1 × 108 mm−2, 5 × 108 mm−2,
and 1 × 109 mm−2. The predicted macroscopic equivalent von Mises
stress–strain curves are presented in Fig. 7(a)–(c), which illustrate
the significant dependence of the stress–strain responses on the grain
size, whatever the selected value of initial dislocation density. These
results demonstrate that the macroscopic equivalent stress consistently
increases as the average grain size decreases. This behavior is observed
for all of the levels of initial dislocation density 𝜌0, highlighting the
critical role of grain size in strengthening mechanisms. Moreover, we
observe that the macroscopic strength decreases with increasing 𝜌0.
This phenomenon is attributed to faster dislocation annihilation relative
to dislocation storage at higher dislocation densities, leading to a slower
evolution of dislocation density and, consequently, influencing the rate

of work hardening. These dynamics are detailed in Eqs. (30) and
(31), which model the interplay between dislocation generation and
annihilation processes. Support to our findings can be found in the
work of Zhou et al. [38], who used a dislocation density-based mixed
hardening model that did not account for the microscopic Hall–Petch
relationship, yet similarly reported an influence of dislocation dynamics
on macroscopic material properties. Further, Fig. 7(d) explores the
relationship between macroscopic equivalent yield stress at a strain
level of 𝐸𝑒𝑞 = 0.2% with error bars (relative to 𝜌0 = 1 × 108 mm−2),
and the inverse square root of the average grain size 1∕

√

𝑑𝑎𝑣 for
different initial dislocation densities. This result reveals that the initial
dislocation density has a limited influence on the initial yield stress.
The latter observation arises from the relatively small variation in the
initial dislocation density.

3.2.4. Effect of the loading strain path
It is well known that the macroscopic behavior (strength, ductility,

. . . ) is highly dependent on the applied loading. To better investigate
this effect, the unit cells previously depicted in Fig. 4(a)–(e) are sub-
jected to three specific biaxial strain paths: uniaxial tension (𝜌 = −0.5),
plane-strain tension (𝜌 = 0), and equibiaxial tension (𝜌 = 1). The
evolutions of the macroscopic equivalent von Mises stress as functions
of macroscopic equivalent strain for these strain paths are illustrated
in Fig. 8(a)–(c). These plots clearly show the influence of grain size



Fig. 7. Combined effect of grain size and initial dislocation density on macroscopic strength evolution for: (a) 𝜌0 = 1 × 108 mm−2; (b) 𝜌0 = 5 × 108 mm−2; (c)
𝜌0 = 1 × 109 mm−2; (d) initial macroscopic equivalent yield stress at 𝐸𝑒𝑞 = 0.2% vs. 1∕

√

𝑑𝑎𝑣. These results demonstrate that the predicted macroscopic equivalent
stress consistently increases as the average grain size decreases.

on macroscopic strength under various loading conditions. Notably,
the trend of increasing strength with decreasing grain size is observed
consistently for all of the loading paths. This result reaffirms the
significant role of microstructural characteristics, such as grain size, in
determining the material response under different loading conditions.
Furthermore, Fig. 8(d) provides the macroscopic equivalent yield stress
at macroscopic equivalent strain 𝐸𝑒𝑞 = 0.2% against the inverse square
root of average grain size 1∕

√

𝑑𝑎𝑣 for each loading path, supplemented
with error bars (relative to uniaxial tension) to indicate variability.
Based on these results, it can be concluded that the initial macroscopic
yield stress exhibits substantial sensitivity to the loading conditions in
both coarse and fine-grained scenarios, while minimal sensitivity for
intermediate-grain sizes.

3.2.5. Effect of the unit cell thickness
Fig. 9(a) presents the impact of unit cell thickness on the macro-

scopic equivalent von Mises stress 𝛴𝑒𝑞 as a function of the macroscopic
equivalent strain 𝐸𝑒𝑞 . It is evident that the thickness of the unit cell
plays a crucial role in dictating the mechanical response of the material.
Specifically, an increase in unit cell thickness correlates with a marked
enhancement in macroscopic mechanical strength. Notably, thicker
unit cells exhibit superior mechanical strength when the average grain
size remains constant. This enhancement in macroscopic strength with
unit cell thickness can be attributed to the reduced relative impact of

