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Abstract

The scientific literature has shown the strong effect of void size on material response. Several
yield functions have been developed to incorporate the void size effects in ductile porous
materials. Based on the interface stresses of the membrane around a spherical void, a Gurson-
type yield function, which includes void size effects, is coupled with the bifurcation theory for
the prediction of plastic strain localization. The constitutive equations as well as the bifurcation-
based localization criterion are implemented into the finite element code ABAQUS/Standard
within the framework of large plastic deformations. The resulting numerical tool is applied to the
prediction of forming limit diagrams (FLDs) for an aluminum material. The effect of void size
on the prediction of FLDs is investigated. It is shown that smaller void sizes lead to an increase
in the ductility limits of the material. This effect on the FLDs becomes more significant for high
initial porosity, due to the increase of void-matrix interface strength within the material.

Keywords:
Void size effect; Bifurcation approach; Gurson-type model; Forming limit diagram; Ductile

damage; Localized necking

1. Introduction

Sheet metal forming, associated with its wide range of products, is undoubtedly a
manufacturing process of great importance involving plastic deformation of sheet metals into a

desired shape. For safer design perspective of the manufactured parts, it is desirable that sheet
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metal forming processes should not give rise to localized deformations, which as precursor,
ultimately lead to material failure. Thus, prediction of localized deformation is of key importance
in selecting the forming process parameters. Forming limit diagram (FLD), originally proposed
by Keeler & Backofen [1] and Goodwin [2], is a very useful and practical approach for the
characterization of ductility limits in sheet metal forming processes. FLD is the plot of in-plane
limiting strains, for a sheet metal subjected to biaxial stretching, at the onset of localized
necking. Traditionally, FLDs are determined experimentally, using deep drawing tests with
various sheet specimen geometries (covering various strain-path ratios), and measuring the in-
plane strains at the occurrence of localized necking. However, such experimental determination
of FLDs for sheet metals is both costly and time consuming. As an interesting alternative, the
development in recent years of constitutive models and material instability criteria for the
prediction of plastic strain localization has enabled determining FLDs through numerical
simulations.

In addition to the anisotropic plastic behavior of sheet metals, ductile damage, which induces
softening, can also be introduced in the constitutive equations, thus providing a more realistic
mechanical response for sheet metals. In the past three decades, two damage theories, in this
regard, have been developed: Continuum Damage Mechanics (CDM) and micromechanics-based
damage theory. The CDM approach treats the damage variable as a scalar or tensor depending
upon the softening behavior and anisotropy, as addressed extensively earlier in the literature (see,
e.g., [3—14]). As to the micromechanics-based damage approach, the damage variable is taken to
describe the void growth in porous materials. The first micromechanics-based damage model,
which has been subsequently widely used, was proposed by Gurson [15]. Later, the Gurson
model has been modified and extended in various domains and applications. For instance,
Gologanu et al. [16-17] extended the Gurson model for oblate and prolate voids, while Madou
and Leblond [18-20] and Madou et al. [21] extended the model for non-spheroidal voids. In the
works of Dormieux and Kondo [22], Monchiet and Bonnet [23] and Morin et al. [24], variants of
the Gurson model have been developed, which take into account the effect of initial void size,
while Lacroix et al. [25] and Morin et al. [26] proposed a Gurson-type layer model with isotropic
and kinematic hardening.

The widely-used Gurson model for describing the mechanical behavior of porous metallic
materials involves only one variable for the analysis of void growth. The original Gurson model
does not incorporate the void size in the yield surface. However, this model has been applied to
materials with micron void sizes as well as submicron void sizes. Due to the mechanism of
dislocation motion, plasticity depends upon internal length scale factor, and when the cavity size
is equal to or less than the order of internal length scale, application of the original Gurson model
is no more justified (see Hutchinson [27]). It is also well known that higher strength is associated
with smaller cavity sizes. This observation, in particular, has found applications in many
advanced emerging fields, such as Micro Electro-Mechanical Systems (MEMS). In this context,
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it has been shown in the literature that the yield surface is larger as compared to the original
Gurson yield surface for void sizes in the range of micron and submicron (see, e.g., Wen et al.
[28]). Experimental investigations have also revealed the void size effects on material behavior
(see, e.g., [29-38]). Concurrently, several numerical and unit cell studies have equally shown the
void size effects (see, e.g., Liu et al. [39], Monchiet and Bonnet [23]). In particular, Molecular-
Dynamics analysis performed by Brach et al. [40], for an aluminum single crystal, shows
strengthening of the material with the decrease in void radius. Experiments have also shown that,
for nano-porous materials, the decrease in void size causes an increase in material strength (see
Biener et al. [41-42], Hakamada and Mabuchi [43]). Atomistic simulations performed by Mi et
al. [44] showed strong void-size dependency of the stress—strain response and porosity evolution
for metallic alloys. They suggested that large void sizes give low values of yield stress as
compared to small voids. It has also been found that the porosity evolution for small voids is
delayed as compared to large voids before yielding, while it accelerates in plastic regime,
causing the rapid decrease in stress carrying capacity for smaller voids as compared to larger
voids. They pointed out, through their atomistic simulations, the need for enhancement of the
Gurson model to incorporate the void size in the yield function. Their simulations show that, for
the same value of initial porosity, smaller voids result in increased material strength. Xu et al.
[45-46] investigated experimentally the size effects on material hardening and forming limits,
and proposed a constitutive model accounting for void size effects. Their observations have
shown that small grain size, and thus small void size, leads to an increase in strain hardening and
forming limits. Later, Xu et al. [47] have implemented their size-dependent constitutive model
for the optimization of the hydroforming process of sheet metals.

