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Abstract In the lubrication limit, the time needed for the

drainage of the liquid film between two particles or

between particles and walls is of industrial importance,

because it controls the dynamics and aggregation of non-

dilute suspensions. This problem is also of fundamental

interest in the application of the dynamic surface force

apparatus to nanorheology. Even if this problem has an

exact solution in Newtonian fluid when the sphere moves

steadily and slowly towards or away from a plane wall, this

problem remains, to our knowledge, without any exact

analytical solution in non-Newtonian fluids with negligible

viscoelastic components. But Rodin, using the method of

asymptotic expansions, gives an asymptotic solution to this

problem in the lateral unbounded power-law fluid. There-

fore, in this study, we give a numerical result using the

dynamic mesh technique and an asymptotic analytical

formula valid in the lubrication regime, for a fluidity index

0:5\n6 1:8: The comparison between the two results

confirms their mutual validity.

Keywords Dynamic surface force apparatus �
Non-Newtonian fluids � Power-law fluids � Sphere towards

a plane � Hydrodynamic interactions

List of symbols

a Radius of the sphere, m

b Radius of the tube, m

D Rate of strain tensor, 1/s

ez Unit vector in z-direction, dimensionless

F Drag force undergone by the sphere in z-direction, N

h Minimumdistance between the sphere and the plane,m

k = a/b, lateral confinement coefficient, dimensionless

m Consistency of the fluid, Pa.sn

n Fluidity index of the power-law fluid, dimensionless

p Pressure, Pa

r Radial coordinate, m

r? = r/a, reduced radial coordinate, dimensionless

Ren Generalized Reynolds number, dimensionless

U Sphere velocity, m/s

z Axial coordinate, m

Greek symbols

d Perpendicular correction factor of the drag force under-

gone by a sphere approaching a plane, dimensionless

e = h/a, normalized minimum distance between the

sphere and the plane, dimensionless

e1 ¼ aeþ að1� cos hÞ; local distance between

the sphere and the plane, m

g Newtonian viscosity, Pa.s

m Kinematic viscosity, m2/s

h Angular coordinate, rad

q Fluid density, kg/m3

s Stress tensor, Pa

1 Introduction

The interactions between solid particles in dispersions are

mainly due to the hydrodynamic drainage processes as long

as the distance between the macroscopic surfaces in liquid

are above 10–15 nm (Bhushan 2010). In fact, due to the

smaller value of the Hamaker constants for molecular

interaction in liquid than in vacuum (Bhushan 2010), the

Van der Waals forces go into action in a very thin layer

(10–15 nm). Outside of this zone, the hydrodynamic
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drainage of the liquid between particles controls their

approach until the other molecular forces take over, as in

the coagulation of colloids (Hocking 1973; Potanin et al.

1988). In another field, recent applications of dynamic

surface force apparatus (DSFA) in nanorheology (Restagno

et al. 2002) need the knowledge of this kind of hydrody-

namic interaction. The study of the adherence properties of

a liquid near a solid interface i.e. the flow boundary con-

dition and the role of hydrophobization of a solid surface

on the fluid/wall slippage, is carried out by the use of a

DSFA which consists of the measure, in the quasi-steady

and oscillatory regime, of the hydrodynamic force under-

gone by a sphere moving towards one flat wall (Cottin-

Bizonne 2003). The use of this DSFA as a nanorheometer

is very promising and needs the knowledge of the relation

between the hydrodynamic force undergone by a sphere

and its displacement towards the plane in the lubrication

approximation for Newtonian and non-Newtonian fluids

(Cottin-Bizonne 2003; Luengo et al. 1997; Horn et al.

2000). Moreover, the time needed for the contact of two

spheres in Newtonian or non-Newtonian fluid plays an

important role in the aggregation and the formation of the

plug flow during the transport of suspensions. Another

application concerns the particle–particle or particle–wall

collision in non-Newtonian fluids, which takes place in

particle-laden flows (Stocchino and Guala 2005; Guala and

Stocchino 2007; Ardekani et al. 2009; Marston et al.

2010). Therefore, this study deals with the calculation of

the Stokes-type law correction factor, for the hydrody-

namic resistance of a sphere of radius a moving at steady

velocity U, towards or away from a plane wall in power-

law fluids.

