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Abstract. In many engineering applications (automotive, computer and mobile device in-

dustries, etc.), magnesium alloys have been widely used owing to their interesting physical 

and mechanical parameters. However, magnesium alloys are identified by the low ductility 

at room temperature, due to their strong plastic anisotropy and the yielding asymmetry be-

tween tension and compression. In this work, the ductility limit of a rolled magnesium 

AZ31 sheet metal at room temperature is numerically investigated. This investigation is 

based on the coupling between a reduced-order crystal plasticity model and the Marciniak–

Kuczyński localized necking approach. This reduced-order model is used to describe the 

anisotropic behavior of this material taking into account the strong plastic anisotropy (e.g., 

yielding asymmetry between tension and compression) due to the limited number of slip 

systems (i.e., twinning mode). To accurately describe the plastic anisotropy due to slip and 

twinning modes, a combination of two separate yield functions (according to Barlat and 

Cazacu) is used. The coupling between the adopted constitutive framework and the 

Marciniak–Kuczyński instability approach is numerically implemented via an implicit algo-

rithm. Comparisons between experimental results from the literature and numerical results 

obtained by using our calculation tool are carried out to validate the choice of the reduced-

order crystal plasticity model. 

Keywords: ductility limit; reduced-order crystal plasticity model; Marciniak–Kuczyński 

instability approach; plastic anisotropy; yielding asymmetry. 

1 Introduction 

The magnesium alloy AZ31B has been used in a wide range of engineering appli-

cations, notably in the aeronautic and automotive industries (Yu et al. 2005). Com-

pared to other materials with hexagonal structures, the magnesium alloy AZ31B is 

characterized by its lightweight and high specific strength. However, it is known to 

have low formability at room temperature, due to its strong plastic anisotropy and the 

yielding asymmetry between tension and compression. These characteristics are re-

spectively caused by the limited number of slip systems and the activation of the 
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twinning deformation mode. To accurately predict the plastic response of the magne-

sium alloy AZ31B, several researchers have developed constitutive models that take 

into account both deformation modes (namely slip and twinning). In this work, we 

have chosen a reduced-order crystal plasticity model. This model has been recently 

developed for magnesium alloys (Steglich et al. 2016; Madi et al. 2017; Kondori et 

al. 2018). It allows describing the strong plastic anisotropy and its evolution as well 

as the yielding asymmetry between tension and compression, which results from the 

competition between slip and twin mechanisms. Hence, the plastic anisotropy is de-

scribed in this reduced-order model by two separate yield functions: the Cazacu yield 

function (Cazacu et al. 2006) to describe the plastic anisotropy due to the activation 

of twinning mode and the Barlat yield function (Barlat et al. 1991) to model slip-

induced plastic anisotropy. 

Plastic deformation during sheet metal forming processes is limited by the occur-

rence of localized necking. To predict the ductility limit, the concept of forming limit 

diagram (FLD) is introduced and applied in the present investigation. The determina-

tion of the ductility limit by experimental methods is often complex and relatively 

expensive. To avoid these practical difficulties, several theoretical approaches for lo-

calized necking analysis have been developed by different researchers to predict 

FLDs, such as: the Swift model (Swift 1952), the Hill model (Hill 1952), the 

Marciniak–Kuczyński (M–K) imperfection model (Marciniak and Kuczyński 1967), 

the bifurcation theory (Rudnicki and Rice 1975), the stability analysis by linear per-

turbation theory (Dudzinski and Molinari 1991) and the modified maximum force 

criterion (Aretz 2004). 

The M–K formability limit analysis is one of the most widely-used ductility ap-

proaches in the literature. Several researchers have coupled this approach with vari-

ous constitutive models to predict forming limit diagrams of HCP materials. In this 

field, one may quote (Wu et al. 2015) who have coupled this approach with an elabo-

rate version of the Cazacu model (Plunkett et al. 2006) to predict the FLD for magne-

sium AZ31B alloy. 

It is well known that FLDs are strongly influenced by the mechanical properties of 

the used sheet metal, such as plastic anisotropy and hardening parameters. Hence, 

two hardening laws are applied with the combined yield function (Cazacu–Barlat). 

In the current study, a generic Mathematica script is developed to couple the M–K 

approach with the reduced-order crystal plasticity model. The numerical predictions 

are compared with experimental results of (Kondori et al. 2018) to validate the im-

plementation of this reduced-order model. Then, the ductility limit of the AZ31B 

magnesium alloy is analyzed. Furthermore, the effect of the activated deformation 

mode on the ductility limit is also investigated. 

 

Notations, conventions and abbreviations 

Vectors and tensors are indicated by bold letters and symbols. Scalar variables 

and parameters are designated by thin letters or symbols. 

