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The advent of Internet of Things technology has led to a renewed interest in the use of low tip-speed ratio micro-scale
wind turbines to supply power to battery-less microsystems. At low tip-speed ratio (λ ), the blade geometry varies sig-
nificantly depending on the optimal flow conditions used in the classical design method, the Blade Element/Momentum
theory (BEMT), and very few papers have examined this controversy. This experimental study aims to investigate the
airflow and power characteristics of three 200 cm wind turbines designed according to the BEMT with three different
optimum flow conditions at λ = 1 : the Betz model, the Glauert model and the Joukowsky model. Glauert optimum
rotor achieves higher maximum power coefficient (Cp,max = 0.34) than the optimum rotors of Betz (Cp,max = 0.31) and
Joukowsky (Cp,max = 0.26). The two latter turbines have lower cut-in wind speed and their torque coefficient decreases
linearly with the tip-speed ratio. Betz optimum rotor has a highly stable and persistent wake whereas large recirculation
bubbles and vortex breakdown are observed downstream the runners of Glauert and Joukowsky. The airflow velocity
fields and induction factors distributions computed from Stereoscopic Particle Image Velocimetry acquisitions show
significant differences between each rotor and also between the theoretical developments and the experimental results,
especially for the Joukowsky rotor. In addition, even though the optimum flow conditions of Glauert or Betz appears
to be the most appropriate models, a method based on flow deflection rather than on airfoil polar plots may be more
pertinent for the design of low tip-speed ratio micro-scale wind turbines.

Keywords: Wind turbine, Low tip-speed ratio, Performance, Stereoscopic Particle Image Velocimetry, Blade Element
Momentum Theory

I. INTRODUCTION

The current fast development of Internet of Things (IoT) de-
vices raises the question of their supply in power. By Internet
of Things, we mean a network of interconnected physical de-
vices able to collect and share data.1. For example, IoT appli-
ances can be used to perform real-time environmental moni-
toring by measuring and transmitting environmental data such
as air, water or soil quality through wireless sensors. These
systems are supposed to be deployed everywhere and to be
accessible any time from anywhere, hence it implies high re-
quirements for energy storage and power management.2 Cur-
rently, batteries are widely used to power autonomous sensors
but their use presents major drawbacks. The finite amount of
energy available, the high cost of replacement or the possi-
ble difficulties to have access to it in hazardous locations for
maintenance limit the spread of these devices. The use of am-
bient energy sources such as solar energy, thermal energy or
mechanical energy could be considered as a solution to reduce
or eliminate batteries in IoT endpoints. Wind energy is one
of the available renewable resource of energy. Even though
wind power is highly intermittent, a recent study carried out
by Wen et al.3 emphasises that the average wind speed in ma-
jor Chinese cities is essentially within the range of 1 m.s−1

to 7 m.s−1. Consequently, miniature wind energy harvesters,
such as micro-scale wind turbines, could collect the energy

a)Corresponding author

of low speed airflow in urban area to power a rechargeable
battery or a capacitor.4

Large-scale wind turbines play already an essential role in
electricity generation in industrialised countries. At large-
scale, the most efficient wind machines are fast, three-bladed
and low solidity horizontal axis wind turbines. They can con-
vert up to 40−50% of the kinetic power of the wind into me-
chanical power at high tip-speed ratio λ , of the order of 5 to
75–7 where the tip-speed ratio is the ratio of the tip-velocity
RT ω to the freestream wind velocity V∞:

λ =
RT ω

V∞

(1)

RT is the tip radius of the rotor and ω its angular velocity.
Their high efficiency has been made possible by the aerody-
namic optimisation of the blades through the choice of opti-
mum chord c and pitch angle β distributions (see Fig. 1 for vi-
sualisation of c and β ), number of blades N, design tip-speed
ratio and also thanks to decades of research in airfoil shape.
Conventional modern large-scale wind turbines have a low
blade solidity, of a few percent, and have twisted blades with
different cross-sectional shape along their span. The blade so-
lidity σ is the ratio of the solid surface area of the blades to
the total area swept by the blades:

σ =
Nc
2πr

(2)

N is the number of blades, c is the chord length and r is the
radial coordinate.

As micro-scale wind turbines are specifically designed to
harvest low energy airflow, their geometry differ substantially
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Nomenclature

Greek symbols
ρ Density of the fluid V∞ Free stream wind velocity P Mechanical power
ω Angular velocity N Number of blades Pa Available power
λ Tip-speed ratio RH Hub radius Cp Power coefficient

λopt Optimum tip-speed ratio RT Tip radius Cτ Torque coefficient
σ Blade solidity H Hub ratio Cp,max Maximum power coefficient
α Angle of attack a Axial induction factor dCp Infinitesimal power coefficient

αO Optimum angle of attack a′ Tangential induction factor dCτ Infinitesimal torque coefficient
αc Critical angle i.e. stall angle c Chord length Cd Drag coefficient
ϕ Relative wind angle r Radial coordinate Cl Lift coefficient
β Pitch angle z Axial coordinate Cn Normal force coefficient
τ Torque x Dimensionless radial coordinate Ct Tangential force coefficient

dτ Infinitesimal torque Cz Axial velocity CF Resulting force coefficient
Cθ Tangential velocity W Relative velocity
U Rotating velocity V0 Cut-in wind speed

from that of larger ones. Due to low wind speed conditions,
micro-scale wind turbines require a high torque to overtake
the frictional resistance of the mechanical parts contained in
the nacelle and start running. As the turbine’s shaft mechan-
ical power P is the product of the angular velocity and the
torque τ , a lower optimum tip-speed ratio than large-scale tur-
bines appears to be more appropriate to increase the aerody-
namic torque. A large number of blades or wide blades would
also help to decrease the cut-in wind speed by increasing the
total lift force acting on the turbine and therefore the torque.

Even though an optimum blade solidity, design tip-speed
ratio and number of blades seems to be found for fast and
large-scale three-bladed turbines, it can be observed from the
literature that no consensual agreement exists on the number
of blades or blade geometry for low tip-speed ratio micro-
scale wind turbines. For instance, the 20 mm turbine of
Howey et al.8, designed to operate at λ = 1, has 12 blades with
a constant chord length and a variable pitch angle. Zakaria et
al.9 designed a 26 mm wind turbine with 8 constant chord
blades. Various configurations of micro fan-bladed wind tur-
bines were designed and tested by Leung et al.10. They ar-
gued that micro-scale turbine’s solidity should be higher than
0.5 and that a high number of blades was preferable.

