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Abstract
A micromechanics-informed neural network framework is developed for
homogenization of periodic unidirectional thermoconductive composites with
cylindrically orthotropic - fibers. The framework hard-imposes the steady-state
governing heat conduction equations within the network architecture, enabling accurate
capture of singular heat flux fields at the fiber center that are challenging for
conventional approaches. In contrast, continuity and periodicity conditions are enforced
via boundary collocation points in the loss function. Validation against finite element
simulations across a wide range of fiber volume fractions shows that accurate and
converged temperature distributions can be achieved after 9000 training epochs using
8-16 harmonic terms. Additional higher-order harmonics are difficult to train reliably
and may degrade predictions. While strong agreement is observed in the matrix heat

flux distributions, noticeable discrepancies persist in the fiber phase due to varying
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ability to capture the singular heat flux fields. Furthermore, uniform collocation points
converge faster than random points during solution refinement. Finally, transfer
learning is employed to accelerate training for new configurations, allowing the
network to achieve comparable accuracy after only 2000 training epochs, which is
substantially fewer than the 9,000 epochs required when training from scratch.

Keywords: Physics-informed neural networks; Micromechanics; Graphite fiber;

Composites; Elasticity

1 Introduction

Graphite/carbon fiber-reinforced composites are extensively used in aerospace,
automotive, wind energy, and sports equipment due to their high strength-to-weight
ratio, excellent fatigue resistance, and favorable thermal properties [1]. For simplicity,
graphite fibers are often treated as transversely isotropic material; however, their actual
behavior can range from transverse isotropy to cylindrical orthotropy, depending on the
alignment of graphite basal planes around the fiber axis [2]. As illustrated in Figure 1(a),
for transversely isotropic (TI) fiber, there is no preferred alignment of basal planes,
leading to a randomly distributed graphitic microstructure in the cross-sectional plane.
For radially orthotropic fiber (RO) (Figure 1b), the stiff basal planes are predominantly
aligned in the radial direction with concomitant microstructure resembling a bicycle
wheel, while the circumferentially orthotropic (CO) fiber (Figure 1c) has its stiff basal
planes primarily oriented in the circumferential direction, producing onion-like
microstructures. In composites reinforced with these types of fibers, variations in the

underlying morphological microstructures can lead to markedly different local
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temperature and heat flux field distributions, even if the overall homogenized thermal
conductivities remain similar. At higher fiber volume fractions, the influence of fiber
morphology becomes more pronounced, affecting both the local fields and the effective
composite response. Therefore, accurately accounting for these morphological effects
is crucial for reliable prediction of the thermo-mechanical behavior of graphite fiber-

reinforced composites under complex loading and environmental conditions.

(a)

(b) ()

Figure 1 Graphite fibers with different underlying morphological microstructures: (a) transversely
isotropic (TI); (b) radially orthotropic (RO); (¢) circumferentially orthotropic (CO)

Thus far, various analytical and numerical models have been developed by several
investigators to quantify the impacts of the fiber orthotropy on the local stress and
temperature field variable distributions and, hence, the homogenized behaviors of the
composite media. In the early work of Avery and Herakovich [3], an elasticity solution
was developed for a composite cylinder geometry model to study the effect of graphite
fiber orthotropy on the fabrication-induced residual stresses and the resulting damage
mechanisms. Subsequently, Hashin [4] provided solutions based on the well-known
composites cylinder assemblage model (CCA) for homogenized moduli of

unidirectional graphite/epoxy composites and related stress fields. Chen et al. [5]
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developed the Mori-Tanaka method to identify the local stress fields and effective
thermoelastic properties of coated fiber composites with cylindrically orthotropic fibers.
In these contributions, the cylindrically orthotropic graphite fiber was replaced by its
transversely isotropic equivalence, eliminating the consideration of the detailed angular
dependence of the elastic moduli of the graphite fiber in the micromechanics
formulation. Extension of these models to explicitly account for the cylindrically
orthotropic phases is not straightforward and has only been successful by
Chatzigeorgiou et al. [6] and Chen et al. [7], who employed the CCA and Mori-Tanaka
models, respectively, along with the transformation analysis technique (TFA) to
calculate the inelastic response of unidirectional graphite/epoxy composites with
radially orthotropic coating layers. While the above idealized geometric models can
provide reasonable estimates of the homogenized moduli, they are insufficient for
capturing the detailed local stress and heat flux field distributions within the constituent
phases. This limitation is particularly evident in reproducing the singular stress and heat
flux fields in radially or circumferentially orthotropic fibers, which are critical for
accurate local damage predictions.

The locally exact homogenization theory (LEHT) developed by Wang and Pindera
[8] and Wang et al. [9] was perhaps the first to explicitly take into account the
morphological effect of graphite fiber in a repeating unit cell (RUC) representing the
composite's microstructure. The LEHT enables the rapid and accurate identification of
homogenized moduli and concomitant local temperature and stresses in unidirectional

composites with cylindrically orthotropic phases. The success of the theory lies in the
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accurate imposition of periodicity conditions along the boundaries of hexagonal and
square repeating microstructures via a balanced variational principle, cf. Drago and
Pindera [10]. The latter provides converged coefficients in the series expansion of
temperature and displacement fields that satisfy stress equilibrium governing
differential equations, as well as the interfacial continuity and periodicity conditions.
Alternative approach to the LEHT is the recently proposed isogeometric
homogenization technique (IGH) by Du et al. [11], for unidirectional composites
reinforced with cylindrically orthotropic fibers. In contrast to the classical finite
element approach, the IGH theory utilizes Nitsche’s method to simultaneously enforce
interfacial traction and displacement continuity, along with periodic boundary
conditions, an essential step for capturing the smooth stress fields characteristic of this
class of materials. However, just like the classical FEM approaches, the IGH technique
suffers from accuracy issues in the presence of singularities, where the smooth basis
functions used in the isogeometric framework are not very effective in capturing
localized stress concentrations.