The used Void convention leads to express all second-order symmetric tensors in 

vector form as:  
T

11 22 33 12 23 13= , , , 2 , 2 , 2     V . 
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2 Reduced-order crystal plasticity model 

The constitutive model proposed in (Kondori et al. 2018) is adopted here to de-

scribe the material behavior of magnesium sheets. This model is formulated within 

the framework of rate-independent finite plasticity. As this model is used to pre-

dict the ductility limit of thin sheets, the plane-stress assumption is adopted (see, 

e.g., Hutchinson et al. 1978). 

To describe the anisotropic plasticity due to slip and twinning modes, two inde-

pendent yield surfaces are introduced. 

 

2.1   Twinning mode
Twinning leads to yielding asymmetry between tension and compression. For this 

reason, the non-quadratic yield criterion developed by (Cazacu et al. 2006) is 

used. Within this criterion, the effective stress 
t

σ  for the twinning mode is ex-

pressed as: 

        t t t t

1
a a a a

t t t t t t t t t t

1 2 3 1 1 2 2 3 3
σ ,  ,  k k k               , (1) 

where 
t t

1 2
,     and 

t

3
  are the eigenvalues of tensor 

t
  and k  (comprised be-

tween -1 and 1) and 
t

a  (superior to 1) are material parameters describing the ini-

tial stress differential effect and the shape of the yield surface, respectively. Ten-

sor 
t

  is obtained by a linear transformation from the deviatoric Cauchy stress 

tensor s ; 
t t

L s . The transformation tensor 
t

L  is given in the following ma-

trix form: 

SL

t t t

LL LT LS

t t t

LT TT TS

t t t

t LS TS SS

t

LT

t

TS

t

l L L 0 0 0

L l L 0 0 0

L L l 0 0 0

0 0 0 l 0 0

0 0 0 0 l 0

0 0 0 0 0 l

 
 
 
 

  
 
 
 
 
 

L , (2) 

where 
t

L  is expressed onto three orthotropic axes using three directions: longitu-

dinal (L), transverse (T) and short-transverse (S). 

The activation of the twinning deformation mode is governed by the following 

Kuhn–Tucker inequality constraints: 

t t t t t t
σ Y ε ε0 ; 0 ; 0     , (3) 
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where 
t

Y  is the hardening yield function and 
t

ε  is the equivalent plastic strain 

rate due to twinning. 
t

Y  is expressed as a function of the cumulated plastic strain 

due to slip sε  and twinning tε : 

     
t tt t

1
q  εb  εt s t t t t t t st s

0 1Y ε , ε R +Q 1 e +Q e 1 H ε H ε 
     . (4) 

The plastic strain rate 
t

ε  due to twinning is given by the normality law: 

 
t

t t
ε=




ε 


.                                      (5) 

The equivalence relationship of the plastic work rate allows us to determine the 

expression of 
t

ε : 

t

t

t
ε

σ
=

ε 
.                                              (6) 

2.2   Slip mode
Limited number of slip systems for HCP materials leads to a strong initial and 

evolving plastic anisotropy. For this reason, the yield criterion proposed by (Barlat 

et al. 1991) and based on a linear transformation technique is used in this work. 

Within this criterion, the effective stress 
s

σ  for the slip mode is expressed as: 

   
ss s

1
aa a ass s s s s s s s s s

1 2 3 1 2 2 3 3 1

1
σ ,  ,  

2
           

 
 
 

, (7) 

where 
s s

1 2
,     and 

s

3
  are the eigenvalues of tensor 

s
  and 

s
a  (superior to 1) is 

a material parameter describing the shape of the yield surface. Tensor 
s

  is ob-

tained by a linear transformation from the Cauchy stress tensor: 
s s
 L σ . The 

transformation tensor 
s

L  is given in the following matrix form: 
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s s s s

TT SS SS TT

s s s s

SS SS LL LL

s
s s s

TT LL TT LL

s

TL

s

TS

s

SL

1 1 1
L L L L 0 0 0

3 3 3

1 1 1
L L L L 0 0 0

3 3 3

1 1 1s
L L L L 0 0 0

3 3 3

0 0 0 L 0 0

0 0 0 0 L 0

0 0 0 0 0 L

  

  

  

 
 
 
 
 
 
 
 
 
 
 
 

L
. (8) 

The activation of the slip deformation mode is governed by the following Kuhn–

Tucker inequality constraints: 

s s s s s s
σ Y ε ε0 ; 0 ; 0     , (9) 

where 
s

Y  is the hardening yield function and 
s

ε  is the equivalent plastic strain 

rate due to slip. 
s

Y  is expressed as a function of the cumulated plastic strain due 

to slip sε  and twinning tε : 

     
s s s s
1 2

b  ε b  εs s t s s s ts t
0 1 2Y ε , ε R  +Q 1 e +Q 1 e H ε

 
    . (10) 

The plastic strain rate 
s

ε  is given by the normality law: 

 
s

s s
ε=




ε 


.                                      (11) 

The equivalence relationship of the plastic work rate allows us to determine the 

expression of 
s

ε : 

s

s

s
ε

σ
=

ε 
.                                                                                                         (12) 

2.3   Combined yield surface
The plastic anisotropy of the studied HCP materials is defined by a combination of 

the Cazacu and Barlat yield functions as shown in Fig. 1. 
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Fig. 1. Schematic illustration of the combined yield surface. 