As carried out by the DSFA, we will focus on the case

where the moving velocity U is maintained constant during

the approach to the rigid plane (at fixed low Reynolds

number) in incompressible Newtonian or power-law fluid

of a given apparent viscosity, which is dependent only on

the strain rate. Under this condition, as the geometry of the

problem changes over time, due to the linear variation of

the distance h ¼ ea between the sphere and the plane wall

in time, we assume first that a quasi-steady solution

applies, and the added mass force and the history force are

irrelevant in this configuration.

The condition of quasi-static flow was expressed by Cox

and Brenner (1967) as eRe � 1 where Re = 2aU/m and m
the kinematic viscosity. This condition can be found by

assuming that the velocity field in the gap induced by the

relative motion of the sphere with respect to the wall must

establish itself in a characteristic time shorter than the

unsteady convective time ea=U:

In lateral unbounded Newtonian fluid, this correction

factor dðeÞ has been calculated analytically by Brenner

(1961) and Maude (1961). They used bipolar coordinates

which had been first employed by Stimson and Jeffery

(1926).

FðeÞ ¼ �6pgaUdðeÞez ð1Þ
The asymptotic expansion of their formula for small gap ea
between the plane and the sphere is given by Cox and

Brenner (1967):

dðeÞ ¼ e�1 1� 1

5
e ln

1

e

� �
þ 0:9712e

� �
ð2Þ

which is valid for e6 0:6 (see Fig. 3). The first term of this

asymptotic expansion is the well-known Taylor law

dðeÞ ¼ e�1 ð3Þ
which is valid only for e6 0:04 (see Fig. 3). The Brenner

formula has been successfully verified experimentally by

Ambari et al. (1984b).

However, as far as we know, there are no exact ana-

lytical or numerical results concerning the calculation of

this perpendicular correction factor of the drag undergone

by a sphere translating at constant velocity towards a plane

wall in non-Newtonian fluids. In the limit of lubrication,

using the asymptotic expansions method, an asymptotic

solution is given to this problem by Rodin (1996) in lateral

unbounded power-law fluid, for the squeezing motion of

two nearly touching rigid spheres (where the case of a

sphere moving towards a plane is deduced by setting the

radius of one sphere to an infinite value). Then as a first

approximation of the non-Newtonian behaviour of the

fluid, in this study, we try to give a numerical and

asymptotical solution for this problem, using the Reynolds

lubrication equations, in power-law fluids whose behaviour

can be described by the following constitutive equation.

Note that this model constitutes one type of generalized

Newtonian fluid whose apparent viscosity depends only on

its second invariant of the strain tensor.

s ¼ 2 m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D : D

q� �n�1
� �

D ð4Þ

where s is the stress tensor and D ¼ 1
2
ðrUþrTUÞ is the

strain rate tensor, m the power-law consistency coefficient

(Pa sn) and n the fluidity index of the power-law fluid

(called Ostwald–de Waele fluid). For shear flow, Eq. (4) is

reduced to sxy ¼ m _cn where _c ¼ oux=oy is the shear rate. In
this case, the apparent viscosity is given by m _cn�1: When

n\ 1, this apparent viscosity decreases, the fluid is called

shear thinning or pseudoplastic; for n[ 1, the apparent

viscosity increases and the fluid is called shear thickening

or dilatant. For n = 1, the fluid has a Newtonian behaviour.

In fact, in this particular case of the calculation of the

hydrodynamic drag experienced by a particle moving

towards a plane, the force is due to the drainage effect in

the lubrication regime. In this condition, the non-



Newtonian behaviour which dominates in this drainage

flow may be of a power-law type (for many non-Newtonian

fluids). This is due to the weakness of the elongational

velocity gradient (induced by the very low moving velocity

of the particle in DSFA), which is able to arouse the vis-

coelasticity of the fluid. In fact, in this work, we consider

non-Newtonian fluid with a relaxation time much lower

than the inverse of the maximum of the normal and radial

elongational velocity gradient (low Deborah numbers);

