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Abstract
The aim of this paper is to propose a flexible multiaxial modelling framework that is capable of combining two fatigue damage mechanisms so as to continuously describe the KitagawaTakahashi diagram. It is proposed that this diagram represents two distinct fatigue damage mechanisms: one associated with crack initiation (or microstructurally small cracks) and the other with
crack propagation (or long cracks). It is further postulated that these damage mechanisms are
more appropriately modelled using different fatigue criteria. A probabilistic modelling framework
is proposed in which any two suitable fatigue criteria can be combined in order to simultaneously
model both damage mechanisms and the transition between them. This framework is based on the
weakest link hypothesis and results in a probabilistic Kitagawa-Takahashi type diagram.
Keywords: Probabilistic Kitagawa-Takahashi diagram, Fatigue damage mechanisms, High cycle
fatigue, Small crack problem, Defects

1. Introduction
In terms of High Cycle Fatigue (HCF), it is well known in the engineering community that
different fatigue design philosophies exist and that the choice of a certain philosophy strongly
depends on the application under consideration. Two of the more widely used design philosophies
are (a) the safe-life approach and (b) the damage tolerance approach. The safe-life approach is
one of the oldest strategies and has the simple objective of ensuring that a component will never
fail during its design life. This approach is often used, for example, in the automotive industry
∗
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and can be thought of as controlling the phenomenon of fatigue crack initiation. The damage
tolerance approach on the other hand assumes that fatigue cracks exist and that this damage will
be controlled by an imposed maintenance regime to ensure that fatigue cracks never reach their
critical size. In this approach the focus is on crack propagation.
In the same manner the development of fatigue criteria has also followed two essentially parallel paths. The safe-life approach is often implemented via the application of so-called multiaxial
fatigue criteria [1, 2, 3, 4, 5], capable of predicting crack initiation due to complicated in-service
multiaxial loading conditions. The damage tolerance approach, on the other hand, is championed
by fracture mechanics. In the scientific literature there is surprisingly little overlap between these
two different approaches, which are essentially different aspects of the same engineering problem
(i.e. design against fatigue).
The basic premise of this article is that these two modelling approaches co-exist because they
model two very different fatigue damage mechanisms. One associated with crack initiation and the
other with crack propagation. This by itself is not new, however the innovation in this work is the
proposition of a flexible modelling framework in which it is possible to combine two completely
different fatigue criteria in order to model multiple damage mechanisms.
The mechanism of fatigue crack initiation in polycrystalline metallic materials has long been
understood and is discussed in most good fatigue textbooks [6]. Essentially, crack initiation is
due to localised plasticity (or dislocation movement) in well orientated slip systems of isolated
surface grains. This irreversible plastic slip leads to the formation of persistent slip bands that
can be often observed on the surface of the material and result in the creation of intrusions and
extrusions. These are essentially small peaks and valleys that increase the surface roughness and
introduce small stress concentrations that eventually lead to the development of micro-cracks. The
important things to note are: (a) the initiation process is controlled by localised plasticity (b) that
micro-cracks are initiated on crystalline slip planes and (c) that these planes are in general aligned
with the planes of maximum shear stress amplitude.
When it comes to crack propagation mechanisms, Forsyth [7] proposed in 1962 that crack
growth can be divided into two stages. When the crack and the zone of plastic deformation surrounding the crack tip are confined to within a few grain diameters, crack growth occurs predom2

inately by single shear, in the direction of the primary slip system. This single slip mechanism,
leading to a zig-zag crack path, has been termed stage I crack growth. For longer length cracks,
for which the crack tip plastic zone encompasses many grains, the crack propagation mechanism
involves simultaneous or alternating plastic flow along two slip systems. This duplex slip mechanism, termed stage II by Forsyth [7] results in a planar (mode I) crack path normal to the far field
tensile axis [6].
It is important to note that stage I crack growth (like the mechanism of crack initiation) is
controlled by the shear stress on a crystallographic slip plane. In terms of Linear Elastic Fracture
Mechanics (LEFM) terminology, this is often referred to as Mode II crack opening. On the other
hand stage II growth is dominated by the normal stress perpendicular to the crack (or Mode I crack
opening). Therefore, from a mechanistic point of view it is not surprising that crack initiation and
stage I propagation are more appropriately modelled by multiaxial fatigue criteria in which the
shear stress (on a critical plane for example) is a major ingredient of the criterion, while stage II
crack growth is better modelled by fracture mechanics approaches, which are largely focused on
mode I propagation.
Linear Elastic Fracture Mechanics (LEFM) has achieved great success in modelling long crack
fatigue behaviour. However, it is well known that classical LEFM predictions greatly overestimate
the residual fatigue strength of cracked bodies containing micro-structurally short cracks. This is
often referred to as the short crack problem and was first highlighted by Kitagawa and Takahashi
[8] who presented it in the form of their now famous Kitagawa-Takahashi diagram (see Figure 1).
They showed that experimental fatigue data could be described by two lines, one representing the
plain specimen fatigue strength and the other the LEFM prediction using the crack propagation
threshold, ∆Kth . The validity of this diagram has been confirmed by numerous investigations for
many different materials [4, 9, 10, 11].
What should be noted is that the Kitagawa diagram can be divided into three different zones:
• Zone 1: When a crack can be classified as micro-structurally small the fatigue strength
is controlled by the initiation damage mechanism, in which the damage is due to microplasticity in single slip systems. The shear stress on the slip plane is the dominate driving
3