surface effects and constraints on dislocation movement within thicker
samples. As thickness increases, the volume fraction of material influ-
enced by surface-related phenomena decreases, allowing more uniform
dislocation activity and strain distribution throughout the bulk of the
material. Moreover, this study reveals that the rate of enhancement in
macroscopic strength decreases as the thickness increases, indicating a
saturation effect of the unit cell thickness and macroscopic strength.
This behavior aligns closely with the experimental findings of Hug and
Keller [92], who demonstrated similar patterns in the variation of flow
stress relative to the thickness-to-grain size ratio 𝑡∕𝑑 for polycrystalline
nickel. Fig. 9(b) shows the macroscopic equivalent yield stress at
𝐸𝑒𝑞 = 0.2% as a function of the unit cell thickness-to-average grain
size ratio (𝑡∕𝑑𝑎𝑣). The results reveal a consistent trend of increasing
the initial macroscopic yield stress with 𝑡∕𝑑𝑎𝑣. This trend reaffirms the
influence of the unit cell thickness on material strength and aligns with
the findings of Mahabunphachai and Koç [93], further supported by
extensive literature.

3.3. Unit cells with gradient grain structure

A typical gradient structure material can be fabricated by surface
modifications or treatments. The orientation of the gradient can lead
to various arrangements of grain sizes. In this section, we explore



Fig. 8. Combined effect of grain size and strain path on macroscopic strength evolution for: (a) uniaxial tension (𝜌 = −0.5); (b) plane-strain tension (𝜌 = 0);
(c) equibiaxial tension (𝜌 = 1); (d) macroscopic equivalent yield stress at 𝐸𝑒𝑞 = 0.2% vs. 1∕

√

𝑑𝑎𝑣. These results indicate that the initial macroscopic yield stress
exhibits substantial sensitivity to the loading conditions.

Fig. 9. Effect of sheet thickness (𝑡) or thickness-to-average grain size ratio (𝑡∕𝑑𝑎𝑣) for a constant average grain size (𝑑𝑎𝑣 = 0.125mm). (a) Stress–strain curves show
that strength increases with sheet thickness. (b) The initial yield stress is plotted as a function of the thickness-to-average grain size ratio (𝑡∕𝑑𝑎𝑣), thus confirming
this strengthening trend.



the influence of gradient grain structures within unit cells, specifi-
cally focusing on the effect of grain size arrangements on mechanical
properties. In this study, three distinct structures are introduced as
follows:

• Structure I (FC): characterized by a positive gradient, this struc-
ture transitions from fine to coarse grains. Such a gradient is ex-
pected to exhibit varying mechanical responses across its dimen-
sion, potentially affecting properties like strength and ductility
deferentially across the unit cell.

• Structure II (CFC): this configuration features a central fine grain
layer flanked by coarse grains. This arrangement may lead to
interesting stress distribution patterns under load, especially near
the transitions between fine and coarse grains, influencing crack
propagation paths and stress concentration points.

• Structure III (FCF): incorporates a fine-coarse-fine grain se-
quence. This setup is particularly relevant for studying interfaces
between different grain sizes and their role in mechanical per-
formance, including the impact on yield strength and fracture
toughness.

Fig. 10(a)–(c) visualizes these unit cells generated by the NEPER soft-
ware. The generation process involves externally importing seeds via a
Python script designed to produce a gradient distribution of grain sizes.
Notably, while these unit cells display diverse grain size distributions,
they maintain a consistent average grain size and a total grain number
analogous to that depicted in Fig. 4(d). The minimum and maximum
grain sizes of these unit cells are also provided in Fig. 10(a)–(c). The
unit cells are discretized into approximately 27000 finite elements, con-
sistent with the methodology outlined in Section 3.2, using the Gmsh
software. The mesh sensitivity study is also conducted in Appendix A.
The simulations employ the same initial crystallographic texture and
loading boundary conditions as those used in Fig. 4(d) and described
in Section 3.2, respectively. This approach enables comprehensive in-
vestigation of the impact of gradient effects on mechanical properties.
Furthermore, it provides insights for the development and optimization
of materials with tailored grain structures to meet specific engineering
application requirements.

