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a b s t r a c t s

Multiaxial high cycle fatigue modeling of materials is an issue that concerns many industrial domains
(automotive, aerospace, nuclear, etc.) and in which many progress still remains to be achieved. Sev-
eral approaches exist in the literature: invariants, energy, integral and critical plane approaches all of
them having their advantages and drawbacks. These different formulations are usually based on
mechanical quantities at the micro or mesoscales using localization schemes and strong assumptions
to propose simple analytical forms. This study aims to revisit these formulations using a numerical
approach based on crystal plasticity modeling coupled with explicit description of microstructure
(morphology and texture) and proposes a statistical procedure for the analyses of numerical results
in the HCF context. This work has three steps: First, 2.5D periodic digital microstructures based on
a random grain sizes distribution are generated. Second, multiaxial cyclic loading conditions corre-
sponding to the fatigue strength at 106 cycles are applied to these microstructures. Third, the meso-
scopic Fatigue Indicator Parameters (FIPs), formulated from the different criteria existing in the
literature, are identified using the finite element calculations of the mechanical fields. These meso-
scopic FIP show the limits of the original criteria when it comes to applying them at the grain scale.
A statistical method based on extreme value probability is used to redefine the thresholds of these
criteria. These new thresholds contain the sensitivity of the HCF behavior to microstructure attributes.
Finally, the biaxiality and phase shift effects are discussed at the grain scale and the loading paths of
some critical grains are analyzed.

1. Introduction

It is generally accepted that the spread of the macroscopic fa-
tigue strength in metals (determined by the initiation of a tech-
nical crack having a typical size about 1 mm) is a consequence of
the microstructural heterogeneities [1,2]. Indeed, in the HCF re-
gime, the imposed stress amplitude is most of the time smaller
than the macroscopic cyclic yield stress of the material, therefore
plasticity is highly heterogeneous and localized. The fatigue
strength can vary from one specimen to another due to the
microstructure variability (texture, grain morphology, phase, de-
fect, etc.). To take into account the role of microstructural heter-
ogeneities in multiaxial fatigue prediction, recent models have
been developed in a probabilistic framework [3,4]. These models

allowed to establish a relation between the microstructure com-
ponents and the variability of the fatigue behavior using gener-
ally the weakest link hypothesis [5,6]. Although, these
proposed criteria give interesting results, they do not allow to
consider simultaneously the different components of the micro-
structure as well as their interactions (e.g. the texture effect).
In order to consider these effects in the case of HCF behavior, re-
cent studies have focused on numerical simulations based on ex-
plicit modeling of microstructure coupled with the multi-scale
modeling of the fatigue behavior based on the crystal plasticity
to connect the variability of the fatigue strength to the micro-
structure heterogeneity [1,7,8]. This variability can be described
by the extreme value probability of the representative parame-
ters of the microcrack initiation. Recently, Przybyla et al. [2,9]
introduced a new framework to analyze the microstructure sen-
sitivity of the fatigue strength. This method takes into account
neighborhood effects with the extreme values of the marked cor-
relation functions [10]. This enabled the authors to quantify the
interactions between the microstructure attributes and the fati-
gue strength. The authors used the Gumbel extreme value
distribution to describe the microstructure sensitivity of the
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Fatemi and Socie fatigue indicator parameter [11] under uniaxial
loading.

The proposed work is devoted to multiaxial HCF strength crite-
ria. The purpose is, first, to analyze the microstructure sensitivity
(grain morphology and orientation) of the FIPs corresponding to
the adaptation of several multiaxial HCF strength criteria at the
mesoscopic scale. A statistical study is done to define new meso-
scopic thresholds for these FIPs. Finally, the capability of the crite-
ria, applied at the macroscopic scale, to take into account the
microstructure sensitivity is discussed through a comparison be-
tween the thresholds determined at grain scale (called mesoscop-
ic) by the generalized extreme value (GEV) distribution and the
original macroscopic thresholds. This comparison concerns also
the biaxiality and phase shift effect.

2. Numerical model

Finite element computations were used to compute strain and
stress fields at the grain scale. Constitutive equations, grain mor-
phology and orientation composing this model are described
below.

