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Modeling of Rolling Knee Biped Robot
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Abstract :

This report presents the dynamic modeling of a planar biped robot. The robot has seven bodies and 9 DOF. Two kinematic
configurations are investigated. The first has only revolute joints on all articulation. The second differs by the presence of
rolling contact on the knees. All matrices involved in the model are given in explicit form. All the possibilities of contact
between the feet and the ground are considered.

1 Keywords : Biped robot, rolling knee, dynamic model, contact model.

2 Introduction

The study concerns a planar biped robot with seven bodies namely a trunk, two thighs, two shins and two
feet. Two different kinematic configurations are considered for the biped. The first named CK is the classical
configuration with only revolute joints on all articulations. The second named RK has rolling contact joint on
the knee. The other joints are revolute joints. Figures 1 and 2 define the notations used thereafter. These robots
are controlled by six torques applied on the axis of rotation of each joint. For the RK robot, this means that the
knee torques are applied on a bar connected between the thigh and the shin (see Fig. ).

3 Dynamic model of a Biped Robot with 7 bodies

The two configurations are defined in the sagittal plane by the absolute angular coordinates named X, =
[¢" 25 zy]" with (zg, zp) the cartesian coordinates of the hip in Rg and ¢ = [qo, q1, 2, 43, 44, G5, @) the
vector of absolute joint angles. The joint torque vector is defined by I' = [I'y, 'y, T'3, T4, I's, '] | as represented
on Fig. 1 and 2. Defining 0 = [¢1 90,92 @1,9 92,96 43,93 q4,G4 q5]T the vector of joint angular
position.

The dynamic model is determined by the application of the Newton’s second law. A direct explicit relation is
obtained by the Euler-Lagrange equations. For the sake of simplicity, we consider a simple point-mass model
for all the bodies. This hypothesis reduces the parameters defining the model for each body which are thus the
mass m; and the positions s; = dist(O;Cyg;) of center of mass C'g;. Furthermore, we assume that its interaction
with the environment is limited to contact between the ground and the foot soles.

D(X)X.+ H(X.,X.)+ Q(X.) = BT + Acr.(Xe) "Fr, + Acr(Xe) T Fr (1)
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FIGURE 1 — Biped robot with revolute joint knees na- FIGURE 2 — Biped robot with rolling joint
med CK knees named RK

with D(X,) the 9 € 9 inertia matrix, H(X,, X.) the 9 € 1 vector of centrifugal and Coriolis forces, Q(X,)
the 9 € 1 vector due to the gravity, B the 9 € 6 control matrix, I" the 6 € 1 vector of torques, A.;, and A.g the
3 € 9 Jacobian matrix of external forces and F, and F'r the vector of external wrench respectively on the left
and right feet.

Inertia matrix D is expressed :

1D11 D12 D1z O 0 0 D1g  Dqg [
Dy1 Dy Do 0 0 0 Dag Doy
D3y D3y D3z 0 0 0

Dsg  Dsg 2

O O OO OO
)
w
o
S
w
e}

0 0 0 0 0 0 D77 Drg Dy
Dg1 Dgy Dg3 Dgy Dgs Dgg Dgr Dgg 0
D91 Dgo Dg3 Doy Dgs Dgs Dgr 0  Dgg
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For the CK robot, the terms of matrix D are defined as follows.

Deg = s2mg + s2mq + I

D1 = moli(sgsin(f1) s, cos(61))
D3y = mola(szsin(qo q2)  szcos(qo q2))
Dss = I + myl} + my st

D3g = lscos( 62)(moly + mys1)

Dyy = mols + Iy +mql3 + mash

Dsy =I5 cos(05)(moly + mqs1)

Dgy = mpla(cos(qs  qo)s. + szsin(gs  qo))
Dgs = moli (s, sin(f) + s cos(0))
Ds1 = mo(sgsin(qo) s, cos(qo))
Dg1 = mo (s, sin(qo) + sz cos(qo))
Dgy = (moly + mqs1) cos(qi)

Dgy = (moly + mysq)sin(qr)

Dg3 = (mola + mla + masg) cos(g2

Dyg3 = (mgly + mqly + masg) sin(g

N

Doy = (mply + myla + massy) sin(gs
Dgs = (
Dys = (
Dsg = mo( cos(gs)s, + sz sin(gs))
Dog = mo (s, cos(gs) + s, sin(gs))

)
)
Dgy = (mola + myly + masa) cos(g3
)
)

mol1 + m1s1) cos(qq

moly + misi)sin(qa))

I3 + mgsg
Dg7 = massz cos(ge)
Dy7 = ma3sszsin(gs)

Dgg = 2mg + 2mq + 2ms + ms
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For the RK robot, the terms of matrix D = [D;;rk], (4,5) [l x06] are defined as follows.