Kishore et al.11–13 designed three-bladed and low tip-speed
ratio 400 mm and 394 mm turbines with different blade ge-
ometries. The blades of the 394 mm turbine were of classi-
cal design, with linear twist and tapering from root to tip12

whereas the chord length of the 400 mm turbine was con-
stant throughout the span and non-linearly twisted11. The
experimental tests revealed that the non-conventional turbine
reaches higher efficiency than the classical turbine.

Mendonca et al.14 performed wind tunnel tests with 20 cm,
15 cm and 10 cm turbines. Various blade chord length, airfoil
shape, pitch angle distributions and number of blades were
tested. The results suggest that a decrease in the rotor diameter
leads to a decrease in the optimum tip-speed ratio and that
higher number of blades increases the efficiency at low tip-
speed ratio. Moreover, the authors compared two expressions
of blade chord length and pitch angle distributions available in
the literature and they found experimentally high differences

in the efficiency and optimum tip-speed ratio between the two
turbines.

Many other designs can be found in the open literature15–21

with very different blade geometries and level of performance.
Even though these studies emphasise together that a decrease
in the rotor radius requires a decrease in the design tip-speed
ratio and an increase in the blade solidity or number of blades,
the design of efficient low tip-speed ratio wind turbines re-
mains an open issue and needs further investigation.

The wide disparity in turbine’s geometry and efficiency can
be attributed to the absence of consensus on the design method
at low tip-speed ratio. Indeed, multiple expressions for the
blade chord length and pitch angle distributions are available
in the literature and many housemade wind turbines are de-
signed without a theoretical approach. Consequently, it is
quite complex to identify and to fully understand the benefi-
cial effects induced by a variation in blade solidity or pitch an-
gle and thus to adopt one design method or another. Whereas
very few differences are observed in the blade geometry at
high tip-speed ratio, major discrepancies appear at low tip-
speed ratio (discussed in the § II) and to date, there has been
no detailed experimental investigation on the performance and
wake characteristics of low tip-speed ratio turbines designed
with different procedures.

Consequently, the aim of the present experimental work is
to examine and compare the performance and the flow charac-
teristics upstream and downstream three 200 mm micro-scale
horizontal axis wind turbines. All three turbines are designed
to achieve their maximum power coefficient at λ = 1. The
blades are designed with the same airfoil but the chord length
and pitch angle distributions are computed according to three
different design methods: the Betz model, the Glauert model
and the Joukowsky model. These aerodynamic rotor mod-
els result in different optimal blade geometries. The general
equations and theoretical results for all three models are de-
tailed in the next section (§ II). Wind turbine geometries are
depicted and compared in § III. A description of the wind
tunnel experimental setup for collection of power characteris-
tics, cut-in wind speeds and airflow velocity distributions by
3D stereoscopic particle image velocimetry (SPIV) technique
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is detailed in § IV and the results are discussed in § V.

II. GENERAL EQUATIONS

The conventional method to compute the chord length c and
the pitch angle β distributions is based on two independent
theories: the general momentum theory and the blade element
theory. This method, which can be used either to estimate
the performance of an existing turbine or as a design proce-
dure, is the backbone of all standard turbine design softwares
such as QBLADE22 and is commonly known as the Blade El-
ement/Momentum theory (BEMT).

Historically, Betz predicted in 1919 that the efficiency
of a turbine cannot exceed 16/27(≈ 59.3%) using sim-
ple one-dimensional axial momentum, mass and energy
conservation.23 Thereafter, Glauert in 1926 developed further
the momentum theory. He defined a more general framework,
called the general momentum theory, to model the aerody-
namic interaction between a rotor and a fluid flow by intro-
ducing two-dimensional considerations and rotational veloci-
ties to the fluid flow.24 Based on the general momentum the-
ory, Joukowsky derived another set of equations by assuming
a constant circulation along the rotor blades.25

In the general momentum theory, a streamtube that encloses
the turbine is discretized into annular elements of height dr.
The infinitesimal torque dτ applied by the disc of turbine on
an annular element is computed by applying the Euler’s tur-
bine theorem to an infinitesimal control volume of thickness
dr:

dτ = 2πrρdrCzrCθ (3)

where Cz and Cθ are the axial and tangential flow velocities in
the rotor plane (Fig. 1) and ρ is the fluid density.

Introducing the axial a and tangential a′ induction factors
as:

a =
Cz−V∞

V∞

(4)

a′ =
Cθ

2ωr
(5)

we get the following expressions for the axial velocity Cz, az-
imuthal velocity Cθ and torque dτ:

Cz =V∞(1−a) (6)
Cθ = 2a′ωr (7)
dτ = 4πρr3V∞(1−a)ωa′dr (8)

The power coefficient Cp and torque coefficient Cτ are di-
mensionless coefficients conventionally used to characterise
wind turbines’ efficiency. The torque coefficient is a dimen-
sionless measure of the torque produced by the turbine and the
power coefficient establish power conversion rate:

Cτ =
τ

0.5ρπR3
TV 2

∞

(9)

Cp =
P
Pa

=
τω

0.5ρπR2
TV 3

∞

(10)

FIG. 1: Velocity triangle on a cross-sectional airfoil
element.

They can be obtained from the integration of Eq. 8 from the
hub radius RH to the tip radius RT of the rotor:

Cτ =
∫ RT

RH

8λa′(1−a)(r/RT )
3 dr

RT
(11)

Cp =
∫ RT

RH

8λ
2a′(1−a)(r/RT )

3 dr
RT

(12)

For a given tip-speed ratio λ , Eq. 12 shows that the rotor’s
maximum efficiency is found by determining the relationship
between a and a′ for which the power coefficient reaches a
maximum value Cp,max. The resulting conditions on a and
a′ imply specific induced velocities in the rotor’s plane (see
Fig. 1). After defining a design tip-speed ratio and optimum
flow conditions, an optimum rotor blade geometry can be de-
termined based on the blade element theory. In the current
study, we define an optimum rotor as the one designed to
achieve Cp,max. The blade element theory relies on lift and
drag polar diagrams of isolated airfoils to compute the blade
chord length and pitch angle distributions. The aim of the
method is to compute the local loads on many independent
blade elements with the help of lift Cl and drag Cd coefficients
of a selected airfoil and the optimal induction factors to match
with the maximum power coefficient Cp,max computed from
the general momentum theory (see Refs. 26&27 for theoret-
ical developments). Consequently, the geometry of an opti-
mum rotor is closely linked to the definition of optimum flow
conditions.

