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Abstract

This article presents a review of selected multiaxial high-cycle fatigue criteria
with an emphasis on their ability to take into account the mean stress effect and
the effect of a biaxial stress state. It is shown that the predictions of the various
criteria are very different for the case of biaxial tensile loads. This is in contrast
to the case of combined tension-torsion loads, where the predictions are very
similar. The second part of the article investigates which mechanical parameter
(eg, the hydrostatic stress or the normal stress) is the most appropriate to take
into account these cyclic stress states.
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1 INTRODUCTION

High-cycle fatigue (HCF) of engineering materials is a phe-
nomenon that results in the failure of real components and
structures in service. Its progressive and hidden character
that can lead to sudden and catastrophic failure makes it
essential to correctly predict the fatigue life of a structure.

The factors influencing the fatigue behaviour of a mate-
rial or a structure are numerous (eg, loading mode,
microstructural heterogeneities, residual stresses, temper-
ature, and environment), and this makes fatigue a complex
phenomenon to study. Much research has been under-
taken to better understand the influence of these factors,
and one of the principal aims of this work is to investigate

Nomenclature: R, Load ratio; k, Biaxiality ratio; 𝜎, Stress at the mesoscopic scale; 𝜏a, Shear stress amplitude at mesoscopic scale; s−1, Uni-
axial fatigue strength for a load ratio of R=− 1; s0, Uniaxial fatigue strength for a load ratio of R= 0; t−1, Torsional fatigue strength for a
load ratio of R = −1; t0, Torsional fatigue strength for a load ratio of R = 0; frot−1, Rotating bending fatigue strength for a load ratio of R = −1; Σ, Stress
at the macroscopic scale or engineering scale; ΣUTS, The ultimate tensile strength; ΣY, The yield strength; ΣN, Normal stress; ΣN,a, Amplitude of the
normal stress; ΣN,m, Normal mean stress; ΣH, Hydrostatic stress; ΣH,a, Amplitude of the hydrostatic stress; ΣH,m, Mean hydrostatic stress; Σe

ij, Elastic
stress tensor; Σp

ij, Plastic stress tensor; 𝜀e
ij, Elastic strain tensor; 𝜀p

ij, Plastic strain tensor; 𝜈, Poisson coefficient; E, Young modulus; W, Strain energy
density; Ta, Macroscopic shear amplitude stress; Tm, Macroscopic shear mean stress; T0, Weibull distribution scale factor; m, Weibull exponent; 𝛾cum,
Accumulated plastic strain;

the “mean stress effect” and to asses the ability of certain
fatigue criteria to correctly predict its influence.

For the case of uniaxial cyclic stresses, that is, either ten-
sile or bending loading modes, many experimental results
for metallic materials show an adverse effect of a positive
mean stress. Figure 1 shows a large number of experi-
mental uniaxial fatigue data taken from the literature1-10

represented in the form of a normalised Haigh diagram.
Figure 1 also shows the well-known empirical uniaxial cri-
teria proposed by Goodman11 and Gerber12 to account for
the mean stress.

For the case of torsional loads, Davoli et al13 demon-
strated that the mean stress effect is less pronounced than
for the uniaxial case. By considering data from the liter-
ature and their own tests conducted on a high-strength
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FIGURE 1 Normalised Haigh diagram showing the Goodman
and Gerber criteria [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 2 Effect of mean torsional stress on the torsional fatigue
strength13

steel, they showed that the torsional fatigue strength is rel-
atively independent of the torsional mean stress, as long as
the material rests globally elastic (see Figure 2).

This experimental trend for the torsional loading condi-
tions often leads to the fact that the mean shear stress is
not consider in the development of multiaxial fatigue cri-
teria. Thus, the effect of a positive mean stress for loading
levels inferior to the yield strength of the material is well
documented in the scientific literature. However, when
the maximum stresses exceed the yield strength of the
material, the damage mechanisms that are involved are
less understood.

However, other types of multiaxial loading conditions,
such as biaxial tensile loads, have been less studied in
terms of HCF. Some experimental results exist in the liter-
ature, but certain effects are still poorly understood such

as the effect of the biaxiality ratio k =
(
𝜎xx(t)
𝜎yy(t)

)
or the mean

stress effect for biaxial tensile loading modes.
The aim of this article is to improve the understanding

of the HCF behaviour, especially for applications involving
high mean stress and biaxial stress states, so that these can
be better taken into account in terms of fatigue modelling.
A comparison is presented in the last section, which com-
pares multiaxial fatigue models based on the normal stress
to those that include the hydrostatic stress as parameters to
take into account the spherical part of the cyclic stress ten-
sor. The objective is to determine the best way to take into
account a biaxial tensile stress state including mean stress.

Even though the notch effect is of great importance in
the HCF assessment of real engineering components,14-16

notched fatigue is not addressed in this paper. It is a delib-
erate choice of the authors to focus on smooth specimens
and to explain which criteria are the most relevant to
account at the same time for the mean and the tension
biaxial effects.

The following section is a literature review of selected
multiaxial, HCF criteria. Particular emphasis is placed
on the way in which these criteria model the mean
stress effect and the effect of a tensile biaxial stress state.
Models using the concept of elastic shakedown, coupled
plasticity/damage at the mesoscopic scale, and energetic
approaches are compared. It is shown that some loading
conditions are correctly predicted by the majority of these
criteria, while for others, the predictions are very different
from one criterion to another.

2 THE MULTIAXIAL HCF
CRITERIA INVESTIGATED

To better understand the effects of the mean stress, a great
deal of experimental data has been reported in the scien-
tific literature. This is also true for biaxial tensile stress
states; however, much less data are available in the lit-
erature. From this data, and sometimes from experimen-
tal observations of the associated fatigue damage mecha-
nisms, many multiaxial HCF criteria have been proposed.
The modelling approaches are varied, but as the HCF
domain is often governed by the initiation life of fatigue
cracks, only criteria established using a continuous solid
mechanics framework are considered here.