Diirxk = Desrx = Dn1

Disrx = Doigx = D12 +mori(s.(cosay  cosfy) + sy(sinag  sinfy))

Disrx = Dsipx = D1z +mora(s.(cosar  cos(q2  qo)) + sz(sinar  sin(q2  qo)))

Daopkx = D +2ri((mi(r1 s1)  moly) + (mi(s1 1) +moly) cos(az)

Dosrx = Dasgg = Dog + (myly + molh)ry cos as + (moly +ma(s1  71))recosag
((m1 + mo)rily +mo(li 4 s1)r2) cos(qi g2) + (M1 + mo)r1r

Dsspx = Dsg 4 2r2((m1 +mo)l; cos(ag) 1)

Dyri = Dy + 2ro((my + mo)lycos(as) 1))

Dysrk = Dssri = Dsg+ (mara(s1 1) + moral)) cos ay + (mo + mq)lhry cos as

(mo(lary + lir2) +ma(rasy + l5r1)) cos(qn  g3) + (my + mg)rire
Disprx = Dearx = Dea  mora(s.(cos(qs ¢qs5) cosag) + sz(sin(gz  ¢5) sinag)

Dsspie = Dss +2r1((ma(r1 s1)  mol}) 4+ (ma(s1 1) +moli) cos(au)
Dssrx = Degsri = Dsg + mori(sz(sinag  sinfg) + s.(cosag  cosbg)
Disrx = Dsirx = Dis
Digrx = Dgirx = D1
Dogrre = Dsapx = Dag  r1(mo(cosqr  cosvy1) +mi(cosqr  cosy))
Dagrr = Doark = Dag +r1(mi(siny;  sing1) +mo(siny;  singp))
Dssrix = Dsspx = D3g +ra(mi(cosyr  cosge) +mp(cosyr  cosga))
Dsorx = Dosrx = D39 ro(mi(sings  siny;) +mp(sings  sin~yy))
Duspx = Dsarix = Dag  r2(mo(cosqs cos7yz) +my(cosqz  cosyz))
Dyoprx = Dosrix = Dag  r2(ma(sings sinvyz) +mo(sings sinys))
Dssrx = Dssric = Dsg +1r1(mo(cosya  cosqs) +mi(cosyz  cosqa))
Dsorx = Dosri = Dsg +ri1(mo(sinyz  sings) +mi(sinye  sings))
Desrx = Dseérx = Des
Deorx = Dosrx = Deog
Dmirx = D17
Drsprx = Dstri = Drs
Dr9rx = Dyrrx = D79
Dssprx = Dogrk = Dss
with
1= U n
5 = lo 1

ar = ( qr1 qor2+riq1 +72q2)/(r1 +12)

az = 1 q)/(r1+r2)

az = ro(qr  q2)/(r1+12)

ay = 1o q3+qu)/(r1+r2)

as = 711( g3+ qs)/(r1+72)

ag = (riga+r2q3 g1 gsr2)/(r1+r2)
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The terms of Coriolis and centrifugal forces for both robots are calculated by Christoffel symbols. We obtain :

= mgly [spcos(f1)  s.sin(61)] G2 + mola [szcos(qa  qo)  susin(ga  qo)] G2>
= mgly [spcos(f1)  s.sin(61)] o + (mysy + moly) la sin(62)ga?

= molz[szcos(qo  g2) +s-sin(qo  g2)]do” + (moly +mast) I sin(02)gy>

= mola[szcos(qs  q5)  szsin(gs  g5)] G5 + (moly +mist) lasin(f5)gs”

= moly [spcos(fs)  s.sin(fs)] G5 (moly + myst) Iy sin(65)gs>

= mglz[szcos(qs  q3) +s.sin(gs  g3)] Gs* + moly sz cos(fs) s sin(6s)] Gs”
=0

= Diggo® Dagi® Dsgge® Diggs® Dsogs>  Deogs®  Droge”

= DisGo” + Daggi® + D3sgo® + Dasds® + Dssds® + Desds” + Drsds”

For the RK robot, the terms of matrix H = [HlRK Hork Hspk Hipk Hsrx Herx H7rrk Hsri HgRK]T
are defined as follows.