Betz, Glauert and Joukowsky derived three distinct set of
equations for a and a′ under different assumptions (see Tab. I).
At high tip-speed ratio the optimum spanwise distributions of
a and a′ derived by the models of Joukowsky, Glauert and
Betz follow similar trends (Fig. 2a), especially when the hub
ratio H = RH/RT is high (H ≥ 0.3), hence very few changes
in the turbine’s geometry are noticed by adopting one model
or another. It is worth noting that the Glauert’s optimum flow
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TABLE I: Axial and tangential induction factors equations for each optimum rotor model. x = r/RT is the spanwise radial
coordinate.

Optimal axial induction factor distribution Optimal tangential induction factor distribution

Betz a = 1/3 a′ = 0

Glauert 16a3−24a2 +3a(3−λ 2x2)−1+λ 2x2 = 0 a′ =
1−3a
4a−1

Joukowsky 125a5−325a4 +290a3−106a2 +(17−12λ 4)a+4λ 2−1 = 0 a′ =
1
x2

3a−1
5a−1

0.2 0.3 0.4 0.5

a

0.0

0.2

0.4

0.6

0.8

1.0

r/
R
T

λ = 1

0.2 0.3 0.4 0.5

a

0.0

0.2

0.4

0.6

0.8

1.0
λ = 6

0 1 2 3

a′
0.0

0.2

0.4

0.6

0.8

1.0

r/
R
T

0 1 2 3

a′
0.0

0.2

0.4

0.6

0.8

1.0

(a)

0 2 4 6 8 10

λ

0.0

0.2

0.4

0.6

0.8

1.0

C
p,
m
a
x

(b)

FIG. 2: Comparison of the theoretical optimum flow
condition and maximum power coefficient of Betz (�),

Glauert (+) and Joukowsky (×)(a) Spanwise variations of
the optimal induction factors distributions for a tip-speed
ratio λ = 1 (left) and λ = 6 (right). (b) Variations of the
theoretical maximum power coefficient Cp,max with the

tip-speed ratio λ .

conditions are still the most used equations adopted for the
design of turbines and are commonly implemented in design
softwares.

However, some controversies exist at low tip-speed ra-
tio. The optimal flow conditions and maximum power co-

efficient Cp,max differ substantially when the tip-speed ratio
decreases (Fig. 2). For instance, higher power coefficient are
predicted at low tip-speed ratio with the model of Joukowsky
(Cp,max(λ = 1)= 0.628) than the Glauert’s model (Cp,max(λ =
1) = 0.417) and the model of Betz (Cp,max(λ = 1) = 0.593).
Even though the optimum flow conditions derived by Glauert
are mostly used in the design of micro-scale and low tip-speed
ratio wind turbines, to date, no experimental data has demon-
strated the superiority of one model over another. It partially
explains why no consensual agreement exists on the num-
ber of blades, pitch angle or blade solidity for micro-scale
and low tip-speed ratio wind turbines. Another major the-
oretical issue and controversial subject concerns the anoma-
lous behaviour of the Joukowsky optimum rotor at very low
tip-speed ratio (Fig. 2b). This model results in a power co-
efficient greater than the Betz limit and tends to infinity for
λ ≤ 1. Some authors argued that it is possible in theory to
exceed the Betz limit28–30 but others affirmed that the condi-
tion of a constant circulation results in an nonphysical solu-
tion at small tip-speed ratios.24,27,31 Sørensen in § 6 in Ref. 27
summarised the theoretical and computational works on the
Joukowsky model and concluded by emphasising the need for
further experimental investigation.

Having identified the controversy of the general momen-
tum theory at low-tip speed ratio, the next section of this pa-
per focuses on the design of turbines with the three different
optimum induction factors distributions presented herein.

III. DESIGN OF THE TURBINES

The expressions for the chord length and pitch angle distri-
bution for all three optimum rotors are obtained by applying
the Blade Element/Momentum Theory.

The local torque dτ acting on a blade element can be ob-
tained either by using the general momentum theory (Eq. 8)
or by adopting a blade element approach. Considering a rotor
element, the local torque is calculated by projecting the local
lift force on the rotor plane (see Fig. 1):

dτ = 1/2ρcNW 2Clsin(ϕ)rdr (13)

where ϕ is the angle between the relative velocity W and the
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rotor plane:

W =
√

C2
z +(Cθ +U)2 (14)

=V∞

√
(1−a)2 +λ 2x2(1+a′)2 (15)

Tip-losses effects and drag were not taken into account in the
local torque. Then, combining Eqs. 8 & 13 results in the fol-
lowing expression for the local blade solidity σ :

σ =
4λx2a′

Cl
√
(1−a)2 +λ 2x2(1+a′)2

(16)

where x = r/RT . The spanwise chord length distribution is
then calculated according to Eq. 2. The local pitch angle β is
obtained according to the velocity triangle (Fig. 1):

β = ϕ−αO (17)

where αO is the optimum angle of attack of the selected air-
foil, i.e. the angle which gives the best lift to drag ratio and
ϕ is the relative angle. The relative angle is obtained with the
help of the flow velocity distributions in the rotor plane:

tan(ϕ) =
(1−a)

λx(1+a′)
(18)

In the current study, all three turbines have N = 8 blades,
a tip radius RT = 100 mm, a hub ratio H = 0.3 and a de-
sign tip-speed ratio λ = 1. SG6042 airfoil was selected for
the rotors blades because of the high lift-to-drag performance
at low Reynolds number and the availability of experimental
data in low Reynolds number conditions.32,33 2D airfoil polar
plots at Reynolds number Re = 105 were digitised from the
experimental database of Selig et al.32 to collect the optimum
angle of attack and the lift and drag coefficients, required in
the design method.

Turbine’s local pitch angle β and blade solidity σ were
computed according to Eqs. 16&17. The optimum rotors of
Glauert, Betz and Joukowsky were designed with their respec-
tive optimal distribution of induction factors at λ = 1 (Tab. I
and Fig. 2a) and with a constant angle of attack along the span
αO = 6◦. The resulting blade solidity and pitch angle distri-
butions for all three rotors can be seen in Fig. 3. All turbines’
design specifications are reported in Tab. II.