Fig. 1: Schematic representation of the Kitagawa-Takahashi diagram

force. In this zone, the fatigue phenomenon is most appropriately modelled by the class of
fatigue criteria defined as multiaxial above.
• Zone 2: is a transition zone between the two damages mechanisms. In this zone neither
damage mechanism is dominate. A state of competition is found between the two damage
mechanisms, which are both activated.
• Zone 3: When cracks or defects achieve a size that is sufficiently large so that the fatigue
process zone ahead of the crack tip encompasses many grains, the fatigue strength is controlled by the ability of the microstructure to any stop further crack propagation. In this
respect microstructural heterogeneities (i.e. grain boundaries, different phases, precipices,
etc.) play a major role and act as barriers to crack growth. When this damage mechanism
is the driving force for crack growth, crack tend to propagate on planes of maximum normal stress. Hence, LEFM type fatigue criteria are appropriate for modelling the fatigue
behaviour.
4

In the previous discussion the terms crack initiation damage mechanism and crack propagation
damage mechanism have been used, however it must be kept in mind that we are talking about
fatigue. Hence, the terms non-initiation and crack arrest would be more appropriate. In the
following the term mechanism 1 will be used to describe the crack initiation damage mechanism
and mechanism 2 will be used to describe the crack propagation damage mechanism. Note also
that this work is focused on the high cycle fatigue domain in which it is more appropriate to use
the terminology fatigue strength corresponding to a fixed number of cycles, than the term fatigue
limit.
The discussion above is centred around fatigue damage mechanisms observed in relatively
homogeneous polycrystalline metallic materials. However, real metallic materials often contain
microstructural heterogeneities, many of which can be classified as material defects. Two striking
examples are the presence of micro-shrinkage pores in cast aluminium alloys [12, 13] and clusters
of elongated MnS inclusions in forged steels [14, 15, 16]. In these cases the distinction between
the two fatigue damage mechanisms is less clear. Concretely, the presence of large material defects
can result in the crack propagation mechanism (mechanism 2) always being dominate. Therefore,
the correct identification of the dominate damage mechanism is extremely important and the determination of a Kitagawa-Takahashi diagram is essential for establishing correct fatigue predictions.
The application of the proposed modelling framework to these two cases is discussed in the last
section of the paper.
As already stated, the aim of this article is to present a flexible modelling framework in which
both damage mechanisms can be simultaneously modelled using two different fatigue criteria. The
basic ingredients of this framework are:
1. The choice of two appropriate fatigue criteria to model the two damage mechanisms.
2. The threshold quantities of both criteria are defined in terms of Weibull distributions. This
allows the experimentally observed scatter to be taken into account and associates a probability of failure with each criterion (and damage mechanism).
3. The weakest link hypothesis is then used to determine the total probability of failure due
to both damage mechanisms. This leads to a continuous transition between the predictions
5

from the two criteria.
This framework results in probabilistic Kitagawa-Takahashi diagrams and if multiaxial fatigue
criteria are used, Kitagawa-Takahashi diagrams can be established for any multiaxial stress state.
In the following this framework will be demonstrated using three different criteria combinations
and is applied to multiaxial fatigue data taken from the literature.
2. The probabilistic modelling framework
It is important to realise that the focus here is on the modelling framework and that any two
appropriate fatigue criteria can be used within this framework. It is sufficient to define one criterion to describe the crack initiation damage mechanism (mechanism 1) and another for the crack
propagation mechanism (mechanism 2).
It should also be recognised that the original Kitagawa-Takahashi diagram is indeed exactly
this. The two lines of the diagram represent two distinct criteria: the LEFM criterion and a simple
maximum stress amplitude criterion, combined in a deterministic manner.
2.1. Probabilistic modelling of mechanism 1
This section is devoted to the modelling of the crack initiation damage mechanism (mechanism
1). In particular, the focus is on transgranular initiation in a polycrystalline aggregate free of
geometric defects or cracks.
Over the years many modelling approaches have been proposed to determine the possibility
of crack initiation. Table 1 summarises several high cycle fatigue criteria that could be used in
the proposed framework. Note that the first criterion is the simple stress amplitude criterion,
which for uniaxial loads corresponds to the amplitude of the maximum principal stress. Even
though the maximum principal stress criterion is not well suited to model the fatigue behaviour of
ductile material, this criteria is chosen for his simplicity and is used below to explain the proposed
methodology . The last three criterion in Table 1 are well known multiaxial criteria that have been
proposed to take into account complex cyclic loading conditions.
As a general rule most fatigue criteria can be defined by an equivalent mechanical quantity
(i.e. stress, strain, energy, etc.), which is compared to a threshold quantity, for a given number of
6

cycles. Crack initiation is subsequently predicted if the equivalent quantity is greater than or equal
to the threshold quantity (see equation 1). In the following, for convenience, these will be referred
to stress quantities. Hence, the condition for crack initiation is defined by:
σeq > σth

(1)

Criterion

Equivalent Stress σeq

Threshold σth

Stress amplitude

σI,a

s−1

σn,max
∆γ 1 + kFS
σy
p
J2,a + kσH,max


max max [τmeso + αDV σH ]
!