Recent advances in computational capabilities have renewed interest in neural
network-based approaches for solving partial differential equations (PDEs) with given
spatio-temporal boundary conditions. A key development in this area is the physics-
informed neural network (PINN), developed by Raissi et al. [12], which integrates the
strong-form PDEs and boundary conditions directly into the loss function formulation
by automatic differentiation. Since the introduction of PINN [12], numerous variants

have been formulated. For instance, Saidaoui et al. [13] proposed the deep NURBS
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method, which provides accurate and computationally efficient solutions for PDEs on
arbitrary geometries, while rigorously enforcing Dirichlet boundary conditions. Yu et
al. [14] introduced the gradient-enhanced PINN for improving the accuracy of the PINN.
Within the framework of continuum mechanics, Haghighat et al. [15] proposed a PINN
model to model elastic and elastoplastic solid mechanics problems, demonstrating their
effectiveness in both forward simulations and inverse parameter identification.
Samaniego et al. [16] developed the deep energy approach, in which the total potential
energy is formulated as the loss function. Thorough reviews of various techniques in
embedding physics into machine learning are provided by Karniadakis et al. [17] and
Toscano et al. [18].

The PINN has been utilized to predict the local stress fields in composites with
various degrees of success. For instance, Henkes et al. [19] applied PINNs to model the
nonlinear stress and displacement fields arising from material inhomogeneities with
sharp phase interfaces. Ren and Lyu [20] developed the mixed form-based physics-
informed neural networks for performance evaluation of two-phase random materials.
Guo et al. [21] proposed a deep collocation method incorporating transfer learning to
solve potential problems in non-homogeneous media, enhancing both generality and
robustness. Wu et al. [22] employed PINN to identify heterogeneous micromechanical
properties of biological tissues. A common limitation of the above work is that the
periodic boundary conditions, which are essential in micromechanics theory, are not
exactly satisfied. To address the issue, Jiang et al. [23] proposed the deep

homogenization neural network method for predicting temperature and heat flux fields
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in composites, where the network architecture inherently enforces periodic boundary
conditions. Wu et al. [24] extended the approach to identify local stress distributions
and homogenized moduli in heterogeneous periodic arrays with two- or three-
dimensional microstructures under general macroscopic loading conditions. Linghu et
al. [25] proposed a higher-order multiscale neural network approach for studying the
quasi-static thermo-mechanical problems of composite materials. However, deep
neural networks face significant challenges when the solution field exhibits sharp
variations. As a result, the conventional PINN cannot be utilized to predict the singular
stress and heat flux field commonly observed in the cylindrically orthotropic fibers [26,
27].

The elasticity-inspired data-driven micromechanics model developed by Chen et
al. [28] provides an easy-to-implement framework for the micromechanics analysis of
periodic microstructures. In this approach, the displacements in the fiber and matrix
domains are represented using discrete Fourier expansions using two custom-tailored
network models derived from the solutions of Navier’s displacement equations. The
coefficients of these discrete Fourier expansions of the displacements are directly
obtained by minimizing the displacement and traction losses associated with interfacial
continuity and periodicity conditions, avoiding the complex implementation of both
traction and displacement periodicity boundary conditions through the balanced
variational principle. An additional advantage of the neural network-based
homogenization lies in the fact that the partial derivatives of the displacements are

computed via automatic differentiation with minimal human input. A researcher
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untrained in the techniques of homogenization would be able to obtain the homogenized
and local response of periodic composites by using this algorithm.

Herein, we present a new micromechanics-informed neural network model for
identifying the local temperature and heat flux in periodic unidirectional
thermoconductive composites with cylindrically isotropic phases. Dual neural networks
are used to predict the temperature fields in the matrix and fiber phases of composites,
formulated explicitly using discrete Fourier expansions. In addition, to facilitate the
implementation of periodic boundary conditions, the temperature field in the matrix is
represented using a two-scale expansion involving the macroscopic and microscopic
contributions. In contrast, the temperature field in the fiber is directly expressed in the
local coordinate in order to correctly capture the singular stress field in cylindrically
orthotropic fibers. This framework produces rapid convergence of the local temperature
and heat flux fields upon the satisfaction of the continuity and periodicity conditions of
temperature and heat flux enforced through a set of material points. The main
contributions of the present work include:

® Development of micromechanics-informed neural network for homogenization

of periodic microstructures with cylindrically orthotropic phases.

® Integration of elasticity solutions directly into the neural network architecture

to accurately capture singular heat flux fields.

® Application of transfer learning to efficiently train the model on new geometries

using knowledge from pre-trained microstructures.