The rotors were drawn in FREECAD and printed by Fused
Material Deposition (FMD) on a Creality CR-10 Max printer.
PLA (Polyactic Acid) was selected for use with the 3D printed
wind turbines developed herein. The printing time and fila-
ment mass required are detailed in Tab. II and the Fig. 4 shows
the 3D CAD of all three rotors. A specific marker, displayed
in the last row of Tab. II, is assigned for each optimum runner.

IV. EXPERIMENTAL SETUP

Wind tunnel experiments play an essential role in the op-
timisation of wind turbine design. The present experiments
serve two purposes: firstly, to determine the performance
characteristics of the three turbines depicted in the previous

TABLE II: Wind turbines specifications. The length refers
to the length of the hub. See Tab. I and Fig. 2 for Glauert’s

and Joukowsky’s optimal induction factors distributions

Betz Glauert Joukowsky
RT [mm] 100 100 100
H [mm] 0.3 0.3 0.3
λ 1.0 1.0 1.0
Airfoil SG6042 SG6042 SG6042
αO [deg] 6 6 6
a 1/3 Glauert Joukowsky
a′ 0 Glauert Joukowsky
Cp,max 0.593 0.397 0.572
σ(RH) 3.93 1.38 2.53
σ(RT ) 0.74 0.54 0.69
β (RH) [deg] 60 43 25
β (RT ) [deg] 28 24 22
Volume [cm−3] 416 161 245
Length [mm] 88.7 42.5 42.5
Printing time [h] 42 24 36
Filament mass [g] 304 182 278
Marker � + ×

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

σ

0.00

0.25

0.50

0.75

1.00
r/
R
T

20 25 30 35 40 45 50 55 60

β[deg]

0.00

0.25

0.50

0.75

1.00

r/
R
T

FIG. 3: Wind turbines blade geometry. Spanwise
variations of the local blade solidity σ (up) and pitch angle β

(down) for the optimum rotor of Betz (�), Glauert (+) and
Joukowsky (×)

section, and secondly, to investigate the flow velocity distri-
butions upstream and downstream the turbines for three oper-
ating tip-speed ratio. The experimental data collected in this
study could also provide key insights to develop reliable nu-
merical models.27

The experimental campaign was performed in the closed
circuit wind tunnel of the LIFSE facilities.34 The test section
size of this wind tunnel is 1.35 m (height)× 1.65 m (width)×
1.80 m (length). Regarding the dimension of the turbine mod-
els tested, the effect of wind tunnel blockage ratio (≤ 1.5%)
on the wake development can be reasonably neglected.

One aim of the current experimental study is to determine
the full Cp vs. λ and Cτ vs. λ curves for all three rotors, hence
an experimental setup was specifically designed to achieve
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FIG. 4: Solid models of the optimum rotors of Betz (left),
Glauert (middle) and Joukowsky (right)

this purpose. All the experiments were performed at a fixed
flow velocity in the test chamber V∞ = 15 m.s−1. The undis-
turbed wind speed was measured via a Pitot probe placed in
the test section and was corrected with the daily air density.
The variation of the tip-speed ratio was therefore executed by
changing the angular velocity of the rotor. During an acqui-
sition, the turbine model was mounted on a rotating shaft lo-
cated in the middle of the test section. An electric MAXON
DC motor and a rotating torquemeter HBM T20 WN, were
coupled to the turbine’s shaft. The latter were housed in a
nacelle. The motor was connected to a variable resistor and
was working as generator. The angular velocity of the ro-
tor was maintained constant during a sample. Both angular
velocity and torque were measured by the torque transducer
while the electric motor enabled to vary the angular velocity
of the turbine i.e. the operating tip-speed between each sam-
ple by changing the electrical load. For each sample, the av-
erage torque, angular velocity and wind speed were computed
from 50 s recordings with a sampling frequency of 1000 Hz.
Then, average torque coefficient Cτ and power coefficient Cp
were calculated for each tip-speed ratio according to Eq. 9
and Eq. 10. This experimental procedure was repeated sev-
eral times on different days for all three rotors. The data were
finally gathered and plotted on graphs showing the variation
of Cp and Cτ with the tip-speed ratio λ (displayed in § V).

The second objective is to investigate the airflow velocity
fields upstream and downstream the wind turbines. Thus,
phase-averaged and phase-locked three components stereo-
scopic particle image velocimetry (SPIV) were performed
with the turbines operating at V∞ = 15 m.s−1 and for three
tip-speed ratio λ = 0.5− 1− 1.4. A sketch of the experi-

mental set-up with the SPIV velocity measurement plane is
displayed in Fig. 5. Mathematical, theoretical and techni-
cal backgrounds of three-components SPIV techniques can be
found in Ref. 35.

During an acquisition, both angular velocity i.e. tip-speed
ratio and wind speed were kept constant. The wind tunnel
was continuously seeded with micro oil droplets generated
by an oil mist generator 10F03 Dantec. The oil tracers were
illuminated twice within a 90 µs time interval by a double
pulsed Nd-Yag Litron Nano-L 200-15 laser. The laser was
placed above the test section and settled to align the laser
sheet with the turbine’s rotation plane. The SPIV images were
acquired by two 2048× 2048 pixels CCD cameras equipped
with Micro-Nikkor AF60 mm f/2.8D lenses and Scheimpflug
system to enhance image quality. On one hand, laser and cam-
eras were triggered at the same azimuthal position of the blade
to obtain 200 double frame phase-locked images. On the other
hand, 500 phase-averaged images were collected by triggering
the laser and the cameras with an internal clock set at 2 Hz.
Prior to data recording, the calibration procedure of the two
cameras was carried on with a 200 mm × 200 mm calibra-
tion target. The pinhole camera model, proposed by Dantec,
was then used to determine the calibration matrix of the two
cameras.