2.1. Constitutive relations

The material studied in this work is pure copper. Its face-
centered cubic (fcc) structure reduces the computation time due
to the limited slip systems number (12 slip systems) compared to
other microstructures. The elastic part of the behavior is considered
as anisotropic (cubic elasticity) while the plastic part is modeled by
crystal plasticity. The stiffness constants are C11 ¼ 159 GPa; C12 ¼
121:9 GPa and C44 ¼ 80:9 GPa using Voigt notation. The crystal
behavior used in this work was introduced by Meric and Cailletaud
[12]. The constitutive relations are defined by Eqs. ((1)–(3)), where
cs is the plastic shear on the slip system s; ms is the cumulative plas-
tic shear on the system s; ss is the resolved shear stress of the slip
system s and _epl is the plastic strain rate tensor.

_cs ¼ ss � xsk k � rs

K

� �n

signðssÞ ¼ _mssign ssð Þ; ð1Þ

ss ¼ ms : r; ð2Þ
_epl ¼ R

s
_csms; ð3Þ

where hai is the positive part of a. The orientation tensor ms is cal-
culated on each slip system s by the tensorial product of the unit
normal vector ns orientating the slip plane and the unit vector ls ori-
entating the slip direction:

ms ¼ 1
2
ðns � ls þ ls � nsÞ: ð4Þ

The twelve <111> {110} slip systems of fcc structure are consid-
ered. The evolution of the isotropic hardening variable rs takes into
account slip system interactions by means of the interaction matrix
[h] defined by Franciosi et al. [13], with components hs

r:

rs ¼ r0 þ Q R
r

hs
rð1� expð�bmsÞÞ: ð5Þ

The kinematic hardening is described on each slip system by:

xs ¼ cas with _as ¼ _cs � d _msas: ð6Þ

Material parameters K;n; r0;Q ; b; c;d and the interaction matrix
components (hr) have been identified from experimental data on
a high purity copper presented in [14,15], the values are summa-
rized in Table 1.

2.2. Grain morphology and crystallographic texture

The FE simulations performed in this work were done using
2.5D periodic microstructures [16]. The method used to create
the topology of the aggregates was based on random distributions
in size and shape of ellipses. The geometrical model was discret-
ized by 32,000 linear triangular finite elements with the general-
ized plane strain assumption. Computed microstructure contains
200 equiaxed grains (see Fig. 1), with an average of 160 finite ele-
ments per grain. Such grain paving was found to be a good compro-
mise between adequate description of the local strain/stress field
and reasonable computation time. Finally, the selection of 200
crystal orientations was carried out in the Euler space defined by
the three angles ðu1;/;u2Þ assuming cubic crystal symmetry and
triclinic sample symmetry. The set of crystal orientations was per-
formed so that, given the low number of orientations, this crystal-
lographic aggregate can be considered as having no preferential
orientations (isotropic texture).

Table 1
Material parameters for pure copper (from [14,15]).

K ðMPa s1=nÞ n r0 (MPa) Q (MPa) b c (MPa) d h0 h1 h2 h3 h4 h5

8 20 15 4 12 32,000 900 1 1 0.2 90 3 2.5

Fig. 1. Grain morphology and mesh.



2.3. Fatigue loading conditions

Different loading conditions are investigated in this study: uni-
axial loadings, and tension/torsion fully reversed loadings with dif-
ferent biaxiality ratios k ¼ Ta

Ra
and different phase shifts. The

combined loading levels equivalent to the fatigue limit at 106

cycles are determined using Crossland criterion [17]. These load
levels are given in Table 2.

3. Mesoscopic Fatigue Indicator Parameters

In this paper, two different formulations of stress-based criteria
were considered and compared:

� A global formulation using an averaged stress: the octahedral
shear stress in the Crossland [17] criterion.
� A critical plane formulation, this is the case of Matake [18] and

Dang Van [19,20] criteria. The latter contains a more physical
formulation based on a mesoscopic approach with analytical
scale transition (Lin–Taylor hypothesis).

Similar approach on energy or strain/stress based criteria are
under investigation and will be presented in a fore coming paper.