The models presented below are multiaxial fatigue cri-
teria that are supposed to take into account the loading
conditions outlined above that are investigated in this
work. In the scientific literature, many reviews and
critical analyses of existing fatigue criteria have been
published.17-20 In particular, Papadopoulos20 suggested that
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fatigue criteria can be divided into the following 4 cate-
gories:

• Strain-based criteria
• Stress-based criteria
• Energy-based criteria
• Criteria based on coupled plasticity-damage approaches

Generally, the strain-based criteria (and sometimes
energy criteria) are well adapted to low-cycle fatigue
where imposed strain tests are often performed and the
level of cyclic plastic strain is nonnegligible. Stress-based
approaches (and sometimes energy), as well as those based
on plasticity-damage coupling (which have emerged more
recently), are more often applied in the HCF domain.
Therefore, in this work, the focus will be on the last 3
categories.

2.1 Stress-based criteria
For this category of fatigue criteria, 3 different approaches
can be defined.

• Criteria based on the critical plane concept
• Criteria based on stress invariants
• Criteria based on averaged stress values in an elemen-

tary volume

Many critical plane–based approaches have been pro-
posed in the literature, such as the Matake criterion,21 the
McDiarmid criterion,22 and the Susmel criterion.23 How-
ever, the aim of this paper is not to test all of them, but to
investigate criteria considered to be representative of the
different modelling families. Concerning the family of crit-
ical plane criteria, the aim is to evaluate the ingredients
generally used and in particular to assess the robustness
of criteria that use the hydrostatic stress in comparison to
those based on the normal stress.

For the sake of simplicity and to avoid costly identi-
fication procedures, criteria are often expressed using 2
parameters. The first relates generally to the deviatoric part
of the cyclic stress tensor and is often a shear stress (on a
plane or averaged over an elementary volume) while the
second reflects the spherical part of the cyclic stress tensor
and is generally the normal stress (on a plane or averaged
over an elementary volume) or the hydrostatic stress. The
mean values and amplitudes of these quantities are deter-
mine and used according to the various criteria. Criteria
using the hydrostatic stress are the most common.24-27

The multiscale approach applied to HCF emerged with
the work of Dang Van28 and has since been used on numer-
ous occasions including the work of Papadopoulos29 to
better take into account effects of the loading paths.

Normal stress acting on material planes are sometimes
used in critical plane approaches30 or via the integration

over all possible crack initiation planes in an elementary
volume.31 Morel and Huyen27 in particular have proposed
a probabilistic approach that includes this type of integra-
tion.

2.1.1 The Dang Van criterion
In terms of HCF of polycrystalline metallic materials, it is
widely accepted that mesoplasticity plays a key role in the
initiation of fatigue cracks. Hence, the use of a multiscale
approach is fully justified. Among these types of criteria,
the Dang Van32 criterion is one of the most well known. It is
a critical plane–type criterion that has a physical basis and
is built around the postulate of elastic shakedown at both
the mesoscopic and macroscopic scales. That is, in HCF,
the macroscopic behaviour of the material remains glob-
ally elastic and only a few unfavourably oriented grains
undergo plastic deformation. Dang Van proposed the fol-
lowing hypothesis: The multiscale approach is based on the
assumption that under HCF loads a structure will not fail
in fatigue if an elastic shakedown state is obtained at the
macroscopic scale as well as at mesoscopic scale.32

The approach developed by Dang Van consists of
describing the plasticity at the mesoscopic scale by
assuming that the Schmid yield criterion and linear
isotropic hardening are appropriate. Finally, a mesoscale
to macroscale transition is applied to establish the crite-
rion at the macroscopic scale. The Lin-Taylor localisation
model is used, which assumes that the strain at both scales
is equivalent.

To take into account the negative role of the mean stress,
Dang Van proposes to use the hydrostatic stress. At the
mesoscopic scale, the criterion is expressed as a linear com-
bination between the absolute value of the shear stress
amplitude 𝜏a (in its shaken-down state, on the critical
plane defined by is normal vector n⃗) and the hydrostatic
stress.

max
n⃗

{
max

t

[||𝜏a
(

n⃗, t
) || + 𝛼Σh(t)

]}
⩽ .𝛽 (1)

For each material plane n⃗, the critical point on the load
path is determined using the maximisation in terms of
time, t. The critical plane is then defined by the second
maximisation.

The model parameters 𝛼 and 𝛽 can be identified using 2
fatigue limits, usually the fully reversed push-pull fatigue
strength, s−1, and the fully reversed torsional fatigue
strength, t−1, are used.

𝛼 =
t−1 −

s−1
2

s−1
3

and 𝛽 = t−1. (2)



For the particular case of uniaxial tensile loads, the crite-
rion can be simplified to

Σxx,a

[1
2
+ 𝛼

3

]
+ Σxx,m

[
𝛼

3

]
= 𝛽. (3)

The Dang Van criterion is typically presented in the form of
a diagram showing the loading path on the critical plane,
in terms of the shear stress amplitude and the hydrostatic
stress.

For uniaxial and biaxial tensile stresses, the presence of
a mean stress diminishes the allowable shear stress.

For synchronous, in-phase biaxial tensile stresses, with
a biaxiality ratio of k = Σyy(t)

Σxx(t)
where k ∈ [0, 1], the criterion

can be written as

Σxx,a

[
1
2
+ 𝛼(1 + k)

3

]
+ Σxx,m

[
𝛼(1 + k)

3

]
= 𝛽. (4)

Many of the ingredients of this criterion have been recently
justified by Charkaluk et al.33

2.1.2 The Papadopoulos criterion
The approach proposed by Papadopoulos29,34 also uses the
concept of elastic shakedown and the same localisation
law as that used by Dang Van. However, Papadopoulos
assumed that the crystals of a metallic aggregate follow a

combined isotropic and kinematic hardening rule when
deforming plastically. For a slip system of a single crystal,
he demonstrated that for a high number of cycles, there is
an upper limit to the accumulated plastic strain that must
not be crossed if fatigue failure is to be avoided and that this
limit is proportional to the amplitude of the macroscopic
resolved shear stress Ta acting on the slip system.

Furthermore, given that the fatigue limit does not cor-
respond to the complete absence of cracks, but more cor-
rectly, it implies the existence of a certain number of
nonpropagating cracks that can be indefinitely supported.
Papadopoulos proposed that it is preferable to define the
fatigue limit in terms of an average value of the plastic
strain, accumulated in all plastically deforming crystals, as
opposed to a single slip system.

