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Fodil Meraghni

A review on the multiscale strategies of dissipative materials
under fully coupled thermomechanical conditions

Abstract In this short review, the multiscale modeling of dissipative composites undergoing fully coupled
thermomechanical processes is outlined through the models presented in a collection of recent works. The
aim is to demonstrate the challenges and limitations of: (1) the multiscale approaches (full-field or mean-
field techniques), (2) the computational approaches dealing with complex material systems, (3) the alternative
methodologies dedicated to the analysis of composite structures, such as those founded on the data-driven
modeling and the model order reduction techniques.

Keywords Multiscale modeling - Dissipative materials - Thermomechanical processes - Data-driven
approaches - Model order reduction

1 Introduction

The prediction of the behavior of dissipative composites in regimes under extreme loading conditions is of
great technological importance for the aerospace and automotive industry. Novel material systems consisting
of complex microstructures have been adopted in lightweight structures with high needs in strength, multi-
functionality, and durability. Practical applications require that such structures exhibit long lifetime during
cyclic loading conditions. The latter very often trigger dissipative mechanisms related to plastic and viscous
phenomena, phase transformation, as well as damage. A key factor in accurately predicting the fatigue behavior
of composite media and structures is to identify and capture the energy exchanges during thermomechanical
loading cycles [1-3]. In the case of polymer-based composites, for instance, the produced dissipation under
repeated loading in inelastic regimes leads to a significant temperature increase, which in turn alters the mechan-
ical response of the structural components [2,4]. Indeed, thermomechanical couplings impact significantly
the behavior of semi-crystalline polymer-based composites, especially when the temperature ranges above or
below the glass transition temperature. It is thus of vital importance for any multiscale approach dealing with
such material systems and structures to incorporate the dissipation at all relevant scales.

Mathematically speaking, dissipativity also provides an a priori stability estimate for the solutions of the
system of partial differential equations describing the process, which could possibly exhibit strain discon-
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tinuities: Material inhomogeneities may cause inelastic phenomena, such as shear banding or necking. To
incorporate the possible discontinuities, mathematical analysis proposed the appropriate functional setting for
specific material responses, usually based on the dissipation inequality [5]. On the other hand, the process
is smooth over time. The solidness and clarity of the mathematical homogenization theory, as demonstrated
through convergence analysis [6—8], the asymptotic expansion method [9,10], and the extension to nonlinear
solids [11] permitted the emergence of a variety of computational theories and algorithms. Gamma-convergence
theory is a powerful homogenization tool and can be extended to account for complex phenomena, such as
bending in metamaterials [12].

Computational homogenization appears to be a reliable method, provided that it is based on the correct
functional setting [13—15]. For elastic—plastic with hardening and elastic—viscoplastic materials, the Sobolev
space H I which is the space with bounded L2%-norm for both the functions and their derivatives, provides,
for fixed time, the appropriate functional setting, without safe loading control and with a well-established and
popular iterative computational scheme, the return mapping algorithm [15,16]. This is not the case for the
elastic—perfectly plastic materials, where strain and dissipation are measures. The process needs a safe loading
control. The displacement belongs to the space of bounded variation B D and the process exhibits displacement
discontinuities, resulting in strain localization and shear banding, and requires special computational schemes.
It is worth noticing that the knowledge of the exact qualitative behavior of solutions of the system of partial
differential equations describing the problem (existence, uniqueness, etc. [17]) is needed also for the application
of Physics-Informed Neural Networks in order to predict their solution [18].

The overall behavior of viscoelastic, elastoplastic, viscoplastic or damaged composites, or fully coupled
thermomechanical models has been studied by several homogenization or micromechanics-based computa-
tional methods, such as the higher-order theories [19,20], the theory of thermoviscoelasticity of rubber-like
matrix composites [21], the fully implicit formulation of elastoplastic composites [22], the parametric finite
volume-based theories [23-26]. Several computational methods have been developed to analyze smart struc-
tures with high strength, multifunctionality, and durability. Their thermomechanical behavior under fatigue
[4], their magnetomechanical [27,28], and their thermomagnetoelectroelastic response [29] have been studied
thoroughly. Micro- to macrotransitions have been also presented for shape memory alloys [30,31] on the basis
of a thermomechanical constitutive model [32] using return mapping algorithm. Computational homogeniza-
tion schemes considering large deformations have also been designed [33]. Second-order homogenization
approaches have been also developed for the study of elastoplastic media [34], metamaterials [35]. Their
advantage is that they are capable of capturing size effects [36].

For fully coupled thermomechanical processes, the generalized standard material theory [37-39] is often
adopted. Many researchers [40—42] assumed different macroscopic responses in order to compose the Gibbs
and Helmholtz potentials, as well as the dissipation potential, of this theory and obtain the relation with the
microvariables. Fully coupled thermomechanical processes under large deformations have been studied [43]
with arbitrary constitutive laws for the components, but the proposed method is based on specific assumptions
on the form of the conservation laws in both scales and the correlation between micro- and macrovariables.
Moreover, issues concerning the thermodynamic micro- and macroenergy potentials have not been studied.
The asymptotic expansion homogenization method (AEHM) to inelastic materials has been applied by many
researchers [44,45], without studying the effect of dissipation on the temperature. Models for fully coupled
thermomechanical processes have been proposed, but with the very restrictive assumption of an elastic [46] or
large deformation elastic [47] or viscoelastic [48] constitutive behavior. The High-Fidelity Generalized Method
of Cells has also been adopted in a recent work [49] for thermoelastic—viscoplastic composites. A general model
for the fully coupled thermomechanical process that obeys a general constitutive law [50] has been proposed,
allowing different inelastic behaviors for the components. The authors presented a homogenization scheme
composed by the combination of asymptotic expansion method [9, 10] with linearized incremental formulation.
More specifically, first the micro- and macroconservation laws are derived, and then, a general energy potential
rate is formulated in micro- and macroscale. All macrovariables and macroequations are explicitly defined or
computed by a linearized incremental formulation of the homogenization problem. This framework has been
fully implemented in FE? type of analyses [51]. The main drawback of these type of approaches is the increased
computational cost. For this reason, alternative methods have been proposed recently, based on artificial neural
networks [52] and model order reduction approaches like the proper generalized decomposition [53].