To account for the interface stresses between the nano-voids and the matrix material,
Dormieux and Kondo [22] extended the Gurson model to incorporate the void size effect by
considering a hypothetical membrane surrounding the voids. A non-dimensional parameter is
introduced in the resulting yield function, which depends on the void size and the strength of
interface. Dormieux and Kondo [48] and Brach et al. [49] further extended the void-size
dependent model for nonlinear behavior of porous materials by applying nonlinear
homogenization techniques. Their yield surfaces show the increase in material strength for
smaller void sizes.

Parallel to the above-discussed constitutive models, which take into account the void size

effect, various instability criteria have been developed in the literature for the prediction of
diffuse and localized necking. Considere [50] proposed the maximum force criterion as an
indicator of diffuse necking. According to this criterion, instability occurs when the maximum
load point is yielded during uniaxial tension. The extension of Considere’s criterion to in-plane
biaxial loading has been proposed by Swift [51]. Using the bifurcation approach, Hill [52]
presented a material instability criterion for localized necking, namely Hill’s zero-extension
criterion. However, this criterion predicts the ductility limit only for the left-hand side of the
FLD. For the complete range of strain-path ratios, some authors suggested combining Hill
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criterion [52] with Swift criterion [51]. Adopting the maximum force approach, Hora et al. [53]
extended the Swift [51] and Considere [50] criteria for localized necking by introducing the
effect of strain path. Marciniak and Kuczynski [54] introduced another approach for the
prediction of plastic instability, namely the initial imperfection approach, also referred to as the
M-K method. The M-K imperfection approach is widely used in many applications for the
prediction of localized necking. In another class of theoretical approaches, based on the
condition of loss of uniqueness for the solution of the boundary value problem, the general
bifurcation criterion was proposed by Hill [55]. Similar to the general bifurcation criterion, the
limit point bifurcation condition was proposed by Valanis [56]. Rudnicki and Rice [57] and Rice
[58] extended the bifurcation approach in the form of loss of ellipticity condition. According to
this criterion, material instability, in the form of plastic strain localization, occurs when the
acoustic tensor becomes singular. Similar to Rice [58] bifurcation criterion, Bigoni and Hueckel
[59] and Neilsen and Schreyer [60] proposed the condition of loss of strong ellipticity for the
prediction of localized necking. Other types of plastic instability criteria have also been
developed in the literature, which are based on the analysis of strain and stress evolutions during
the loading by using finite element simulations (see, e.g., Volk and Hora [61], Situ et al. [62],
Narasimhan and Wagoner [63]).

In the present work, the void-size dependent constitutive model proposed by Dormieux and
Kondo [22] is combined with the Rice [58] bifurcation criterion to predict forming limit
diagrams of sheet metals. Similar approaches have been followed by Mansouri et al. [64] and
Chalal and Abed-Meraim [65], in which the Gurson-Tvergaard—Needleman (GTN) model has
been coupled with the Rice bifurcation criterion for the prediction of ductility limits. In the latter
studies, the effect of void size on the prediction of FLDs was not considered, which is taken into
account in the present contribution. The organization of the paper is as follows. First, the
constitutive equations related to the Dormieux and Kondo [22] model and the equations
governing the Rice bifurcation criterion are presented. Then, validation of the resulting model
and its numerical implementation is conducted using finite element simulations for aluminum
alloy AI5754. Finally, numerical results in terms of FLDs obtained with the proposed approach
are presented and discussed along with some concluding remarks.