It should be noted that the present framework can be regarded as a specific
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implementation of PINN. The key distinction lies in how the governing PDE and
boundary conditions are enforced. In this work, the PDE is hard-imposed, enabling
accurate capture of the singular heat flux at the fiber center, which is notoriously
challenging for conventional PINN, while the boundary conditions are enforced softly
through the loss function. In contrast, conventional PINN applications often hard-

impose the boundary conditions [13], with the PDE relations satisfied in a soft manner.

2 Theoretical developments

Without loss of generality, let us consider hexagonal or square arrays of unidirectional
orthotropic fibers in an orthotropic matrix. As shown in Figure 2, the responses of such
composites can be characterized by a repeating unit cell (RUC), namely, the smallest
basic building block, subjected to periodic boundary conditions [29], with the fiber
assumed to be positioned in the unit cell center for simplicity. Following the asymptotic
homogenization theory [30], the temperature T™ field in the matrix phase of the
composite can be expressed in terms of two-scale expansion involving the macroscopic
T(x) and fluctuating T"™(y) contributions in the global Cartesian and local
cylindrical coordinates, respectively, as follows:

T™(x,y)=T (x)+T"™(y) (1)
where T (x)=H,x,,and H, indicates the averaged (or applied) temperature gradient.

X=[X. % %], ¥ =[r,0)]. The superscript (m) indicates the matrix phase. The above

temperature generates local temperature gradients in the following form:

_ 1leT'™
+=

H™=H, H"™=H+—— =
r

()
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It is noted that the above temperature field decomposition is essential for the
implementation of the periodicity boundary conditions in the matrix phase. However,
for cylindrically orthotropic fibers exhibiting singular or vanishing heat flux at the fiber
origin, depending on the type of orthotropy, this two-scale decomposition is no longer
suitable [8]. Hence, the fiber temperature field is represented strictly in terms of local

unit cell coordinates T (Xl, r, 0) . Accordingly, the local temperature gradients in the

fiber phase read:
- oT" oL
HO=H, H"="r0, H"=Z" 3
' ' ' or NN L ®)
where the superscript ( f) indicates the fiber phase.
S3
X,
r
Sy ¢ 0
) \/ : ’
Sl
(b)

Figure 2 Repeating unit cell with cylindrical fibers:(a) hexagonal array; (b) square array

The local temperature field T® in the pth phase of the composites is
determined by satisfying the continuity condition and periodicity condition, as well as

the local steady state heat condition governing equation as follows:

aq” , " 106,
oX, o r 06

=0 0
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where p=f,m, q.(p)

indicates the heat flux. For a cylindrically orthotropic solid, the

Fourier’s law that relates the heat flux to the temperature gradient can be expressed as:

q, (p) kA 0 0 (p) H, (p)
q, =—| 0 kr 0 H, (5)
dy 0 0 Kk, H,

where k,, k. and k, denote the coefficients of thermo-conductivity in axial, radial,
and tangent directions, respectively. It should be noted that for RO fiber, the ratio
k. /k, >1, while for CO fiber, the ratio K, /K, <1. For TI fiber, k,/k,=1.

Substituting the temperature-gradient relation, Eq. (2), into Fourier’s law, Eq. (5),
and subsequently into the heat flux governing equation, Eq. (4), we obtain the
governing equation for steady-state heat conduction expressed in terms of the
temperature field [31]:

aZT(p) laT(P) ke 1621-(!1)

-
o r ar +k, r’ 06 ©

The solution for the temperature field T(p)(pz f,m) in Eq. (6) has the

following form:

T (x,1,0)=Hx +i[h§f) (r)cosn@+h" (r)sin ne] 7
n=0
T™ (x,r,0)=Hx + > [h™ (r)cosng+h™ (r)sinng | (8)
n=0

where h{"™ () and h'"™(y) are the unknown functions from the Fourier
transform.

Substituting Eqgs. (7) and (8) into Eq. (6), we obtain

T (4,1,0) = A+ Y a (¢4 Rl + ¢ RL Jeosno+ (¢ ¥ R+ ¢ # R Jsinng | (9)
n=1
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T™ (x,r,0)=H;x +ia[(§"FnT +§‘"Fn’2)cos n0+(g“”Fn'2 +£ Fn'z)sin ne] (10)
n=1

where ¢ =r/a denotes the normalized radial coordinate with regard to the fiber
radius a . ﬂnf = nm denotes the eigenvalue. Fnjf‘m(j =123, 4) denotes the
unknown coefficients determined from the continuity and periodicity conditions. We
notethat F . =F' =0 toensure that the temperature remains a finite value at the fiber
center (r=0).

It is assumed that periodic boundary conditions are valid since the material
microstructure is periodic and there is a clear separation between the micro- and macro-
scales [32]. The coefficients Fnjf‘m(j =123, 4) are the fundamental unknowns that
need to be determined through the enforcement of the interfacial continuity condition
at the fiber/matrix interface and the periodicity condition at the opposing faces of the

hexagonal and square RUCs, for both temperature and heat flux, as follows:

1) Interfacial continuity condition:

T (S,)=T™(S,)>

(11)
S\f) (So)"‘ q," (So) =0
2) Periodicity condition:
for hexagonal arrays,
T ™(S,)=T""(S,),
T"™(S,)=T"™(S;)s
T™ (S )Y=T"M(S ),
(5)=T" () -
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for square arrays,

'(m)( ) T/(m (S
T/(m ( ) T/(m) (s
q(m) ( ) (m) ( )

4)=0

A (5.)+47 (5

)
)

(13)

In the above equation, , =q,n; denotes heat flux normal to the S | face, and n;
denotes the component of the outward unit normal vector. It should be noted that,
although the governing differential equations for heat conduction are exactly satisfied
for each harmonic representation, the unit cell problem is solved approximately in
practice, as only a limited number of harmonic terms can be retained, resulting in the
periodicity and continuity boundary conditions not being strictly satisfied.