Fig. 10(d) displays the macroscopic equivalent von Mises stress 𝛴𝑒𝑞
as a function of the macroscopic equivalent strain 𝐸𝑒𝑞 for the different
gradient grain structures. A key observation from this figure is the
nearly identical initial yield stress for all of the unit cells, despite
differences in their grain size gradients. In the first stages of loading,
the stress–strain curves for the FC (fine to coarse), CFC (coarse to fine
to coarse), and FCF (fine to coarse to fine) structures coincide closely,
indicating a uniform response at the onset of plastic deformation.
This result suggests that the initial macroscopic mechanical response
is insensitive to the spatial distribution of grain sizes within the unit
cell. However, as plastic strain increases, slight differences appear
among the curves, indicating slight variations in strength that correlate
with the arrangement of grain sizes. Interestingly, a slight increase in
macroscopic strength is observed with increasing average grain size.
This observation appears to contradict the conventional Hall–Petch
relationship, which states that smaller grains typically enhance strength
by providing more obstacles to dislocation motion. This deviation can
be attributed to the unique effects of gradient grain structures. The
presence of a gradient in grain sizes may introduce local stress and
strain gradients and influence dislocation accumulation in ways that
differ from homogeneously structured materials. These findings are
also consistent with other numerical investigations reported in the
literature, such as those by Lyu et al. [94], who observed that the fine-
grained regions consistently showed lower strain levels compared to
the coarse-grained zones. As the macroscopic deformation increases,
the strain and stress gradients become more pronounced, reflecting the
different deformation capabilities of fine and coarse grains due to their

contrasting slip activity and hardening behavior. Additionally, this be-
havior emphasizes the complexity of material responses when featuring
non-uniform internal structures, and highlights the need for further in-
vestigation to deepen our understanding of how gradient configurations
impact material properties beyond conventional theories.

3.4. Effect of grain size distribution on the macroscopic behavior

3.4.1. Macroscopic strength
In this section, we analyze the influence of grain size distribution

(both uniform and gradient structures) on the evolution of macroscopic
strength. Based on the results of Fig. 10(d), which indicate a slight
dependency of strength on gradient grain structures, Structure I (FC)
is selected as the representative gradient grain structure model for this
comparative study. For uniform grain structures, two unit cells from
Fig. 4 are chosen for comparison: one with the average grain size 𝑑𝑎𝑣
of 0.090 mm, denoted as UF (𝑑𝑎𝑣 = 0.090 mm), and the other with 𝑑𝑎𝑣
of 0.400 mm, denoted as UF (𝑑𝑎𝑣 = 0.400 mm). Notably, the 𝑑𝑎𝑣 of UF
(𝑑𝑎𝑣 = 0.090 mm) corresponds to twice the minimum grain size 𝑑𝑚𝑖𝑛,
and the 𝑑𝑎𝑣 of UF (𝑑𝑎𝑣 = 0.400 mm) is approximately equal to the
maximum grain size 𝑑𝑚𝑎𝑥 of the gradient grain Structure I. As shown in
Fig. 11, the initial yield stress of the gradient grain structure unit cell is
approximately 161.17 MPa, which is about 13% higher than that of the
UF (𝑑𝑎𝑣 = 0.400 mm). This result indicates a significant enhancement
in macroscopic strength due to the gradient grain structure compared
to the uniform grain structure with a larger average grain size, yet it
remains lower than that of the UF (𝑑𝑎𝑣 = 0.090 mm). These findings
are supported by the studies conducted by Wang et al. [95] and Liu
et al. [62]. In Wang et al. [95], they investigated the grain size effect by
incorporating the macroscopic Hall–Petch relationship into the Gurson–
Tvergaard–Needleman (GTN) model, and both uniform and gradient
grain structure models were subjected to uniaxial tension. In the study
of Liu et al. [62], the strain gradient crystal plasticity (SGCP) theory
has been employed to numerically examine the strength and ductility
of gradient-structured CoCrFeMnNi high-entropy alloys under shear
loading. In their predictions, the size effect has been attributed to
the increased density of geometrically necessary dislocations (GNDs),
which are critical in strengthening mechanisms. In addition, this anal-
ysis demonstrates the importance of considering grain size distributions
in the material design process, due to their significant influence on the
mechanical properties.