2. Constitutive equations

Dormieux and Kondo [22] extended the original Gurson model by considering a membrane
surrounding a spherical void inside a spherical representative volume element (RVE). The
membrane around the void is acted on by a surface tension, which produces surface stresses
around the voids. The strength of the membrane follows the von Mises criterion, with k., (N/m)
being the cavity interface strength. Performing a limit analysis, the yield function has been

derived by Dormieux and Kondo [22], which incorporates the void size. The yield function is
expressed in the form of parametric equations:
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the equivalent part D of the macroscopic strain rate tensor D. In Eq. (1), X is the Cauchy

stress tensor, o is the yield stress of the fully dense matrix, f is the void volume fraction,
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Yy = EZ/ :X/ is the macroscopic equivalent stress, with ¥’ and ¥_ the deviatoric and

hydrostatic part of the Cauchy stress tensor, respectively, and I' is a non-dimensional parameter,
which depends on the void size a and on the cavity interface strength k,, as:
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For illustration purposes, the above parametric yield function is plotted in Fig. 1 for
['=0, 0.2 and 0.43, along with the original Gurson model (i.e., without void size effect). It is
worth noting that the Gurson model is recovered from the Dormieux and Kondo [22] model
(D-K model) when I'=0. Note that owing to the symmetry of the parametric yield surface with

Dy
respect to —+ axis, only the first quadrant is plotted.
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Fig. 1. Parametric yield surface for f =0.1 and I'=0, 0.2 and 0.43.

From Fig. 1, it can be seen that the yield locus becomes larger for smaller void sizes (i.e.,
larger values of I'). As the void size increases (i.e., smaller values of I'), the size dependency of
the D—K model becomes negligible, while for I'=0 (i.e., very large void sizes), the Gurson
model is recovered, as shown in Fig. 1. In addition, two linear stress paths, corresponding to
constant stress triaxiality of T =0.333 (i.e., uniaxial tension) and T =0.667 (balanced biaxial
tension) are highlighted in Fig. 1. Note that, in sheet metal forming applications, the range of
stress triaxiality lies typically between 0.333 and 0.667. In this range of stress triaxiality, it can
be observed that the parametric yield locus is sensitive to void size.

Morin et al. [24] have numerically implemented the D—K model by using the heuristic
extension of Gurson’s model for isotropic hardening. The yield stress &, which was considered
as a constant value in the D—K model (i.e., without hardening), is actually a function of the
cumulated equivalent plastic strain €”, which allows modeling isotropic hardening. The

following isotropic hardening laws are considered in this work:

o(e’)=K(g,+€")" (Swift's hardening law),
(3)

3y

0y

6(e") =0, [1 + ] (Power hardening law),
where K, ¢, and n are hardening parameters, while o, and E denote respectively the initial
yield stress and Young’s modulus. From the equivalence principle of the plastic work rate, the

equivalent plastic strain rate €° and the macroscopic plastic strain rate tensor D® are related as:
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Morin et al. [24] have implemented into the D—K model the evolution of the porosity due to
growth, based on the matrix incompressibility (see, e.g., Tvergaard, [66]):

f=Ff=0-pu(D) )

The evolution of the void size (i.e., a ) has been modeled by Morin et al. [24], by considering
that for a spherical void of volume o, present inside a spherical RVE of volume Q, the volume

constancy of the matrix material implies that ® = Q. As the porosity is defined by f = % , the

evolution equation for the porosity and thus for the void size writes:
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Using the definition of the I" parameter, its time derivative can be expressed as:
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The time derivative of the yield stress (i.e., o) can be evaluated as:
b 86 = S— —_
o= e’ = h(e")e", 8
B =) (8)

where h(e") is the hardening slope of the material, which depends on the selected isotropic

hardening law.
To determine the elastic—plastic tangent modulus, the plastic multiplier ~ and the yield

function ® can be combined in the form of the following Kuhn—Tucker relation:
<0, =0, @4=0. ®)

The above expression shows that no plastic flow occurs (i.e., y=0) when ¢ <0, while a
strict plastic loading (i.e., ~>0) necessarily implies ®=0. The latter condition, called

consistency condition, is used to derive the elastic—plastic tangent modulus as follows:
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where 1 is the second-order identity tensor. Finally, V; in Eq. (13) writes:
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By following similar steps, the general expressions of the partial derivatives V.,V and V,
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The macroscopic plastic strain rate tensor D is defined using the following classical plastic
flow rule (normality law):

dX ox
VF — C2 {_ €q 8Zm dZm eq } — CZVFN .

D’ = 4V,. (19)

Substituting Eq. (16) in the above equation, the macroscopic plastic strain rate tensor
becomes:

D° = &{szzN — &fNV):N , (20)
where
A=A 2. 21

The macroscopic Cauchy stress rate tensor is expressed, in the co-rotational material frame,
by the following hypoelastic law:

L=C:(D-D’)=C":D, (22)



where D is the macroscopic strain rate tensor, C° is the fourth-order tensor of elasticity

constants, and C% is the elastic—plastic tangent modulus, which needs to be determined. By
using all of the above-described partial derivatives of the yield function, and considering Eqgs.
(20) and (22), the consistency condition (10) can be developed as follows:

Vy 1€ iD=~ V, 1C:V, +V, 5+V, I'+V, f=0. (23)