After data recording, SPIV images were processed using
Dynamic studio v4.15 software. The images were dewarped
and corrected for residual misalignment with the calibration
matrix. Then, they were divided into 32×32 pixels interroga-
tion windows where the axial Cz, tangential Cθ and radial Cr
velocity vectors were reconstructed using a cross-correlation
algorithm. The dimensionless velocity fields were calculated
from the 500 phase-averaged images and 200 phase-locked
images for all three turbines and tip-speed ratios and nor-
malised with the freestream wind velocity V∞ collected from
the Pitot probe. Finally, the dimensionless phase-averaged
and phase-locked vorticity fields ωyRT/V∞ were calculated
according to:

ωy
RT

V∞

=

(
∂Cr

∂ z
− ∂Cz

∂ r

)
RT

V∞

(19)

where ωy is the out-of-plane vorticity. In the current study, the
initial wake expansion downstream the turbines was charac-
terised by the locations of the tip-vortex cores, collected from
phase-locked vorticity fields.36,37 The reference frame origin
for the analysis and comparison of the dimensionless velocity
and vorticity fields and profiles is located at the intersection of
the blade leading edge with the rotation axis.

V. RESULTS AND DISCUSSION

A. Performance analysis

Fig. 6 shows the variations of the torque coefficient Cτ and
power coefficient Cp with the tip-speed ratio and Tab. III high-
lights the major characteristics of all three runners. The power
characteristics are discussed in the following section § V A 1
and the starting behaviour is examined in § V A 2.
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FIG. 5: Sketch of the experimental set-up

1. Cp−λ and Cτ −λ curves

Fig. 6b and Tab. III show that the Glauert optimum ro-
tor achieves higher maximum power coefficient (Cp,max =
0.34) than the optimum rotors of Betz (Cp,max = 0.31) and
Joukowsky (Cp,max = 0.26). Glauert (+) and Joukowsky (×)
rotors reach their maximum efficiency at the tip-speed ratio
λopt = 1.4 whereas the optimum rotor of Betz (�) achieves it
at the design tip-speed ratio λopt = 1. All three rotors’ maxi-
mum power coefficients are significantly lower than the theo-
retical one (Tab. II) and the slightest relative difference is ob-
served with the optimum rotor of Glauert (14%). Even though
the rotor designed according to the optimum flow conditions
of Joukowsky theoretically results in performance that can ex-
ceed the Betz limit, the experiments carried out in this study
highlight the significant relative difference between theoret-
ical and experimental maximum power coefficients (55%).
The analysis of the flow velocity distributions carried out in
the § V B will provide a greater understanding of this dis-
crepancy. At low tip-speed ratio, for 0 ≤ λ ≤ 0.9, the opti-
mum rotor of Betz achieves higher power coefficient than the
two other runners but its performance strongly decreases for
λ ≥ 1.6.

For the analysis of Cτ vs. λ curves, Fig. 6a will be read
from right to left i.e. from high tip-speed ratio to low tip-
speed ratio. As shown in Fig. 6a, the torque coefficient of
the optimum rotors of Betz (�) and Joukowsky (×) increases
linearly when the tip-speed ratio decreases for the entire oper-
ating range. This peculiarity is helpful for the power manage-
ment of IoT devices, especially if the turbine can operate in a
wide range of Cτ . It allows a sensitive control of the turbine’s
angular velocity with a resisting torque control strategy and
ensures the powering of a battery at constant voltage.38 On
the contrary, non linear variations of Cτ with the tip-speed ra-
tio are observed with the optimum rotor of Glauert (+). From
λ = 2.3 to λ = 0.75 the torque coefficient increases quasi-
linearly with the tip-speed ratio. Then, after remaining con-
stant for 0.75≥ λ ≥ 0.5, the torque coefficient increases again
to Cτ = 0.4 at λ = 0.25 and finally drops to Cτ0 = 0.33 at
λ = 0.

Cτ vs. λ variations are closely related to the wind turbine
blade geometry and the airfoil aerodynamic characteristics.
Experimental lift and drag polar plots of the SG6042 airfoil
collected in wind tunnel with a single airfoil show that the lift
coefficient increases with the angle of attack until a critical
angle called the stall angle αc ≈ 13◦.32 As Cl increases with
the angle of attack before the stall, so does the torque coeffi-
cient of all three turbines when the tip-speed ratio decreases
(read Fig. 6a from right to left). For an isolated airfoil, the
flow starts to separate on the upper surface at the stall angle
αc due to a high pressure gradient between the suction and the
pressure sides. The detachment of the boundary layer leads
to a significant drop of the lift coefficient. The variations of
the aerodynamic coefficients with the angle of attack in post-
stall region i.e. for α ≥ αc has received scant attention in the
research literature, hence the understanding of wind turbine’s
behaviour for λ ≤ λopt is hampered by a lack of experimental
data. Nevertheless, the available experimental high angle of
attacks polar plots collected by Kostic et al.39 with NACA air-
foils provide some relevant insights to analyse wind turbine’s
behaviour in post-stall region. Data from this paper show that
Cl remains quasi-constant after the stall and then increases for
angles of attack from α = 30◦ and α = 65◦. Above α = 65◦,
Cl decreases with the angle of attack. On the opposite, even
though in pre-stall region the drag coefficient is low, it in-
creases strongly with α in post-stall region and can exceed the
lift coefficient. Consequently, for tip-speed ratio much lower
than the optimum tip-speed ratio, the drag force contributes
significantly to the aerodynamic torque produced by a wind
turbine especially if the latter has a large blade solidity. It
emphasises that from λ = 0 to λopt , high solidity micro-scale
turbines change from drag-type to lift-type turbines and this
might partially explain why no drop of Cτ are observed.

Cτ vs. λ curves of low blade solidity wind turbines (σ ≤
0.5) have similar pattern of variation than Cl vs. α curves
of isolated airfoils because the blades are sufficiently dis-
tant from each other. However, a decrease in blade spacing
can lead to mutual interactions between pressure and suction
sides of two adjacent blades affecting the airfoil characteris-
tics (stall angle, lift and drag coefficients) and the wind tur-
bine’s behaviour (optimum tip-speed ratio, torque and power
coefficients).40 The change in the shape of Cτ vs. λ curves
between the two high-solidity runners of Betz and Joukowsky
and the runner of Glauert, which have a lower solidity, un-
derlines this blade interference effect. Indeed, Cτ vs. λ

curve of the Glauert’s optimum rotor have a quite similar pat-
tern of variation of Cl vs. α curves, even if this rotor has a
larger solidity than conventional rotor, whereas no significant
stall effects are observable on Cτ vs. λ curves of Betz’ and
Joukowsky’s optimum rotor.