3.4.2. Macroscopic ductility limit
In this section, a comparative study is conducted to analyze the

effect of grain size distribution on the ductility limits predicted by
the Rice bifurcation criterion. The unit cells described in Section 3.4.1
serve as the basis for this comparative study. As highlighted in Sec-
tion 2.5, the in-plane macroscopic tangent modulus INL plays a pivotal
role in the determination of the ductility limit. To emphasize its sig-
nificance, the evolutions of its components IN𝐿1111 and IN𝐿1212, as
functions of the macroscopic major strain 𝐸11 (= 𝐿𝑛 (𝐹11)), are plot-
ted for different grain size distributions in Fig. 12(a)–(b). The results
show that IN𝐿1111 decreases monotonically with increasing macroscopic
major strain. On the other hand, the shearing component IN𝐿1212 ex-
periences a significant reduction and stabilizes at a relatively low
magnitude (approximately 3000 MPa), compared to its elastic mag-
nitude of 25000 MPa. This feature is a consequence of the multi-slip
nature of rate-independent crystal plasticity governed by the classical
Schmid law. The pronounced reduction of this shearing component is
the main destabilizing factor that promotes bifurcation. It is noteworthy
that the shearing component remains nearly at its elastic level for
rate-dependent models and rate-independent models with a regularized
version of the Schmid law [82,96–98]. As a result, bifurcation is not
observed at realistic strain levels in such constitutive models.

The evolution of the cubic root of the minimum of the determinant
of the in-plane macroscopic acoustic tensor, denoted as



Fig. 10. Gradient grain structures and their effect on macroscopic mechanical strength. (a) Fine-to-Coarse (FC), (b) Coarse-Fine-Coarse (CFC), and (c) Fine-Coarse-
Fine (FCF) structures. All RVEs have similar average grain sizes. (d) The corresponding stress–strain curves show nearly identical initial yield stresses, with only
minor deviations in hardening behavior at larger strains.

Fig. 11. Comparison of macroscopic strength for uniform and gradient grain
structures. The gradient (FC) structure shows significantly higher strength than
the uniform coarse-grained (UF, 𝑑𝑎𝑣 = 0.400mm) structure, but lower than the
uniform fine-grained (UF, 𝑑𝑎𝑣 = 0.090 mm) one.

Min
[

det
(

⃗ ⋅ INL ⋅ ⃗
)]1∕3

, is plotted as a function of the macroscopic
major strain 𝐸11 in Fig. 12(c). According to the Rice bifurcation theory
outlined in Section 2.5, bifurcation and thus the onset of localized
necking occurs when this determinant reaches zero, which is indicated
by the green points on the curves in Fig. 12(c). These plots reveal that
the ductility limit is distinctly influenced by the grain size distribution:

• The gradient grain structure model (FC) provides a higher ductil-
ity limit compared to the uniform grain structure with a smaller,
yet very close, average grain size (UF (𝑑𝑎𝑣 = 0.090 mm)). The
improved ductility limit observed in gradient structures primarily
arises from the redistribution of strain due to the grain size gra-
dient, as demonstrated by Wang et al. [95]. This result suggests
that the arrangement of grains from fine to coarse within the
unit cell may contribute to a more gradual and distributed strain
localization, delaying the onset of plastic strain localization.

• The ductility limit of the gradient grain structure model (FC) is
still lower than that of the uniform coarse grain structure (UF
(𝑑𝑎𝑣 = 0.400 mm)), which indicates that larger grains consistently

enhance ductility more significantly than graded microstructures.
This effect is due to the dislocation movement over longer dis-
tances within each grain before encountering obstacles (such as
grain boundaries) in coarse-grained materials, which can delay
the propagation of localized deformation, thus enhancing the
overall ductility.

This approach helps in understanding the ductility limits of ma-
terials under extreme deformation conditions. Specifically, the results
confirm the potential of gradient grain structures to enhance ductility
in materials where large grains are inevitable or desirable for other rea-
sons, such as thermal stability or corrosion resistance. Such insights can
guide the development of advanced materials for critical applications
in aerospace, automotive, etc.

3.4.3. Strength and ductility trade-off
Fig. 13 presents the relationship between the initial macroscopic

yield strength and the macroscopic major strain 𝐸11 at the onset of
strain localization for uniform and gradient grain structures. Tradition-
ally, grain refinement leads to an increase in the initial yield stress,
whereas a decrease in ductility, as illustrated by the black points in
Fig. 13. This trade-off results in a concave-like curve depicting these
two properties, thus reflecting the inherent limitations of uniform
grain structures. It is important to note, however, that the results
reveal a unique pattern when gradient grain structures are employed.
Specifically:

• Coarse Grain Structure: exhibits higher ductility but lower yield
strength, which is typical for materials with larger grains. Larger
grains can accommodate more plastic deformation before reach-
ing strain localization, but they generally exhibit lower yield
strength due to fewer obstacles to dislocation movement.