Higrk

Hori

H3ri

Hyrk

Hsri

Heri

H7ri

Hsri

Hork

mo sg |G12l] cosOy + g2%ly cos(qo  g2) + 1% (r1+712)cos(qp )

+my sz]q'flé sin(qp  q2)  Gi2ly sin® +~32 (r; +7r2)sin(gp M

mosy 1 gs> cos(qgs  q3) + 1} Ga? cos g + (r1 + 1"2)7'22 cos(qs  72) [

+mos, (r1 +ro)Yo’sin(gs vo) + lhgssin(gs  q3)  ljga’sin 06[

(moly +mi(s1 7)) ]7‘2((]'22 (ro/r1 + 1) d22) sin ag l/2q'22 sin 0

+morigo> [sysin(y1  qo) szcos(y1 qo)] molllcjo2 [s5 cos 01 s[ sin 604 ]

+molhrga® sin o + mylhriga®(sin ag + sin 6y)

(moly +mi(s1  71))(lysinfy  rosinas)gi® + (mo +ma)lyrisinas | (r1/rs + 1) dis?

+mogo” Jra (s2sin(y1 qo)  secos(vi qo))  ly(s.sin(go  g2) +secos(qo  q2))

(moly +mi(s1 71))(lhsinds  rosino)ds® + (mo +ma)rilysinag | (r1/ra + 1) dy
mogs® |ly(szcos(gs  qs) +s.sin(gs  q3)) + ra(secos(qs  72) + s-sin(gs  72))

Hg + mosy | (rags +71g1)* cos(as)/(r1 +12)  gs*racos(qs  q5)  Ga’ricos(6g)

+mos: [gs*rasin(gs  gs) + da’risin(0s)  (rags + riga)? sin(as)/(r1 +72) [

0

mo(s5cosqo + 8. 8inqo)do”  Mo(SyCOS g5 + 5 8in g5)G5” + M3S3ds” sin go

Gi°

Ga?

(moly +ma(sy 1)) (Gi*sing: + ga°sings)  ((mo + ma)ly + mas2)(g2” sin gz + g3° sin gs)

(mo +ma)(r1 +72) (712 sinyy + 2% sinya)
mo(s,cosqp Sz sin qo)q'o2 +mo(s,;cosqs  Spsin q5)q'52 ms3S3qs> COS g

+(mol] + mi(s1 71))(G1? cos q1 + Ga” cos qu) + ((mo + my)ly + mase)(ga? cos g2 + g3? cos q3)

+(mo 4+ ma)(r1 +72) (1% cos y1 + 72? cos 7o)
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The detail of the gravity matrix () of the CK robot is :

Q1 = mog(sssin(qo) + sz cos(qo))
Q2 = (moly +mis1)gsin(q1)

Q3 = (mola +myly + masa)gsin(ge)
Qs = (mola +myly + masa)gsin(gs)
Qs = gsin(qs)(moly +m1s1)

Qs = mog(szcos(gs) + szsin(gs))
Q7 =  ma3s3gsin(ges)

Qs = 0

Qo = (2mg+ 2m1 + 2ma + m3)g

The detail of the gravity matrix @) of the RK robot is expressed by :

Q1 = mog(szsin(qo) + sz cos(qo))

Q2 = (moly +mis1)gsin(qr) (mi+mo)rig(sing; sin~y;)

Qs = (mola + myle + masa) gsin(qa) (my1 + mg)ra g (sings  sin~y;)
Qs = (mole + myle + masa) gsin(gs) (my1+ mg)rag(sings sin~yg)
Qs = (molyi +mys1)gsin(qs) (m1+mo)rig(sings sin~ya)

Qs = mog(secos(qs) + szsin(gs))

Q7 =  m3s3g sin(gs)
Qs = 0
Qo = (2mo+2mi+2ma+ms3)g

The matrix B of the CK robot is :

'101000000[

0 0 1 1 0 0 000

0 0 0 1 0 0 100
B= (3)

0O 0 0 0 1 0 100

0O 0 0 0 1 1000

|

|10 1 0 0 0 1 000

The matrix B of the RK robot is expressed by :