The average value of the macroscopic resolved shear
stress associated with a slip system on an elementary mate-
rial plane Δ passing through the origin O in a spherical

FIGURE 3 Spherical coordinate system used in the
Papadopoulos criterion34

coordinate system (𝜙, 𝜃, 𝜒) can be defined by its unit vec-
tor, normal to the plane n⃗, and the unit vector m⃗ in the
slip direction in the plane (see Figure 3). A triple integral
is used by Papadopoulos to ensure that all possible slip sys-
tems are taken into account and to calculate the average
value

√⟨
T2

a
⟩

given by the following equation:

√⟨
T2

a
⟩
=

√
5

√
1

8𝜋2 ∫
2𝜋

𝜙=0 ∫
𝜋

𝜃=0 ∫
2𝜋

𝜒=0

[
Ta (𝜙, 𝜃, 𝜒)

]2 sin(𝜃) d𝜒 d𝜃 d𝜙. (5)

Papadopoulos proposed to use a second parameter ⟨Σn⟩
to take into account the spherical part of the stress tensor
and to account for the mean stress effect. This parameter
is the average value of the normal stress on each mate-
rial plane and is given by the equation below. It should
be noted that this quantity is equivalent to the hydrostatic
stress Σh:

⟨Σn⟩ = 1
4𝜋 ∫

2𝜋

𝜙=0 ∫
𝜋

𝜃=0
ΣN (𝜃, 𝜙) sin(𝜃) d𝜃 d𝜙 = Σh. (6)

The fatigue criterion is written as a linear combination of
the above 2 parameters:√⟨

T2
a
⟩
+ 𝛼Σh,max < 𝛽, (7)

where 𝛼 and 𝛽 are 2 material constants that can be identi-
fied using the fully reversed uniaxial fatigue limit (s−1) and
the fully reversed torsional fatigue limit (t−1).



For the particular case of uniaxial tensile loads, the
criterion can be simplified to

Σxx,a

[
1√
3
+ 𝛼

3

]
+ Σxx,m

[
𝛼

3

]
= 𝛽. (8)

For synchronous, in-phase loads biaxial tensile stresses,
with a biaxiality ratio of k = Σyy(t)

Σxx(t)
where k ∈ [0, 1], the

criterion can be written as

Σxx,a

[
1√
3
(1 + k2 − k)

1
2 + 𝛼(1 + k)

3

]
+ Σxx,m

[
𝛼(1 + k)

3

]
= 𝛽.

(9)

2.1.3 The Liu and Zenner criterion
The Liu and Zenner criterion31,35 is part of the family of
criteria based on average stress values within an elemen-
tary volume.36-38 The typical ingredients of these criteria
are average quantities within an elementary volume V of
the shear and normal stresses acting on a material planeΔ.
In general, these average quantities are described through
a double integral. The Liu and Zenner criterion can be
written as

ΣVA =

√
15
8𝜋 ∫

𝜋

𝜙=0 ∫
2𝜋

𝜃=0
a T2

a
(
1 + m T2

m
)
+ b Σ2

n,a
(
1 + n Σ2

n,m
)

sin(𝜃) d𝜃 d𝜙 < s−1. (10)

This criteria takes into account the mean values and
the amplitudes of the normal stress and the shear stress
on each material plane. The parameters a, b,n, and m are
material parameters that can be identified using 4 uniaxial
fatigue limits. s−1 and t−1 for a load ratio equal to R = −1,
and s0 and t0, for a load ratio equal to R = 0.

a = 1
5

[
3
(

s−1

t−1

)2

− 4

]
, (11)

b = 1
5

[
6 − 2

(
s−1

t−1

)2
]
, (12)

am =
s2
−1 −

(
s−1
t−1

)2( t0
2

)2

12
7

(
s0
2

)4 , (13)

bn =
s2
−1 −

(
s0
2

)2
− 4

21
am

(
s0
2

)4

15
14

(
s0
2

)3 . (14)

The fact that 4 fatigue strengths are required to identify the
model parameters is a limiting factor for the wide spread
use of the model.

For the case of uniaxial tensile loads, the criterion can be
simplified to[

Σ2
xx,a

(
1 + am

21
4Σ2

xx,m + 3bn
14

5Σxx,m

)] 1
2

= s−1. (15)

For synchronous, in-phase biaxial tensile stresses, with a
biaxiality ratio of k = Σyy(t)

Σxx(t)
where k ∈ [0, 1], the com-

plex formulation of the criterion is described by Liu and
Zenner.31

2.1.4 The Morel and Huyen criterion
In the model developed by Morel and Huyen,27,39 it is
assumed that when a condition of plastic shakedown
is achieved in one (or more) grains, fatigue failure is
inevitable. To calculate the global probability of failure of
the structure, it is sufficient to sum the failure probabilities

for each of the grains contained in the loaded volume. By
introducing a Weibull40 distribution to describe the elastic
shakedown threshold at the mesoscopic scale and by using
the weakest link hypothesis to consider all possible direc-
tions and the total stressed volume, the failure probability
is described by

Pf = 1 − exp
[
− 1

Vo ∫Ω

{
∫

2𝜋

𝜙=0 ∫
𝜋

𝜃=0 ∫
2𝜋

𝜒=0

(
Ta(𝜃, 𝜙, 𝜒)

To

)m

sin(𝜃) d𝜒 d𝜃 d𝜙
}

dV
]
, (16)

where Ta is the amplitude of the macroscopic resolved
shear stress acting on a slip system. The spherical coor-
dinates (𝜙, 𝜃) are used to describe the slip plane normal
vector n⃗ and a third angle, 𝜒 , is used to define the shear
direction in the plane. T0 is the scale factor of the Weibull
distribution, m is the Weibull exponent, and V0 is the
reference volume. It is generally accepted that both the
mean and the amplitude of the stress, normal to the slip
plane, have an influence on crack initiation. To take into
account both of these loading parameters, the following
scale factor, T0, is used:



To = T′
o

1 − 𝛾 Σn,m(𝜃, 𝜙)

1 + 𝛼 Σn,a(𝜃,𝜙)
𝜏a(𝜃,𝜙,𝜓)

, (17)

whereΣn,m(𝜃, 𝜙) andΣn,a(𝜃, 𝜙) are the mean and the ampli-
tude of the normal stress acting on the slip plane. 𝛾 and
𝛼 are the normal stress sensitivity coefficients. The ratio
(Σn,a(𝜃, 𝜙)∕(𝜏a(𝜃, 𝜙, 𝜒)) is used to define the degree of tri-
axiality and has the effect of reducing the scale factor. To
simplify the notation, the parameter Im is introduced and
is given by

Im =∫
2𝜋

𝜙=0 ∫
𝜋

𝜃=0 ∫
2𝜋

𝜓=0

(
𝜒a(𝜃, 𝜙, 𝜓)

1−𝛾Σn,m(𝜃, 𝜙)Xa

)m

sin(𝜃) d𝜓 d𝜃 d𝜙,

(18)

where 𝜒a(𝜃, 𝜙, 𝜓) = Ta(𝜃, 𝜙, 𝜓)) + 𝛼Σn,a(𝜃, 𝜙) and Xa =
max𝜃,𝜙,𝜓 [Xa(𝜃, 𝜙, 𝜓)].