The organization of the manuscript is as follows: Sects. 2 and 3 introduce the general formalism of the
thermomechanical coupled problem for composites and how it is addressed according to the periodic homoge-
nization method. Section 4 presents the general conclusions in terms of equations and variables at the different
scales of the composite (microscopic/macroscopic). Section 5 discusses the computational approaches that



can be used for solving the homogenization problem. The analysis of composites under thermomechanical
conditions using mean-field methods is the topic of Sect. 6. Section 7 focuses on recent alternative method-
ologies, such as the artificial neural networks and the model order reduction techniques. The article finishes
with a conclusions section.

2 Mathematical homogenization and its limits

Common questions in the multiscale modeling of composite materials concern the definition of the represen-
tative volume element (RVE) and the principle of scale separation. Both issues have long been debated in the
literature [54-57]. In general, for composites with arbitrary microstructures, considerable ambiguity remains
regarding both aspects. In contrast, for periodic composites a rigorous mathematical framework can be estab-
lished, since the RVE coincides with the periodic unit cell. For this reason, the first part of the present analysis
focuses on the well-defined concept of mathematical homogenization in periodic heterogeneous media. For
other classes of microstructures, certain assumptions and simplifications are required to ensure that the general
results of periodic homogenization remain valid [58].

Let us assume for simplicity that all heterogeneities of a heterogeneous body may be expressed in terms of
a small parameter € and that the body B under consideration is approximated by B¢ that exhibits a periodicity
€. The body is composed from the repetition of the same unit cell 8. For more general (for instance curvilinear)
periodicities, we refer elsewhere [59,60].

In periodic structures, it is assumed [10] that a generic function is of the form
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where X and x are the macro- and microcoordinates, respectively. In the sequel, every tensor or vector is
represented either in indicial notation (for instance x; ) or in a bold character for tensorial notation (x). Contrarily
to the strongly (i.e., in norm) converging sequences, as the e-independent functions, all oscillating sequences
sufficiently regular (for instance, belonging to the space of square-integrable functions) are only weakly
convergent sequences.

As an example, let us consider the quasi-static problem of a thermo-visco-elasto-plastic von Mises com-
posite B¢ under tractions £ (x, 1), body force bf (x, 1), radiation R (x, ), and heat flux g; (x, ¢) satisfying the
system P€: (2.2)-(2.9) supplemented by the free energy potential (2.12) and constrained by the plasticity von

Mises conditions (2.13)-(2.15) [58]. The solution of this system is (afj, us, sfj, 95), where afj is the stress

tensor, uf is the displacement vector, efj is the strain tensor, and 6€ is the temperature, respectively.
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In the above expressions, p€ is the density, the energy function 7€ is given in terms of internal energy £€
[39,58] by
r¢ = ofjéfj — &€, (2.10)
E€ = We + 0%, (2.11)



while W€, n€ are the Helmholtz potential and the specific entropy, respectively, where [50]
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where «y; is the thermal expansion coefficient tensor and s, denotes the deviatoric part of the stress. It is
noted that the constitutive law (2.16) produced from the free energy (2.12) and the plasticity potential (2.13)
satisfies the Clausius—Duhem inequality. Mathematical homogenization consists in passing to the limit for
€ — 0 in P€ and looking for the "homogenized" problem, coefficients (called effective coefficients if the
homogenized material is homogeneous) and solution [6,7]. However, in general, passing to the limit by using
only nonlinear analysis techniques is not easy since energy equation, constitutive equation and, possibly,
more general boundary conditions are nonlinear expressions of oscillating functions. There are some very few
exceptions in one dimensional problems, where the above techniques are efficient [61].

In general, non-linearities put serious difficulties of applying a full mathematical homogenization. We
simply note only what one can easily do: In view of (2.2), the equation of equilibrium after multiplication by
a test function gof (x), integration over B¢, using the divergence theorem and (2.6), (2.8), with, for simplicity,
ur =0, gives
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Similarly, from (2.3), (2.7), (2.9) with 6 = 0,
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Under sufficient regularity assumptions on data, it is known that, for fixed €, there exists a unique solution and
that, for fixed time, all unknown functions belong at least to L2(B€). Then we can pass to the limit in (2.17)
for € — 0. Assuming that ¢ = ¢;, and using the weak convergence limit yield
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from which it is obtained that the mean stress over the unit cell,
517 () = — f % (%, x)d (2.20)
O0;jji(X) = — 0;:(x, x)dx, .
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satisfies the homogenized equation of equilibrium (2.19) for the weak limits of the traction and body forces.