• Fine Grain Structure: provides enhanced yield strength due to
the Hall–Petch effect, where smaller grains hinder the movement
of dislocations more effectively. However, this fine-grained mate-
rial exhibits lower ductility, owing to the lack of strain hardening
capacity.

• Gradient Grain Structure: represents a combination of coarse
and fine grain structures, resulting in improved strength–ductility
trade-off. Such gradient grain structure is positioned above the
traditional uniform grain refinement region, as indicated by the
red star in Fig. 13. While enhancements in strength and ductility
seem to be limited, further improvements can be achieved by op-
timizing the layering and spatial arrangement of gradient-grained
structures, particularly at lower temperatures [99].



Fig. 12. Bifurcation analysis for ductility limit prediction. (a)–(b) Evolution of the key components of the in-plane macroscopic tangent modulus IN𝐿1111 and
IN𝐿1212. (c) Evolution of the cubic root of the minimum of the determinant of the acoustic tensor ⃗ ⋅ INL ⋅ ⃗ . The onset of localized necking is predicted when
this determinant reaches zero (green dots). The results show that the coarse-grained structure results in the highest ductility, while the gradient structure offers
clear ductility improvement over the fine-grained one.

Fig. 13. Strength and ductility trade-off, characterized by the initial macroscopic yield strength and the macroscopic major limit strain 𝐸11. The gradient grain
structure (red star) is positioned above this traditional trade-off curve, demonstrating its ability to simultaneously enhance both strength and ductility.

The gradient grain structure, therefore, stands out as one of the
strategic approaches in material design, offering improvements in both
yield strength and ductility. This is achieved by tailoring the spatial
distribution of grain sizes to harness the mechanical advantages of
both fine and coarse grains effectively. Such a strategy is particularly
valuable in applications requiring enhanced strength and ductility,
such as automotive or aerospace components. This investigation re-
veals the critical importance of grain structure control in optimizing
material properties for specific engineering applications. By select-
ing and designing appropriate grain structures, engineers can signifi-
cantly improve material performance, offering an effective approach to
increasingly satisfy demanding industrial requirements.

4. Summary and concluding remarks

In this study, the microscopic Hall–Petch relationship has been
integrated into a rate-independent crystal plasticity framework to in-
vestigate size effects on the mechanical behavior of thin metal sheets.
To this aim, polycrystalline unit cells with different grain sizes and dis-
tributions have been used to model these metal sheets. Periodic homog-
enization techniques have been employed to derive the macroscopic
mechanical behavior from the properties of single crystal constituents.
At the single crystal level, we adopted a finite strain elastoplastic
framework with plastic flow modeled according to the classical Schmid

law. The constitutive equations have been implemented within the
ABAQUS/Standard finite element software via a UMAT subroutine. At
the macroscopic scale, the ductility limit has been predicted by the Rice
bifurcation criterion.

The results demonstrate that the proposed multiscale framework
effectively captures the influence of grain size on macroscopic prop-
erties through the microscopic Hall–Petch relationship. The validation
of the proposed size-dependent constitutive model, via comparisons
between its numerical predictions and experimental data, confirms
its capability of accurately capturing size effects, which emphasizes
in particular the well-known ‘the smaller, the stronger’ phenomenon.
The macroscopic strength is also found to increase with the unit cell
thickness, emphasizing the role of structural dimensions in mechanical
performance. Moreover, the study highlights the potential of gradient
grain structures to overcome the traditional strength–ductility trade-off:
such configurations significantly enhance both strength and ductility,
offering a promising strategy for the design of advanced structural
materials.

This study confirms the importance of controlling grain structure
and size to enhance material properties, particularly in thin metal
sheets. It also highlights the significant potential of gradient grain
structures to revolutionize material design, providing a viable solution
to the long-standing challenge of balancing strength and ductility in
metallic materials.