The expression for the total probability of failure of the
structure then becomes

Pf = 1 − exp
[
− 1

V0 ∫V

Xa
mIm

(T′
0)m dV

]
. (19)

For multiaxial loading conditions, it has been shown by the
authors that this model is capable of accurately predicting
certain effects relative to the loading path, particularly for
combined tension-torsion loads and biaxial tensile loads.
The effects of out-of-phase loads and different loading fre-
quencies are also correctly accounted for by this criterion.

The authors also discuss the possibility of using the
hydrostatic stress ΣH instead of the normal stress to sim-
plify the calculations.

In this work, the criteria using the normal stress is
referred to as “Morel and Huyen—Nor.” and the same cri-
teria based on the hydrostatic stress is referred to as ”Morel
and Huyen—Hyd.” When the hydrostatic stress is used,
the scale factor is written as

To = T′
o

1 − 𝛾′ Σh,m

1 + 𝛼 Σh,a

𝜏a

. (20)

This expression and detail of this model can be found in
Thu.39

2.2 Energy-based criteria
Energy-based multiaxial fatigue criteria can be divided
into 3 groups,41 depending on the kind of strain energy
density per cycle, which is assumed as the damage param-
eter, that is,

• criteria based on the elastic strain energy
• criteria based on the plastic strain energy

• criteria based on the sum of the elastic and plastic strain
energy

For the last category, the strain energy density approach
proposed by Berto et al42 or Lazzarin et al43 has been
extensively used to take into account the notch effect cou-
pled with the finite element method. However, as this
paper does not specifically aim to investigate the notch
effect, the following section is focused on only 2 energy
approaches: one proposed by Froustey et al44 and the sec-
ond by Palin-Luc45 and Banvillet.46

2.2.1 The Froustey and Lasserre criterion
Froustrey et al44 proposed an energy-based macroscopic
model based on the accumulated strain energy density.
The aim of this criterion is not to predict the propagation
direction of a fatigue crack but to predict multiaxial fatigue
crack initiation. The authors consider the mean value of
the elastic strain energy density W defined by Equation 21
over one loading period T at point M in the component.
Σij and 𝜀e

ij are time functions of the stress tensor and the
elastic strain tensor, respectively, at the considered point.

W = 1
T ∫

T

0

1
2
Σij(t)𝜀e

ij(t) dt. (21)

As proposed by Tsybanev,47 a complete loading cycle is
considered to distinguish between rotating bending and
plane bending. In the HCF regime, the material remains
elastic at the macroscopic scale, thus W is also the mean
value of the total strain energy density.

For all periodic loads, the stress tensor can be decom-
posed into an amplitude, Σij,a(t), and a mean value, Σij,m(t).
The same can be done for the strains, 𝜀ij(t) = 𝜀ij,a(t) + 𝜀ij,m.
Also, the total strain energy density can be expressed as the
sum of the alternating part and a static term, W = Wa+Wm,
where

Wa = 1
T ∫

T

0

1
2
Σij,a(t)𝜀e

ij,a(t) dt and Wm = 1
2
Σij,m𝜀

e
ij,m.

(22)

As the authors consider that fatigue crack initiation
depends on both the hydrostatic stress and the alternat-
ing shear stress, they have chosen to consider separately
the spherical part of the alternating strain energy density
Wsa and the deviatoric part Wda (see Equation 23). Simi-
larly, the spherical Wsm and deviatoric parts Wdm of the
static strain energy density Wm are considered separately
(see Equation 24).



Wsa = 1 − 2𝜈
6E

1
T ∫

T

0
I2

1,a(t) dt

and

Wda = 1 + 𝜈
E

1
T ∫

T

0
J2,a(t) dt,

(23)

Wsm = 1 − 2𝜈
6E

I2
1,m and Wdm = 1 + 𝜈

E
J2,m, (24)

where I1,a and I1,m are the amplitude and mean values of
the first invariant of the stress tensor, and J2,a or J2,m are
the amplitude and mean values of the second invariant of
the stress deviator.

The degree of triaxiality is defined as per De Leiris48 and
is expressed as the ratio between the spherical and total
values of W for both the mean and the amplitude (see
Equation 25).

dTa = Wsa

Wa
and dTm = Wsm

Wm
. (25)

The influence of the degree of triaxiality is described for a
given mean load by the following normalised function F
varying between 0 and 1:

Wa

Wdaeq
=F(dTa, 𝛽)=

1
1 − dTa

{
1− 1

𝛽
ln

[
1 + dTa(e𝛽 − 1)

]}
,

(26)

where Wdaeq is the equivalent distortion energy gener-
ated at the endurance limit by a pure distortion load (ie,
torsion) (dTa = 0). The parameter 𝛽 is a material depen-
dent constant defining the stress triaxiality sensibility of
the material.

For the particular cases of uniaxial tensile loads and syn-
chronous, in-phase biaxial tensile loads with a biaxiality
ratio of k = Σyy(t)

Σxx(t)
where k ∈ [0, 1], the criterion can be

written as49 (
Σxx,a

s−1J2

)2

+
(

Σxx,m

RmK2

)2

= 1, (27)

where J and K are 2 parameters depending on the loading
type and the material. For the case of uniaxial tensile loads,
J = K = 1 and the criterion becomes equivalent to the
Marin50 criterion.

From Equation 27, it can be seen that the mean stress
correction is not linear. Hence, it is expected that good
predictions will be obtained for ductile materials; how-
ever, it is probable that the predictions for brittle or fragile
materials (where t−1

s−1
≈ 1) will be overestimated.