3 Asymptotic expansion homogenization and its limits

In order to pass to the limit in (2.17) and (2.18), an additional type of convergence using oscillating test
functions ¢€(x) is required, namely the two-scale convergence [62,63]. An important example of two-scale
converging functions is given by the functions having an asymptotic expansion of the form
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where all functions are periodic in x = —. Hence, it is natural to assume that all functions of the heterogeneous
€

problem are of the form (3.1). Note that the two-scale limit ¥° carries more information than the weak limit

1

(U (x)) = 13|

/ 1//0(x,x)dx.
B

A lemma of particular interest is the two-scale convergence of derivatives of H I_functions [62,63],1.e., square-
integrable functions having square-integrable first derivatives. Application of this lemma to the displacement
gradient yields to the following assertion, revealing the existence of the gradient of the displacement fluctuation
u':Ifthe displacement u€ (x) converges weakly in H L(B) tou(x), then u€ (¥) two-scale converges to u’ = u(x)
and there exists a microdisplacement ! such that
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e—0JB

1 -
Z/B%LFQHSWW} . @(F, x)dxd¥, 32)

for every @(¥,x) € L2(B x B). The fact that the displacement two scale converges to the first term of
its asymptotic expansion u° which is independent of the microcoordinate is formally proven by taking the
gradient of the expanded form (3.1) of the displacement and considering the coefficient of ¢! equal to
zero in order to exclude infinite strains. Therefore, the first term of the strain coincides with the macrostrain
1{ou® 0u° . . . .
3 a—_l + a—_’ . Regarding the temperature, one can verify the existence of both a microtemperature
Xj Xj
independent of the microcoordinate 0%(x) = 6(X) and a temperature fluctuation gradient, v.0! (x, x). Now
it is possible to pass to the limit in (2.17) with ¢f = uf and using that & is independent of x and that
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Equation (3.3) is the macroequilibrium equation and (3.4) is the cell problem. The microstress o is the first
term of the expansion (3.1). Similarly, passing to the limit in (2.18),
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B B So
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B

The convergence results presented above are independent of the constitutive law of the materials.

It is obvious that one cannot easily continue in this way in all remaining equations of the system P¢: (2.2)-
(2.9) supplemented by the free energy potential (2.12) and constrained by the plasticity von Mises conditions
(2.13)-(2.15). Additionally, the limitation to a specific constitutive framework as in the above example is very
restrictive. A complete asymptotic expansion homogenization method for the fully coupled thermomechanical



Table 1 Variables and conservation laws in both scales

Variable/equation Microscale Macroscale
Displacement u=u u

Strain € =& + grady,, it & = gradyy,, it = (e)
Stress o o= (o)

Density 0 o =(p)

Body forces b b= (pb)/p

Internal energy E E=(&) )
Energy rate term r r=0:6—-¢& F=6:6—-E=1(r)
Heat flux q q=1(q)

Heat sources R R = (pR)/p
Temperature 0=0 0

Temperature gradient VO = V0 + gradd VO = gradf = (V)
Specific entropy n 7 =(n)

Equilibrium dive =0 pb+dive =0
Angular momentum g=o0T o=6"

Energy balance divg =0 F—divg + PR=0
Entropy inequality On+r— % -V >0 Oij +7 — H Vo >0

problem under a general constitutive law [50] has been applied to define all variables and all equations in both
scales. This allowed the complete description of the interplay between micro- and macroscale by the derivation
of the micro- and the macroconservation laws and by the formulation of a general energy potential in both
scales. Therefore, equation of equilibrium (3.3), energy equation (3.5), and the two sets of cell problems (3.4)
and (3.6) can be used for inelastic problems by combining the global finite element formulation of (3.3),
(3.5), with a Newton—Raphson iterative solution based on a constitutive law algorithm that uses the concept
of tangent modulus [50,58]. A flavor of this method is given later in this manuscript.

It should be pointed out that the asymptotic expansion homogenization allows to identify higher-order terms,
which are important in cases where € is not sufficiently small [64,65]. While, from a mathematical point of
view, higher-order homogenization strategies render consistent results, from a thermodynamic perspective,
several questions are raised. When higher terms of € are taken into account, the microscopic stress o ©
becomes a function of the macroscopic temperature gradient. Consequently, its volume average (i.e., the
macroscopic stress) is also a direct function of the macroscopic temperature gradient. The latter violates
classical thermodynamic arguments for a generalized standard material at the macroscopic scale. Thus, in this
case, the homogenized response does not represent a standard material. Another issue arises in connection
with the second law of thermodynamics (last line of Table 1). At the macroscale, higher-order terms lead to
nonuniformity of the microtemperature and prevent a clean separation between (i) the product of temperature
and the entropy rate, and (ii) the product of the temperature gradient and the heat flux. As a result, the definition
of macroscopic entropy becomes ambiguous, and a Fourier-type macroscopic law does not emerge naturally
[50].

4 Formal periodic homogenization of functions and equations

By assuming the asymptotic series expansion (3.1) for all functions entering equations of the problem and
taking formally € — 0 [9,10], one can find the homogenized expressions shown in Table 1 that summarizes
the various variables and equations at both the micro- and macroscale [50,58]. In this table, the superscript
(0) of the first asymptotic expansion terms is omitted and the superscript (1) of the displacement fluctuation
gradient and the temperature fluctuation gradient is substituted with a tilde above the variable.

Furthermore, by assuming the same form of asymptotic expansion for the various thermodynamic quantities
(thermodynamic potential, internal variables, dissipation, etc.), Tables 2 and 3 are produced, showing both
micro- and macroscale expressions.