located in the vicinity of the stagnation point, the effect of

the viscoelasticity is negligible (de Gennes 1974; Hinch

1974; Ambari 1979). Under this condition, the behaviour of

the fluid in this almost Poiseuille-type flow (viscometric

one) can be modelled in first approximation by a power-

law fluid, which takes account of a possible shear thinning

behaviour. Furthermore, recent experimental results on

particle–wall collision in polymeric liquids (Guala and

Stocchino 2007; Ardekani et al. 2009) confirmed that the

viscoelasticity of the fluid was negligible relative to its

shear thinning character at low Deborah numbers, sup-

porting the choice of the power-law model in this particular

flow. Moreover, as the drag is principally due to the

pressure induced by the drainage flow, the shear velocity

gradient is limited by its value reached near the axis of

symmetry. Indeed, most non-Newtonian fluids exhibit

Newtonian plateaus at low and high shear rate, in the

evolution of their viscosity with the velocity gradient, and

their behaviour can be described by the widely used Car-

reau–Yasuda model (Carreau et al. 1997). In the present

configuration of a sphere approaching a plane in the shear

thinning case, as long as the maximum velocity gradient is

not included in the possible second Newtonian plateau of

the power-law fluid, and as long as the low shear velocity

gradient corresponding to the first Newtonian plateau, sit-

uated in the extreme vicinity and far from the axis of the

sphere, has very little contribution to the calculation of the

drag, the Ostwald model can constitute a good approxi-

mation. A similar analysis is applicable to shear thickening

fluids. Under these conditions, the use of this simple model

with only one control parameter which is the fluidity index

n, contrary to that of a more realistic model such as Car-

reau–Yasuda introducing four control parameters (Carreau

et al. 1997), enables us to clearly and physically show the

influence of the shear thinning and the shear thickening

behaviour on the drag undergone by this particle.

2 Formulation and numerical approach

The flow of a fluid around a sphere, of radius a, moving

towards a plane at constant velocity uz ¼ �Uez is shown

schematically in Fig. 1. For the needs of the numerical

calculations, the sphere moves axially inside a very large

cylindrical tube of radius b towards its bottom. This con-

tainer is filled with a Newtonian or power-law fluid. For

simplicity of the calculations, we consider an equivalent

situation where it is assumed that the sphere is set and the

walls of the cylinder (bottom, top and lateral walls) move

at the velocity Uez: The flow is governed by the usual

conservation equations for mass and momentum under

isothermal conditions, i.e.

r�U ¼ 0

q otUþ U�rð ÞU½ � ¼ �rpþr�s
	

where q is the fluid density, p is the pressure and s is the

stress tensor for the power-law fluid (formula 4). The

velocity boundary and initial conditions are:

1. On all the walls of the cylinder: U ¼ �Uez;

2. On the sphere: U ¼ 0;
3. For t6 0 the fluid is at rest: U ¼ 0:

At very low generalized Reynolds numbers

Ren = qU2-n(2a)n/m, the calculation of the wall correction

factor dðn; eÞ of the drag experienced by a sphere trans-

lating towards a plane in the axis of the tube can be

expressed by the following expression, which can be

obtained by dimensional analysis:

Fðn; eÞ ¼ �6pm
U

2a

� �n�1

aUdðn; eÞez ð5Þ

where e ¼ h=a is the normalized distance between the

sphere and the wall. Let us recall that we gave an accurate

numerical solution (Despeyroux et al. 2011) to the problem

concerning the drag force undergone by a sphere in

power-law fluids in unbounded medium, whose results had

not been definitively established in non-inertial regime

and particularly for dilatant fluids. The polynomial

interpolation formula which gives correct values of this

coefficient with an average relative error less than 1% for

06 n6 1:8 is given by:

z

a

U

( ) ( ),zF n F n∞= δ ε

x

y

h a= ε

Fig. 1 Geometrical and hydrodynamical parameters for a sphere

moving towards a plane



dðn;e¼1Þ¼1:1909þ1:9781n�4:9165n2þ7:3332n3

�8:7174n4þ5:7425n5�1:8380n6þ0:22818n7

ð6Þ
To obtain a solution for this problemwhose geometry changes

over time, it is not possible to use the steady classical

numericalmethod. For this reason,we used the dynamicmesh

method in the finite volume CFD FLUENT code where the

SIMPLE algorithm was employed with a second-order

scheme. These computations are carried out on a structured

mesh, and a nonstructured one only in the vicinity of the

stagnation point of the sphere to ensure a homogeneous fixed

mesh size during the deformation of the mesh. In fact, this

dynamic mesh technique implies, for each time step, the rigid

motion of the bottom of the container towards the boundary of

the sphere. The mesh is then adjusted according to the new

position of the moving boundaries. In our case, in the rect-

angular mesh zone near the bottom, the dynamic layering

removes layers of cells adjacent to the moving boundary,

basedon the height of the layer adjacent to themoving surface.