Fatemi-Socie [3]
Crossland [17]
Dang Van [18, 19]

~n

t

βFS
λ
βDV

Table 1: Stress amplitude criterion and three well known fatigue criteria divided into equivalent and threshold parts
(N.B. all symbols are defined in the nomenclature)

In order to take into account the inherent stochastic nature of the fatigue phenomenon it is
proposed, as part of the modelling framework, to use a two parameter Weibull distribution [20, 21]
to describe the threshold stress. In this work the Weibull distribution is used because it is easily
applicable to the weakest link theory.
This choice then makes it possible to define the probability of crack initiation within a grain.
Equation 2 shows the probability density function used to define the threshold stress.
σth
m1
f01 (σth ) =
σth01 σth01

!m1 −1

σth
exp −
σth01

!m1
(2)

Where σth01 is the scale parameter and m1 is the shape parameter (or the Weibull exponent)
used to reflect the scatter associated with the threshold stress and by consequence the scatter associated with the fatigue damage mechanism (see Figure 2). The probability of microcrack initiation
in a grain corresponds to the probability of finding a grain with a threshold stress σth that is less
than the applied equivalent stress σeq . This can be expressed as:
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PF01 = (σth < σeq ) =

σeq

Z

f01 (σth )dσth

(3)

0

σeq
= 1 − exp −
σth01
"

PF01

b)

a)

!m 1 #
(4)

1

σth01

PF01

f01

0,8

m

0,6

σth01
0,4

0,2

m
0

σth

σth

Fig. 2: Effect of the exponent m1 and the scale factor σth01 on the a)Probability density function b)the cumulative
distribution function

To obtain the probability of crack initiation for the complete structure PF1 , the weakest link
theory is used [22]. The probability of survival of the structure (1 − PF1 ) is defined as the product
of the survival probabilities of each elementary volume or surface. In this work it will be assumed
that crack initiation is essentially a surface phenomenon, where the quantity S 01 corresponds to the
surface area of an individual surface grain and S Ω1 is the total surface area of a specimen. Hence
the probability of survival of the complete structure is given by:

1 − PF1 = Π 1 − PF01 (M)

(5)

S Ω1

This then implies that:
"

PF1

1
= 1 − exp −
S 01

Z
S Ω1

σeq
σth01

!m1

#
dS

For a uniform surface stress, this expression can be simplified to:
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(6)

S Ω1 σeq
= 1 − exp −
S 01 σth01
"

PF1

!m 1 #
(7)

2.2. Probabilistic modelling of damage mechanism 2
This section is devoted to the modelling of the second fatigue damage mechanism associated
with the non-propagation (or the arrest) of long cracks. The classical LEFM approach to fatigue
will be used to demonstrate the modelling framework. Although it should be kept in mind that the
framework is not limited to LEFM. Any criterion that predicts the fatigue behaviour of long cracks
or defects could be used (e.g. Elastic-Plastic Fracture Mechanics or the Murakami criterion [4]).
When using the classical LEFM approach to predict fatigue behaviour it is assumed that crack
propagation does not occur if the following condition is satisfied:
∆K < ∆Kth

(8)

That is, a crack will not propagate under cyclic loading if its stress intensity range, ∆K, is less
than the crack propagation threshold, ∆Kth . As before, the inherent stochastic character of the
propagation threshold will be modelled using a second Weibull distribution [20, 21] for which the
probability density function is given by:
!m2 −1

∆Kth
m2
f02 (∆Kth ) =
∆Kth02 ∆Kth02

∆Kth
exp −
∆Kth02

!m2
(9)

In this case the shape factor or the Weibull exponent, m2 , governs the scatter and ∆Kth02 is the
scale factor of this distribution (associated with damage mechanism 2).
The probability of a crack propagating, corresponds to the probability that ∆Kth is inferior to
∆K:
Z

PF02 = (∆Kth < ∆K) =

∆K

f02 (∆Kth ) d∆Kth

(10)

0

The failure probability calculated for one crack is therefore:
∆K
= 1 − exp −
∆Kth02
"

PF02

9

!m2 #
(11)

As before, if it is assumed that fatigue is essentially a surface phenomenon, the quantity S 02
corresponds to the surface area associated with one fatigue crack and S Ω2 is the total surface area
of a specimen. Hence, the probability of survival of the total structure is given by:
"

PF2

1
= 1 − exp −
S 02

Z
S Ω2

∆K
∆Kth02

!m2

#
(12)

dS

For a uniform stress, this expression can be simplified to:

PF2

"
!m2 #
S Ω2 ∆K
= 1 − exp −
S 02 ∆Kth02

(13)

2.3. Combining the two damage mechanisms
Finally, the survival probability of an entire component, due to both damage mechanisms, is
equal to the product of the two survival probabilities (see Equation 14). Essentially, the weakest
link hypothesis [22], is employed once again, which assumes that the two damage mechanisms are
independent.
1 − PF = (1 − PF1 )(1 − PF2 )

(14)

For a uniform surface stress, the total probability of failure can be written as:
!m
!m2 #)
( "
S Ω1 σeq 1 S Ω2 ∆K
+
PF = 1 − exp −
S 01 σth01
S 02 ∆Kth02