These fatigue criteria are generally defined in the context of
continuum mechanics. In order to evaluate the fatigue criterion
on each computed microstructure, the usual HCF criteria are pro-
jected on each slip system of the crystals (Fig. 2). This procedure

is repeated for each crystal considering its local orientation
ðu1;/;u2Þ and stress state computed by FEA for each loading case.
For instance, the shear stress vector in a given plane (mechanical
quantity introduced in the computation of the above cited criteria)
is transformed into a resolved shear stress vector over a slip sys-
tem. The rotation of the crystal in the physical space (defined by
the Euler angles ðu1;/;u2Þ) covers all the planes and directions
of space, which enables to find the same critical planes and direc-
tions (planes and directions maximizing criterion) as those ob-
tained by the original criterion (with continuous formulation).
Table 3 gives the expressions of FIPs adapted at the crystal scale.

Finally, the parameters ai and bi describing the median macro-
scopic threshold of the considered criteria are identified from two
median fatigue limits at 106 cycles obtained on smooth specimens
under fully reversed loadings: tension (s�1 ¼ 56:2 MPa) and torsion
(t�1 ¼ 36:1 MPa) taken from the work of Lukas and Kunz [21] on
pure copper. The expression of ai and bi are also given in Table 3.

4. Microstructure sensitivity

Fig. 3 compares the mesoscopic Dang Van FIP predictions and
the macroscopic criterion (solid line). This comparison shows the
existence of grains for which the FIP exceeded the macroscopic
threshold. This results show that the macroscopic threshold is
not applicable at the grain scale despite the fact that this criterion
is based on micro–macro scale transition and such is considered as
evaluating the mechanical quantities at this scale. It evidences that
numerical simulations at the grain scale provide a more efficient
way to access grain scale quantities by describing neighboring ef-
fects and local anisotropy. As shown by Robert et al. [16], both
shear and hydrostatic terms deviate from the values predicted by
the homogenization scale transition due to elastic anisotropy
and, in a less pronounced way, crystal plasticity. A new mesoscopic
threshold (called b0) can be defined, which corresponds to the line
linking the most loaded (critical) grains (plotted in red in the
graphs of Fig. 3). However, this determination method of the new
mesoscopic threshold is ambiguous since it considers that the
studied elementary volume is representative with regards to fati-
gue. This hypothesis is not acceptable in the case of a non-deter-
ministic behavior such as HCF strength. This is verified by adding
the FIP values (plotted in blue circle in Fig. 3) obtained by the same
procedure applied to a second VE. New critical grains are obtained
with FIPs values above the threshold defined from the first FEA
applied to the first VE (see Fig. 3). The RVE hypothesis has to be
replaced by a statistical analysis of the extreme FIP value response

Table 2
Biaxiality ratio k, tension stress amplitude, Ra (MPa), shear stress amplitude, Ta (MPa)
and phase shift u (�) used for the different fully reversed loading conditions.

Uniaxial loadings

k Ra (MPa) Ta (MPa)

0 56 0
1 0 36

Multiaxial loadings

k Ra

(MPa)
Ta

(MPa)
u
(�)

Ra

(MPa)
Ta

(MPa)
u
(�)

Ra

(MPa)
Ta

(MPa)
u
(�)

0:25 52 13 0 54 13.5 45 56 14 90
0:5 43.5 22 0 47 23.5 45 56 28 90
0:75 36 27 0 38.5 29 45 44.5 33 90
1 29.5 29.5 0 31 31 45 34 34 90
2 17 34 0 17 34.5 45 17.5 35 90

Fig. 2. Schematization of the shear stress vector projection on the slip systems of the FCC crystal.



of the microstructure (described by a given set of attributes) for
each studied FIPs.

In other words, the HCF strength is related to the critical grain
whose response leads to the maximum value of the FIP. These ex-
treme values are located at the tails of the density functions of
mesoscopic responses and are highly sensitive to the microstruc-
ture attributes. To study these critical grains, several statistical ap-
proaches are possible. The method selected for this work is based
on the extreme value probability following the pioneer work of
Freudenthal and Gumbel [22] at the macroscale and Przybyla
et al. [2] at the local scale.

The extreme value database was constructed by identifying the
maximum value of FIP for each Statistical Volume Element (SVE)
considering that the SVE is an RVE from the cyclic behavior point
of view. For each loading case, 64 SVEs were considered: they were
obtained by the combination of 8 random morphologies (equiaxed
grains) and 8 isotropic textures. Such a size of SVE set was found to
be sufficient to stabilize the extreme value distribution parameters
identification.