In fact, the cell is split ormergedwith the layer of cell next to it

when its layer attains a critical height. The minimum gap

which can be reached through this procedure is the minimum

thickness of the nonstructured mesh zone at the stagnation

point of the sphere (e ¼ 10�3). For this computation, we used

a 16-core cluster. The convergence of the computation at each

step l is supposed to be reachedwhen the following criterion is

verified: 1� dlðn; eÞ=dlþ1ðn; eÞ

 

\10�6: Let us recall that a

100 iterations are used for each time step. Moreover, it is

noticeable that as we are concerned only with a bounded

shear stress srz corresponding to a bounded shear rate

06 _crz6 _crzmax in this particular flow, where _crzmax is reached
all the closer to theminimumgap as the sphere approaches the

plane, there is no singularity in the shear stress even if the

apparent viscosity described by this model mathematically

diverges for zero shear rate. Indeed, as the zones where the

velocity gradient is negligible do not introduce a significant

contribution to the calculation of the drag, we proceeded to a

verification of the effect of a truncated Ostwald model at low

and high velocity gradients as in the Carreau–Yasuda model

(Carreauet al. 1997),with a variationof the apparent viscosity

over three decades in accordance with most rheological

experiments (Carreau et al. 1997). Then the variation we

imposed was centred around the value corresponding to the

mean velocity gradient. As seen in Fig. 7 in Sect. 4.2, the

results corresponding to this truncated Ostwald model remain

the same as those obtained using the completeOstwaldmodel.

To check the validity of the results obtained by the numerical

method employed in this study, we proceeded to their

comparison with those obtained by the exact solution in

Newtonian fluid and an asymptotic approach in the limit of the

lubrication regime in non-Newtonian fluid.

3 Asymptotic approach

When the sphere moves towards the plane, in the limit of

the lubrication regime e � 1 (see Fig. 2) and for very

low Reynolds numbers, the dissipation would be located

principally in the minimum gap remaining between the

sphere and the plane. In this configuration, the drag force

undergone by a sphere can be calculated from the pres-

sure force induced by the radial drainage flow (Cox 1974;

Vinogradova 1995). Otherwise, in this limit, Rodin

(1996) gave an asymptotic solution for the squeezing

motion of two nearly touching rigid spheres (S1 of radius

a and S2 of radius b a) in a power-law fluid. To solve

this problem, he used the asymptotic expansions of the

axisymmetric Stokes stream function and the asymp-

totic problem was analyzed in nondimensional stretched

coordinates. He calculated the solution to the pressure for

different values of the a = (1 ? b)/2b parameter and

deduced the drag submitted by each sphere by integrating

the pressure transmitted by a horizontal circle of radius a

centred at the origin. Concerning our configuration of the

sphere settling towards a plane, we took b ! 1 then

a = 1/2. When we replace this a value in his expression

for the pressure, we obtain this radial distribution of the

pressure:

pðrþÞ � p1
m U

2a

� �n ¼ 2nþ 1

n

� �n
22þ3n

1þ 3n

� �
rþð Þ�ð1þ3nÞ

� 2F1 1þ 2n;
1

2
ð1þ 3nÞ; 3

2
ð1þ nÞ;�2

e

r2þ

� �
ð7Þ

where r? = r/a is the normalized radial distance from the

stagnation point, p1 the pressure far from the gap and 2 F1

is the Gaussian hypergeometric function. For n = 1

corresponding to the Newtonian fluid, this expression

reduces to:

pðrþÞ � p1
l U

2a

� � ¼ 6

eþ 1
2
r2þ

 �2 ð8Þ

which is the same as the classical lubrication solution

(Pasol et al. 2005; Chan and Horn 1985; Mongruel et al.