(15)

This is simply a bimodal Weibull model. As can be seen in equation 15 the scale effect is
S Ω1
S Ω2
explicitly taken into account via the terms
and
. In the following, for reasons of simplicity,
S 01
S 02
the scale effect will be neglected, which corresponds to the assumption that the results presented
below are for specimens with approximately the same surface area. Equation 15 can therefore be
simplified to:
( "
!
!m2 #)
σeq m1
∆K
PF = 1 − exp −
+
0
σ0th01
∆Kth02
Where
σ0th01

= σth01

S 01
S Ω1

!1/m1
and
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0
∆Kth02

= ∆Kth02

(16)
S 02
S Ω2

!1/m2
(17)

3. A unified fatigue criterion and a probabilistic Kitagawa-Takahashi diagram
3.1. For uniaxial fully reversed tension-compression loads
In this section fully reversed uniaxial push-pull loads are investigated in conjunction with the
same criteria as those used in the original Kitagawa-Takahashi diagram to illustrate the possibilities
of this modelling framework. Consequently, a probabilistic uniaxial Kitagawa-Takahashi diagram
is generated.
The two criteria chosen are (a) the simple stress amplitude criterion and (b) the LEFM criterion,
for which it is assumed that the opening mode (Mode I) is the dominate crack propagation driving
force. These criteria are described by the following equations:
σeq = σI,a > s−1

√
∆K = Y2σI,a πa > ∆Kth

and

(18)

Where Y is the crack shape correction factor, a is the crack size and 2σI,a = ∆σI . Note that
Equations 18 are valid for a fixed R-ratio and crack geometry.
In first approximation, crack closure has been neglected in this paper. For the sake of simplicity
it will be assumed that the two damage mechanisms are characterised by the same degree of scatter.
This is equivalent to assuming that the Weibull shape parameters are the same (or m = m1 = m2 ).
By substituting equations 18 into equation 16 the following expression for the fatigue strength as
a function of the probability of failure, and the crack length, can be established:





σI,a (PF , a) = 



1
!
 m
1

ln

1 − PF
!m
√ !m 
Y2 πa 
1
+

0
σ0th01
∆Kth02

(19)

Note that the fatigue life, for which PF = 0.5 is given by:





σI,a (PF = 0.5, a) = 



1
 m


ln (2)
!m
√ !m 
1
Y2 πa 
+

0
σ0th01
∆Kth02
11

(20)

Equation 19, plotted as a function of the crack size, a, for a given probability of failure, results
in a probabilistic Kitagawa-Takahashi diagram. This diagram can be used to predict the fatigue
strength of a material with and without the presence of cracks (see Figure 3(a) and (b)). As
previously discussed the diagram can be divided into three zones:
• Zone 1: When the crack length is small, the fatigue√strength
!m is controlled by the initiation
Y2 πa
damage mechanism. Mathematically, the term
in the dominator of equation 19
0
∆Kth02
!m
1
defining mechanism 1.
represents mechanism 2 and is much smaller than the term 0
σth01
!m
√ !m
Y2 πa
1
• Zone 2: is a transition zone in which
≈
. This implies that both
0
∆Kth02
σ0th01
damage mechanism are active.
!m
√ !m
1
Y2 πa

. Which implies that damage mecha• Zone 3: When crack is large
0
∆Kth02
σ0th01
nism 2 is dominate.
It is very important to understand that, even though LEFM is one of the ingredients used to generate the Kitagawa-Takahashi diagram, the short crack problem is intrinsically taken into account
via the use of the modelling framework, which combines the two fatigue damage mechanisms.
When the crack or defect size is small, the dominate fatigue damage is due to localised cyclic
plasticity (i.e. mechanism 1) and the contribution from the LEFM part of the model becomes
negligible.
Also with this modelling framework it is possible to predict the fatigue strength for different
probabilities of failure.
Note that the shape of the curve in the transition zone is strongly dependent on the Weibull
exponent or the shape parameter m (see Figure 4). This implies that the scatter associated with
the fatigue strength greatly affects the transition between the two damage mechanisms. When the
scatter increases (i.e. m decrease) the size of the transition zone also increases. Conversely, when
the scatter is negligible (i.e. m tends to infinity) the transition zone is effectively eliminated and
the diagram becomes equivalent to the original Kitagawa-Takahashi diagram with only two lines.
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Stade I Mode II

Competition
Stade I Mode II
Stade II Mode I

Stade II Mode I

a)

σI,a (MPa)

b)

PF=0,9
PF=0,5
PF=0,1

100
1

10

100

crack size a (µm)

Fig. 3: Kitagawa-Takahashi diagram, corresponding to Equation 19, for difference failure probabilities showing the
fatigue damage mechanisms a) without and b) with initial defects for the three zones of the diagram. For uniaxial
0
push-pull loads (m = 20, σ0th01 = 234MPa, Y = 2/π, ∆Kth02
= 2.3MPa.m1/2 )

3.2. Comparison with the El Haddad approach
One of the original solutions to the LEFM short crack problem was proposed by El Haddad
[9], who introduced the material constant, ao , such that fatigue strength of a cracked body (and the
Kitagawa-Takahashi diagram) could be described by:

2σ1,a

∆Kth
= √
Y π (a + ao )

where

1 ∆Kth
ao =
π 2s−1

!2
(21)

It can be demonstrated mathematically that the El Haddad approach is in fact a specific case
of the proposed probabilistic modelling framework defined by Equation 19 for a uniaxial loading
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σI,a (MPa)

m
m=2
m=5
m=20
m=40
100
1

10

100

crack size a (µm)

Fig. 4: Kitagawa-Takahashi diagram, corresponding to Equation 19, for different Weibull exponents m and for a
probability of failure of PF = 0.5

condition. The El Haddad equation corresponds to an Weibull exponent of m = 2 and a probability
of failure of PF = 0.544. The exact correspondence is given by:
!
1
ln
1 − 0.544
∆Kth
2σI,a (0.544, a) =
= √
r
a + a0
Y π (a + ao )
Y π 0
∆Kth02

(22)

Figure 5, demonstrates the correspondence between the two approaches for a specific set of
data.
3.3. Extension to multiaxial loads
In order to apply the proposed modelling framework to multiaxial loading conditions, the
Crossland criterion [17] is chosen to model the first damage mechanism associated with crack
14

σI,a (MPa)
probabilistic model PF0,5
probabilistic model PF0,55
probabilistic model PF0,6
El Haddad
100
1

10

100

1000

crack size a (µm)

Fig. 5: Kitagawa-Takahashi diagram: comparison between the El Haddad approach and the proposed probabilistic
model for uniaxial push-pull loads (∆Kth = 11.9MPa.m1/2 , S −1 = 230MPa, m = 2.0, σ0th01 = 260MPa, Y =
0
1.0, ∆Kth02
= 13.4MPa.m1/2 )

initiation. The equivalent and threshold stresses are given in Table 1. For the sake of simplicity
it will be assumed that even under a multiaxial loading condition the most damaging long crack
opening mode is mode I and that the LEFM criterion discussed above will again be used to model
the second damage mechanism.
In the following three different loading conditions are investigated. These are: (a) fully reversed uniaxial push-pull loads (b) fully reversed torsion, and (c) combined in-phase synchronous
tension-torsion with τ/σ = 1. Table 2 summarises the application of the proposed modelling
framework for these loading conditions.
4. Numerical application using experimental data for the C35 steel
4.1. The material
In this section the proposed fatigue model, summarised in Table 2, will be applied to the C35
steel. This material is a ferrito-perlitic, low alloy steel containing 0.35% carbon that is used for
15

Crossland: σeq = AσI,a

Uniaxial tension

Torsion

Combined tension-torsion

(R = −1)
!
1
k
A= √ +
3 3

(R = −1)

(R = −1, τ/σ = 1)

 √ 
A = 1+2√5 2 33+k

A=1
√
B = 2Y πa

LEFM: ∆K = BσI,a

Crossland & LEFM

Murakami Ceq = CσI,a

Crossland & Murakami





σI,a (PF , a) = 



!

1

 m


!m 



1
ln
1 − PF
!m
A
B
+
0
0
σth01
∆Kth02
√ 


a1/6
F(b/a)a1/6
1 − 5  a1/6
C=
C=
C = 1 + km
√ 
1.43
0.93
1 + 5 1.43
1
!


1
 m

ln


1 − PF


σI,a (PF , a) = 
!m
!m 

 A
C

 0
+ 0
σth01
Cth02

Table 2: Application for the proposed modelling framework, using the Crossland & LEFM criteria combination and
the Crossland & Murakami criteria combination, for three different loading conditions

many structural applications. A great number of fatigue data have been reported in the literature for
this material [10, 23, 24, 25, 26]. In particular, Flaceliere [25] and Morel [26] studied the fatigue
behaviour of this material using plain specimens (without the presence of pre-existing cracks or
defects). Whereas McEvily [10], Billadeau [23] and Nadot [24] have investigated the influence
of artificial surface defects on the fatigue resistance, when subject to different loading conditions
(uniaxial push-pull loads, fully reversed torsion and combined tension-torsion).
Table 3 summarises the experimental fatigue data taken from the literature for this material.
Data for both plain specimens (defect size = 0 µm) and specimens containing artificial hemispherical surface defects of various sizes are reported for three different loading conditions. The data in
Bold is used below to identify the parameters of the proposed modelling framework.
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Defect size
(µm)

Tension

Torsion

s−1 (MPa) t−1 (MPa)

Tension-Torsion
st−1 (MPa)

0

230

140

185

90

200

140

175

500

150

120

-

Table 3: The fully reversed (R=-1) fatigue strength at 1 × 107 cycles for different loading conditions and defect sizes
(i.e. artificial hemispherical surface defects)

[10]