Concerning the case of biaxial tensile loads, the same
trend is observed for the mean stress effect as per the

uniaxial case. Except the parameters J and K depend on the
biaxiality ratio:

J2 =
F(dTa𝛽)∕F(dTa,uniax, 𝛽)

1 +
(

Σyy,a

Σxx,a

)2
− 2𝜈

(
Σyy,a
Σxx,a

)
cos(𝛽xx − 𝛽yy)

and

K2 =
F(dTm, 𝛽)∕F(dTm,uniax, 𝛽)

1 +
(

Σyy,m

Σxx,m

)2
− 2𝜈

(
Σyy,m

Σxx,m

) .
(28)

For uniaxial tension, dTa,uniax is equal to 1∕9, and for the
biaxial tension case, dTa is

dTa = 1 − 2𝜈
3

1 +
(

Σxx,a

Σyy,a

)2
+ 2

(
Σxx,a

Σyy,a

)
cos(𝛽xx − 𝛽yy)

1 +
(

Σxx,a

Σyy,a

)2
− 2𝜈

(
Σxx,a

Σyy,a

)
cos(𝛽xx − 𝛽yy)

.

(29)

2.2.2 The Lamefip criterion
The criterion referred to as the “Lamefip criterion” is pre-
sented here in the version discussed by Benabes51 and
Saintier et al.52 This model takes into account the effect
of stress and strain gradients on the fatigue strength. It is
based on the concept of a volume of influence around a
critical point, in which the strain work density supplied
to the material over a loading period or sequence is used.
A threshold value of W∗

f is introduced, which represents
the minimum value of the strain work density required
for creating, after many cycles, irreversible damage in the
material.

The criterion is constructed from 3 principal hypotheses:

• The strain work density, to which the material is sub-
jected, is considered to be the driving force for fatigue
damage initiation.

• The strain work density is calculated as the sum of
the contribution of each term of the stress and strain
tensors.

• The strain work density is determined after the material
is elastically shaken down (as assumed in HCF).

The strain energy density supplied to the material over
a loading cycle or a sequence of duration T, at point M is a
function of time, and is given by

Wf (M) =
3∑

i=1

3∑
j=1

∫T

⟨
Σij(M, t) �̇�e

ij(M, t)
⟩

dt, (30)

where �̇�e
ij(M, t) and Σij(M, t) are the stress and elastic strain

tensors at point M and are functions of time.



When stress gradient are present, the authors assume
that the threshold stress defines the volume of material
influencing fatigue crack initiation V*(Ci). All potentially
critical points, Ci, or locations where the supplied strain
work density Wf are local maxima are considered. Around

each one of these potentially critical points, the influence
volume V*(Ci) is defined by the volume where the damag-
ing work is not zero (or where Wf (M) > W∗

f ). The damage
parameter is defined by

�̄�f (Ci) =
1

V∗(Ci)∫V∗
( Ci)

[
Wf (M) − W∗

f

]
dV . (31)

For a uniaxial stress state loaded at the fatigue limit, the
author postulates that the quantity �̄�f (Ci) depends on the
material and is noted �̄�D

funiax ). For a uniaxial stress state,
the values of 𝜎*, W∗

f and �̄�D
funiax can be expressed by the

following equations:

𝜎∗ =
√

2(s−1)2 − (frot−1)2, (32)

W∗
f =

2(s−1)2 − (frot−1)2

E
, (33)

�̄�D
funiax =

(frot−1)2 − (s−1)2

E
, (34)

where frot−1 and s−1 are the fatigue limits in fully
reversed rotating bending and in fully reversed
tension-compression.

To take into account the sensitivity of the material to the
stress triaxiality, a triaxiality parameter is define at each
material point M. This parameter is the ratio between the
spherical elastic strain energy and the instantaneous total
elastic strain energy and is defined as

dT(M) =
dW V

f (M)

dWf (M)
, (35)

As per the C. et al44 criterion, an empirical function is used
F(dT(Ci), ) where dT defines the degree of stress triaxiality
and 𝛽 is a material parameter. For a given material, this
function represents the evolution, versus dT, of the ratio of
the strain work density value at the endurance limit, and
the corresponding value in torsion.

F (dT(Ci)soll, 𝛽) =
W D

f (Ci)soll

W D
f (Ci)torsion

, (36)

F (dT(Ci), 𝛽)=
1

1 − dT(Ci)

{
1 − 1

𝛽
ln

[
1 + dT(Ci)(e𝛽 − 1)

]}
.

(37)

The threshold value W∗
fsoll is also a function of the stress

trixiality using the function F:

W∗
fsoll = F(dT(Ci)soll, 𝛽).Wftorsion = W∗

funiax(Ci)
F(dT(Ci)soll, 𝛽)

F(dTuniax, 𝛽)
. (38)

The volume influencing fatigue crack initiation is
defined around each critical point for any loading condi-
tion. By assuming that all the critical points have an effect
on the material fatigue damage, the mean value over V* of
the damaging part of Wf is

�̄�f (Ci) =
1

V∗(Ci)∫V∗(Ci)

[
Wf (M) − W∗

f (Ci)
]

dV . (39)

Finally, the criterion assumes that there is no fatigue crack
initiation for any multiaxial loading condition if the fol-
lowing expression is satisfied46:

�̄�f (Ci) < �̄�D
f (Ci), (40)

where �̄�D
f (Ci) is the threshold value of �̄�f (Ci) at the

endurance limit. It can be calculated for any loading con-
dition by the following equation:

�̄�D
f (Ci) =

F(dT(Ci)soll𝛽)
F(dTuniax𝛽)

�̄�D
uniax. (41)

3 CRITERIA PREDICTIONS

Following the above presentation of different HCF criteria,
the criteria predictions will be analysed in this section in
terms of their ability to predict the fatigue behaviour of the
alloy steel 34CrMo4 under different loading conditions.
The objectives are

• to better understand the limits of each criterion and
• to identify the trends concerning the way in which the

different criteria treat different loading conditions.

It should be noted that in this section, the criteria predic-
tions are not directly compared to experimental results, but
the trends obtained for each criterion are compared. The
initial focus is placed on uniaxial loads and the effect of the
mean stress. Secondly, in-phase, combined tension-torsion
loads and biaxial tensile loads are considered. Finally, the
mean stress effect on these multiaxial conditions is inves-
tigated.