3 Micromechanics-informed neural networks

PDEs Periodicity and continuity BCs

7 iy 5
al* F cos@+al” FJsin@
Automatic
Differentiation

ONO.
<X

i 2
ac* El cosn@+al ¥ F sinnf

Automatic
Differentiation|

{(CF;"" +§'ll~;;")cos9 }
a

+S' By + LR )sing

)
<

(é’"l T+ "1n3)cosn9
a
+(S"Fy + & "E) )sinnd

P fom ( ' \
Update Fm el I_g - ?7, , L'(ﬂ Y)
L'Ym =y +pV 40 7)}

e

Figure 3 Architecture of the proposed micromechanics-informed neural networks

As shown in Figure 3, we employ distinct neural networks (NN) to represent the
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temperature fields in each phase of the composites, as follows:

T(f)(xl,r,9)= H1x1+NN“)[r,¢9] (14)
T‘m)(x,r,0)= |'_|iXi +NN(m)[r’0] (15)

namely, a mapping from R?* —R". In the above equation, X, =rcosé®, X, =rsiné.
The solutions for the fiber and matrix temperature fields are hardcoded in the network
architectures, with the coefficients of each harmonic term Fnjf'm (j =123, 4) treated
as trainable parameters. Under macroscopic temperature gradients H = [ I-_Il, I-_IZ, H_3 ]T ,
these parameters are optimized by minimizing a cost function, in which the boundary
4, and interface £ losses are softly constrained to enforce the continuity and

periodicity of both the temperature field and the heat fluxes:

ArgMin: £ = £ + £, (16)

In the above equation:

P4

0

K ) 2
£, =Nio 7 [(qgf) (S0 )+ 0™ (Sue)) +(T (S0) =T (Soy)) } (17)

=1

=

for the hexagonal arrays £ = £  + £ o + 4 ¢ with:

k=N r -

1 m m 2 r(m r(m 2
41—54 =W 71k (qg )(Slk)+qr(1 )(S4k)) "'(T( )(Slk)_T( )(S4k)) (18)
k=1 L .
LY e[ nm (m) 2 (m) (m) 2]
‘Csz—ss =W 72 (qn (SZk)+qn (SSk )) +(T (SZk)_T (SSk )) (19)
kel L .
1 [ (m 2 m) m) 2]
Ly, s, = N V3 (qn (Sa)+a3™ (Sex )) +(T (Sa)=T"™ (S )) (20)
el L .

for square arrays £ = £ ¢ + 45 s with:
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1k:N k m m 2 r(m r(m 2
Lo =N 27 [(qs (8)+ e (S5)) +(T (830) =" (5)) } (21)

k=

P4

1 K m m 2 (m r(m 2
4o =24 (A7 (Sa)+ o (84)) +(T (52)-T(8.)) | @

=~

=1

In the above equations, S;, denotes the kth collocation points onthe S, face. N,
and N denotes the total number of collocation points on the fiber/matrix interface S,
and the S, face, respectively. » are adjustable trainable weights associated with
kth collocation point on the ith face in each heat flux and temperature loss term,
respectively. It should be emphasized that the temperature gradients in Egs. (2) and (3)
necessary for the evaluation of the heat flux can be directly computed using automatic
differentiation in the PyTorch library, and have been numerically verified by the authors
to match the analytical results.

During the training of the network model, to obtain harmonic eigenfunction
coefficients @ under arbitrary macroscopic temperature gradients H , and
consequently the local temperature fields, we attempt to minimize the total loss function
L with regard to the harmonic eigenfunction coefficients
0= [Fn(l"‘), Fm g g g0 g )] based on the gradient descent, but concurrently
maximize the total loss function about the adaptive weights +y based on the gradient

ascent as follows [33]:

0|+1 — Ol _UIVBL'(O, Y),

. (23)
7=y +pV,40,7)

where | indicates the Ith training epoch. 77, and p, indicate the non-negative

learning rates for the harmonic eigenfunction coefficients and adaptive weights v,
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respectively. The rationale is that the weights assigned to collocation points increase
with their corresponding losses. As a result, collocation points associated with larger
errors are automatically given greater emphasis in the total loss function during its
minimization. This ensures that the training process focuses more on regions where the

solution is less accurate [34].

4. Numerical results

4.1 Convergence study

We first demonstrate the developed theory’s convergence behavior by calculating the
local temperature and heat flux distributions as a function of harmonic eigenfunctions
in the temperature field representation. The investigated microstructure consists of the
unidirectional graphite/epoxy composites. The thermal conductivities of the graphite
fiber and the polymer matrix, taken directly from Wang et al. [9], are listed in Table 1

for the reader’s convenience.

Table 1 Thermal conductivities for graphite fiber and polymer matrix

K.(W-mt-K?) k,(W-m™.K?) Ka(W-mt.K?)