2011). In this approach, the correction factor dðn; k ¼ 0; eÞ
can also be obtained for b = 1/2 in the expression of the

force given by Rodin (1996):

d n[ 1=3; k ¼ 0; eð Þ ¼ F n; k ¼ 0; eð Þ
F n; k ¼ 0; e ! 1ð Þ

¼ 2
3n�1
2

3

2nþ 1

n

� �n

� b
3þ n

2
;
3n� 1

2

� �
1

e
3n�1
2

ð9Þ



This formula is valid mathematically only for n[ 1/3.

For n = 1/3, he obtained:

d n ¼ 1=3; k ¼ 0; eð Þ ¼ 2
3n�1
2

3

2nþ 1

n

� �n

logðe�1Þ ð10Þ

and for n\ 1/3, he gave:

d n\1=3; k ¼ 0; eð Þ ¼ 2
3n�1
2

3

2nþ 1

n

� �n

Oð1Þ ð11Þ

where O(1) is a constant. These two last results will be

discussed in Sect. 4.2. For the Newtonian case, the solution

9 reduces to the classical Taylor solution:

d n ¼ 1; k ¼ 0; eð Þ ¼ 1

e
ð12Þ

Moreover, we propose in the appendix a simple asymptotic

solution, using the Reynolds lubrication equations, corre-

sponding to the sphere moving towards a plane in the limit

of the lubrication regime and avoiding the use of the

streamfunction. This calculation gives the similar asymp-

totic solution as obtained from Rodin’s formula corre-

sponding to b ¼ 1:

4 Results and discussion

Hereafter, we first give a comparison of the numerical and

asymptotical results obtained for Newtonian fluid with the

aim of giving a validation of the numerical method and

asymptotical approach used in this work. In a second step,

we give the non-Newtonian correction factor numerically

and asymptotically in the case of the power-law fluid for

different indexes of fluidity.

4.1 Newtonian fluid and validation

In the numerical simulation, the sphere has to move

towards a plane in a very large cylinder of radius b. Our

first concern was the study of the effect of the lateral

confinement defined by the ratio k = a/b. In fact, Fig. 3

shows the good accordance between the numerical results

of the perpendicular correction factor obtained numerically

for k = 10-2 and those obtained by the exact analytical

solution given by Brenner (1961) and Maude (1961) in

lateral unbounded medium. This agreement is all the more

perfect as the sphere is in the lubrication regime ðe ! 0Þ;
and the drag becomes independent from the lateral con-

finement. In Fig. 4, the radial distribution of the pressure

calculated numerically for k = 10-2 and e ¼ 10�2; at low

Reynolds number Re ¼ 10�3ð Þ; is also in good agreement

with that calculated asymptotically for lateral unbounded

medium and given by the formula 8.

Finally, we note the accuracy of the slope of the power-

law decrease of the pressure with the radial distance

pðrþÞ � p1ð Þ_ r�4
þ : This successful comparison in the

Newtonian case supports the validity of the numerical

method used in this work.

4.2 Non-Newtonian fluid

First of all, as we consider in this work the case where the

possible relaxation time of the fluid is much lower than the

Fig. 2 Numerical velocity field in the gap between the sphere and the

plane wall in the lubrication regime (e ¼ 10�2) for n = 0.8

Fig. 3 Validation of the numerical calculation of the effect of the

frontal confinement on the drag force undergone by a moving sphere

towards a bottom of a tube filled with a Newtonian liquid at lateral

confinement k = 10-2. Comparison between the analytical and

asymptotic results for a lateral unbounded medium



inverse of the maximum of the radial elongational velocity

gradient near the stagnation point and consequently the

effect of a possible viscoelasticity is negligible (de Gennes

1974; Ambari et al. 1984a), the behaviour of the fluid in

this almost Poiseuille-type flow in the lubrication limit

(Fig. 2) can be modeled in first approximation by a power-

law fluid.