To use the fatigue criteria, the choice is made to base
the comparison on one metallic material, the 34CrMo4



TABLE 1 Mechanical properties of the 34CrMo4 steel7

t−1 s−1 so ΣUTS ΣY

284 MPa 382 MPa 600 MPa 902 MPa 706 MPa

high-strength steel, whose mechanical properties are pre-
sented in Table 1. With these values, taken from the
literature,7 it is possible to make predictions using all of
the previously discussed criteria for all of the loading con-
ditions investigated.

Note that to identify the Liu and Zenner criterion, the
torsional fatigue strength for a load ratio of R = 0
is required (t0). The empirical relation proposed by the
authors is used to estimate t0. That is,

t0 = 4t−1
2s−1
S0

+ 1
. (42)

For the Morel and Huyen criterion and the LAMEFIP
criterion, the typical parameters proposed by the authors
have been used. That is, for the Morel and Huyen criterion,
the parameter m or the Weibull exponent representing the
scatter is chosen to be equal to 20. The authors indicate that
this is a common value for steels. Concerning LAMEFIP
criterion, the ratio between the fatigue strength in rotat-
ing bending to the uniaxial tension-compression fatigue
strength for a load ratio of R = −1 is assumed to be 0.9.
Moreover, it is assumed that the stress field is uniform and
that the critical volume is equal to the total volume of the
specimen.

3.1 Uniaxial loads including mean stress
Initially, attention is focused on the case of uniaxial tensile
loads including a mean stress, in which only one compo-
nent of the stress tensor is present. Assuming a sinusoidal
evolution of this term Σxx(t), the stress is

̄̄Σ(t) =

[ Σxx(t) 0 0
0 0 0
0 0 0

]
where Σxx,m + Σxx,asin(𝜔t).

(43)

The predictions from the different criteria are shown in
Figure 4 in the form of a normalised Haigh diagram. The
Goodman and Gerber empirical criteria are also plotted in
this diagram as well as the conditions where the maximum
stress is equal to the ultimate tensile stress and the yield
stress of the material. The x-axis of the diagram has been
normalised by the ultimate tensile strength (ΣUTS) and the
y-axis by the fully reversed uniaxial fatigue strength (s−1).

It is important to note that as a general rule, these criteria
are not meant to take into account stress levels that exceed
the yield stress of the material. Also, only the Goodman
and Gerber criteria predict zero stress amplitude when

FIGURE 4 Normalised Haigh diagram for the material 34CrMo4
[Colour figure can be viewed at wileyonlinelibrary.com]

the mean stress is equal to the ultimate tensile stress. The
most important feature of this graph is the high degree of
variation in the predictions for this one steel.

It can be seen that the predictions from most of the crite-
ria fall between the Goodman and the Gerber predictions.
It should be noted that these criteria are based on the
assumption that the material remains globally elastic in
the HCF regime. Hence, the validity of the criteria is ques-
tionable when the maximum stress exceeds the yield stress
of the material. The Lamefip criterion shows most unique
form with a sigmoidal shape containing several changes in
curvature.

Two different trends concerning the mean stress effect
can be noted:

• The first is a linear decrease in the fatigue strength with
the mean stress, such as the Goodman criterion. How-
ever, depending on the criterion, the slope of the line is
very different. Figure 5A shows the predictions for the
models belonging to this category.

• The second is a non-linear dependence on the mean
stress (see Figure 5B. In this category, the prediction
curves have a convex (Gerber and Froustrey criteria),
or a concave form (Liu and Zenner criterion), or a sig-
moidal form (the Lamefip criterion).

3.2 Combined tension-torsion loads
The first type of stress biaxiality investigated is com-
bined in-phase synchronous sinusoidal tension-torsion
loads with a stress ratio of R = −1. The degree of biax-
iality is defined by the biaxiality ratio given by k = Σxy

Σxx
.

Experimental tests for this type of loading condition are
performed either by bending-torsion or tension-torsion
loads. The cyclic stress state can be described by

https://onlinelibrary.wiley.com/


FIGURE 5 Normalised Haigh diagram showing A, the criteria
with a linear trend and B, the criteria with a non-linear trend
[Colour figure can be viewed at wileyonlinelibrary.com]

Σ(t) =
⎡⎢⎢⎣
Σxx(t) Σxy(t) 0
Σxy(t) 0 0

0 0 0

⎤⎥⎥⎦
where

Σxx(t) = Σxx,asin(𝜔t),
Σxy(t) = Σxy,asin(𝜔t).

(44)

The predictions for the different criteria, shown in
Figure 6, clearly highlight the fact that all of the criteria
predict similar behaviour for this loading type. It is impor-
tant to note however that this observation is less true for
out-of-phase, nonsynchronous loads.39

3.3 Equibiaxial loads
The second multiaxial loading condition investigated is
in-phase, synchronous, sinusoidal biaxial stresses charac-
terised by 2 normal stress components. In this case, the
biaxiality ratio is given by k = Σyy(t)

Σxx(t)
and can vary between

0 and 1. The case where k = 1 corresponds to equibiaxial
tension. This cyclic stress state can be described by

Σ(t) =

[ Σxx(t) 0 0
0 Σyy(t) 0
0 0 0

]
where

Σxx(t) = Σxx,asin(𝜔t),
Σyy(t) = kΣxx(t).

(45)

Firstly, the case where there is no mean stress for either
stress component is investigated. Figure 7 shows the cri-
teria predictions, represented in terms of the stress ampli-
tude in the x direction normalised by the uniaxial fatigue
strength Σxx,a

s−1
as a function of the biaxiality ratio. From this

figure, several trends can be observed:

• Almost all of the models predict a negative effect of the
biaxiality for high biaxiality ratios.

• Contrary to the tension-torsion case, the different crite-
ria result in very varied predictions.

• For the Dang Van and Liu and Zenner criteria, the dam-
aging effect of an increasing biaxiality ratio is almost
linear.