5. Generalized extreme values probability

As a common practice in fatigue, the Gumbel distribution is
commonly used [1,9,22] for describing extreme values distribu-
tions without justification. The challenge in applying extreme va-
lue statistics is to determine the type of distribution that is
representative of the considered statistical variable. In this work
a generalized extreme value distribution is used to avoid choosing
a priori the distribution type.

Let us consider a random variable X with a cumulative distribu-
tion function FXðxÞ ¼ PðX 6 xÞ. The n extreme realizations, Yn, in n
samples of the random variable, X, can be defined as follows:

Yn ¼maxðX1;X2; . . . ;XnÞ: ð7Þ

The distribution function of Yn is defined in x as follows:

FYnðxÞ � PðYn 6 xÞ ¼ PðX1 6 x;X2 6 x; . . . ;Xn 6 xÞ: ð8Þ

According to the Fisher–Tippet theorem [23], if there exist two
real normalizing sequences ðanÞnP1 > 0 and ðbnÞnP1 and a non-
degenerated distribution (i.e. not reduced to a single point) G so that:

P
Yn � bn

an
6 x

� �
¼ ½Fðanxþ bnÞ�n�!n#þ1 GðxÞ ð9Þ

then the distribution function G is necessarily one of the three types
of distributions: Fréchet, Weibull or Gumbel.

Jenkinson [24] proposed a single parametric expression (Eq.
(10)) which includes these three types of distribution functions.
It depends on a single parameter n. This function is called General-
ized Extreme Value (GEV) distribution:

GEV : GnðxÞ ¼
exp �ð1þ nxÞ�

1
n

� �
if n – 0; 8x = 1þ nx > 0;

expð� expð�xÞÞ if n ¼ 0:

(

ð10Þ

The parameter n is called the extreme index (or shape factor) of the
GEV distribution. Its sign indicates the type of asymptotic extreme
function: the function is a Gumbel distribution if n ¼ 0, a Fréchet
one if n > 0, or a Weibull one if n < 0. The variable x ¼ Yn�bn

an
is called

the normalized maximum of the random variable X. an and bn

parameters are called scale factors of the distribution.
The extreme value distribution function of the FIPs listed in

Table 3 are considered in this study. The scale factors (an and bn)
and the extreme index n are determined using the maximum like-
lihood method with a confidence interval of 99%. Fig. 4 shows a
comparison between the determined distributions and the numer-
ical data extracted from FE computations for the Crossland, Matake
and Dang Van FIPs. The identified GEV density function and distri-
bution function showed a good correlation with the probability
density and the cumulative probability determined from the ex-
treme values of FIPs database.

The mean value and 99% confidence intervals of the extreme in-
dex evolution as a function of the loading case and FIP is illustrated
in Fig. 5. In all cases the mean value of n deviates significantly from
zero value. However, when considering the confidence intervals, it

Table 3
Expression of the Fatigue Indicator Parameters (FIPs) of the studied criteria.

Criterion Ii ai bi

Crossland Icr ¼ ss
oct;a þ acrrhyd;max 6 bcr acr ¼ t�1�s�1=

ffiffi
3
p

s�1=3
bcr ¼ t�1

Matake Im ¼maxs¼1;12 ss
a

	 

þ amrs�;max 6 bm am ¼ 2 t�1

s�1
� 1 bm ¼ t�1

Dang Van Idv ¼maxs¼1;12 maxt ŝs s; tð Þk k þ adv r̂hyd tð Þ
� � �

6 bdv adv ¼ t�1�s�1=2
s�1=3

bdv ¼ t�1

Fig. 3. Locus of the FIPs at the grain scale (red and blue points), and comparison with the each macroscopic criterion (black dot) in the case of fully reversed tension loading.
The black straight line is the experimental macroscopic threshold and the red straight line corresponds to an effective threshold upper bound for all mesoscopic FIPs
determined from a first VE. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)



seems reasonable to consider that a Gumbel distribution can effi-
ciently describe the computed FIP extreme value distribution for
most loading cases but not all.