One important outcome of the zeroth order asymptotic expansion is that, at the microscopic scale, the tem-
perature is uniform and equal to the macroscopic temperature, whereas the microscopic temperature gradient
varies within the RVE. Let us see how the energy conservation is obtained. The internal energy rate is written



Table 2 Microscale expressions related with the constitutive law

Expression Microscale
Helmbholtz free energy U=¢— n@: = W(e,0, &) _
Gibbs free energy G=¢ —n0—0:e:=G(0,0, &
Intrinsic dissipation Yioe = —% € or Yioe = — %? B3
Rate of Helmholtz free energy UV=0¢:6-—nf+ 8‘? €
Rate of Gibbs free energy G=—e:6—n0+ % : §
Table 3 Macroscale expressions related with the constitutive law
Expression Macroscale
Helmbholtz free energy \I_J = (V) = 5: — ﬁ(?
Gibbs free energy G=(G)=E—70—0 :¢&
Intrinsic dissipation Yoc = (Vo)
Rate of Helmholtz free energy \i/ =G:&—170 — Voc
Rate of Gibbs free energy G=—-8:0—1i0— Joc
in terms of heat sources per unit mass R€ as
e =o€ : 6€ — divg® + pR¢ 4.1)
or
r€ —divg® + pR¢ = 0. 4.2)
Replacing in (4.1) both sides with the asymptotic expansions of all functions yields
5 . T . 1 .
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in which the term with coefficient € ~! should vanish giving the microequation of energy [46,47]
divg©® = o0. 4.4)

The macroequation of energy is obtained by averaging £© over the unit cell. On the right side, since ¢ is
periodic, (divg"?) = 0 [48] and using Hill-Mandel lemma,

£=5:5—dvg+7R, (4.5)

( p(O) RO )

where R = . Moreover,

r© —divg® + pORO® = 0.

It is concluded that, regarding all variables and energy equation, the process is stable under homogenization.
On the contrary, the constitutive equations need a special attention. Since internal energy, Helmholtz and Gibbs
potentials are supposed to depend, respectively, as follows

ge — gé(ee, né, SE), \Ijé — \Ilé(eé’ 06, gé)’ gé — ge(o,é’ 96’ 66)’ (46)
taking differentials of W€ and G¢ and using the postulates
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where yj¢ . is the intrinsic dissipation defined by
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All functions, including ? : §6, are expanded and give the microequations of potentials

w0 = g0 _ 05
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Since V(@ = ¢ © (3(0)’ 0, §(0)), the microstress o © =

560 depends on the macrotemperature. Averaging
€

and using Hill-Mandel lemma,
U =E—10,
. . - (4.10)
V=0:e—10— Yoc.

The homogenized intrinsic dissipation yjoc = (Voc) cannot be expressed in terms of macroscopic functions
only, as the rest of functions included in the potential rate, but depends on the complete set of internals variables.
Products of oscillating functions appear after time differentiation of functions depending on internal variables,
prohibiting analytical homogenized energy and dissipation [66]. In mechanical terms, this is due to the fact
that plastic strain does not converge to a limit [11]. Thus, the energy equation cannot be put in analytical form.
One way to bypass this issue is by considering a simplified expression with a properly chosen finite set of
internal state variables [67].

We close this Section by an important remark [11]: From (3.2), we can express the displacement in local
coordinates in terms of the macrostrain and the fluctuating periodic term it; = ull as follows

uj =& jx; + ;. “4.11)

Equivalently for the temperature
0 =V0;x; +6. (4.12)

It is worth noticing that (4.12) is utilized only for the microscopic energy balance equation. For the microscopic
equilibrium, the temperature is considered constant, equal to the macroscopic one. This is consistent with the
zeroth-order asymptotic homogenization theory [46—48].

5 Computational approaches for periodic homogenization

As it was noticed, the constitutive law is complicated and internal variables enter implicit expressions, demand-
ing a first linearization in time and a second linearization of the nonlinear equations.

When dealing with pure mechanical response and complex nonlinear behavior, full-field computational
homogenization schemes have been developed extensively for the study of composites. The finite element
(FE)-based periodic homogenization framework has been employed to analyze various constitutive responses
for composites, like elastoplastic [22,68], viscoelastic, viscoplastic, damageable and combined [69-71],
or phase transformation mechanisms in shape memory alloy composites [72]. Viscoplasticity coupled with
damage for composites has been analyzed through the combination of FE and Voronoi cells [73]. A popular
numerical implementation of the periodic homogenization theory is the Fast Fourier Transforms (FFT) [74].
This technique has been employed in many recent studies [75—77], providing a computationally more efficient
strategy than the FE computations. Another methodology discussed in the literature considers the method of
cells [78]. The finite volume homogenization approach has also been developed for the study of elastoplastic
[24], viscoelastic [79,80], and damage [81] response of composites. The periodic homogenization framework
can be also adjusted to account for cylindrically orthotropic behavior of the fibers [82], a special case of which
are the fuzzt fibers [83].

Concerning fully coupled thermomechanical processes, several authors [43,50,58,84] have proposed a
numerical scheme based on the well-known return mapping algorithm. In brief, macroscale and cell problem
are solved simultaneously by an iterative scheme (Fig. 1 and Tables 4, 5, 6).
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Fig. 1 Detailed homogenization scheme based on the return mapping algorithm [58]

Table 4 Algorithm for the first part of the unit cell problem [58]

1. At time step n, everything is known in both scales.

2. Attime step n+ 1 and at a specific macroiteration, AG, A& and AV# are provided by the macroscale analysis.
At the beginning of the microiterations (m* = 0), set at every microscopic point Ae = A&, AV = AV,
Ait =0, A§ = 0.

3. At every microscopic point, evaluate o, r, ¢ and the microtangent thermomechanical moduli D?, D?, R?,
RY, k using the microconstitutive law.

4. Compute the virtual increments 8é and 86 from the microequilibrium and microenergy equations

div (D? : gradéu +0) =0, div (q — K- gradSé) =0,

with periodic microscopic boundary conditions.

5. At every microscopic point, update the microquantities

Au = Au +du, de = gradsymBﬁ, Ae = Ae + de,

A = AO +686, §VO =gradsd, AVO = AV +5V0.

6. At every microscopic point, evaluate o, r, ¢ and the microtangent thermomechanical moduli D¢, D?, R?,
R?, k using the microconstitutive law.