171 0 1 0 0 0 00 OL

0 0 G I 0 000

0 0 0 10 0 100
B =

0 0 0 0 1 0 100

0 0 0 0 B At 000

Jo 1 0 0 0 1 000

The detail of the Jacobian matrix A.r, of the left leg for the CK robot is :

0 licos(qr) lacos(ge) O 0 O O 1 O L
A, = |0 Iisin(qr) lasin(gz) 0 0 0 0 0 1 i
1 0 0 00 0O0O00
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The detail of the Jacobian matrix A., of the left leg for the RK robot is :

0 rpcos(y1) +1jcos(qr) rocos(y1)+1lhcos(gz) 0 0 0 0 1 0O [
Acr, = |0 rysin(y1) +1ysin(q1)  r2sin(y) +l5sin(g2) 0 0 0 0 0 1
1 0 0 000 00O

The computation of the Jacobian matrix A.;, supposes that we have a contact with the entire sole of the foot and
the ground is horizontal. In the other cases, we can have a contact with only the heel or the toes. In these two
last conditions, the foot can freely rotate around the contact line between the foot and the ground. The matrix
A,r, is then different. The notation l,; = L, [, is used in the following equation.

For the contact with the heel, we obtain for the CK robot :

hy cos (qo) + 1y sin(qo) licos(qi) lacos(qgz) 0 0 0 0 1 O |_
T ] hy sin(qo) 1p cos(qo) lisin(g1) lasin(gz) 0 0 0 0 O 1
For the contact with the toes, we obtain for the CK robot :
hy cos(qo) lpisin(qo) licos(qi) lacos(gz) O 0 0 0 1 O {
L ] hy sin (qo) + lp1 cos (qo) lisin(g1) lasin(gz) 0 0 0 0 O 1
For the contact with the heel, we obtain for the RK robot :
hy cos (qo) + 1 sin(qo) 71 cos(y1) + 1j cos(qi) racos(y1)+l5cos(gz) 0 0 0 0 1 0
T ] hy sin(qo) 1p cos(qo) risin(y1)+ 1 sin(qr) rosin(y1)+lsin(gz) 0 0 0 0 0 1
For the contact with the toes, we obtain for the RK robot :
hy cos(qo) lpisin(qo) 71cos(y1) +1jcos(qi) racos(y1)+1lhcos(gz) 0 0 0 0 1 0
T ] hp sin (qo) + lp1 cos (qo) risin(y1) + 1) sin(q1) rosin(y1) +lsin(gz) 0 0 0 0 0 1

In the case of double support, the second leg is also in contact with the ground. We define then the corresponding
Jacobian matrix A.r with the same condition of contact as for the left foot.
For the contact with the toes, we obtain for the CK robot :

p 0 0 0 lpcos(gz) licos(qa) hpcos(gs) Ipisin(gs) O
cR —
0 0 0 Ilpsin(gs) Ilisin(qa) hpsin(gs)+lpicos(gs) 0 0 1

For the contact with the heel, we obtain for the CK robot :

0 0 0 lpcos(gz) l1cos(qa) hypcos(gs)+1psin(gs) 0 1 O|_
R _—

‘ 0 0 0 Ilpsin(g3) Ilisin(qa) hpsin(gs) I, cos(gs) 0 0 1
For the contact with the toes, we obtain for the CK robot :

N 10 0 0 racos(ye) +lhcos(qs) 71cos(ya) + 1 cos(qs) hy cos(gs) Ilpsin(gs) 0 1 0 |_
cR —
10 0 0 rosin(y2) +1lysin(gs) risin(y2) 41y sin(qs) hy sin(gs) +lpicos(gs) 0 0 1

For the contact with the heel, we obtain for the CK robot :

) 10 0 0 rocos(ye) +1hcos(qgs) r1cos(vy2) + 1 cos(qa) hy cos(gs) +1,sin(gs) 0 1 0
cR —

10 0 0 rosin(y2) +1lysin(gs)  risin(y2) 41y sin(qs) hp sin(gs) [, cos(gs) 0 0 1

4 Conclusion

This report gives the complete modeling of biped robot with two knee structures. These models are used in
all software develop by Dr. Hobon during his PhD study. The models allow to compute the minimum torque
required for the optimized walking of the biped robot that is used in the control law for the stabilization of the
robot.