These findings suggest that high solidity wind turbines
should not be considered as a sum of individual airfoils but as
a blade cascade arrangement. It also outlines some limitations
of the blade element momentum theory for the design of high-
solidity micro-scale wind turbines. The assumption of inde-
pendent operation of the blades made in the design method
seems not to be confirmed by the experimental results. The
mutual blade interactions make the validity of the airfoil data
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FIG. 6: Torque coefficient Cτ (a) and power coefficient Cp (b) evolution as a function of the tip-speed ratio λ for the
optimum rotor of Betz (�), Glauert (+) and Joukowsky (×)

questionable to compute the blade solidity and blade pitch an-
gle whereas accurate data are required in the design method.28

A design methodology based on flow deflection rather than on
airfoil polar plots (as it is done for the design of pumps, com-
pressors and turbines in a confined flow) could be of great in-
terest for the design of high-solidity turbine.34 It would help to
understand and evaluate the interaction between a blade cas-
cade in rotation and an unconfined airflow. The latter would
requires investigations on the behaviour of a turbine blade cas-
cade through the collection of the aerodynamic coefficients of
an airfoil settled inside a blade cascade as some experience
have already been performed with compressor cascade.41,42

Finally, understanding of Cτ vs. λ and Cp vs. λ curves re-
quires a precise knowledge on the flow pattern upstream and
downstream the runners for their entire range of tip-speed ra-
tio. As an explanation based on airfoil polar plots remains
limited, the analysis provided in § V B is based on the flow
velocity fields computed from SPIV recordings with the tur-
bines running at different tip-speed ratios.

2. Starting behaviour

As micro-scale wind turbines should operate mainly within
a urban environment, where the average wind speed is low, it
is crucial to have runners with very low cut-in wind speed
to commence power extraction in low wind speed condi-
tions. Like the operation at low tip-speed ratio, the start-
ing behaviour of micro-scale wind turbines is a challenging
subject because it deals with several complex aerodynamic
phenomena such as unsteadiness, high angles of attack and
very low Reynolds numbers.43,44 Despite the importance of
this subject, only few published studies have closely exam-

ined wind turbine starting behaviour. Consequently, very
few turbines are specifically designed to achieve a low cut-in
wind speed. In the current study, the initial torque coefficient
Cτ0 = Cτ(λ = 0) and the cut-in wind speed V0 are used to
evaluate the starting behaviour of all three optimum runners.

As shown in Fig. 6a and Tab. III, the optimum rotor of Betz
produces higher initial torque coefficient than the rotors of
Joukowsky and Glauert. The cut-in wind speed measures re-
veal also that the Betz rotor is able to harvest the energy of
lower airflow speeds (Tab. III).

Like most micro-scale wind turbines, all three rotors are
fixed pitch turbines, hence they require high lift blades to in-
crease the starting torque.45 The total lift force acting on a
blade element depends on the blade section airfoil, the chord
length and the angle of attack. As an increase in the chord
length increases the lift force acting on an airfoil so does
the torque coefficient of a wind turbine with an increase in
the blade solidity.40 It partially explains why the Betz and
Joukowsky rotors have larger Cτ0 and lower V0 than the rotor
of Glauert. However, the results show little difference in Cτ0
between the runners of Glauert and Joukowsky whereas the
latter has a much larger blade solidity. This can be explained
by the difference in the angle of attack between rotors. As
the turbines are not rotating at λ = 0, the flow relative angle
tends to ϕ = π/2, hence the angles of attack are high and the
flow over the airfoil is detached. In post-stall region, larger
blade pitch angles i.e. lower angles of attack lead to higher
lift forces.39 Consequently, even though, the optimum rotor of
Joukowsky has larger blade solidity than the Glauert rotor, the
higher angles of attack reached in the post-stall region with
the Joukowsky rotor may lead to a decrease in the lift force
reducing the starting torque coefficient.46,47

As experimental polar plots of the SG6042 airfoils are not



9

TABLE III: Optimum rotor’s major characteristics
computed from torque transducer acquisitions

Betz Glauert Joukowsky
Cp,max 0.31 0.34 0.26
λopt 1.0 1.4 1.4
V0 [m.s−1] 3.7 5.1 4.6
Cτ0 0.65 0.33 0.39

TABLE IV: Power coefficient Cp computed from SPIV
recordings

λ = 0.5 λ = 1 λ = 1.4
Betz 0.22 0.31 0.30
Glauert 0.18 0.30 0.34
Joukowsky 0.13 0.21 0.21

available for high angles of attack in post-stall region, further
research on the flow velocity downstream the rotors at λ = 0
should be conducted to provide relevant information on the
starting behaviour of a micro-scale wind turbine. This study
could be supported by an experimental investigation of the
aerodynamic properties of isolated airfoils and blade cascade
in post-stall region and in low Reynolds number flow condi-
tions.

B. Near wake analysis

As concluded in the previous section, the power character-
istics reveal the global performance of all three turbines but
a full investigation of the airflow upstream and downstream
all three runner provides a better understanding of the interac-
tion between the airflow and the turbines and on the science
of generating torque from wind energy.

Velocity �elds - Pro�les

Fig. 7 and Fig. 8 show the phase-averaged dimensionless
axial and tangential velocity fields in the wake of the wind
turbine models for three tip-speed ratios λ = 0.5, λ = 1 and
λ = 1.4.

For all optimum runners, a decrease in the operating tip-
speed ratio leads to lower axial velocity and larger tangential
velocity of the wake airflow, especially near the turbine na-
celle. A large recirculation region was found in the wake of
the optimum rotors of Joukowsky and Glauert. Even though
the size of the recirculation region decreases for both turbines
with the tip-speed ratio and almost disappears for the Glauert’s
optimum rotor at λ = 1.4, this region extends over almost half
of the blades and for the entire near wake of the optimum ro-
tor of Joukowsky. The decrease in the size of the recirculation
region is in agreement with the increase of the power coef-
ficient, computed either from the velocity fields (Tab. IV) or
from the torque transducer (Tab. III), when the tip-speed ra-

tio increases from λ = 0.5 to λ = 1.4. No recirculation re-
gion are noticed downstream the optimum rotor of Betz. The
wake downstream the optimum rotor of Betz is more stable
and shows larger tangential velocity than the two other run-
ners. The radial profiles of the phase-averaged normalised
axial and tangential velocities for various horizontal distance
from the blade leading edge, displayed in in the supplemen-
tary materials, highlight the stability and the persistency of of
the wake downstream the optimum rotor of Betz. This tur-
bine could be of particular interest in association with a rear
counter-rotating turbine harvesting the highly rotating airflow
in its wake. Moreover, the radial profiles point out the back-
flow downstream the optimum rotor of Glauert (Cz/V∞≈−0.2
for λ = 0.5 and at (r/RT ,z/RT )= (0.3,3/2)) and downstream
the optimum rotor of Joukowsky (Cz/V∞ ≈ −0.3 for λ = 0.5
and at (0.3,3/2)).