Then, substituting Egs. (4-8) and (20) into the above consistency condition, the expression of
the plastic multiplier is derived as follows:

. vV, :C:D
W= (24)
H
N
where
H=v. v, n=nly oy K A=)V, DV Kin Vi, (25)
S R (B S Tl R WUy 35— fas |
Finally, the elastic—plastic tangent modulus is derived as:
C:V, |®V, :C°
cepzce—( SEA ) (26)

H

al
2.1 Material objectivity

The constitutive equations described above are implemented into the finite element code
ABAQUS/Standard in the framework of large strains. To achieve this, objective derivatives for
the tensor variables must be used to ensure the material objectivity (i.e., frame invariance of the
constitutive model). A convenient way to maintain the material objectivity is to reformulate the
tensor variables in terms of their rotation compensated counterparts. More specifically, if A and
B represent a second- and a fourth-order tensor, respectively, their associated rotation
compensated expressions can be calculated as:

Aij =R R;A,, and Eijkl =R, R, R, R;B, .., (27)
where R is a rotation matrix, which is defined using the following rate equation:
R-R"=Q, (28)

where Q is the skew-symmetric spin tensor. Different objective rates of the Cauchy stress tensor
are available in the literature. Among them, the well-known Jaumann stress rate, Green—Naghdi
stress rate, and Truesdell stress rate. In the present contribution, Jaumann objective rates are
considered for the constitutive equations, which is consistent with the procedure used in the
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finite element sotware ABAQUS/Standard. The Jaumann objective stress rate X' is expressed
as:

Y=YX-QX+2-Q (29)
2.2 Bifurcation approach

In the present study, the strain localization criterion proposed by Rudnicki and Rice [57] and
Rice [58] is combined with the D—K model to predict the ductility limits of sheet metals. This
criterion is based on the bifurcation theory, which predicts the occurrence of strain localization in
the form of infinite planar band defined by its normal n (see Fig. 2). The equilibrium conditions
along the localization band, which express the continuity of the nominal stress rate vector across
the discontinuity surfaces, can be written as:

n-[N]=0, (30)

where [N]=N"—N" denotes the jump in the nominal stress rate across the localization band
planes.

Fig. 2. Schematic illustration of localization band in the plane of sheet metal.

Maxwell’s compatibility equation allows expressing the jump in the velocity gradient G
across the localization band as:

[G]=m@n, (31)

where the vector m=[G]-n is the jump amplitude vector, which characterizes the mode of
localization (e.g., shear bifurcation mode when m | n).

On the other hand, the nominal stress rate tensor N is related to the velocity gradient G by
the following expression:

N=L:G, (32)
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where L is the corresponding tangent modulus that needs to be determined. By combining Egs.
(30-32), the critical condition, which corresponds to the loss of ellipticity for the boundary value
problem, can be expressed as the singularity of the acoustic tensor Q =n-L-n:

det(Q) =det(n-L-n)=0. (33)

As for the sake of material objectivity, Jaumann stress rate has been used in the present work.
Within the framework of an updated Lagrangian approach, the expression of the nominal stress
rate tensor is given by:

N=X+u(D)E-D-2-Q.X. (34)

Finally, by combining the above equations, the complete expression of the tangent modulus
L is given by:

L=C®+C,—C,—C,, (35)

where C,, C, and C, are fourth-order tensors, whose expressions are only function of the

Cauchy stress components. Their expressions are:

Clijkl = Zijékl’
1
CZijkl = E (ij5n + Zjléik ) ’ (36)

C3ijkl = %(Zikéjl - Ziléjk ) >

where 5ij is the kronecker symbol, which is equal to 1 when i= j, and to O otherwise.

It is worth noting that the present work is dedicated to the prediction of localized necking in
thin sheet metals. Although the constitutive equations presented in the previous section are
formulated in the fully three-dimensional framework, the Rice bifurcation criterion is derived in
this work in the framework of plane-stress conditions. To achieve this, the nominal stress rate
tensor, defined by Eq. (32), is rewritten within the framework of plane-stress theory as follows:

Noq’j = LZSMG with o, 3, ~, 6 =1,2, 37

N6

where the expression of the plane-stress tangent modulus L™ is deduced from the three-
dimensional tangent modulus L using the following relationship:

Lay ) (38)

aB33
L3333

s L

a3 =

e L
Note that, within the plane-stress framework, the emergence of the localization band is

searched for in the plane of the sheet, with a variation of the band orientation angle 6 (see Fig.
12



(2)) from 0° to 180°. Localized necking is said to occur when the minimum value, over all
possible band orientations, of the determinant of the acoustic tensor (see Eq. (33)) becomes zero.
The corresponding in-plane strains are considered as the critical strains at localization, which
will be used for the FLD plot.