One can note that n ¼ 0 (i.e. Gumbel distribution) is an accept-
able value of the shape parameter for all the studied loading case in
case of Matake and Dang Van FIPs. For some cases, the range of n is
unusually negative (e.g. Crossland FIP with TT0 (k ¼ 0:25) and
TT45 (k ¼ 0:25) loadings) or positive (e.g. Crossland FIP with
TT90 (k ¼ 2) loading). Therefore the choice of the Gumbel

distribution type can introduce significant error for these cases.
Furthermore, there are no values of n shared by all loading cases
and all FIPs (Fig. 5).

6. Results and discussions

Fig. 6 represents the mesoscopic thresholds (medians and also
the probabilities of 0:1 and 0:9 quintiles) for each loading

Fig. 4. Probability density and cumulative probability functions determined using the maximum likelihood method (with a risk a ¼ 0:01) from the extreme values of (a)
Crossland FIP, (b) Matake FIP et (c) Dang Van FIP for fully reversed tension loading with an amplitude ðR11Þa ¼ 56:2 MPa.



condition. These factors are normalized by the macroscopic thresh-
old to analyze the effect of microstructure attributes and stress/
strain field heterogeneity at the grain scale. Referring to Fig. 5,
for all studied loading conditions and studied FIPs, the normalized
mesoscopic thresholds are always greater than 1. Applying of the
studied criteria at the mesoscopic scale requires offsetting this
threshold to account for microstructure effects at this length scale.
It can be noticed that the local scale Crossland threshold is the one
that deviates the most from the macroscopic one (ratio 1.5) com-
pared to Dang Van (1.1) and Matake (1.17) threshold. This is due
to the fact that the Crossland approach is based on an averaging
procedure while Dang Van and Matake FIP formulations include
a maximization procedure that makes the macroscale estimate clo-
ser to the extreme value analyses results. These results show that,
in the case of isotropic texture, usual scale transition techniques
can provide a reasonable estimate of the lower bound value of
the extreme FIP values at the grain scale.

Fig. 6 illustrates also that the mesoscopic thresholds, defined as
the medians of the extreme value distribution of the studied FIPs
are sensitive to the loading case and such evidence a different sen-
sitivity to multiaxiality compared to macroscopic threshold. This
gap depends on the studied FIP: it is low in the case of the Cross-
land and Dang Van FIPs (Fig. 5a and c) but significant in the case
of the Matake FIP (Fig. 5b). For this last FIP, the change in meso-
scopic thresholds was observed especially for the biaxial loading
with a phase shift of 90�.

The mesoscopic threshold, common to all loading cases was
determined as the average of the thresholds associated to each
loading conditions. This mesoscopic average threshold is shown
in Fig. 6 by the dashed horizontal lines passing through all intervals
bounded by the probabilities of 0.1 and 0.9 quintiles in the case of
Crossland and Van Dang FIPs. For Matake FIP, for sake of simplicity
such approach was also applied to the case of biaxial loadings with
a phase shift of 90� for Matake FIP. Further experimental work is
needed to investigate such effects on this particular material.

Finally, assuming that the critical grains undergo the same load-
ing path as the imposed loading on the entire aggregate, we deter-
mined the amplitudes of the stress R11 and R12 for the mesoscopic
thresholds obtained by the extreme value statistics. These meso-
scopic values are compared to the macroscopic one. Fig. 7 shows
that the predictions of the biaxiality effects in mesoscopic and
macroscopic scales are very similar for the three considered crite-
ria. These trends are also found in the experimental studies in the
literature [25,26].

Fig. 8 illustrates the evolution of the amplitude of the normal-
ized stress us a function of the phase shift. The three criteria over-
estimate the fatigue strength in the case of a non-zero phase shift

to both macroscopic and mesoscopic scales. These trends are also
encountered in the literature especially in the case of the Dang
Van criterion [3].

Fig. 5. Variation range of the shape parameter of the extreme value distributions of (a) Crossland, (b) Matake and (c) Dang Van FIPs determined using the maximum
likelihood method (corresponding to a risk a ¼ 0:01) for the studied loading conditions.