The plastic strain rate given by Eq. (5) (resp. Eq. (11)) represents only the contri-

bution to the total plastic strain rate 
p

ε  when the twinning mode (resp. the slip 

mode) is activated. When both deformation modes are activated simultaneously, 

the stress state is located at the intersection of the two yield surfaces as illustrated 

in Fig. 1, and the plastic strain rate 
p

ε  is expressed as: 

   
t s

p t s
= ε ε

  


 
ε  

 
.                              (13) 

3 M–K localized necking criterion 

The theoretical M–K approach assumes that the sheet is composed of two zones: 

the homogeneous zone (a) and the band zone (b). Fig. 2 illustrates this concept, 

where the band is characterized by its orientation   with respect to the major 

strain direction, and its relative thickness f  with respect to the homogeneous zone 

(
b a

f t t/ ). The relative thickness f  is also called the imperfection factor or im-

perfection ratio, and its initial value classically ranges between 0.98 and 0.999 

(Eyckens et al. 2011). 
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Fig. 2. Marciniak–Kuczyński (M–K) model. 

The current band orientation θ  is related to its initial counterpart 
0
θ  by the fol-

lowing relation: 

   
 a a

11 22ε ε

tang tang e
0

θ θ


 ,                   (14) 

where 
a

11  and 
a

22  are the major and the minor strain in the plane of the sheet (in 

the homogenous zone). 

In addition to the constitutive equations described in Section 2, the M–K approach 

is defined by the following equations: 

 The equation describing the force equilibrium between the band and the 

homogeneous zone: 

a a b b
. t . tσ n σ n .                                                                                       (15) 

 The geometric compatibility condition linking the velocity gradient in the 

homogeneous zone 
a

L  to its counterpart in the band zone 
b

L : allowing us 

to relate the strain rate fields in the two zones: 

b a
L L n   ,                                                                                                 (16) 

where   is the jump vector. 

To predict the occurrence of strain localization, a biaxial loading is applied to the 

sheet metal, which is defined by the following velocity gradient in the homogene-

ous zone: 

a

a

11

a

11

L 0

0  L
L 

 
 
 

,                                                                                           (17) 

where   is the strain-path ratio. Due to the presence of the geometrical imperfec-

tion, the plastic strain will become more and more concentrated within the band 

(as compared to the homogeneous zone). Strain localization is assumed to occur 

when the strain-rate ratio 
b a

33 33
/ε ε  reaches a critical value (this critical value is 

typically set to 10). 

When this strain localization condition is satisfied, the current strain component 
a

11
ε  is referred to as the critical strain 

*

11
ε  corresponding to the strain-path ratio   

and to the initial band orientation 
0
θ . 

The prediction of the entire FLD using the M–K approach is based on the follow-

ing incremental algorithm with two nested loops: 

 For each strain-path ratio ranging from 0.5ρ    to 1ρ   (we take intervals of 

0.1). 
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 For each initial band orientation ranging from 0
0
θ   to 90

0
θ   (with typ-

ical intervals of 1°). 
Apply the implicit incremental algorithm based on the theoretical frame-

work and constitutive equations presented above to calculate the critical 

strain *

11
ε . 

The smallest critical strain 
*

11
ε  over all possible initial band orientations 

0
θ  de-

fines the localization limit strain 
L

11
ε  corresponding to the strain-path ratio  . 

This major limit strain is used to calculate the associated minor limit strain 
L

22
ε  us-

ing the corresponding strain-path ratio  . 

4 Results and discussions 

The numerical simulations in the current work are based on the parameters for the 

AZ31 magnesium alloy, as shown in Table 1. For elastic behavior, this material is 

characterized by Young’s modulus E 43 GPa  and Poisson’s ratio υ 0.29 . 

Table 1. Isotropic hardening and plastic anisotropy parameters using slip and twin 

model for magnesium AZ31B alloy (Kondori et al. 2018). 