4.2. The identification procedure
The previously presented model, using the Crossland & LEFM criteria includes five model
0
parameters (Σ0th01 , k, ∆Kth02
, m1 , m2 ), which can be reduced to four parameters if it is assumed that

m = m1 = m2 . In the following section the method of identifying these parameters is presented.
4.2.1. The parameters m1 , m2 or m
For the C35 steel only the scatter associated with the plain specimen fatigue strength is known
[23], in the form of the standard deviation of the Gaussian distribution associated with the fatigue
strength at 1 × 107 of cycles. Hence, in the following it will be assumed that the scatter associated
with the second damage mechanism is equivalent to that of the first mechanism (or that m1 = m2 =
m).
This assumption is made out of necessity, due to the fact that the dispersion associated with the
second mechanism is not reported in the literature. However, it has been observed that for other
metallic materials the parameters m1 and m2 can vary significantly. For example, for the hot rolled
steel, MetascoMC (25MnCrSiVB6), there is more scatter associated with the fatigue strength of
the material without defects than when defects are present (m1 = 30 and, m2 = 48) [14, 15, 16].
For this material the defects were found in the form of clusters of elongated MnS inclusions.
In general, the parameter m associated with the scatter in the fatigue strength can be calculated from the standard deviation, s−1 , and the average fatigue strength, s−1 , using the following
relationship.
17

s−1
=
s−1
Where Γ(t) =

R∞
0

q
Γ(1 + m2 ) − Γ2 (1 + m1 )
Γ(1 + m1 )

(23)

xt−1 e−x is the gamma function [27]. The same approach could be used to

determine the parameter m2 associated with the scatter in the fatigue crack propagation threshold,
∆Kth if the mean value and standard deviation were known.
4.2.2. The parameters σ0th01 and k
It should be remembered that for this example the Crossland criterion [17] is chosen to model
the first damage mechanism. The parameters σth01 and k are associated with this Criterion and
damage mechanism.
The parameter σ0th01 is the scale parameter of the Weibull distribution governing the first damage mechanism and can therefore be thought of as being a material constant. For a a given material
this constant can be determined from the torsional fatigue strength t−1 of the material, using the
equation:
t−1 =

σ0th01 Γ

1
1+
m1

!
(24)

Once the parameter σ0th01 is known, the plain specimen uniaxial fatigue strength, s−1 , can be
used to determine the parameter, k (or the Crossland parameter used to defines the sensitivity to
the hydrostatic stress). For this, Equation 25 can be used.

s−1

3σth01
1
= √
Γ 1+
m
3+k

!
(25)

0
4.2.3. The parameters ∆Kth02
0
The final parameter that must be identified is ∆Kth02
and is associated with the second fatigue

damage mechanism, modelled using the LEFM criteria. This material constant is the scale parameter associated with the Weibull distribution defining the long crack propagation threshold and can
be identified in one of two ways:
• by experimentally determining the average long crack fatigue propagation threshold.
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• by experimentally determining the fatigue strength of the material for a known crack or
defect size s−1
ai , which is large enough so that the second damage mechanism is dominate.
For the first case Equation 26 can be used.
S a−1i

!
0
∆Kth02
1
∆Kth
=
=
√ Γ 1+
√
m
2Y πa
2Y πa

(26)

4.2.4. Parameters identified for the C35 steel
Table 4 summarizes the four model parameters identified for the C35 steel, using the fatigue
data and identification procedure outlined above.
Model Parameters
scatter parameter

m

24

Crossland

σ0th01

143.2 MPa

k

0.09

LEFM

0
∆Kth02

√
7.7 MPa m

Murakami

0
Cth02

302

Table 4: Model parameters identified for the C35 steel using the Crossland and LEFM or Crossland and Murakami
criteria to model the two damage mechanisms (N = 1 × 107 cycles, R = −1)

The parameter m has been determined using Equation 23 by assuming that the standard deviation associated with the uniaxial fatigue strength is 12MPa [23].
4.3. Application using the Crossland & LEFM criteria combination
Figure 6 shows the predictions of the proposed modelling framework using the equations for
the Crossland & LEFM criteria combination (see Table 2). The experimental data listed in Table
3 is also shown.
It can be seen that in the short crack zone of the diagram the Crossland criterion faithfully
predicts the results for the combined tension-torsion loading condition. However, in the long
crack domain, it appears that the LEFM criterion overestimates the fatigue strength.
The difference between the experimental and predicted results, seen in Figure 6, maybe due to
the fact that the experimental results are for artificial surface defects with a hemispherical shape.
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Fig. 6: Multiaxial Kitagawa-Takahashi type diagram established using the proposed modelling framework and the
Crossland & LEFM criteria combination, for the C35 steel, showing experimental data from the literature (PF = 0.5),
large data points are used for the identification of the model

The uses of the LEFM criterion in the modelling framework, makes the assumption that these
defects are equivalent to cracks. In the following section an arguably more appropriate criterion
for the prediction of the fatigue behaviour of defects will be applied to the same experimental data.
4.4. Application using the Crossland & Murakami criteria combination
In this section, the Murakami criterion [4] will be used to model the second damage mechanism
associated with crack propagation. This empirical approach is well known for its ability to take
into account the fatigue behaviour of artificial and natural defects of various sizes and shapes. In
the following the Murakami criterion will be combined with the Crossland criterion and applied
to the experimental data for the C35 steel presented above.
√
The Murakami criterion uses the parameter area (where area is the projected area of a
defect on a plane perpendicular to the direction of the maximum principal stress) and the hardness
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to define the fatigue strength. For fully reversed push-pull loads, the following equation can be
used to estimate the fatigue strength:
σw,a =

1.43(Hv + 120)
√
( area)1/6

(27)