Fig. 9 shows the radial variations of the axial induction fac-
tor a (1st row), tangential induction factor a′ (2nd row), an-
gle of attack α (3rd row) and infinitesimal torque coefficient
dCτ (4th row) for all three tip-speed ratios and optimum ro-
tors. These experimental data were calculated with the veloc-
ity fields collected from the SPIV recordings and according
to the equations introduced in § II. a, a′ and α profiles were
computed just upstream the optimum rotors of Glauert and
Joukowsky, at z/RT = −0.02 (semi-transparent lines) and a,
a′ and dCτ downstream all three rotors at z/RT = 3/4 (full
lines). The region upstream the optimum rotor of Betz was
outside of camera range, hence neither the induction factors
nor the angle of attack were measured. Black crosses (+) rep-
resent design parameters (Tab. II).

Firstly, Fig. 9 emphasises the effects of the tip-speed ra-
tio on the airflow characteristics. For all three turbines, an
increase in the tip-speed ratio leads to lower axial and tan-
gential induction factors and a decrease in the infinitesimal
torque coefficient, which corroborates the observation of the
velocity fields and the pattern of variation of Cτ vs. λ curves.
Moreover, the angle of attack profiles of the optimum rotor of
Glauert and Joukowsky show that the inflow angle of attack α

is closer to the design optimum angle of attack αO at λ = 1.4
than at the design tip-speed ratio λ = 1. It explains why both
runners achieve their maximum power coefficient at λ = 1.4.
From the α profiles, it is also apparent that the angle of attack
varies along the span of the blades even though the angle of
attack was set constant in the design method. The main dis-
crepancies are observed near the root of the blades where the
flow is strongly affected by the rotor’s hub and the nacelle.
As the angle of attack are too large in the lower part of the
blades, a possible improvement would be to increase the ge-
ometric blade pitch angle in the design. What is interesting
is that, even though all three turbines are designed to achieve
their maximum efficiency at λ = 1, the runner designed with
the most basic aerodynamic model, the Betz optimum flow
conditions, is the only one that reaches its maximum perfor-
mance at the desired tip-speed ratio.

Secondly, closer examination of the airflow characteristics
at the design tip-speed ratio λ = 1 reveals interesting findings.
Even though the assumptions of a constant axial induction fac-
tor a = 1/3 and no rotational velocity made in the design of
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FIG. 7: Phase-averaged dimensionless axial velocity fields Cz/V∞ collected from SPIV acquisitions with the optimum rotor
of Betz (a), the optimum rotor of Glauert (b) and the optimum rotor of Joukowsky (c) operating at λ = 0.5 (1st row), λ = 1 (2nd

row) and λ = 1.4 (3rd row).

the optimum rotor of Betz are not verified experimentally, this runner still achieves a good power coefficient and at its design
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FIG. 8: Phase-averaged dimensionless tangential velocity fields Cθ/V∞ collected from SPIV acquisitions with the optimum
rotor of Betz (a), the optimum rotor of Glauert (b) and the optimum rotor of Joukowsky (c) operating at λ = 0.5 (1st row),

λ = 1 (2nd row) and λ = 1.4 (3rd row).

tip-speed ratio. For the optimum rotor of Glauert, the tan- gential induction factor immediately behind the rotor plane is
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FIG. 9: Induction factor, angle of attack and torque coefficient loading spanwise variations collected from SPIV
acquisitions with the optimum rotor of Betz (a), the optimum rotor of Glauert (b) and the optimum rotor of Joukowsky (c) for
three tip-speed ratios. These parameters are computed at z/RT = 3/4 (full lines) and z/RT =−0.02 (semi-transparent lines).

Black crosses (+) represent the design parameters at λ = 1.

very close to the design setting. Some discrepancies are ob- served between the axial induction factor just downstream the
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FIG. 10: Phase-locked dimensionless vorticity fields ωyRT/V∞ collected from SPIV acquisitions with the optimum rotor of
Betz (a), the optimum rotor of Glauert (b) and the optimum rotor of Joukowsky (c) operating at λ = 0.5 (1st row), λ = 1 (2nd

row) and λ = 1.4 (3rd row).

rotor and the design setting. However, the latter is close to the average between a immediately upstream (transparent lines)
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FIG. 11: Graphic illustration of flow deflection and
blockage effect. Sketch of the blade cascade arrangement at
r = RH for the optimum rotor of Betz (left) Glauert (middle)
and Joukowsky (right). Relative velocity vector orientations

are calculated from the SPIV recordings for all three
tip-speed ratios

and downstream (full lines) the rotor. All models are based
on the actuator disk theory, hence the definition of a in the ro-
tor plane is controversial because it doesn’t take into account
the physical aspect of the blade. Finally, high differences be-
tween the design settings and the experimental data are ob-
served with the Joukowsky rotor. For all tip-speed ratio, a≤ 1
near the nacelle which highlights large recirculation area. The
assumption of a rotor disc with a constant circulation seems
inappropriate for low tip-speed ratio wind turbines.

The recirculation region, near the hub of the Glauert and
Joukowsky rotor could be attributed to the significant flow
deflection imposed by both turbines. A sketch of the blade
cascade arrangement at the particular radius r = RH is dis-
played in Fig. 11 to provide a better understanding of the fluid
blockage effects. For all three rotors and tip-speed ratios, the
relative velocity vector W is drawn in accordance with the
angle of attack measured at r = RH . As shown in this fig-
ure, even though the blade solidity of the optimum rotor of
Betz is higher than the blade solidity of the two other runners,
the larger deflection imposed by the Joukowsky and Glauert
rotors leads to larger flow obstruction, especially at low tip-
speed ratio. Lower pitch angle distribution induces larger an-
gle of attacks at λ = 0.5 and therefore separation of the flow.
In addition, a turbine geometry that obstructs too much the
fluid, due to an appropriate combination of blade solidity and
pitch angle distribution, leads to recirculation bubbles, vortex
breakdown and a drop in performance. All these physical phe-
nomena are not taken into account in the general momentum
theory because there is first no consideration of the physical
behaviour of the blade and secondly because the flow is as-
sumed inviscid. Even though, the angle of attack along the
blade of the optimum rotor of Betz was not measured in the
study, it can be suggested that the the flow does not separate
at λ = 0.5 due to larger pitch angle distribution.