FIGURE 6 Predictions from the different criteria for combined
in-phase, synchronous sinusoidal tension-torsion loads [Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 7 Predictions from the different criteria for in-phase,
synchronous sinusoidal biaxial stress states [Colour figure can be
viewed at wileyonlinelibrary.com]

https://onlinelibrary.wiley.com/
https://onlinelibrary.wiley.com/
https://onlinelibrary.wiley.com/


• For some criteria, there is an increase in fatigue strength
at low biaxiality ratios followed by a sharp decrease up
to the equibiaxial state (k = 1). The Froustrey, Lamefip,
More and Huyen (Hyd.), and the Papadopoulos criteria
present this type of behaviour.

• The Morel and Huyen (Normal) criterion is the only one
to predict a beneficial effect of the biaxiality for almost
all the biaxiality ratio range. This beneficial effect is a
maximum for a biaxiality ratio of k = 0.5.

Contrary to the case of combined tension-torsion loads,
Figure 7 highlights the fact that different criteria investi-
gated predict very different trends for this loading condi-
tion.

Finally, the case of equibiaxial tensile stresses (k = 1)
including the mean stress effect is investigated. It is
assumed that the stress components in the x and y direc-
tions are in-phase, synchronous, and sinusoidal, given by

̄̄Σ(t) =

[ Σxx(t) 0 0
0 Σyy(t) 0
0 0 0

]
where

Σxx(t) = Σxx,m + Σxx,asin(𝜔t),
Σyy(t) = kΣxx(t).

(46)

Figure 8 shows the prediction results for equibiaxial
stresses, including the effect of positive mean stresses. The
predictions are shown in the form of a normalised Haigh
diagram. The y-axis shows the predicted stress amplitude
normalised by the uniaxial fatigue strength Σxx,a

s−1
= Σyy,a

s−1
.

The x-axis is the mean stress normalised by the ultimate
tensile strength of the material Σxx,m

ΣUTS
= Σyy,a

ΣUTS
. It can be seen

that

• All of the criteria predict a detrimental effect of tensile
mean stresses for this loading condition. Note that when
the normalised mean stress value is equal to zero, the
predictions are the same as those shown in Figure 7 for
a biaxiality ratio of k = 1.

• Only the Morel and Huyen (Normal) criterion predicts
no effect of the stress biaxiality without mean stress.

• With increasing mean stress, the variations between
each criteria increase to the point that it is impossible to
identify a common trend.

It is clear that the predictions for biaxial stress states,
combined with the mean stress, are very different depend-
ing on the criterion used. Hence, to achieve good pre-
dictions, greater attention should be given to this type of
loading condition.

4 CONSIDERATION OF BIAXIAL
TENSION IN MULTIAXIAL
CRITERIA

In the scientific literature, no general consensus can be
found concerning the effect of a biaxial stress state on
the fatigue life and fatigue crack growth. Gaur et al53

summarises the different effects observed for this type
of loading condition. Some authors report a detrimental
effect.54-57 Inversely, a certain number of authors report a
beneficial effect.58-61 Finally, a neutral effect is reported by
others.62-65

It can be concluded from this lack of consensus that
the biaxial loading condition, with or without mean stress,
merits further investigation.

In this section, the criteria discussed in this paper are
tested against experimental data taken from the literature

FIGURE 8 Predictions from the different criteria for in-phase, synchronous sinusoidal equibiaxial stress states including the mean stress
effect [Colour figure can be viewed at wileyonlinelibrary.com]
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in terms of biaxial stress states for six engineering mate-
rials. The materials and references are given in Table 2.
Only the following 5 criteria are investigated: Dang Van,
Papadopulos, Morel and Huyen (Hyd.), Morel and Huyen
(Normal), and Liu and Zenner.

Much of this data for the steel materials are from exper-
imental campaigns conducted in the 1970 and 1980 by
German researchers. The cyclic biaxial state is achieved

TABLE 2 Fatigue data taken from the literature

Material Reference Biaxiality Ratio Load Ratio

XC48 Simburger1 2/1 0
St35 Issler5 1/0.55 0.05
25CrMo4 Mielke2 0.5 0.1
34Cr4 Hendenreich et al6 1 0.1
ER7 Koutiri et al66 1 0.1
2024-O Bellett et al58 0.4 0.1
CrMo steel Gaur et al53 1 0.25

using combined internal pressure and tension. For the ER7
steel, the biaxial tensile stress is achieved via asymmetri-
cal bending,66,67 and for the 2024-O aluminium, the biaxial
stress state is obtained using specially shape specimen for
uniaxial loading.

Five criteria have been investigated in terms of the way
in which they treat the mean stress effect:

• The Dang Van, the Papadopoulos, and the Morel and
Huyen (Hyd.) criteria use the hydrostatic stress to pre-
dict the mean stress effect, while the Morel and Huyen
(Normal) and Liu and Zenner criteria are based on the
integration of the normal stresses on material planes.

• Also, the Dang Van and Papadopoulos criteria do not
have a specific model parameter dedicated to the mean
stress effect. In these criteria, the coefficient 𝛼 is defined
in terms of the maximum hydrostatic stress. This same
coefficient also takes into account the effect of a biax-
ial stress state. The 3 other criteria include a coefficient
directly linked to the mean stress.

FIGURE 9 Predictions errors from the different criteria investigated for the 11 data sets taken from the literature for biaxial stress states
[Colour figure can be viewed at wileyonlinelibrary.com]
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Figure 9 shows the prediction errors for each model
for the different data sets taken from the literature (pre-
sented on Table 2) for biaxial stress states. Note that for
several materials, different mean stresses and biaxiality
ratios could be tested. For a fixed average stress and a given
biaxiality ratio, the percentage error is calculated via the
following expression:

error (%) =

(
Σpredicted

xx,a − Σexperimental
xx,a

Σexperimental
xx,a

)
× 100. (47)

The results of the comparison between the criteria
predictions and the experimentally determined fatigue
strengths for different data taken from the literature can be
summarised as

• The Dang Van and Papadopoulos criteria have difficulty
predicting the fatigue behaviour under biaxial tensile
stress states. The predictions are correct (less than 5%
error) for only a few data sets, and no real trend is
observed. In general, the Dang Van criterion underesti-
mates the fatigue strength. However, the Papadopoulos
criterion underestimates the fatigue strength for some
materials (XC48, 2024-O, and ER7) and overestimates it
for the other cases.

• The Liu and Zenner criterion gives good prediction
errors, especially for the materials: 34Cr4, 25CrMo4,
and St35. For the materials XC48 and steel ER7, the
criterion underestimates the fatigue strength.