3. Numerical implementation of the D-K model and validation
3.1 Time integration scheme and finite element implementation

The constitutive equations described above have been implemented into the finite element
code ABAQUS/Standard in the framework of large strains and three-dimensional approach. In
order to reproduce a homogeneous strain state prior to localization, a single finite element with
one integration point (specifically, C3D8R solid element in ABAQUS) is used in the
simulations, which is subjected to various linear strain paths that are those typically applied to
sheet metals under in-plane biaxial stretching. The main motivation behind this choice of loading
configuration is to predict plastic instability that is inherent to the ‘material’ alone, with no
interference with structural (geometric) effects. The geometry of the single finite element along
with the applied boundary conditions are illustrated in Fig. 3. Directions 1 and 2 represent the
major and the minor directions, respectively. The linear strain paths are obtained by varying the
strain-path ratio from —0.5, for uniaxial tension, to 1 for balanced biaxial tension. For each
loading increment, the stress state is updated using a predictor-corrector approach, following the
numerical procedure proposed by Morin et al. [24]. The resulting numerical algorithm is detailed
in Table 1. As to the numerical implementation of the Rice bifurcation criterion, the condition of
loss of ellipticity, given by Eq. (33), is assessed by computing the determinant of the acoustic
tensor for each loading increment and each orientation for the localization band. The numerical
detection of the occurrence of localized necking is achieved when the minimum of the acoustic
tensor determinant, over all possible orientations for the normal n to the localization band,
becomes non-positive. This procedure is repeated for different strain-path ratios ranging from
uniaxial tension to balanced biaxial tension. Then, the corresponding in-plane critical strains are
plotted in terms of FLD.

13
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Fig. 3. Boundary conditions for single finite element (C3D8R) subjected to in-plane biaxial
stretching.

Table 1
Outline of the predictor-corrector algorithm and time integration scheme.

For t=0, initialization of all state variables (X =0,€" =0,0=0,, f = f,, a=a,)

Compute elastic predictor Z3% = X+ C*:Ag,

n+l1

Determine the parameter £ ., by solving the nonlinear equation T(§n o fn,I‘n)—Te“‘Sl =0, in which T is the

n+l

z
triaxiality (i.e., T=—2)

eq

<2?"'1‘HS[ >i+1 + <2::S[ >i+l
Plastic yield condition:

¢ If F< 0 then (elastic loading)
o= Zi‘fl‘, Ag’"=0,Ac=0,Af =0and AT'=0

2

e 5 )

Compute F=

Tangent modulus C* = C°
* Else (plastic loading)

Compute A~ , and § ., using the plastic correction

n+1

Compute the corrected X, |

Update the internal variables €}, G, ., f,,, and I,

v el )

Compute the tangent modulus C* = C° — m
8

* End if

Return £ . and C® to ABAQUS for solving the equilibrium equations.

n+1
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3.2 Numerical validation of the D —K model

The above numerical algorithm for the time integration of the constitutive equations of the
D-K model has been implemented into the finite element software ABAQUS/Standard via a
user-defined material (UMAT) subroutine. This section is devoted to the validation of the
numerical implementation of the D—K model. To this end, simulations of the response of an
RVE, which is subjected to constant stress triaxialities, are performed with the developed D-K
UMAT subroutine and compared with the results provided by Morin et al. [24]. The power-
hardening law, as given by Eq. (3), is used for the description of isotropic hardening. The
material parameters used in the simulations are summarized in Table 2 (see Morin et al. [24]).
Note that the RVE is subjected to two constant stress triaxialities (i.e., T=1 and T=3). The
numerical results in terms of normalized equivalent stress and porosity with respect to equivalent
strain, obtained with the present UMAT subroutine, are shown in Figs. 4-7 along with the
reference results provided by Morin et al. [24].

Table 2
Material parameters used in the simulations.
E (GPa) v 0, (MPa) n fo k., (N/m) I,
200 0.3 400 0.1 [0.01, 0.001] 1 [0.,0.5,1.25, 2.5]
209 0307 —— T, =2.5, UMAT
8 * I}, =2.5, Morin et al. [24]
17 o2l I, =1.25, UMAT
= 1.5 _ “*1 & T, =1.25 Morin et al. [24]
2 — I, =25, UMAT | — T, =0.5, UMAT
Z * FO - 25, Morin et al. [24] A [ =0.5. Morin et al [24]
3 —— T, =1.25, UMAT 2 0.184 °_a 1 ’
1.0 0 10 N £ I, =0, UMAT
- ¢ I}, =1.25, Morin et al. [24] S e T, =0, Morin et al. [24]
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Fig. 4. Evolution of: (a) normalized equivalent stress, and (b) porosity, for stress triaxiality T=1

and initial porosity f, = 0.001.
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It 1s recalled here that the original Gurson model is recovered from the D-K model when
I', =0. In this case, the numerical results obtained with the present UMAT subroutine can be