Fig. A.1. Mesh sensitivity analysis for the macroscopic stress–strain response under uniaxial tension. The simulations are performed on (a) the uniform grain
structure and (b) the gradient grain structure, using several mesh densities. The results demonstrate that the macroscopic response is nearly insensitive to the
number of finite elements in the tested range, confirming that the selected discretization of approximately 27, 000 finite elements is sufficient to ensure a converged
numerical solution.
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Appendix A. Mesh sensitivity study

In this appendix, we perform a mesh sensitivity analysis to validate
the adequacy of the number of finite elements used in our simulations.
The unit cells depicted in Figs. 4(d) and 10(a) are selected as represen-
tative of uniform and gradient grain structures, and are successively
discretized into four different finite element meshes. These analyses
are conducted under uniaxial tension to examine the influence of mesh
density on the macroscopic equivalent von Mises stress–strain response.
The results presented in Fig. A.1 demonstrate that the macroscopic
stress–strain curves are almost insensitive to the selected finite element
discretization, among these four mesh refinements. Notably, the curves
for finite element numbers from 17576 to 32768, for uniform grain
structure, and from 21952 to 42875, for gradient grain structure, show
nearly identical behavior. In the current investigation, unit cells with
27000 finite elements are used. This configuration effectively captures
the mechanical behavior of the material, while preserving compu-
tational efficiency. Importantly, such a mesh refinement also helps
prevent any distortion of the grain morphology in the gradient grain
structure of the unit cell, which is crucial for accurate representation
of material behavior in our models.

Appendix B. Comparison with experimental data of Liu et al. [100]

In this appendix, we have validated the accuracy of the proposed
size-dependent constitutive model by comparing our numerical pre-
dictions with experimental data reported by Liu et al. [100]. For this
purpose, unit cells with average grain size of 0.1266 mm, 0.10994 mm,
and 0.09245 mm have been generated using the NEPER software [66],
in accordance with the data provided by Liu et al. [100]. The unit cell
volume is kept the same (i.e., 1.0 × 1.0 × 1.0 mm3) for these different
average grain sizes. Fig. B.1 presents the corresponding unit cells,
which comprise 875, 1338 and 2251 grains, respectively. Each unit cell
is discretized using C3D8 finite elements, for a total of 27,000 finite
elements. The adopted material parameters have been identified based
on the experimental uniaxial tension response of the Inconel 718 sheet,
which has an average grain size of 𝑑𝑎𝑣 = 0.1266 mm and a random
crystallographic texture. Fig. B.2(a) illustrates the accuracy of this
identification procedure, and the identified parameters are provided in
Table B.1.

In this validation study, each unit cell presented in Fig. B.1 has
been assigned a random crystallographic texture and subjected to
uniaxial tension loading. The corresponding macroscopic equivalent
von Mises stress–strain curves predicted by the proposed model are
shown in Fig. B.2(b), alongside the experimental results reported by
Liu et al. [100]. As observed, the numerical predictions show good
agreement with the experimental results. However, the flow stress
predicted by the current size-dependent CPFE model tends to slightly
overestimate the experimental values in the strain range 0.1 ≤ 𝐸𝑒𝑞 ≤
0.25. This minor discrepancy can be attributed to several factors,
including the non-uniqueness of the fitted parameters. However, these
material parameters have a significant impact on the numerical results,
as demonstrated in Section 3.2.3 as well as by Zhou et al. [38].
Furthermore, other important elements, such as explicit grain boundary
effects, real grain morphology, and initial crystallographic texture,
were not taken into account in these specific validation simulations.



Fig. B.1. Representative Volume Elements (RVEs) generated for the validation study. The average grain sizes are chosen to match the experimental samples of
Inconel 718 from Liu et al. [100]: (a) 𝑑𝑎𝑣 = 0.1266 mm, (b) 𝑑𝑎𝑣 = 0.10994 mm, and (c) 𝑑𝑎𝑣 = 0.09245 mm.

Fig. B.2. Validation of the size-dependent CPFE model against experimental uniaxial tension data for Inconel 718 from Liu et al. [100]. (a) Model Calibration:
Material parameters have been identified by fitting the simulated stress–strain curve to the experimental data for the reference microstructure (𝑑𝑎𝑣 = 0.1266mm).
(b) Model Validation: Using the single set of calibrated parameters. The model successfully predicts the stress–strain responses for the two other grain sizes,
confirming its predictive capability for the grain size effect.

Table B.1
Material parameters for the Inconel 718 sheet, fitted to the experimental data
from Liu et al. [100].

Notation Value Unit

Elasticity 𝐸 200 GPa
𝜈 0.3 –
𝜇 76923 MPa

Microscopic Hall–Petch constant 𝜅𝐻𝑃 2.925 MPa (mm)1∕2
Dislocation density-based hardening 𝜏0 88 MPa

ℎ 1.0 –
𝑏 2.54×10−7 mm
𝐴 0.4 –
𝜌0 1.5×108 mm−2

𝑦𝑐 1×10−6 mm
𝐾 23.1 –
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