RO fiber 7.0 29 7.0
CO fiber 29 7.0 7.0
TI fiber 4.5 4.5 7.0
Polymer 0.5 0.5 0.5

Hexagonal and square unit cells with 60% fiber volume fraction were utilized in
this convergence study. The significant fiber-fiber interactions at such a high-volume
fraction make it an excellent benchmark for evaluating the model's accuracy.
Circumferentially orthotropic fibers were employed for the calculation of temperature

and heat flux fields. Figure 4 depicts the collocation point distributions along each face
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of the unit cell. 200 collocation points were distributed uniformly on each exterior face
of the unit cell, as well as along the fiber/matrix interface. A transverse macroscopic
temperature gradient H, =1K/m was applied.

Figure 5 demonstrates the variation of total loss residuals as a function of training
epochs for the hexagonal and square unit cell architectures under different numbers of
harmonic eigenfunctions. It is noted that the neural networks were trained using the
Adam optimizer in PyTorch with an initial learning rate of 0.01. To prevent the
oscillation of the loss function caused by excessive updates of the harmonic coefficients
during solution refinement, this rate was held constant for the first 7000 epochs and
then reduced by a factor of 0.5 for every 1000 epochs. Training was terminated at 12000
epochs, as the loss values had stabilized after 9000 epochs. As shown, increasing the
number of harmonic terms generally reduces the minimal loss value. In practice,
however, incorporating more terms complicates training, since the small higher-order
coefficients are more difficult for the network to learn accurately. In fact, the loss values
increase substantially when 20 harmonics are used for the hexagonal unit cell and 16

for the square unit cell.

(a) (b)

Figure 4 Collocation point distributions in the faces of (a) hexagonal unit cell; (b) square unit cell
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with 60% volume fraction. It is noted that on the exterior faces, the collocation points are distributed

periodically to enforce the periodic boundary conditions

108 | 108
n=4
n==8
3 3 n=12 |
10 10 n=16
w0 2]
£ ol R
2 10 = 10
Q [}
~ ~
1073 103
10 : : - 10 . : :
0 3 6 9 12 0 3 6 9 12
Epoch(103) Epoch(10?)
(a) (b)

Figure 5 Comparison of the neural network training loss as a function of harmonic
eigenfunction number for (a) hexagonal unit cell; (b) square unit cell

Figures 6 and 7 compare the fluctuating temperature fields in the hexagonal and
square unit cells, respectively, predicted by the trained neural networks for different
numbers of harmonic eigenfunctions. Using only four harmonic eigenfunctions fails to
accurately reproduce the temperature distributions. In contrast, employing 8, 12, or 16
harmonic eigenfunctions in the hexagonal unit cell, and 8 or 12 in the square unit cell,
produces virtually identical results. While it is true that including higher-order terms
should, in principle, improve the accuracy of the NN solution, the magnitudes of the
harmonic coefficients span several orders of magnitude, as shown in Table 3 in the
sequel. This large disparity makes it difficult for the network to accurately learn all
harmonic coefficients, particularly the smaller ones. Therefore, further increasing the
number of harmonic eigenfunctions to 20 for the hexagonal unit cell and to 16 for the

square unit cell deteriorates the predictions, since the NN struggles to learn the higher-
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order coefficients and introduces spurious fluctuations.
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Figure 6 Comparison of fluctuating temperature T'(K) distributions in hexagonal arrays of CO fiber:

(a) NN with N=4; (b) NN with N=8; (c) NN withn =12 ; (d) NN with N =16 (¢) NN with
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N
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Figure 7 Comparison of fluctuating temperature T (K) distributions in square arrays of CO fiber: (a)
NN with N=4; (b) NN with N=8; (c) NN with N=12;(d) NN with N=16; (e) FEM

Table 2 compares the training time of the proposed NN approach up to 9000
epochs, when the loss reached its minimum, with the execution time of the FEM. The
NN was implemented using the PyTorch library, while the FEM was computed with an
in-house MATLAB code. All computations were performed on a Windows PC with a
13th Gen Intel® Core™ i9-13900H CPU, 32 GB RAM, and an NVIDIA® RTX 4070
GPU with 24 GB memory. It is observed that the NN approach requires significantly
longer execution times than FEM simulations, as the unit cell problem is reformulated
as an optimization task, with gradient-based optimization being inherently expensive.
Moreover, square unit cells exhibit shorter execution times compared to hexagonal ones,

since the number of trainable parameters is reduced due to fewer boundary loss terms.

Table 2 Comparison of execution time (in seconds) between the NN and FEM simulations
n==8 n=12 n=16 FEM
Hexagonal arrays 518 554 561 69
Square arrays 384 390 - 64
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Figure 8 presents the point-wise relative error in the fluctuating temperature field
between the NN predictions and FEM results for cases where the NN achieves relatively
high accuracy. When the number of harmonic terms reaches 12 for both hexagonal and
square unit cells, the relative errors become negligible, typically within 2%, in regions
where the fluctuating temperature is not near-zero, demonstrating the effectiveness of
the proposed neural network approach. The wavy patterns observed in the error plots
near the matrix side of the interface are likely caused by truncation of the eigenfunction
expansion, which prevents the boundary conditions from being satisfied exactly. As
more eigenfunctions are included, these oscillations diminish, and the NN predictions
converge more closely toward the FEM benchmark. As further discussed in Section 4.2,
the FEM and NN solutions agree well throughout the matrix phase, indicating that the
localized oscillations have little impact on the accuracy of the predicted heat flux
distributions. From a practical standpoint, such minor discrepancies do not compromise

the reliability of the NN approach relative to FEM.