• The Morel and Huyen (Hyd.) criterion, which uses the
hydrostatic stress, is conservative and underestimates
the material fatigue strength. However, when the same
criterion is used with the normal stress, with a maxi-
mum error of approximately 15% for the 2024-O mate-
rial (data set 10), note however that all of the criteria
have difficulty predicting this data.

As a general rule, it can clearly be seen that the criteria
using the hydrostatic stress as the parameter to take into
account the spherical part of the cyclic stress tensor, to pre-
dict the effect of the biaxiality and the mean stress, are not
suitable to predict the fatigue behaviour for biaxial stress
states. However, the criteria using the normal stress, such
as the Liu and Zenner or the Morel and Huyen (Normal)
criteria, better reflect the material behaviour in fatigue
under biaxial tensile loads. In particular, the Morel and
Huyen (Normal) criterion appears most suitable for this
loading mode. Furthermore, the hydrostatic stress overes-
timates the damage created by the loading condition.

5 DISCUSSION

The aim of the first part of this paper, which presents a
comparison between different HCF criteria, was to identify

the loading conditions for which the predictions from the
different criteria are not in agreement. The biaxial stress
state, with or without mean stress, was clearly identified as
being problematic. The aim of the second part of the paper
was to clarify which criteria give the best predictions for
these loading conditions and to identify why.

Concerning the mean stress effect
It is well accepted in the scientific literature that fatigue

crack initiation in homogeneous metallic materials is
caused by microplasticity at the scale of individual grains.
However, there is no such consensus concerning the effect
of the mean stress on crack initiation, other than the
argument that it has an effect on the opening stress and
propagation of microstructurally short cracks and that it
facilitates the crossing of microstructural barriers.

Most of the proposed criteria take into account the effect
of the mean stress in an empirical or phenomenological
manner28,31,34,39 and often assume that the effect is linear.
Typically, a model parameter is used to control the effect of
the mechanical quantity chosen to represent the spherical
part of the cyclic stress tensor. This mechanical quantity is
generally either the hydrostatic stress, the normal stress on
a material plane (or a critical plane), or a spatial average of
all possible material planes.

The hydrostatic stress is related to the first invariant
of the stress tensor and has the advantage of being very
simple to calculate. However, there is more physical justifi-
cation for the use of the normal stress on a material plane,
but its calculation is sometimes time-consuming especially
when using integral methods.

Nevertheless, regardless of which mechanical quantity
is used to take into account the effect of a positive mean
stress, it is shown above that the predictions are very dif-
ferent depending on the criterion used, at least for the
example of the 34CrMo4 alloy steel. It should be noted
however that all models predict a damaging effect of a
positive uniaxial mean stress, which is more or less pro-
nounced, and that the difference between the criteria
becomes greater for the highest load ratios. Hence, it can be
concluded that for the case of high mean stress, the criteria
require other ingredients or more physically based param-
eters, to take into account the evolution of the fatigue
damage and strain hardening, for example.

For instance, Ince and Glinka68 have proposed a modifi-
cation to the Morrow and the Smith, Watson, and Topper
mean stress correction models to better account for the
mean stress effect. In this work, the predictions of the
proposed modifications are compared to those of the orig-
inal Morrow and the Smith, Watson, and Topper models.
Four sets of experimental fatigue data (Incoloy 901 super-
alloy, ASTM A723 steel, 7075-T561 aluminium alloy, and
1045 HRC 55 steel) were selected to investigate the pre-
dictive capabilities of the proposed model. It was found to



provide good correlation with experimental data, except
for compressive loading conditions.

Another way to deal with this issue is to turn to the
family of models based on coupled plasticity and damage.
Monchiet et al69,70 proposed an approach based on coupled
plasticity and damage, which takes into account the role of
the mean stress by considering the damage that appears in
persistent slip bands (at the origin of crack initiation). The
authors take into account this porosity by using the Gur-
son criteria and the concept of elastic shakedown. They
demonstrated that evolution depends on both the level of
the mean stress and the amplitude of the applied loading.
The mechanical parameter used by the authors to reflect
the effect of the mean stress is the hydrostatic stress. More
recently, a coupled plasticity/damage approach has been
proposed by Zghal71 to take into account the competition
between the beneficial effect of strain hardening and the
detrimental effect of damage.

Concerning the effect of a biaxial stress state
It is shown above that the effect of stress biaxiality

in HCF depends on the loading mode under consider-
ation. The predictions from the chosen fatigue models
make it clear that for loading modes such as in-phase
tension-torsion, the criteria are in good agreement with
results that are practically the same. However, for other
proportional loads, and in the particular the case of biaxial
tension, the results are very different. Certain criteria pre-
dict that a biaxial stress state is not damaging in fatigue,
while others predict that it is. Furthermore, no definitive
experimental trend can be found in the literature.

When an equibiaxial tensile loading condition is com-
bined with mean stresses, very significant differences are
observed between the predictions from the different crite-
ria. It is shown above that better predictions are obtained
when using the normal stress with a coefficient dedicated
to the mean stress effect to take into account the biaxiality
effect (in biaxial tension).

6 CONCLUSION

The aim of this work was to better understand the effect
of mean stress and stress biaxiality in HCF and to examine
the way different criteria take these effects into account. It
can be concluded that

• Even for simple uniaxial tensile loads, the HCF multi-
axial criteria investigated result in very different predic-
tions for the effect of the mean stress.

• For the case of synchronous in-phase tension-torsion
loads, with no mean stress, all of the investigated criteria
converge to very similar predictions.

• For the case of biaxial tensile loads, no general trends
can be observed in the predictions of the investigated

criteria. For an equibiaxial state, some criteria predict a
detrimental effect, others predict a beneficial effect.

• For equibiaxial stress states including mean stresses, the
different criteria result in very different predictions.

• Via an analysis of experimental data taken from the lit-
erature, it is shown that most appropriate mechanical
parameter to take into account the effect of a biaxial
stress state and the mean stress effect is a weighted aver-
age of the normal stress on all possible material planes,
such as that used by the Morel and Huyen (Normal)
criterion.

It should be noted that the above conclusions are based
on data taken from the literature for steel and aluminium
materials, which can be qualified as being relatively defect
free. Caution should be exercised when translating these
conclusions to materials in which the fatigue behaviour
is controlled by the presence of defects, for example, cast
materials.
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