So, in Fig. 5, we give the influence of the index of flu-

idity n on the drag intensification factor dðn; eÞ in the

condition of lateral unbounded medium k ¼ 10�2ð Þ: This
perpendicular correction factor corresponds to the nor-

malization of the force undergone by a sphere at a distance

h ¼ ea from the plane, by the same force in unbounded

power-law medium (far from the plane) given by the for-

mulas 5 and 6.

The first remark is the good agreement for 0:66 n6 1:8;

between the numerical results for different confinements

and those obtained by the asymptotic approach given by

the formula 22 for the lateral unbounded medium. This

agreement no longer persists for n\ 0.5, for which the

asymptotic calculation needs to be performed at higher

order as we will show below. The second remark con-

cerning Fig. 5 is that the more the fluid is shear thinning,

the more the drainage is facilitated (the easier the particles

aggregate in dispersions).

Furthermore, Fig. 6, where we give a comparison

between the exponent of the power-law behaviour of

the drag: Fðn; eÞ_ e�aðnÞ calculated asymptotically: a(n) =
(3n - 1)/2 and that deduced from the numerical curve (in

Fig. 4 Comparison of the evolution of the pressure in the gap

between the sphere and the plane wall in lubrication regime

e ¼ 10�2ð Þ; calculated numerically and asymptotically (formula 8)

for Newtonian fluids

Fig. 5 Influence of the fluidity index on the drag undergone by a

sphere approaching a plane in a power-law fluid (straight lines
asymptotic, scatter plot numeric)

Fig. 6 Comparison of the exponents a (n) of the power-law

behaviour obtained numerically and those obtained asymptotically

Fig. 7 Comparison of the drag force undergone by a sphere

approaching a plane in a complete power-law fluid and that obtained

with the truncated Ostwald model



the lubrication regime) given in Fig. 5, confirms that the

asymptotic expression 22 gives accurate results for n[ 0.5.

As mentioned in Sect. 2, to verify the effect of a trun-

cation at low and high velocity gradients induced by the

appearance of both Newtonian plateaus as done by the

Carreau–Yasuda model (Carreau et al. 1997), we pro-

ceeded to a numerical calculation with an Ostwald trun-

cated model with a variation of the apparent viscosity over

three decades (commonly encountered in experiments).

The results obtained with this truncated Ostwald model,

given in Fig. 7, remain the same as those obtained using a

complete Ostwald model and justify its use in this study.

Concerning the radial distribution of the pressure in the

gap, in the power-law fluid, we compare successfully in

Fig. 8a, b the numerical and asymptotical results (formula

18) for two indexes of fluidity, n = 0.8 and n = 1.4, cor-

responding respectively to pseudoplastic and dilatant fluids

and two values of the gap. In all cases, the results for

Newtonian and power-law fluids confirm the validity of the

asymptotic relation 18.

From an experimental point of view, as dynamic surface

force apparatus uses a thin liquid film between the spher-

ical tip and the plane, we wanted to know the necessary

thickness of this film which allows the use of the formula

22. This height corresponds to that of the part of the sphere,

which accounts for 95% of the force undergone by the

sphere. Indeed, in Fig. 9a, we show in the Newtonian case

(a)

(b)

Fig. 8 Comparison of the numerical and the asymptotical pressure

distribution in the gap between the sphere and the plane wall for two

distances to the wall and different indexes. a n = 0.8, b n = 1.4

Fig. 9 The dark colored surface corresponds to the area contributing

to 95% of the drag undergone by a spherical particle moving towards

a plane. a Concerns the Newtonian case for three gaps: e ¼
0:01; 0:1; 1: b Concerns the power-law fluid for a gap e ¼ 0:01; for
three indexes of fluidity n = 0.8, 1, 1.4 corresponding respectively to

pseudoplastic, Newtonian and dilatant fluids

Fig. 10 Linear variation of the liquid film thickness needed to get

95% of the total force which would be undergone by an immersed

sphere, versus the normalized distance between the plane and the

sphere e; for different indexes of fluidity n



that the thickness of this region is all the lower as the gap is

small, confirming the lubrication hypothesis. This result

confirms that the applicability of the asymptotic law in the

lubrication limit depends only on the fore spherical

geometry of any particle, as confirmed experimentally for a

spherocylinder by Mongruel et al. (2011). However,

Fig. 9b corresponding to the power-law fluid (and

e ¼ 10�2) shows that when the fluid is shear thickening

n ¼ 1:4ð Þ; the height of this zone is significantly reduced.