(b)
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(d) (e)
Figure 8 Comparison of relative percentage error (%) in fluctuating temperature distributions between
the FEM and network approach predictions: (a) hexagonal unit cell with n =8; (b) hexagonal unit cell
with n=12; (c) hexagonal unit cell with n=16; (d) square unit cell with N =8; (e) square unit cell
with n=12.Itis noted that the percentage errors may not be meaningful in regions where the reference

temperature is near zero

4.2 Validations

To further examine the modelling and predictive capabilities of the neural network
approach for identifying the local temperature and heat flux distributions, we compare
the FEM and neural network results for various microstructure configurations. Figures
9-10 show the transverse heat flux @, and @, distributions in the hexagonal unit cells
generated with the FEM and the NN model with & and 16 harmonic eigenfunctions,
respectively. As observed, the CO fiber produces singular transverse heat flux g, at
the fiber origin under a transverse macroscopic temperature gradient H, =1K/m,
while the heat flux @, does not. We note that increasing the number of harmonic
eigenfunctions in the NN approach from 8 to 16 has little impact on the heat flux
distribution in the composites, suggesting that further refinement provides only
marginal improvement. Noticeable discrepancies remain between the FEM and NN
results in the fiber phase, as the singular heat flux fields are notoriously difficult to
capture with the classical FEM. It is well established that FEM inherently loses
accuracy near singularities, as it provides only an approximate weak-form solution and
does not strictly enforce the local governing differential equations of heat conduction.
In contrast, the NN formulation directly enforces the governing equations, enabling a
more faithful representation of singular heat flux fields at the fiber center. In addition,

a closer examination of the fiber heat flux distributions obtained from the FEM reveals
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that they are not continuous across different elements (indicated by the white lines in
Figure 9a). This occurs because the classical FEM homogenization technique satisfies
only the C° continuity of temperature. In contrast, the NN-predicted temperature
fields are infinitely differentiable, except at the fiber center where the singularity occurs,
resulting in smoothly varying heat flux within each phase. Nonetheless, the NN solution
remains approximate because only a limited number of harmonic terms can be retained
in the NN approach in practice, indicating that the periodicity and continuity boundary
conditions are not strictly satisfied. Even so, both FEM and NN successfully reproduce
the singular behavior at the fiber center and exhibit strong agreement in the surrounding

matrix phase, underscoring the overall reliability of the proposed method.
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Figure 9 Heat flux W/m?) distributions in hexagonal array of CO fiber under macroscopic
g 0,

temperature gradient I-_I2 =1K/m: (a) fiber heat flux distributions obtained from FEM; (b) fiber heat

flux distributions obtained from NN n=8; (c) fiber heat flux distributions obtained from NN with
n=16; (d) matrix heat flux distributions obtained from FEM; () matrix heat flux distributions obtained
from NN n=8; (f) matrix heat flux distributions obtained from NN with n=16
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Figure 10 Heat flux @, (W/ mz) distributions in hexagonal array of CO fiber under macroscopic

temperature gradient I-_i2 =1K/m: (a) fiber heat flux distributions obtained from FEM; (b) fiber heat

flux distributions obtained from NN n=8; (c) fiber heat flux distributions obtained from NN with
n=16; (d) matrix heat flux distributions obtained from FEM; (e) matrix heat flux distributions obtained
from NN n =8; (f) matrix heat flux distributions obtained from NN with n=16

Next, we consider a square atray of RO fiber with 15% volume fraction. As before,
a transverse macroscopic temperature gradient of H, =1K/m is applied. The small
diameter of the fiber relative to the overall unit cell dimensions results in pronounced
temperature gradients near the fiber/matrix interface, offering a stringent test of the
neural network's robustness. Figure 11 shows the fluctuating temperature distributions
and their relative differences generated with the FEM and the NN with 10 harmonic
eigenfunctions, demonstrating excellent agreement. Figures 12 and 13 present the
corresponding predictions of the transverse heat flux (, and 0, distributions within
the unit cell, respectively. It is observed that both the heat flux components ¢, and
exhibit singular behavior at the fiber center. While the FEM and NN predictions of the

fiber heat flux distributions show slight differences in magnitude, their predictions for
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the matrix heat flux distributions agree closely, further confirming the accuracy of the
NN approach. Once again, the FEM predictions of the fiber heat flux distribution show

discontinuities across elements due to the limitation of enforcing only C° continuity

of the temperature fields.
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Figure 11 Fluctuating temperature distributions T'(K) in square array of RO fiber under macroscopic

temperature gradient I-_I2 =1K/m : (a) FEM results; (b) NN results with N=10; (c) relative

percentage error (%) between FEM and NN results
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Figure 12 Heat flux (@, (W/ m2) distributions in square array of RO fiber under macroscopic

temperature gradient H, =1K/m: (a) fiber heat flux distributions obtained from FEM; (b) fiber flux
distributions obtained from NN with n=10; (c) matrix heat flux distributions obtained from FEM; (d)
matrix flux distributions obtained from NN with n=10
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Figure 13 Heat flux @, (W/ m2) distributions in square array of RO fiber under macroscopic
temperature gradient H, =1K/m: (a) fiber heat flux distributions obtained from FEM; (b) fiber flux