For hemispherical surface defects, the relationship between the crack length, a, and the param√
√
√
eter area is defined by Murakami [4] as: a = 2 2/π area. Hence, the non-failure condition,
for fully reversed uniaxial push-pull loads, can be written as:
σI,a a1/6
Hν + 120
< √
1.43
(2 2/π)1/6

(28)

Similarly, for fully reversed torsion loads, the survival condition can be written as:
τw,a F(b/a)a1/6 σI,a F(b/a)a1/6
Hν + 120
=
< √
0.93
0.93
(2 2/π)1/6

(29)

Where F is a function of the defect aspect ratio (b/a). For spherical defects F(b/a) = 0.8397
[30].
For combined tension-torsion loads, the extension to the Murakami criterion, proposed by
Endo and Ishimoto [28, 29], will be used. These authors consider that the fatigue strength for a
fully reversed biaxial load can be determined from the uniaxial fatigue strength, such that:
σI,a + km σII,a = σw,a

(30)

Where km represent the effect of a biaxial stress state, determined by means of a stress analysis
and is equal to km = −0.18 for a crack emanating from a round defect such as a hemispherical
surface pit or a drilled hole [30].
The condition of non-failure for this type of loading condition can therefore be written as:

σI,a + km σII,a a1/6
Hν + 120
< √
(31)
1.43
(2 2/π)1/6
In order to simplify the notation, the following two constants will be used:
• Ceq =

(σI,a +km σII,a )a1/6
1.43

represent the equivalent quantity used in the Murakami criterion
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• Cth02 =

Hν + 120
represents the threshold quantity with the Murakami criterion.
√
(2 2/π)1/6

Using this notation, and following the same procedure outlined above, the expression for the
probability of failure relating to the Murakami criterion (to model the second damage mechanism)
can be expressed as:
( "
!
! #)
σeq m1
Ceq m2
PF = 1 − exp −
+ 0
σ0th01
Cth02

(32)

0
Where Cth02
is the scale factor of the Weibull distribution used to model the scatter in the

threshold quantity (taking into account the scale effect).
These equations are summarised in Table 2.
Figure 7 shows the predictions obtained with the proposed modelling framework, using the
Crossland & Murakami criteria combination. It can be seen that the predictions, for all three
loading conditions, are in very good agreement with the experimental data.
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Fig. 7: Multiaxial Kitagawa-Takahashi type diagram established using the proposed modelling framework and the
Crossland & Murakami criteria combination, for the C35 steel, showing experimental data from the literature (PF =
0.5), large data points are used for the identification of the model
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5. Application to other materials
In this section, two concrete applications of the proposed modelling framework are briefly
presented. These involve the high cycle fatigue behaviour of two very different materials and
engineering applications. Note that these applications are based on previous work done in the
authors research group, and represent very specific applications of the proposed modelling framework, presented above in a more general form. This work is only briefly described below as it has
been well documented elsewhere. [12, 13, 14, 15, 16].As such, the objective of this section is to
highlight the usefulness and flexibility of the proposed modelling framework.
5.1. Forged bainitic steel - Metasco MC
The modelling framework was originally proposed by Pessard et al. [14, 15, 16], in order
to model the anisotropic fatigue behaviour of the hot rolled bainitic steel (Metasco MC) used
in forging applications. For this material it was shown experimentally that two distinct fatigue
damage mechanism can be activated. One damage mechanism involves crack initiation in the
bainitic matrix of the material, and the other was due to cracks forming and propagating from
clusters or bands of elongated Magnesium Sulphide inclusions. Figure 8 shows images taken on
the surface of specimens, which illustrate these mechanisms.
Experimental observations showed that the difference in the fatigue behaviour for different
material orientations (with respect to the rolling direction) was due to the activation (or not) of the
second damage mechanism associated with the inclusion clusters.
In this work, the probabilistic modelling framework was used in combination with the Morel
and Huyen [26] multiaxial fatigue criterion (to model mechanism 1) and the classical LEFM criterion, in which the inclusion clusters were assimilated to pre-existing cracks (to model mechanism
2). Figure 9 shows that this modelling approach is very successful in predicting the anisotropic
fatigue behaviour of this material.
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Fig. 8: Surface observations on fatigue specimens showing (a) the first fatigue damage mechanism: crack initiation
due to meso-plasticity in slip bands at 45◦ to the loading direction, (b) the second mechanism: crack occurring at a
MnS inclusion cluster at 90◦ to the loading direction

Fig. 9: Kitagawa-Takahashi diagram for the Metasco MC steel for fibering orientations of 0◦ , 45◦ and 90◦ with respect
to the loading direction [15] and comparison with experiential data points
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5.2. Cast aluminium alloys
The second application example concerns the high cycle fatigue behaviour of the AlSi7Cu05Mg03T7 cast aluminium alloy. Koutiri et al. [12, 13] showed experimentally, that for this material, two
fatigue damage mechanism can also be identified. These are illustrated in Figure 10. The first
mechanism is associated with crack initiation in the eutectic zones of the material and is assumed
to be controlled by a micro-plasticity type mechanism. The second mechanism is associated with
the propagation of cracks from micro-shrinkage pores.