This result confirms the validity of the lubrication

hypothesis and explains why the asymptotic calculations

are in very good agreement with the numerical calculations

for dilatant fluids. On the other hand, in the case where the

fluid is shear thinning, this zone increases when the fluidity

index n decreases (for a given gap), whence the nonvalidity

of the asymptotic calculations at the first order for

06 n6 0:5; due to the nonvalidity of the lubrication

hypothesis. In this range of fluidity indexes n, it would be

necessary to pay attention to use a higher thickness of film.

Finally, we verified numerically in Fig. 10 that the height

d95% at which 95% of the force is achieved varies linearly

in accordance with the gap for its very low values.

5 Conclusion

As encountered in the aggregation process of particles in

dispersions or in the dynamic surface force apparatus used

in nanorheology, before the contact of the sphere with

another sphere or a plane wall, the hydrodynamic force

diverges in the lubrication limit. The power-law which

describes this behaviour is given numerically for Newto-

nian fluids. The comparison with the exact solution given

by Maude (1961) and Brenner (1961) confirms the

validity of the dynamic mesh method used in this geo-

metrically unsteady problem. This successful comparison

led us to give a solution to the same problem, under the

quasi-steady state assumption, to the Ostwald–de Waele

fluid. In this case, the power-law of the divergence of the

force and the distribution of the pressure in the gap are given

asymptotically in the lubrication limit and compared suc-

cessfully to the numerical results for 0:5\ n6 1:8: These

asymptotic and numerical solutions show clearly that, when

the sphere moves towards the plane, themore the fluid shows

a shear thinning behaviour, the lower the increase in the

perpendicular correction factor. Then the aggregation of

particles is facilitated in shear thinning fluids, with regard to

the Newtonian case. The inverse effect occurs in the case of

the shear thickening fluid. This new result can also find an

application in the study of aggregation of dispersions and

surface force apparatus for nanorheology in power-law

fluids.

6 Asymptotic results

At very low Reynolds numbers, when the sphere approa-

ches the wall at constant velocity in unbounded lateral

medium, in the limit of the lubrication regime e � 1 (see

Fig. 2), the drag force is assumed to be controlled princi-

pally by the drainage process of the liquid film located in

the gap remaining between the sphere and the plane. So the

drag force submitted by a sphere can be calculated from the

pressure force induced by the radially ejected flow. This

drainage taking place in this gap, for power-law fluid, is

reduced to a ‘‘radial power-law Poiseuille flow’’ as shown

in Fig. 2 where ae1ðhÞ ¼ aeþ að1� cos hÞ and ae is the

minimum gap between the sphere and the plane. In fact,

starting from the following reduced momentum and con-

tinuity equations in the lubrication limit:

o
oz

m
ourðr; zÞ

oz











n� �

¼ op
or

ð13Þ

1

r

o
or

rurðr; zÞ½ � þ ouz
oz

¼ 0 ð14Þ

By successive integrations of Eq. (13) and using the

boundary conditions, one can obtain:

urðr; zÞ ¼ n

nþ 1
� 1

m

op
or

� �1
n

� z� ae1ðhÞ
2











1þ1

n

� ae1ðhÞ
2

� �1þ1
n

" #
ð15Þ

So by integrating the continuity Eq. (14) over the gap and

taking into account that the velocity of the particle

uz(r, z)|sphere = - U

1

r

Zþae1
2

�ae1
2

o
or

rurðr; zÞ½ �dzþ
Zþae1

2

�ae1
2

ouzðr; zÞ
oz

dz ¼ 0 ð16Þ

where ur(r, z) is given by Eq. (15), uzðr; z ¼ þae1=2Þ ¼
�U on the sphere and uzðr; z ¼ �ae1=2Þ ¼ 0 on the plane,

we obtain the radial pressure distribution along the gap

which is given by:

pðrþÞ � p1 ¼ �mUn 2nþ 1

n

� �n

� 2
nþ1
2

ane
3nþ1
2

 ! Z12er2þ
þ1

Y
n�1
2

Y þ 1½ �2nþ1
dY

ð17Þ

where Y ¼ 1
2e r

2
þ and r? = r/a is the normalized radial

distance from the stagnation point. Using the ‘‘MATHE

MATICA’’ code, the normalized radial distribution of the

pressure is given by:



pðrþÞ � p1
m U

2a

� �n ¼ 2nþ 1

n

� �n
22þ3n

1þ 3n

� �

� 2F1 1þ 2n;
1

2
ð1þ 3nÞ; 3

2
ð1þ nÞ;