distributions obtained from NN with n=10; (c) matrix heat flux distributions obtained from FEM; (d)
matrix flux distributions obtained from NN with n=10
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Figure 14 compares the neural network predicted transverse heat flux distributions
for square arrays of RO, CO and TI fibers with 15% fiber content under a transverse
macroscopic temperature gradient of H, =1K/m . Unlike cylindrical orthotropic
fibers that produce singular heat flux, the TI fiber generates almost uniform distribution,
highlighting the importance of accounting for detailed fiber orthotropy to capture the

local heat flux fields in unidirectional graphite/epoxy composites.
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Figure 14 Comparison of NN-generated fiber heat flux (W/ m? ) distributions under macroscopic
temperature gradient I-_|2 =1K/m: (a) (, distributions in RO fiber; (b) Q, distributions in CO
fiber; (c) (], distributions in TI fiber; (d) (; distributions in RO fiber; (¢) (; distributions in
CO fiber; (f) (3 distributions in TI fiber

To examine the impact of collocation point distribution on neural network
training and predictive performance, we consider square arrays of unidirectional CO
fibers with 40% volume fraction. As shown in Figure 15, collocation points are
distributed either randomly or uniformly on each exterior face of the unit cell and along
the fiber-matrix interface to evaluate their influence. A biaxial temperature gradient of
H, =0.5H, =1K/m is applied. Figure 16 compares the training loss functions for unit
cells with randomly and uniformly distributed collocation points. The two loss
functions remain nearly coincident up to approximately 6000 epochs. This indicates
that, in the early and mid-stages of training, both NNs are able to learn the underlying
solution effectively, regardless of the specific collocation point distribution. Beyond
6000 epochs, however, the loss function for the uniform distribution begins to converge
slightly faster than that of the random distribution, suggesting that a more evenly spaced
set of collocation points may facilitate smoother refinement of the solution in the later
stages of training. Despite these differences, the heat flux fields achieved by both

distributions are comparable, as shown in Figures 17-18, indicating that both random
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and uniform point distributions can ultimately provide accurate training results. Once
again, the FEM and NN results demonstrate excellent agreement within the matrix
phase, whereas in the fiber phase, marked differences arise, primarily due to their

varying ability to capture the singular heat flux field.
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Figure 15 Distributions of collocation points in faces of square unit cells with 40% volume fraction:
(a) random distribution; (b) uniform distribution. It is noted that on the exterior faces, the collocation

points are distributed periodically to enforce the periodicity boundary conditions.
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Figure 16 Comparison of training loss functions for unit cells with randomly and uniformly
distributed collocation points
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Figure 17 Heat flux (, (W/ m2) distributions in square array of RO fiber under macroscopic

temperature gradient H, = 0.5H, =1K/m: (a) fiber heat flux distributions obtained from FEM

results; (b) fiber heat flux distributions obtained from NN with random collocation points; (c) fiber
heat flux distributions obtained from NN with uniform collocation points; (d) matrix heat flux
distributions obtained from FEM results; (¢) matrix heat flux distributions obtained from NN with

random collocation points; (f) matrix heat flux distributions obtained from NN with uniform
collocation points
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Figure 18 Heat flux 0 (W/ m2) distributions in square array of RO fiber under macroscopic

temperature gradient |'_|2 =0.5 |-_|3 =1K/m: (a) fiber heat flux distributions obtained from FEM

results; (b) fiber heat flux distributions obtained from NN with random collocation points; (c) fiber
heat flux distributions obtained from NN with uniform collocation points; (d) matrix heat flux
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distributions obtained from FEM results; (¢) matrix heat flux distributions obtained from NN with
random collocation points; (f) matrix heat flux distributions obtained from NN with uniform
collocation points

4.3 Transfer learning

In this section, we demonstrate the feasibility of leveraging transfer learning to
efficiently train a new unit cell model based on an existing pre-trained network model.
The core idea is to apply the coefficients of harmonic eigenfunctions from a pretrained
neural network model directly to the new network model with unseen geometry, rather
than training the network from scratch.

To rigorously assess the validity of the transfer learning approach, we consider
significantly different unit cell geometries. Specifically, we extract the coefficients of
harmonic eigenfunctions for square arrays of RO fiber with 15% volume fraction, i.e.,
the source model, in Figure 11. These coefficients are then applied to a new neural
network for a hexagonal array of RO fibers with a 30% volume fraction, namely, the
target model. To minimize the significant updating of the coefficients of harmonic
eigenfunctions, the initial learning rates are set to 1/10 of those used in the source model,
whereas in the direct training model, the learning rates are kept the same as in Section
4.1. The evolution of loss values for direct training and transfer learning of the neural
networks 1s presented in Figure 19. The transfer learning model was trained for 2000
epochs, whereas the direct training model was trained until the loss values stabilized
and reached a comparable level (after around 9000 epochs). As anticipated, the transfer
learning approach yields significantly faster loss convergence relative to the direct

training process.
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Figure 19 Comparison of loss functions for direct training and transfer learning model for hexagonal

array of RO fibers with 30% volume fraction

The transverse heat flux distributions (¢, and ¢, for the fiber and matrix phases
of the hexagonal arrays of RO fiber are shown in Figures 20-21, respectively. It is noted
that the predictions from the transfer learning model show good correlation with the
FEM and direct NN results. The complete set of the coefficients in the series expansion
of fiber temperature, for the source model and the transfer learning model (i.e., the
target model), is compared in Table 3. It is evident that these coefficients are of or nearly
at the same order, demonstrating the similarity of the learning task. The success of
transfer learning is rooted in the strong similarity between the source and target heat
flux fields in square and hexagonal unit cells (Figures 12-13 and 20-21), respectively.
The source network already captures the dominant temperature field characteristics,
allowing the transfer model to converge quickly with minimal additional training, as
the pre-trained harmonic term coefficients provide an appropriate starting point,
avoiding random parameter initialization and reducing the coefficient discrepancy

across different tasks.