compared with those predicted by the Gurson model, which is available in ABAQUS/Standard.
When the void-size independent model is considered (i.e., D—K model with I') =0), all the

results predicted using the developed UMAT subroutine coincide with their counterparts
obtained with the Gurson model, which is fully consistent. As to the case of void-size dependent
model (i.e., D-K model with I'; =0), it can be observed a significant difference between the

results predicted by the Gurson model and those provided by the D—K model, which includes the
void size effect. More specifically, for small initial porosity and moderate stress triaxiality (i.e.,
/o, =0.001 and T=1, respectively), a softening regime is predicted by the Gurson model, starting

from an equivalent strain of about 1, while no softening regime is shown by the D—K model for
high values of I' (i.e., from I'y =1.25 and more in this case, see Fig. 4a). However, stress

softening is observed for small values of I, which is due to the rapid evolution of the porosity
in this range of small initial non-dimensional parameter I', (see Fig. 4b). For moderate initial
porosity as well as high stress triaxiality (i.e., f, =0.01 and T=3, respectively), the developed

UMAT subroutine for the D—K model predicts the same trends as above for both stress and
porosity evolutions, which are consistent with the reference predictions provided by Morin et al.

[24].
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4. Prediction of FLDs with the D-K model and bifurcation analysis

In this section, the resulting coupling between the D—K model and the Rice bifurcation
criterion is applied for the prediction of FLDs for Al5754 aluminum material. The associated
material parameters used in the simulations are taken from Mansouri et al. [64], as reported in

Table 3. The additional parameter I, which incorporates the void size effect is varied here to

0°

analyze its effect on the prediction of localized necking.

Table 3
Material parameters for the A15754 aluminum material.
Elastic properties Swift’s hardening parameters Initial porosity
E (GPa) v K € n fo
70 0.33 309.1 0.00173 0.177 0.001

The FLDs predicted with the Rice bifurcation criterion are presented in Fig. 8a for the
Al5754 aluminum material for three values of the initial non-dimensional parameter (i.e.,

I'y=0,1.5 and 2.5). It is worth recalling that the original Gurson model, which only describes

the elastic—plastic behavior with damage due to porosity growth, can be recovered from the D-K

model when I'j) =0. Therefore, for comparison purposes, the FLD predicted with the original

Gurson model and the Rice bifurcation criterion is also presented in Fig. 8a. From this figure, it
can be seen that the effect of the initial non-dimensional parameter on strain localization is not
perceptible when only the void growth mechanism is considered in the D—K model. Moreover,
strain localization does not occur in the right-hand side of the FLD (i.e., for positive biaxial
strain-path ratios) due to the low values of porosity in this range of strain paths (i.e., right-hand
side of FLD, see Fig. 8b). Indeed, in the works of Mansouri et al. [64] and Chalal and Abed-
Meraim [65], it has been shown that, using the bifurcation theory coupled with Gurson-type
models, the occurrence of strain localization for positive biaxial strain-path ratios requires the
critical hardening modulus to be strongly negative.

In order to further investigate the insensitivity of the strain localization predictions to the
different values of the initial non-dimensional parameter (see Fig. 8a), the yield surface for
AlS5754 is illustrated in Fig. 9. In addition, two linear stress paths, corresponding to the extreme
left (uniaxial tension) and right (balanced biaxial tension) strain paths of FLD, i.e. constant stress
triaxialities of T =0.333 and T = 0.667, respectively, are highlighted in this Fig. 9. Note that,
within this narrow range of stress triaxiality ratio, the yield surface points corresponding to
different values of initial non-dimensional parameter are almost indistinguishable, which
explains the insensitivity of the predicted FLDs to the initial non-dimensional parameter, as
observed in Fig. 8a.
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Fig. 9. Parametric yield surface for A15754 aluminum and I') =0, 1.5 and 2.5.

To better highlight the effect of the void size on strain localization, nucleation of new voids
is considered in what follows, in addition to the void growth mechanism, for both the D-K
model and the Gurson model. Accordingly, the evolution of porosity, with an initial value of f,,

is due to void nucleation and growth, and the porosity rate can then be partitioned as follows:

f=f+15. (39)
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where fn represents the contribution to the porosity rate from nucleation. The latter is

considered to be strain-controlled following the normal distribution relationship proposed by
Chu and Needleman [67]:

2
A & —ey | |-,

= exp|——|—X| |€°, 40
fa som PI—7 N (40)

where fy, sy and g are the nucleation parameters. The latter are reported in Table 4 for the
Al5754 aluminum material. The corresponding FLDs are presented in Fig. 10a, for which the

porosity evolution due to nucleation and growth is considered.

Table 4
Nucleation parameters for the A15754
aluminum material.