�

�2
e
r2þ

�
rþð Þ�ð1þ3nÞ ð18Þ

where p1 is the pressure in the farfield and 2 F1 is the

hypergeometric function. Note that this result is similar to

that obtained from Rodin’s formula 7 and recalled in

Sect. 3. Nevertheless, his expression of the pressure at the

axis (his formula 23, Rodin (1996)) is not accurate and

must be replaced by:

p̂ð0Þ ¼ a
1þ3n
2 pC 3þ3n

2

� �
cos np

2

� �
C 1�n

2

� �
C 1þ 2nð Þ ð19Þ

Then the pressure in the axis is given by, for n = 1:

pðrþ ¼ 0Þ � p1
m U

2a

� �n ¼ p2
3þ3n
2

1þ 3n

2nþ 1

n

� �n

� C 3þ3n
2

� �
cos np

2

� �
C 1�n

2

� �
C 1þ 2nð Þ

1

e
1þ3n
2

ð20Þ

For n = 1, the limit of the pressure in this Newtonian case

is equal to:

pðrþ ¼ 0Þ � p1
g U

2a

� � ¼ 6

e2
ð21Þ

which is the same value that can be obtained from Eq. (8).

In this approach, the correction factor dðn; k ¼ 0; eÞ of

the drag undergone by a sphere can be calculated by

integrating the pressure given by formula 18 over the

frontal surface of the sphere in the lubrication limit:

d n; k ¼ 0; eð Þ ¼ F n; k ¼ 0; eð Þ
F n; k ¼ 0; e ! 1ð Þ

¼ 2
3nþ3
2

3ð9n2 � 1Þ
2nþ 1

n

� �n

� C 3nþ3
2

� �
C nþ3

2

� �
C 2nþ 1ð Þ

1

e
3n�1
2

ð22Þ

This formula, which is valid mathematically only for

n[ 1/3, reduces to the formula 9 deduced from Rodin’s

result in the limit of b ¼ 1 (Sect. 3). In fact, to verify the

equivalency between both formulae, let us recall that

(Gradshteyn and Ryzhik 1983):

4

9n2 � 1

C 3þn
2

� �
C 3nþ3

2

� �
C 2nþ 1ð Þ ¼ b

3þ n

2
;
3n� 1

2

� �
ð23Þ

In addition, for n = 1/3, the pressure field is given by:

pðrþÞ � p1

m U
2a

� �1
3

¼ 3� 5
1
3
1

e
1� 1

2e
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þ 1

� �2
3

2
64

3
75 ð24Þ

But the calculation of the force from integration of Eq. (24)

is divergent. Furthermore, the comparison of our numerical

results with the asymptotic solution given by Rodin

(formulae 10 and 11) proves that these last results are no

longer valid. However, due to the dependence of the drag

on the flow in the upper half of the sphere, shown by the

numerical results in Fig. 9b, it is not possible to give the

required higher order to our asymptotic calculation. In fact,

the numerical calculation turns out to be necessary as also

confirmed by Fig. 6. So all the asymptotic results given by

Rodin (1996) and us are no longer applicable for n\ 0.6.

Therefore,

F n; eð Þ ¼ �maðnþ3Þ=2p2ðnþ7Þ=2 d n; e ! 1ð Þ
9n2 � 1

� 2nþ 1

n

� �nC 3nþ3
2

� �
C nþ3

2

� �
C 2nþ 1ð Þ

1

hð3n�1Þ=2
dh

dt











n

ð25Þ
which reduces, in the Newtonian case, to the classical

relation (Vinogradova 1995):

Fðn ¼ 1; eÞ ¼ � 6pga2

h

dh

dt










 ð26Þ
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