Figure 20 Heat flux ¢, (W/ mz) distributions in hexagonal unit cell with RO fiber under macroscopic

temperature gradient H , =1K/m: (a) fiber heat flux distributions obtained from FEM results; (b) fiber

heat flux distributions obtained from NN with transfer learning; (c) fiber heat flux distributions obtained
from NN with direct training; (d) matrix heat flux distributions obtained from FEM results; (e) matrix
heat flux distributions obtained from NN with transfer learning; (f) matrix heat flux distributions obtained
from NN with direct training

®

Figure 21 Heat flux ¢, (W/ mz) distributions in hexagonal unit cell with RO fiber under macroscopic

temperature gradient A , =1K/m: (a) fiber heat flux distributions obtained from FEM results; (b) fiber

heat flux distributions obtained from NN with transfer learning; (c) fiber heat flux distributions obtained
from NN with direct training; (d) matrix heat flux distributions obtained from FEM results; (¢) matrix
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heat flux distributions obtained from NN with transfer learning; (f) matrix heat flux distributions obtained
from NN with direct training

Table 3 Comparison of coefficients in the series expansion of fiber temperature obtained using the

source and transfer learning models

Source Transfer Source Transfer
Fli 2.27050928e-01  2.61466079¢-01 Flé -8.03988246¢-04  -1.41747191e-06
F2§ 3.95436319¢-07  1.69748174¢-06 Fz; 2.18678155¢-05  -3.92104260e-07
Fsi 1.31122896e-03  1.13392152¢-05 F3; 3.78743125¢-05 3.19823595¢-07
F4; 1.32407593e-06  1.28429900e-06 F4; 1.09206035¢-06 3.01591907¢-07
Fsi -4.73763755e-05  -7.82133253¢-04 FS; 4.82261519¢-06  -2.80532027¢-07
Fei 1.73242702¢-06  1.00915973¢-06 F6; -1.39880378¢-05  2.64276034e-07
F7; 9.26445788¢-06  2.46395980e-04 F7; -8.52790828¢-08  -3.03139517¢-07
FB{ -4.63086732¢-07  1.13500048¢-06 F8; 1.93864362¢-07  -4.36299560e-08
ng -2.37822042¢-06  -2.11048563¢-06 F9; -1.57188008¢-08  -1.15327243¢-07
Flcf),l 3.10974921e-07  1.17659070e-06 Fl(f,’z 2.48042184e-08  -7.97076603¢-08

Table 4 presents comparison of the homogenized in-plane thermal conductivities
k, =k, obtained from the FEM simulations and the proposed NN model for different
unit cell configurations and fiber volume fractions. While the local heat flux shows
notable differences in the fiber phases, the homogenized in-plane thermal conductivities
predicted by the NN and FEM remain in close agreement, indicating that the proposed

model accurately captures the overall effective behavior.

Table 4 Comparison of the homogenized in-plane thermal conductivities K, =K; (W.m?.K?)
obtained using the FEM and the proposed NN model
Fiber volume fraction NN

FEM  Relative error

Hexagonal unit cell with CO fiber 60% 1.4281 1.4276 0.04%

Square unit cell with CO fiber 60% 1.4700 1.4721 0.14%

Hexagonal unit cell with RO fiber 30% 0.8125 0.8160 0.43%
Square unit cell with RO 15% 0.6365 0.6365 0
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5. Conclusions

In this study, a new periodic homogenization approach is presented for modeling
steady-state heat conduction in periodic unidirectional composites with cylindrically
orthotropic fiber phases, characterized by two-dimensional hexagonal and square
repeating unit cells. The key contributions of the proposed method are two-fold: (1) the
development of a new periodic micromechanics model that explicitly accounts for the
cylindrical orthotropic fiber morphologies, enabling a faithful characterization of the
complex heat conduction behavior of such composites; and (2) a simple yet effective
neural network framework that enforces strictly the governing steady-state heat
conduction equations while the continuity conditions of the temperature and heat flux
at the fiber/matrix interface, in conjunction with the periodicity boundary conditions at
the unit cell boundaries, are approximately satisfied through collocation points in the
loss function.

The proposed micromechanics-informed neural network enables the accurate
identification of the little explored temperature field and singular heat flux fields within
the 2D RUCs containing radially and circumferentially orthotropic graphite fibers, even
with only a limited number of harmonic eigenfunctions. The results show that fiber
orthotropy produces markedly different heat flux distributions, which are validated
against finite element simulations. In addition, transfer learning is demonstrated to be
effective in accelerating convergence for new geometries. Although the present study
is restricted to a steady-state conduction problem in 2D RUC:s, the proposed framework

is extensible for exploring fiber morphology effects under more general loading
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conditions and in fully three-dimensional configurations.
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