0.0 0.5 1.0 1.5 2.0 2.5
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r/
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FIG. 12: Initial wake expansion. Locations of the vortex
cores downstream the optimum rotor of Betz (�), Glauert
(+) and Joukowsky (×) collected from phase-locked SPIV

vorticity fields (Fig. 10). The wind turbines were operating at
λ = 0.5 ( ), λ = 1 ( ) and λ = 1.4 ( ).

Vorticity and wake expansion

Fig. 10 shows the phase-locked normalised out of plane
vorticity fields downstream the turbine models, computed ac-
cording to Eq. 19 with the phase-locked velocity fields. Phase-
averaged vorticity fields are displayed in the supplementary
materials. As can be observed, a series of tip-vortices is shed
downstream the turbines. Moreover, both phase-locked and
phase-averaged vorticity fields show two high vorticity re-
gions, in the inner part of the blade and at the tip of the blade.

What stands out in vorticity fields is that for all tip-speed
ratio, the intensity of the vorticity near the hub region of the
optimum rotor of Betz appeared to be lower than for two other
turbines. The vorticity in this region is closely related to the
flow separation near the nacelle that leads to a highly turbu-
lent flow. It corroborates the velocity fields showing a large
recirculation zone downstream the optimum rotors of Glauert
and Joukowsky. Moreover, for all three rotors, a decrease in
the tip-speed ratio results in higher vorticity intensity in both
regions and wider wake expansion. Both strength and vortex
core radius decreases as the tip-speed ratio increases.

The locations of the mean vortex core for all three runners
and tip-speed ratio are depicted in Fig. 12. As the experi-
ments were performed at fixed wind speed, the number of tip
vortices in the investigated area increases with the tip-speed
ratio. The lines joining the centre of mean vortex cores have
been added to facilitate the visualisation of wake expansion.
It can be seen clearly that the wake downstream the optimum
rotor of Joukowsky is wider than the wake downstream the
two other runners for all tip-speed ratios. The wake down-
stream the optimum rotor of Betz is narrow and persists over
long distances behind the runner. As the wind energy in the
wake is persistent and remains enclosed in a streamtube with
a constant radius, it could be beneficial to collect the remain-
ing energy with an additional runner placed downstream the
optimum runner of Betz. The low energy dissipation as well
as the low wake expansion allows to place the back rotor far
enough away from the front rotor, hence allowing the front
one to perform effectively.
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VI. CONCLUSION

Recent developments in the field of energy harvesting have
aroused new interest in the design of low tip-speed ratio
micro-scale wind turbines. The great variety of micro-scale
wind turbine’s geometry found in the open literature under-
lines the lack of consensus on the design methodology. This
is partly due to the current limitations of the classical design
method, the Blade Element/Momentum Theory, at low tip-
speed ratio. Depending on the theoretical framework adopted
(Betz, Glauert or Joukowsky), the set of equations derived
from the general momentum theory differs significantly at low
tip-speed ratio, resulting in different blade geometry. The
aim of this study was to investigate experimentally the power
and airflow characteristics of three 200 mm wind turbines
designed according to the optimal flow conditions of Betz,
Glauert and Joukowsky at λ = 1.

Torque and power coefficients vs. tip-speed ratio curves
and cut-in wind speeds were obtained by the means of several
experiments in the wind tunnel of the LIFSE facilities. Wake
expansion and airflow velocity fields upstream and down-
stream all three turbines were collected using 3D stereoscopic
particle image velocimetry (SPIV) techniques for three oper-
ating tip-speed ratio.

The optimum runner of Glauert achieves the highest power
coefficient Cp,max = 0.34 but at a tip-speed ratio higher than
the design tip-speed ratio λopt = 1.4. Even though the run-
ner of Betz was designed with the most basic assumptions, it
reaches a good level of performance at the design tip-speed
ratio and has a very stable, persistent and narrow wake with
no recirculation bubbles and vortex breakdown for its entire
range of operation. Moreover, it presents the lowest cut-in
wind speed and a wide and linear variation of its torque co-
efficient with the tip-speed ratio. The experiments carried out
with the optimum rotor of Joukowsky reveal significant dif-
ferences between theoretical and experimental results. The
assumption of a flow with a constant circulation results in a
high solidity wind turbine with a very low pitch angle dis-
tribution. SPIV recordings reveal a severe blockage of the
fluid and a large recirculation region in its wake which explain
its low efficiency. It emphasises that the theoretical develop-
ments derived by Joukowsky and argued by Sharpe28, Lam29

or Wood30 suffer from some limitations to describe the tur-
bine’s physical behaviour at low tip-speed ratio. From a power
conversion point of view, the Glauert optimum rotor achieves
the best performance but it has a higher cut-in wind speed, a
non linear variation of its torque coefficient with the tip-speed
ratio and a wider wake expansion than the Betz rotor. It could
be of particular interest to design an hybrid runner based on
the geometry of the optimum rotors of Betz and Glauert.

The current study highlights also the limitations of the
Blade Element/Momentum Theory for the design and anal-
ysis of low tip-speed ratio micro-scale turbines. Even though
the theoretical optimum flow conditions of Glauert are rather
close to the experimental results, the reliability of the avail-
able airfoil polar plots, required in the blade element method,
is highly questionable due to the mutual blade interactions and
the low Reynolds numbers flow conditions. Further experi-

ments on the effects of the solidity and the Reynolds num-
ber on the aerodynamic properties of an airfoil would provide
relevant insights for the design and analysis of high-solidity
runners with the classical design method.

Finally, a study of the flow deflection through a fixed blade
cascade arrangement should be carried out to fully under-
stand the interaction between an airflow and a high-solidity
wind turbine. It would help to derive an alternative design
methodology based on flow deflection, as it is done for tur-
bines in confined flow or compressors, rather than on airfoil
polar plots.

SUPPLEMENTARY MATERIAL

Please find in the supplementary material

• the velocity fields and profiles

• the axial/tangential induction factors and torque/power
coefficient radial distributions in the near wake

• the angle of attack spanwise distributions

for all three turbines and tip-speed ratios collected from SPIV
acquisitions.
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