7. If the convergence criterion is satisfied then continue with step 8, else return to step 4.

8. Compute the macrostress ¢ = (o), the macroheat flux ¢ = (g) and the macroscalar 7 = (r).

Table 5 Algorithm for the microconstitutive law [58]

1. At time step n, everything is known in both scales.

2. At time step n + 1, the time increments Ae and AV @ are provided by the first part of the unit cell problem. Moreover,
Af is known from the macroscale analysis.

3. The stress tensor o, the internal variables &, the scalar r, and the heat flux ¢ are computed through a constitutive law
algorithm.

4. The thermomechanical moduli D?, DY, R®, RY, and k are computed from a tangent moduli algorithm.

Internal variables are assumed to be functions of the strain and macrotemperature and the cell problem and
the macroscopic problem are written via the micro- and macrotangent moduli, respectively, where the iteration
increments for stress, difference between mechanical work and internal energy rate and heat flux are expressed
in terms of strain, temperature, and temperature gradient increments,

20 = D@ + D%, or = R* : 0 + R%00, (5.1)
Dq(O) = —kove©, 5.2)

06 = D0+ D00, oF =R : 08+ R 00. 0§ = —koVe. (5.3)



Table 6 Algorithm for the second part of the unit cell problem [58]

1. At every microscopic point in the unit cell the tensors D¢, D?, R®, R? and k are provided by the first part of the unit
cell problem

2. Compute the correctors x¢, x? and ¥ from the equations

div ([D* + D*gradx’]") =0,

div (D + D? : gradx?) =0,

div ([IC + ngradwe]T) =0.

3. Evaluate the effective tangent moduli

D' = (Df:4%), D’ = (D +D": A%, i=(c-A¥)

R = (R°:A%), R =(R+R°: A%,

where A® = T + Tigrady®, A% = gradsymxe, A =1+ [gradlﬁe]T.

The symbol 0 in the above expressions denotes iterational type of increment in a return mapping scheme [58].
The tangent micromoduli entering the expressions for the stress and the energy term are obtained in the unit cell
problem. For specific thermodynamic potential and yield surface, analytical expressions for the microscopic
moduli can be obtained by computing all variations of plastic strains, stress, local dissipation, and energy term
for small variations of &, 6. Since the incremental constitutive law is linear, analytical expressions for the
macroscopic moduli are obtained from the solution of the cell problem as in elasticity [10]. The cell problem
is solved in two steps. In the first step, the macrostrain, macrotemperature, and macrotemperature gradient are
fixed. The uncoupled equations of equilibrium and energy are solved iteratively

(1 1)
(o dou, 3 { o d00¢
— o + D8 =0, — g —k;; =0. 5.4
axj <al] + ijkl 8x1 axi q; 1 axj ( )

Then, the macrostress and the macroheat flux are computed by averaging the microscopic counterparts. The
final microtangent moduli are utilized in the second step.

In the second step, the macrostress, macrotemperature, and macrotemperature gradient are released. The
residuals are assumed zero. By introducing the new unknown functions ij © xf and 1//? , the microincrements

are written Oulgl) = VEp Xy + 20 X?, 0D =2V, 1/fi9 . Then, the following uncoupled equations are solved:
0 & 3 8lelm 0 (% & 8Xke
x; (Dijkl + Dijmna—xn =0, o D;; + Dijmna_xl =0,

9 oy
o ( b+ l's"a_x,i> =0. (5.5)

Finally, the macroscopic tangent moduli and the concentration tensors are computed:

DSkt = (DfinAmnkt). DYy = (D’ + D¥iju AL, kij = (ki®yj).
RS = (R{Af).  R” = (R + R A7), (5.6)

where

1 (x5, x5 1fax! axl
A =7 — | Lklm y “ZkIn ) 40— [ Lk 2L
mnkl mnkl + B ( ax, + 3%, kl ) +

O = ija—x;. (5.7

The above numerical scheme [50,51] follows the standard procedure; however, it is not always efficient.
Alternatively, FFT-based homogenization framework has been proposed [85], following different numerical
schemes, namely the Moulinec—Suquet [86], the Barzilai—-Borwein [87] and the inexact Newton method [88].



6 Mean-field methodologies

In the previous Sections, periodic homogenization serves as framework for developing a multiscale strategy.
In this section, other homogenization schemes are going to be examined, namely the mean-field approaches
[89-91].

The most common mean-field approaches, the Mori—Tanaka [92,93] and the self-consistent [94], have
been introduced for the identification of the viscoplastic response of random media [95]. Due to their numer-
ical efficiency, mean-field and analytical methods in general have become popular for the analysis of various
nonlinear mechanisms: viscoelastic [96-98], elastoplastic [99,100], viscoplastic [101], damage [102—-104],
damage and plasticity [105], as well as composite response under the peridynamics framework [106]. How-
ever, it is well known that the mean-field based approaches frequently produce stiff responses due to the
lack of detailed information on the inelastic strains. Inelastic fields are computed only in average per phase,
leading to inaccurate inelastic predictions. To address this issue, several methods have been adopted in the
literature. The isotropization method has been employed for elastoplastic [107-109], viscoplastic [110], or
viscoelastic—viscoplastic [111] composites. Based on the pivotal work of Ponte-Castaneda [112], many authors
have proposed numerical schemes using the concept of the linear comparison composite. The related works
consider the variational incremental approach [67,113—115] or the incremental-secant approach [116,117], to
study the elastoplastic and the viscoplastic behavior of heterogeneous media.