Fig. 10: Surface observations on fatigue specimens showing (a) the first fatigue damage mechanism involving crack
initiation at Silicon particles in the eutectic zones, (b) the second damage mechanism involving crack growth from a
micro-shrinkage pore. Note that the presence of intermetallic phases acting as microstructural barriers to further crack
propagation

The probabilistic modelling framework was used in combination with the Morel and Huyen
[26] fatigue criterion (to model mechanism 1) and the classical LEFM criterion, modified to take
into account the mean stress effect, for the second damage mechanism concerning the propagation
of cracks from micro-shrinkage pores. This modification was base on a Klesnil and Lucas [31]
type correction so that the crack propagation threshold becomes a function of the load ratio.
For this material the proposed modelling framework, takes into account both of these damage mechanisms, and models the state of competition between them. This leads to a probabilistic
Kitagawa-Takahashi type diagram (see Figure 11), which in this case explains the relationship
between the fatigue behaviour of the material and the different casting processes or post-casting
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Fig. 11: Probablisitic Kitagawa-Takahashi diagram for the AlSi7Cu05Mg03-T7 cast aluminium alloy [13], schematically showing the effect of the HIP treatment

treatments. For example, a gravity cast components typically has a micro-shrinkage pore population characterised by large pore sizes. The presence of large defects leads to the rapid activation
and dominance of the second damage mechanism. This was the case for the gravity sand cast
material investigated by Koutiri et al. [12, 13] for which it was found that the final failure was typically caused by fatigue cracks that originated from large micro-shrinkage pores. Conversely, for
a very similar material treated by the HIP post-casting process, so that micro-shrinkage porosity
is dramatically reduced, the fatigue strength is controlled by the first fatigue damage mechanism
[32] (see Figure 11).
6. Discussion
Since, the original publication of the Kitagawa-Takahashi diagram in 1976 [8] many researchers
have investigated the short crack problem and have proposed high cycle fatigue criteria capable
of predicting the fatigue strength of materials containing both long and short fatigue cracks. Two
notable examples are discussed below.
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It was shown in 1999 by Taylor [33] that the Theory of Critical Distances in which the fatigue
strength is evaluated at a critical distance in front of a crack or notch, correctly predicts the behaviour of short cracks. Indeed the line method, advocated by Taylor in the publication cited above
is strictly equivalent to the El Haddad approach. These critical distance methods are extremely attractive, due to their simplicity. However, the mechanistic basis for why they work is still missing,
even if Taylor and his co-workers have made efforts to establish this fundamental link [34, 35].
Another recent approach that is successful in resolving the short crack problem was proposed
by Thieulot-Laure et al.[36]. This model is based on the critical distortional energy in the crack
tip region, calculated using a linear elastic fracture mechanics approach. In particular, the first
non-singular term of the asymptotic development of the elastic stress field close to the crack tip,
(i.e. the T-stress) is used. The approach takes into account the defect size distribution, defect
orientations, shapes and positions for multiaxial loading. The authors have demonstrated that their
prediction are close to those of the Dang Van criterion for very small cracks.
Even if these criteria result in correct predictions for the short crack problem, our experimental
observations of fatigue damages mechanisms lead us to advocate the proposed modelling framework [12, 13, 14, 15, 16] , which uses a probabilistic approach to explicitly take into account the
change in damage mechanism, which is at the origin of the Kitagawa-Takahashi diagram and the
short crack problem. Note also, that in this article the Crossland criterion has been used for sake
of simplicity. More sophisticated criterion such as the Morel and Huyen criterion [26] can and
have been used in this modelling framework. As such, it is very important to understand that the
identification procedure and the results obtained strongly depend on the criteria chosen to model
the two damage mechanisms.
The choice, to explicitly model multiple damage mechanisms, is also confirmed by the experimental observations of other researchers, in particular Endo and Ishimoto [29], who showed that
for sufficiently small defect sizes, crack initiation does not necessarily occur from either natural or
artificial defects. In practice, when small artificial defects are introduced at the surface of smooth
specimens, cracks often initiate in areas outside the zone of influence of the defect.
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7. Conclusion
The principal conclusions of this work can be summarised as follows:
• The proposed modelling framework is a flexible way of taking into account multiple, coexisting, fatigue damage mechanisms via the combination of two appropriate high cycle fatigue
criteria. One criteria to model crack initiation damage and a second for crack propagation
(or crack arrest).
• The proposed modelling framework can be used to establish probabilistic Kitagawa-Takahashi
type diagrams that have a mechanistic basis and are able to realistically reflect the experimentally observed scatter associated with the damage mechanisms.
• The proposed modelling framework, makes it possible to generate probabilistic KitagawaTakahashi type diagrams for multiaxial loading conditions, if appropriate multiaxial criteria
are used.
• When the classical LEFM criterion is used in this framework the short crack problem is
circumvented or avoided. It is assumed that short cracks fall into the transition region of the
Kitagawa-Takahashi diagram. That is, a crack is initiated due to a plasticity based mechanism (mechanism 1) in an isolated grain. As the crack grows to be a micro-structurally
short crack and then finally a long crack, there is a gradual change in the damage mechanism towards the crack propagation mechanism (mechanism 2). This gradual transition is
reproduced by the proposed modelling framework. This means that the classical long crack
propagation threshold can be used. When short cracks are considered (i.e. zones I and II of
the Kitagawa-Takahashi diagram) the probability of failure due to the propagation damage
mechanism becomes negligible and hence the contribution from the LEFM criterion is also
negligible.
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