Fig. 6. Evolution of the median of the extreme value distributions of (a) Crossland,
(b) Matake and (c) Dang Van FIPs as a function of loading conditions. The black dots
correspond to the median (probability of 0.5), the two limits of the interval
correspond to a probability of 0:1 and 0:9 (i.e. 80% of the results are within this
interval).



7. Conclusion and prospects

In this work, the responses of high cycle multiaxial fatigue cri-
teria, widely studied in the literature, have been analyzed at the
grain scale from polycrystalline modeling of pure copper recrystal-
lized microstructure coupled with a statistical study of the critical
grains. This statistical study allows the authors to introduce the
microstructural heterogeneities effect in the variability of fatigue
limits for proportional and non-proportional loadings. Some stress
based multiaxial HCF strength criteria commonly used in the liter-
ature were adapted (i.e. modified) at the mesoscopic scale: Cross-
land, Matake and Dang Van. The comparison between the
mesoscopic predictions of these criteria (named Fatigue Indicator
Parameters, FIPs) and the macroscopic (original) criteria shows
that they are not conservative at the grain scale. Indeed the identi-
fication of the macroscopic parameters of these criteria (ai and bi)
does not take into account the microstructure effects. The solution
would be to readjust these parameters on the most critical grain
predictions from a calculation on a representative volume element
(RVE) according to the fatigue behavior.

However, on the one hand, the determination of the RVE is very
difficult (probably impossible) in the case of a non-deterministic
phenomenon so that fatigue where the behavior is very sensitive
to microstructural heterogeneities. In this work, the RVE has been
substituted by a statistical study on the so-called Statistical Vol-
ume Elements (SVE) [9].

Moreover, in fatigue researchers it has been focus generally on
the critical grains (with a maximum FIP). These critical grains are
situated in the tails of the aggregate response distributions. One
of the most used methods to statistically study these critical grains
is the extreme value statistics. A database of the extreme values of
FIPs was therefore built. This database was resulting from FE calcu-
lations on 64 SVEs formed by 200 grains. For each SVE, several

loading conditions (17 loading cases) were applied during ten cy-
cles. As a result of this study it has been shown that the extreme
value density probabilities of the various FIPs can be adequately
represented by the Generalized Extreme Value (GEV) distribution.

The statistical moments determination of the different distribu-
tions allowed the definition of new thresholds called ‘‘mesoscopic’’
ones for the studied criteria. These thresholds are the average of
the medians of the extreme value distributions related to the dif-
ferent loading conditions. According to the criteria, these thresh-
olds are different or similar to the macroscopic thresholds. For
the Dang Van criterion, the mesoscopic threshold is close to the
macroscopic one. At the opposite, for the Crossland criterion, the
ratio between meso and macro thresholds is greater than 1.5.
Whereas for the Matake FIP the threshold ratio is around 1.2.

Except for the non-proportional biaxial loading with a phase
shift of 90�, where applied loading levels are very different from
one criterion to another, the mesoscopic thresholds is almost the
same for all the loading conditions. These new mesoscopic thresh-
olds can therefore be determined by FEA on a polycrystal aggregate
under a single loading case. The obtained results are different
when considering texture effects and will be presented in a fore-
coming paper.

This study has to be prolongated by studying other polycrystal
aggregate (bcc, hcc for instance) to confirm (or not) these results.
This work can also be extended to develop physical based HCF cri-
teria, that consider a real modeling of the slip plane activation and
the interaction between activated planes. Analyzing the effect of
material microstructural defects (pores, inclusions) would be also
a very interesting next step for providing robust criteria of multiax-
ial fatigue strength which are explicitly defects sensitive. Finally,
the great increase of computational power allow the authors to
imagine in future the possibility to simulate complex microstruc-
ture (multiphase, including defects so that microshrinkage,

Fig. 7. Comparison between the mesoscopic (dashed lines) and macroscopic (solid lines) predictions of the biaxiality effect in the case of (a) Crossland, (b) Matake and (c)
Dang Van criterion.

Fig. 8. Comparison between the mesoscopic (dashed lines) and macroscopic (solid lines) predictions of the phase shift effect in the case of (a) Crossland, (b) Matake and (c)
Dang Van criterion.



non-metallic inclusions). This should help scientists to better de-
scribe the complexity of the metal fatigue strength with (simple)
local criterion.
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