The Transformation Field Analysis (TFA) [118,119]is a powerful tool for the analysis of composites under-
going nonlinear deformation. Combined with mean-field approaches, advanced models have been emerged
for the analysis of composites with strongly nonlinear behavior [120,121], among them viscopasticity coupled
with damage [122] and viscoelasticity [123,124]. TFA has also been combined with periodic homogeniza-
tion [125]. A modified version has been introduced [126], called nonuniform Transformation Field Analysis
(NTFA). The latter accounts for the nonuniformity of the plastic strain field by decomposing the anelastic
strains on a set of plastic modes, which can be determined analytically or numerically [127]. The spatial
variation of the modes captures the salient features of the plastic flow in the unit cell. NTFA, combined with
full-field homogenization strategies, has shown excellent results for the analysis of viscoplastic [128,129] and
elastoplastic [130] composites.

Recently, the Mori—Tanaka method has served as framework for studying fully coupled thermomechanical
processes for composites, using the scale separation rules established from the periodic homogenization anal-
ysis. In a recent work [131], the Mori—Tanaka scheme is combined with the Transformation Field Analysis to
compute mechanical and thermal fields and thermomechanical tangent moduli of a reinforced matrix, exploit-
ing the knowledge from periodic homogenization that macrodisplacement and macrotemperature coincide with
their microscopic counterparts, while their gradients are highly oscillating functions and their macroscopic
counterparts must be taken equal to their average. Mori—Tanaka method is a Eshelby solution-based method-
ology which starts from the hypothesis that in a unit cell each inhomogeneity with its surrounding matrix
is considered as an Eshelby problem. It allows for defining the so-called dilute concentration tensors for the
reinforcement and then computes the total concentration tensors [58]. On the other hand, according to the TFA
the total strain in each phase depends on the macrostrain and the inelastic stress at all phases. The numerical
examples show the accuracy of the method under certain conditions and its capability to modelcomposites
under strong interplay between mechanical and thermal loading, as well as to simulate cyclic loading under
fully coupled thermomechanical conditions. This method can incorporate other inelastic mechanisms and,
combined with cycle jump techniques [132,133], could be a tool on studying fatigue.

For a fiber or particulate composite with N types of reinforcement, combining the Mori—Tanaka approach
and the transformation field analysis yields that the average strain fields of the reinforcements, &; (i = 1, ..., N),
and of the matrix, &, are given by the expressions

N
e,-=A,-:E+Ag’l.:ag+ZAf,izaf, (6.1)
j=1

N
eozAO:é—i-Ag:ag—i—ZAfO:orf’. (6.2)
i=1



initialization

e At time step n all variables are known.

o At time step n + 1, € and @ are known. Set internal
variables equal to their value at time step n.

v
prediction
e Set g; equal to value at time step n.
e Compute D; and obtain o;, of, r; and
internal variables from phases UMATS.
e Compute A; and AY,.
e Compute €;.

vAE#0
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v
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tangent moduli.

Fig. 2 Computational algorithm (Meta-UMAT) for the thermomechanical homogenization of multilayered composites. Mori—
Tanaka/TFA approach. The symbol A denotes time increment

In the above formulas, af denote the average inelastic strains in the phases, A ; are the elastic strain concentra-

tion tensors, and the Alp j are the inelastic strain concentration tensors (i, j = 0, 1, ..., N). The A tensors are
computed using the dilute strain concentration tensors, which are obtained from the Eshelby problem [131].

For the average temperature gradients at the phases, the classical Mori—Tanaka scheme renders the expres-
sions

VO, =Af:V6, i=0,1,.., N, (6.3)

where A% denote the thermal concentration tensors [58].

Similar to the periodic homogenization approach, the macroscopic thermomechanical tangent moduli are
computed from the expressions (5.6), using though analytical expressions for the relevant concentration tensors
[134,135], which depend on the thermomechanical tangent moduli of the phases. For structural applications,
the micromechanics method can be integrated in finite element computations in a similar way with a typi-
cal constitutive law of a standard material. Figure 2 illustrates a computational algorithm for integrating the
Mori-Tanaka/TFA into the FE code ABAQUS as a Meta-User Material (UMAT) subroutine. In the case of
multilayered composites, the Mori—Tanaka/TFA renders the same results with the periodic homogenization
(Fig.3).

A key limitation of mean-field homogenization techniques lies in the strong assumption of uniform internal
field variables within each phase. This simplification often leads to overly stiff macroscopic responses. To
address this issue, several approaches have been proposed in the literature, including the isotropization of the
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tangent modulus [107], the linear comparison composite method incorporating second statistical moments
[67], and the introduction of specialized interphases between the matrix and the reinforcement [120].

The computational homogenization schemes for fully coupled thermomechanical models presented so
far require a considerable computational cost which is prohibitive for large scale applications. However,
recent alternative methodologies like data-driven techniques and reduced order methods have been proven
quite accurate and time efficient. These methods can provide robust solutions in real or near real time, while
preserving the physics principles.

7 Data-driven methods and model order reduction techniques for composite materials

This section discusses briefly alternative approaches to classical homogenization schemes for the studies of
composites, based on data-driven modeling and model order reduction techniques. Given the abundance of
studies and recent publications on these topics, the aim is not to offer an exhaustive review but to provide
the reader with a comprehensive overview of the general trends in these multiscale methods. In this regard,
the section focuses on artificial neural networks (ANN) and Physics-Informed Neural Networks (PINN) for
the former methods, while it discusses the Proper Orthogonal Decomposition (POD) and Proper Generalized
Decomposition (PGD) techniques for the latter.

Artificial neural networks (ANNs) have recently been developed to address a variety of challenges in
engineering applications, particularly in mechanics of materials and structures. These networks facilitate the
replacement of traditional material laws with data-driven models informed and enriched by numerical or
experimental data. Their effectiveness is further enhanced by the incorporation of constraints and conservation
laws to ensure compliance with fundamental physical principles. In addition, machine learning algorithms,



Input Hidden layers Output
layer

layer

Fig. 4 Typical structure of neural network [18]

including ANN:Ss, are increasingly used as surrogate models, providing a computationally efficient alternative
for performing complex physical simulations.