Material I Sn N
Al5754 0.034 0.1 0.320
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Fig. 10. (a) FLDs, and (b) porosity at localization, for A15754 aluminum. Porosity evolution is
due to growth and nucleation.

In contrast to the FLDs obtained with porosity evolution only due to growth (i.e., D—K model
and Gurson model, see Fig. 8a), Fig. 10a shows that the effect of void size on strain localization
is more perceptible when both growth and nucleation of porosity are considered. More
specifically, as observed in Section 3.2, it is expected that smaller values of the initial non-
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dimensional parameter induce rapid softening (see the stress—strain curves in Figs. 4 and 5),
thereby promoting early plastic flow localization. This expectation is also confirmed by Fig. 10a,
which shows that the predicted FLDs are lowered as initial non-dimensional parameter I';

decreases. This trend is confirmed by Fig. 10b, which also shows the effect of the initial non-

dimensional parameter on the values of porosity at localization. Note that when I' ) = 0, the FLD

predicted by the D—K model coincides with that of the Gurson model, which is also consistent
with the theoretical expectation for this particular case (i.e., the Gurson model is recovered from
the D—K model when I'j = 0).

In addition to growth and nucleation of voids during plastic deformation in ductile materials,
coalescence of voids can also be introduced to model the rapid decay of the material stress
carrying capacity. Tvergaard and Needleman [68] have modified the original Gurson model to
account for the complete kinetics of voids within the material (i.e., nucleation, growth and
coalescence), which corresponds to the well-known Gurson—Tvergaard—Needleman (GTN)
model. Using the GTN model, the actual void volume fraction f in the expression of the yield

surface is replaced by the effective porosity f°, which accounts for the void coalescence

mechanism as follows:

f*:fcr +5GTN(f_fcr)’ (41)

where f is the critical porosity, which marks the onset of the coalescence regime, while gy is

the accelerating factor that governs the rapid decay of stress carrying capacity at the onset of
coalescence. Note that when f < f_ (i.e., only growth and nucleation of voids are considered),

the accelerating factor ;. is set to 1, while d, >1 in the case of coalescence (i.e., f > f. ).

This approach, which considers the coalescence of voids beyond a critical porosity, is also used
for the D—K model in what follows.

The parameters associated with the coalescence regime for the Al5754 aluminum material
are reported in Table 5, while the elastic—plastic and nucleation parameters are kept the same as
those used in Tables 3 and 4. The corresponding FLDs obtained with the developed approach are
presented in Fig. 11a. As discussed above, coalescence causes sudden loss of the stress carrying
capacity and, therefore, the hardening modulus becomes strongly negative. It has been shown in
Mansouri et al. [64] that the prediction of strain localization using the Rice bifurcation criterion
requires strongly negative hardening modulus in the right-hand side of the FLD (i.e., for biaxial
stretching loading paths), which can be reached by considering the coalescence mechanism.
Consequently, it can be observed in Fig. 11a that more localization points are obtained in the
right-hand side of the FLD, as compared to the FLDs in Figs. 8a and 10a, thanks to the
consideration of the void coalescence mechanism. Note that the experimental FLD, which is
taken from Brunet et al. [69], is also shown in Fig. 11a for qualitative comparison.
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Table 5
Coalescence parameters for the
Al5754 aluminum material.

Material - Jen
Al5754 0.00284 7
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Fig. 11. (a) FLDs, and (b) effective porosity at localization, for A15754 aluminum. Porosity
evolution is due to growth, nucleation and coalescence.

Analogous to the previous FLDs, obtained using only growth and nucleation of voids, the
FLDs in Fig. 11a are clearly sensitive to variation of the initial non-dimensional parameter, with
lowered FLDs for smaller values of the initial non-dimensional parameter. Note also that for
I'y =0, the FLD predicted by the D—K model coincides with that of the GTN model, for which

the g-parameters for the void interactions are set equal to 1. Furthermore, the yield surfaces for
different values of initial non-dimensional parameter are presented in Fig. 12, in which the
evolution of porosity is attributed to growth, nucleation and coalescence. In contrast to Fig. 9,
with porosity evolution only due to growth, Fig. 12 depicts distinct yield surfaces for different
initial values of non-dimensional parameter, and for all possible values of stress triaxiality ratio,
which leads in turn to a more perceptible effect on the prediction of FLDs.
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Fig. 12. Parametric yield surface for A15754 aluminum and I', =0, 1.5 and 2.5 . Porosity

evolution is due to growth, nucleation and coalescence.
In Fig. 12, the von Mises yield surface is also illustrated. It is noteworthy that when the initial
non-dimensional parameter is increased (i.e., void size is decreased), an increase in the material
strength is observed (i.e., expansion of the yield surface). However, the strength of porous

material cannot be larger than the strength of the sound material (i.e., undamaged material). This
requires that the initial non-dimensional parameter I, must vary within a physically admissible