Slip hardening s

0R 206 MPa  s

1Q 126 MPa  tsH 637 MPa   

s

2Q 40.3 MPa  b 230s

2  s

1b 23.6   

anisotropy s

LLL 1  s

TTL 1.09  s

SSL 1.25  sa 4  

s

LTL 1.22  s

TSL 1.69  s

SLL 1.55   

Twin hardening t

0R 30 MPa  t

1Q 0 MPa   t

1b  stH 386 MPa  

tQ 19.4 MPa  tq 6.3  tH 0   

anisotropy t

LLl 1  t

TTl 0.97  t

SSl 0.33  ta 4  

t

LTl 0.78  t

TSl 0.61  t

SLl 0.60  0.53k   

t

LTL 0.22  t

TSL 0.76  t

LSL 0.73   
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In the current paper, the amount of deformation due to slip and twinning modes is 

predicted by numerical simulations. In the literature, this amount can be 

experimentally investigated by using the electron backscatter diffraction (EBSD) 

which is capable to observe the activation of different twin and slip systems. 

Based on EBSD, twin mode is identified from local intergranular misorientation 

maps, and active slip system is identified from long range intragranular 

misorientation maps (Tong et al. 2018). Another diffraction type denoted X ray 

diffraction (XRD) is used in the literature to calculate the amount of deformation, 

but for materials with high symmetry. Thus, XRD is not valid for HCP materials 

due to their yielding asymmetry between tension and compression. 

In a preliminary stage, some relevant comparisons are carried out in the current 

work, using the parameters identified in (Kondori et al. 2018), to assess and 

validate the numerical implementation of the constitutive framework. Then, 

predictions of forming limit diagrams (FLDs) are undertaken for magnesium 

AZ3B alloy. 

Experimental results were carried out based on uniaxial tension and compression 

tests for the AZ31B magnesium alloy to predict the engineering stress 
0

F S , 

where F  is the applied force in the tensile and compression tests, and 
0

S  repre-

sents the nominal section of the sheet. Moreover, numerical simulations are car-

ried out, taking into account the anisotropy parameters as well as the hardening 

function. Despite the complexity of the material behavior, Fig. 3 clearly shows 

that the reduced-order model is able to reproduce the experimental results with 

good agreement, owing to flow stresses and plastic anisotropy parameters. 

 

 
Fig. 3. Engineering stress versus axial strain. 

Accordingly, the constitutive modeling of the AZ31B magnesium alloy is validat-

ed compared with experiments in (Kondori et al. 2018). The aim of this investiga-

tion is to predict FLDs for this material based on the M–K approach using the re-

duced-order model. For this reason, the numerical simulation is carried out with a 

fixed imperfection factor f 0.98 . 

The onset of localized necking is determined by the numerical necking criterion 

nI  (where nI  represents the strain-rate ratio 
b a

33 33
/ε ε ). More specifically, local-
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ized necking occurs when the strain-rate ratio nI  becomes larger than 10 for a 

given strain path and initial band orientation. Fig. 4 shows the evolution of this lo-

calized necking indicator for four representative strain paths and an initial band 

orientation 
0

0  : uniaxial tension  0.5   , plane-strain tension  0  , 

biaxial tension  e.g.; 0.5  , and equibiaxial expansion  1  . 

 

 
Fig. 4. Prediction of localized necking. 

The imperfection factor depends on thicknesses 
a

t , 
b

t and the initial imperfection 

factor 
0f . It is always smaller than 

0f  during sheet deformation (see Fig. 5). 

 
Fig. 5. Imperfection factor evolution. 

The necking criterion of Section 3 allows us to predict the FLD of the AZ31B 

magnesium sheet metal. Fig. 6 compares the FLD predicted by the proposed re-

duced-order Cazacu–Barlat model to that obtained by the simpler Barlat–von Mis-

es model. 
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Fig. 6. Influence of the adopted yield criterion on the predicted FLD. 

To recover the classical von Mises criterion from the Cazacu criterion, the follow-

ing parameters should be taken: 
t

a 2 , k   , and 
t
L I , where I  is the identi-

ty tensor. 

The FLD predicted with the reduced model is limited to the strain between -0.07 

and 0.15, whereas the FLD based on von Mises-Barlat model is ranged from -0.10 

to 0.20. This is due to the limits of validity of the proposed model. From these 

predicted FLDs, it is clearly seen that the twinning mode has a clear distinct influ-

ence on the forming limit diagram. As expected, the mechanical behavior of the 

material and its evolution have a strong influence on the predicted FLDs. Due to 

the twinning mechanism, the FLD predicted by the Barlat–Cazacu model is lower 

than that predicted by the more classical Barlat–von Mises model. 

5 Conclusions 

A reduced-order crystal plasticity method has been used in this work to model the 

plastic anisotropy while taking into account the twinning and slip mechanisms. 

The resulting two-surface constitutive model has been coupled with the M–K im-

perfection approach to predict the ductility limit of the AZ31B magnesium alloy. 

The proposed numerical tool has been developed as a generic Mathematica script 

so that it can be easily applied to other HCP materials. The predicted material be-

havior has been compared with experimental results, which allowed us to validate 

the proposed reduced-order model. Also, it has been shown that the combined 

yield surface (Cazacu–Barlat) has a great influence on the predicted FLD. 
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