A neural network is a supervised learning algorithm to a parametrized function y = f yy(x) (Fig.4),
where the x is the input data of the neural network and f 5y is the output, which is written as f yy(x) =
Ji(fro1C(f1(X))...)). Every function f;,i = 1,2, ..k corresponds to a layer after the input layer. Every
neuron receives the data x or f;(x) from the previous layer, which is transformed to the scalar z = w’ x + b,
and it feeds the (nonlinear) activation function o (z(w” x + b)) for the next layer. The vector w and the scalar
b are the weights and the bias, respectively.

Significant effort has been devoted in the engineering community to construct robust and accurate data-
driven models for predicting the response of nonlinear materials, including elasto-plasticity [136], rate-
dependent behavior [137], and thermoplastic elastomers [138]. In recent works, developed ANNS take into
account physical restrictions such as the non-negative nature of dissipation [139]. In general, there is an impor-
tant effort to combine data-driven models and thermodynamics in order to provide more accurate and physically
informed ANNs [140]. Recently, several homogenization-enriched surrogate models have been proposed in
the literature [141].

Artificial neural networks have also been implemented successfully for the modeling of composite materi-
als [52,142]. An efficient way to introduce ANNs in heterogeneous materials modeling is by representing the
macroscopic potential as a response surface parameterized by the macroscopic strains and certain microstruc-
tural parameters [143]. Micromechanics analyses have been performed using deep material networks (DMN)
[144]. The latter is a data-driven technique in which the neural networks are substituted by a tree of hierarchical
laminates [145]. Deep material networks have been combined with FFT homogenization to study short fiber
composites under coupled thermomechanical conditions [146]. This relevant last work demonstrates a proper
pathway to couple thermomechanical homogenization and artificial neural networks.

A characteristic strategy of ANN implementation in composite structures can be found in the recently
proposed Multiscale Thermodynamics-Informed Neural Networks, or MuTINN [147]. This model uses two
consecutive neural networks to formulate macroscopic constitutive relationships for inelastic heterogeneous
materials, respecting fundamental thermomechanics-induced restrictions. The authors study a woven thermo-
plastic composite with 2-2 twill fabric reinforcement; however, the approach can be adopted for other types
of composites too. The thermomechanical basis of the model is formed by defining: (i) the Helmholtz free
energy potential for the overall composite, (ii) the macroscopic observable state variables (total strains and
stresses), (iii) several “quantities of interest,” resembling the internal states variables of a typical homogeneous
material [148]. For both phases, the observable state variable is the macroscopic strain €. In order to predict
the time history of the inelastic behavior, without spending excessive computational cost, the “quantities of
interest” v are assumed to represent averaging of specific internal state variables for both the matrix and the
reinforcement.

Figure 5 [147] illustrates the MuTINN architecture, composed from two networks: The first network
corresponds to the “macroscopic-type” evolution law, while the second to the state law for the composite. The
first network is fed by the macroscopic strain components &" and quantities of interest v" at the time step n
and the macroscopic strain increment Ag” !, Its aim is to compute the increments A3"*! and eventually the
updated quantities of interest 3"+!. These values feed the second ANN to predict the Helmholtz free energy
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Fig. 5 Multiscale thermodynamics-informed neural networks (MuTINN) architecture. The first ANN represents the evolution
law, and the second ANN describes the state law [147]

Wt of the composite. Then, by an automatic differentiation procedure the macroscopic stress 6! and the
dissipation

atthe time step n+ 1 are computed. It is noted that the dissipation is calculated for ensuring the thermodynamical
consistency ® > 0 and to define the penalty term in the cost function, which is of the form

L =510 — 9" + 3516 — 64"V + 2|0 — UANN| 46 Py, (7.1)
where
a\I,ANN
GANN = S— (7.2)
0&
) B\IJANN AI_JANN
0, if — S5 ANN Ty >0,
Py = JUANN  AGANN (7.3)
— S ANN A | otherwise,
v

and A3, Ag, Ay, Ao are the weights. It is worth noticing that the Ao should be appropriately chosen to obtain a
large value to guarantee that the second law of thermodynamics is well respected. This two-step ANN model
serves as a material-type constitutive law and can be integrated into a Finite Element code (FE-MuTINN) for
performing structural computations.

The MuTINN framework has shown excellent agreement with results from periodic homogenization in the
case of woven composites, both in terms of mechanical fields and energies [147] (Fig. 6). In a recent study, the
MuTINN has also been validated both numerically and experimentally for recycled thermoplastic composites
[149] (Fig. 7).

While the above ANN type model studies the mechanical behavior of composite materials, its physics-based
nature allows to address in the future thermomechanical coupling conditions. To achieve such goal, itis essential
to incorporate the energy balance equation, by computing apart from the stress fields the thermomechanical
coupling terms.

A special case of ANN is the so-called Physics-Informed Neural Network (PINN). Physical laws describing
the problem are added, in the form of partial differential equations [18]

ou
ot

with appropriate boundary and initial conditions, where 1[u; ] nonlinear differential operator with coeffi-
cients u. There are two different directions of proceeding: The first is to assume that g are known and to
compute u for initial and boundary conditions (data-driven inference problem). The second is to assume that
u is known and to identify p. It is important to underline that the problem must be well posed and have one
unique solution, in order to predict the solution by Physics-Informed Neural Network. Since networks are fully
differentiable, it is possible to compute all derivatives, for both the u and the parameters p, with respect to x

+ Nu; n] =0, (7.4)
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and 7. Then, the mean squared error loss of the partial differential equation, the boundary conditions, and the
initial conditions are computed and the sum represents the cost function to be minimized.