range, i.e. 0<T'| < Fgm , in which the parametric D—K yield surface must lie between the Gurson
yield surface (i.e., I'; = 0) and the undamaged elastic—plastic yield surface. This physical range
of initial non-dimensional parameter I'; can be identified by comparing the parametric D-K
yield surface for various values of I', with the particular cases of Gurson yield surface (i.e.,
I'y=0) and von Mises yield surface (i.e., undamaged isotropic elastic—plastic model), as

illustrated in the above Fig. 12. This figure reveals that the physical upper bound of the non-
dimensional parameter I'; is 2.5, for which the ratio between the equivalent stress and the yield

by
stress of the fully dense matrix is lower or equal to 1 (i.e., —-<1).

It 1s worth noting that the coalescence criterion used in the present model does not take the
effect of void size into account. Other coalescence criteria including the effect of void size can
be combined with the present approach. Among them, the constitutive model for nanoporous
materials proposed by Gallican and Hure [70], in which the effect of void size on coalescence

regime has been considered.
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The effect of void size on the ductility limits for high initial porosity is also investigated
hereafter. Note that, in the previous simulations, the initial porosity for the Al5754 aluminum
material has been identified by Brunet et al. [69] to a value of 0.001. To reveal the effect of void
size on strain localization for larger values of initial porosity, Fig. 13 provides the FLDs
predicted by the D—K model for different values of initial non-dimensional parameter, when the
initial porosity is set to 0.01. The simulation results reported in Fig. 13 are obtained with the
D-K model, in which the porosity evolution takes into account all three mechanisms of growth,
nucleation and coalescence of voids. As previously discussed for Gurson-type models in general,
and for the D—K model in particular, porosity is the most important parameter for the sensitivity
of FLDs to the void size. As shown in Fig. 13, for high initial porosity (i.e., f, =0.01), the effect

of the initial non-dimensional parameter on strain localization is more significant than in the case

of smaller initial porosity (i.e., f, =0.001, see Fig. 11a). Indeed, increasing the initial non-

dimensional parameter (i.e., decreasing the void size) will increase the number of voids within
the material, in order to keep the same actual porosity, which will increase in turn the number of
interfaces between voids and the dense matrix. Therefore, material strain hardening will be
increased in this case in the same way as material ductility. This observation has also been found
by Wen et al. [28], who concluded that the void size effects on material response is more
significant for higher initial porosity.
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Fig. 13. FLDs for A15754 aluminum alloy with f;, = 0.01. Porosity evolution is due to growth,

nucleation and coalescence of voids.

5. Conclusions

In the present contribution, the phenomenological model proposed by Dormieux and Kondo
[22] for ductile porous materials accounting for void size effects has been combined with the
Rice bifurcation criterion to predict strain localization in thin sheet metals. The constitutive
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equations have been implemented together with the Rice bifurcation criterion into the finite
element code ABAQUS/Standard within the framework of large strains and fully three-
dimensional approach. However, the localization bifurcation criterion has been reformulated
within the plane-stress framework, as classically done for the prediction of localized necking in
thin sheet metals. Linear in-plane biaxial stretching loading paths have been applied for the
prediction of forming limit diagrams for the AI5754 aluminum material.

Recall that the Dormieux and Kondo [22] model, which is an extension of the original
Gurson model, has been developed by performing a limit analysis for a spherical void inside a
spherical RVE, and by considering a membrane with surface stresses around the void. The
resulting yield function depends on the void size through a non-dimensional parameter.
Considering at first only the porosity evolution due to void growth, the FLDs predicted with the
present approach show no sensitivity to the void size, due to the fact that the porosity at
localization remains very small. However, when successively nucleation and coalescence are
considered in the evolution of porosity, FLDs exhibit more sensitivity to the void size. More
specifically, it is found that the ductility limits are lowered as the initial non-dimensional
parameter is decreased (i.e., when the void size is increased). In other words, decreasing the void
size has a beneficial effect on formability. These findings are consistent with what has been
reported in the literature regarding the void size effects on material response. Nonetheless, there

is an upper bound for the initial non-dimensional parameter I'; (i.e., lower bound for the void

size), which is physically admissible. This upper bound, which depends on the material
parameters, is identified so that the parametric D—K yield surface must lie between the Gurson
yield surface and the undamaged elastic—plastic yield surface (i.e., sound material with no void).
Moreover, it is found that the FLD predicted using the D—K model with an initial non-
dimensional parameter I’y =0 coincides with that obtained with the Gurson model, which is
also consistent with the material response for this particular case. Finally, the investigation of the
combined effect of void size and initial porosity shows that smaller void sizes lead to an increase
in the ductility limits, and this trend becomes more significant for high initial porosity, due to the
increase of void-matrix interface strength within the material.
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