In the recent years, the PINNs have emerged as attractive alternatives to the conventional numerical meth-
ods for solving coupled partial differential equations [150—152]. In these models, the neural network is trained
on a set of collocation points to obtain the optimized weights and biases. The loss function to be minimized is
composed of residuals of the governing partial differential equations and the relevant spatio-temporal bound-
ary conditions [153]. The automatic differentiation included in the modern machine learning techniques is
exploited to construct the loss function, offering an additional advantage. Physically informed deep homog-
enization neural network (DHN) has been developed to substitute the classical FE computations for periodic
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homogenization of composites. This technique resolves the system of partial differential equations using ANN
with special layers accounting for the periodicity at the external surfaces of the unit cell. Such strategy has been
adopted for simulating both the mechanical [154,155] and thermal responses [156] of periodic composites,
while also integrating interface effects between the constituents [157], damage mechanisms [158], and large
deformation processes [159]. It is also feasible to combine PINNs and higher-order multiscale theories [160].

The data-driven models, while powerful numerical tools, carry the risk of predicting non-physical responses
in certain situations, especially in regimes where there is sparse or insufficient data used during their training.
More physically based strategies rely on the so-called model order reduction (MOR) techniques. The Proper
Orthogonal Decomposition (POD) [161] and the Proper Generalized Decomposition (PGD) [53] are charac-
teristic examples of such strategies. The goal of MOR is to transform the real physical system into a reduced
one without losing essential information. The homogenization technique of Nonlinear Transformation Field
Analysis can be considered a form of MOR [126,162]. Usually order reduction techniques are applied on
the differential equations (balance of linear momentum, energy balance, etc.) and can be intrusive [163—165]
or non-intrusive [166-168]. The latter techniques have the advantage of not requiring a priori formulation,
making them ideal for implementation in industrial applications that utilize commercial FE softwares. The
main idea of the non-intrusive PGD is to approximate the solution w of the system of differential equations as
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where N and M denote the number of variables and modes, respectively. Techniques such as s-PGD, Sparse
Subpace Learning PGD (SSL-PGD), rs-PGD, and ANOVA-PGD [169] differ in the sampling of collocation
points and the approximation features.

In a recent article [168], multiparametric solutions providing the elastic properties of woven composites
have been proposed using different reduced order models, namely s-PGD, SSL levels 0 and 1, and the ANOVA-
PGD. The comparisons with classical periodic homogenization (PH) reveal good agreement (Fig. 8), notably
for ANOVA-PGD which requires less number of generated unit cells compared to the others. Among the
first works addressing nonlinear composites, a 2010 article proposed a combination of the computational
homogenization with PGD for history-dependent and history-independent materials [170]. In addition, a novel
approach for hyper-reduced multiscale finite element simulations (FE?) has been proposed in a recent relevant
article [171]. The latter integrates reduction techniques commonly employed to mitigate costs like Proper
Orthogonal Decomposition (POD) and hyper-reduction methods (e.g., Empirical Cubature Method, ECM),
addressing the high computational costs of traditional FE> methods.

POD and PGD methods and their variants have been proved very efficient; however, they experience
difficulties in describing strong nonlinear problems. Combining MOR and ANN has been proposed in the
literature for physics-based models [172], leading to models with high accuracy and tremendous reduction in
computational cost.

The main limitation of both ANN and MOR methods lies in the representativeness of the initial database.
Achieving sufficient computational accuracy typically requires a large database, which significantly increases
the offline computational cost. Furthermore, data-driven methods often exhibit low predictive accuracy when
the input data fall outside the range of the training database.

8 Concluding remarks

This paper demonstrates that the homogenization may be used as the background for developing a multiscale
strategy to investigate the fully coupled thermomechanical behavior of composites. The key points of this
review can be summarized below:

e In thermomechanical processes, asymptotic expansion homogenization of zero order provides all variables
and equations in both scales.

e Based on periodic homogenization findings for the fully coupled thermomechanical problem, the Helmholtz
free energy, the constitutive law, and the dissipation can be approximated. In this framework, the microscale
equations depend on the macroscopic temperature.

e Similar to the mechanical processes, periodic homogenization is combined with computational homog-
enization techniques applied to a linearized incremental scheme. Computational schemes to address the
thermomechanical couplings in composites rely on performing global finite element analysis, based on
Newton—Raphson iterative solution of equations of equilibrium and energy, using the concept of thermo-
mechanical tangent moduli.

e In recent works, advanced thermomechanical homogenization numerical techniques have been developed,
using FE? and FFT. Mean-field approaches, combined with Transformation Field Analysis, can also be
adopted to capture the thermomechanical couplings.

e Higher-order homogenization theories have been successfully adopted for thermoelastic composites; how-
ever, for nonlinear responses there are still many open questions.

e Both ANNs- and PINNs-based approaches have demonstrated excellent capabilities to accurately cap-
ture the mechanical or thermal response of composites, with substantial computational time reduction.
Accounting for the thermodynamic restrictions enhances the performance of the artificial neural networks
and reduces the number of training data.

e Model order reduction methods based on non-intrusive PGD techniques combine numerical efficiency and
adaptability on commercial software, while at the same time they are founded on the principle formulations
of the classical methods in mechanics. In addition, providing multiparametric solutions, MOR can be



beneficial for composites undergoing higher-order effects (non-local phenomena), since they can provide
easier numerical implementation.

e Both data-driven and MOR approaches can be modified accordingly in order to incorporate fully coupled
thermomechanical effects in composites.
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